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Preface

The method of trigonometric sums was developed by I. M. Vinogradov in the first
decades of the 20th century as a method for solving a wide range of problems in
analytic number theory. The main problem in the study of trigonometric sums is to
find an upper bound for the modulus of such sums. Presently, trigonometric sums
with a single variable of summation have been studied rather completely, but many
important problems still remain open, even in this area. In the theory of multiple
trigonometric sums, to which the present monograph is primarily devoted, numerous
new effects can be observed because there is a wide variety both of domains of the
summation variables and of functions in the exponent.

In this monograph, the theory of multiple trigonometric sums is constructed sys-
tematically and several new applications of trigonometric sums and integrals in prob-
lems of number theory and analysis are described. At present, the theory of multiple
trigonometric sums has reached the same degree of completion as the theory of one-
dimensional trigonometric sums.

The first nine chapters of this translation are essentially identical with the Russian
original of this book, which was published in 1987 by Nauka, Moscow. Chapters 10
to 12 are devoted to new results, and we hope that this English edition will be useful
for a wide range of mathematicians. The reader can compare the original methods
and the results that the authors obtained by these methods with the results presented
in numerous papers after 1983. In particular, these new results concern estimates of
trigonometric (oscillating) integrals and applications of the p-adic method in estimat-
ing trigonometric sums and in solving additive problems, including Waring’s problem
and Artin’s conjecture on a local representation of zero by a form.

The authors wish to express their deep gratitude to the translator for very careful
work with the manuscript of the Russian version of the book.

The authors





Basic Notation

We denote by c, c1, c2, . . . positive absolute constants which, in general, are different
in different statements; ε, ε1, ε2 are positive arbitrarily small constants, and θ, θ1, θ2
are complex-valued functions whose modulus does not exceed 1. For positive x,
ln x = log x is always the natural logarithm of the number x.

We shall use the standard notation of various mathematical symbols and number-
theoretic functions without any special explanations.

For a real number α, the symbol ‖α‖ denotes the distance from α to the nearest
integer number, i.e.,

‖α‖ = min
({α}, 1 − {α}),

where {α} is the fractional part of α. The meaning of the symbol { } should always be
clear from the context (either the “fractional part” or the “braces”).

For real numbers γ1, . . . , γn, δ1, . . . , δn, the relation

(γ1, . . . , γn) ≡ (δ1, . . . , δn) (mod 1)

means that all differences γ1 − δ1, . . . , γn − δn are integers.
For a positive A, the relation B 
 A means that |B| ≤ cA; for positive A and B,

the relation A � B means that c1A ≤ B ≤ c2A as A becomes large.
If the limits of summation are not given under the summation sign, we shall assume

that the summation is over all possible values of the variable of summation.
A system of Diophantine equations of the form

2k∑
j=1

(−1)j xt11j . . . x
tr
rj = 0, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr,

1 ≤ x1j ≤ P1, . . . , 1 ≤ xrj ≤ Pr, j = 1, . . . , 2k,

is said to be complete; if some of the equations are omitted in this system, the resulting
system is said to be incomplete.

The range of values of the other parameters denoted by letters will be sufficiently
clear from the text, and we sometimes do not make special mention of the range of
values if it is clear from the context

New notation will be introduced in the course of the exposition; sometimes we
shall recall notation that has already been used.

The statements and formulas are numbered separately in each chapter; auxiliary
assertions are also numbered separately in each chapter. References to auxiliary
assertions in the Appendix look as Lemma A.1, etc.
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Introduction

In this monograph we give an exposition of the theory of trigonometric sums and its
applications in number theory and analysis. This theory is based on the theory of mul-
tiple trigonometric sums developed by the authors in [2]–[12], [17]–[21], [23]–[34],
[47]–[53]. By a multiple trigonometric sum we mean a sum of the form

S =
P1∑
x1=1

Pr∑
xr=1

exp{2πiF (x1, . . . , xr )}, (1)

where r ≥ 1, P1, . . . , Pr are integers, andF(x1, . . . , xr ) is a polynomial in r variables
with real coefficients, i.e.,

F(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
r ,

where α(t1, . . . , tr ) are real numbers.
When r = 1, such sums are called Weyl sums. The history of Weyl sums, their

importance in mathematics, the methods available for studying them, and several
results are presented in I. M. Vinogradov’s monograph [165]. Hence here we shall
not dwell in detail on the theory of these sums. We only give the general formulation,
due to I. M. Vinogradov, of the problem of estimating Weyl sums. Such a sum has the
form

S =
P∑
x=1

exp{2πif (x)},

where
f (x) = α1x + · · · + αnx

n.

It is easy to see that S is a periodic function with period 1 in each coefficient
in f (x). Hence it suffices to study S on the n-dimensional unit cube 0 ≤ α1 <

1, . . . , 0 ≤ αn < 1, which we denote by E. All points of E are divided into two
sets E1 and E2 as follows:

E = E1 ∪ E2.

At each point of E1, I. M. Vinogradov obtains estimates for the sum S, and in
many cases these estimates are best possible. The set E1 itself consists of intervals
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and its measure is small:

mesE1 = O(P−n(n+1)/2+1+2/n).

At each point of E2 there is an estimate for S which is uniform in appearance and has
the form

S 
 P 1−ρ, ρ = ρ(n) = c

n1 ln n
; (2)

the setE2 has measure 1−mesE1. Thus we know rather precise information about |S|
for any values of α1, . . . , αn in E. (For the exact statement of Vinogradov’s theorem,
see Section 3.1, Chapter 3, Theorem 3.2.)

By � we denote the m-dimensional unit cube in the m-dimensional Euclidean
space, where m = (n1 + 1) . . . (nr + 1) and

0 ≤ α(t1, . . . , tr ) < 1, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr .

Thus the coefficients in the polynomialF(x1, . . . , xr ) of the multiple trigonometric
sum (1) give a point in �. In our theory, we can also obtain estimates for |S| on the
entire� with an accuracy corresponding to the accuracy in the one-dimensional case.
We divide the set � into two sets �1 and �2:

� = �1 ∪�2.

On the point set �1 whose measure is very small, we obtain an estimate for |S|,
which in most cases is best possible. On the set �2, we obtain a uniform estimate,
which in the one-dimensional case corresponds to the estimate (2) (see Theorem 5.2
in Chapter 5 and Theorem 7.2 in Chapter 7).

Here it should be noted that in many applications it is necessary to have a uniform
estimate for |S| on the entire cube�2. No estimate, no matter how sharp, on only a part
of�2 can enable one, for example, to obtain an asymptotic formula for the number of
solutions of a complete system of equations (see Theorem 6.1 in Chapter 6).

The basis of our theory is the mean value theorem, i.e., the theorem that estimates
the integral

J = J (P ; n, k, r) =
∫

· · ·
∫

�

∣∣∣ P1∑
x1=1

· · ·
Pr∑
xr=1

exp{2πiF (x1, . . . , xr )}
∣∣∣2k dA

(see Theorem 4.2 in Chapter 4). The mean value theorem is proved by a p-adic
method. It should be noted that the theory of multiple trigonometric sums is one
of the motivations for the development of the p-adic method, but this motivation is
the most important. For this reason, the book includes several problems of number
theory which were solved by the p-adic method and for which this method was, in
fact, created and developed, although these problems do not belong to the theory of
multiple trigonometric sums.
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By p-adic methods, we mean methods of analytic number theory which are based
on the use of different properties of the system of residues of a power of a prime
number p. The p-adic method used in this book was first invented in 1962–1966 (see
[73], [77], [80], [81]). This technique has been further developed and improved (see
[2]–[12], [17]–[21], [23]–[28], [30]–[34], [47]–[53], [86]) and, at present, includes
several methods and considerations whose concepts are closely related to one another.

We list some of them that are most important:
1. the use of the circle method in the p-adic form,
2. the use of the p-adic analog of Vinogradov’s u-numbers; the implementation

of the Euler–Vinogradov “embedding principle” in the p-adic form for estimating the
number of solutions of “Waring type” equations and congruences,

3. the lowering of the degree of a polynomial by shifting the argument (i.e., by
dividing the values of the argument into progressions) by a number that is a multiple
of some power of a prime number,

4. the recurrent reduction of additive problems for incomplete systems of residues
modulo pk to congruences for complete systems of residues and to problems of the
same sort but with a fewer number of principal and nonprincipal parameters,

5. the use of regularity conditions for solutions to systems of equations and
congruences in the p-adic form,

6. the use of variable parameters in the recurrence processes in items 2–4 and the
optimization with respect to these parameters,

7. the passage from “jagged” systems to complete systems using a local p-adic
variation in the unknowns,

8. the simultaneous use of several moduli of the form pn that correspond to
different prime numbers p,

9. the use of the idea of smoothing in the p-adic treatment,
10. the passages from polynomials to exponential functions and conversely in

congruences, and
11. the p-adic and real methods for estimating the measure of the set of points

at which the values of functions are small in terms of their parameters (coefficients,
etc.) and for obtaining converse estimates of these parameters via the measure; the
real interpretation of the methods and considerations given in items 2–4, 6, and 7.

Now let us discuss the contents of the monograph in more detail. Note that in each
chapter, and sometimes in a section, we give necessary explanations of the results and
of the methods used to obtain these results.

In Chapter 1, we study trigonometric integrals. We mainly find estimates from
above for the moduli of such integrals. We note that integrals of this form are en-
countered not only in number theory, but also in mathematical analysis, mathematical
statistics and probability theory, as well as in mathematical physics. As a conse-
quence of these estimates, we obtain the complete solution of the Hua Loo-Keng
problem stated in 1937 concerning the convergence exponent in the singular integral
in Tarry’s problem. We also give estimates from above for the convergence exponents
in singular integrals in multidimensional analogs of Tarry’s problem.
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In Chapter 2, we study complete rational trigonometric sums. Based on estimates
for such sums, we obtain upper bounds for the convergence exponents in the singular
series in Tarry’s problem and in multidimensional analogs of Tarry’s problem.

In Chapter 3, we present two methods for estimating the mean values of Weyl sums:
the “real” and “p-adic” methods. This chapter will help the reader to understand the
main points in the theory of multiple trigonometric sums. In Section 3.1, we prove
Vinogradov’s mean value theorem and write Vinogradov’s estimate for the Weyl sum.
The mean value theorem is proved by using Vinogradov’s original lemma on the
“number of hits” and then estimating the number of solutions of the “one-sided”
systems of equations. I. M. Vinogradov developed his method for estimating Weyl
sums starting from the new method, which he constructed in 1934, for estimating the
well-known Hardy–Littlewood function G(n) in Waring’s problem.

In Section 3.2, we consider one of the simplest versions of estimating G(n) by
Vinogradov’s method. The “telescopic” construction of u-numbers in estimatingG(n)
and the “telescopic” construction of “one-sided” systems of equations in the proof of
the mean value theorem make the relation between the two Vinogradov’s methods
extremely clear.

In Section 3.3, we discuss an “analog of Waring’s problem for congruences” and
a p-adic method for solving this problem. In Section 3.4, we give a new p-adic proof
of Vinogradov’s mean value theorem. Moreover, the method studied in Section 3.4
corresponds to the method in Section 3.3 in the same way as the method considered
in Section 3.1 depends on the method in Section 3.2. In Section 3.4, we also give
estimates for trigonometric sums, which we shall use in the subsequent chapters. It
should be noted that the theory of multiple trigonometric sums originates from this
new p-adic method.

Finally, in Section 3.5 we presentYu. V. Linnik’s method for proving Vinogradov’s
mean value theorem. We follow Linnik’s paper written in 1943, which allows us to em-
phasize the common features of Linnik’s method and the method given in Section 3.4,
as well as distinctions between them.

In Chapter 4, we prove the main theorems in the theory of multiple trigonometric
sums, namely, the mean value theorems. First, we prove the theorem for equivalent
variables of summation (or the unknowns in the system of equations). This is the most
important case in the theory and, at the same time, the simplest case. Then we prove
the general mean value theorem.

In Chapter 5, we give estimates for multiple trigonometric sums. Here we prove
lemmas on the multiplicity of intersection of regions of special form in multidimen-
sional spaces. Based on these lemmas and the results obtained in Chapter 4, we obtain
estimates for multiple sums.

In Chapter 6, some applications of the theory of multiple trigonometric sums are
given. We consider problems of two types: asymptotic formulas for the number of
solutions of systems of Diophantine equations and distributions of fractional parts of
systems of polynomials in several variables.
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There are many different problems in the multidimensional theory. Therefore,
we restrict ourselves to the problems that are, in our opinion, most important and
interesting.

In Chapter 7, we consider singular cases of the theory of multiple trigonometric
sums. This singularity means that the difference between the limits of summation in
a multiple trigonometric sum may be arbitrarily large.

In Chapter 8, we give a solution of the Hilbert–Kamke problem of representing
natural numbersN1, . . . , Nn as sums of finitely many terms in natural numbers of the
form x, . . . , xn, respectively.

In Chapter 9, we use thep-adic method to solve two problems in number theory. In
Section 9.1, we obtain a principally stronger result for Artin’s problem of representing
zero by values of a form in local fields. In Section 9.2, we give an estimate from
above for G(n) for large n; moreover, we give a simpler proof of the well-known
Vinogradov’s estimate and obtain a result that is even sharper.

In Chapter 10, we find some estimates for multiple trigonometric sums.
In Chapter 11, we consider an application of trigonometric sums in harmonic

analysis.
In Chapter 12, we give some estimates for short Kloosterman sums.



Chapter 1

Trigonometric integrals

A trigonometric integral is defined to be an integral J of the form

J =
∫ 1

0
· · ·

∫ 1

0
exp{2πiF (x1, . . . , xr )} dx1 . . . dxr ,

where F(x1, . . . , xr ) is a real function of r variables x1, . . . , xr . Such integrals are
used in analytic number theory, function theory, mathematical physics, probability
theory, and mathematical statistics. One of the main problems concerning J is the
problem of finding an upper bound for the modulus of J .

1.1 One-dimensional trigonometric integrals

In this section we prove exact estimates for integrals J in a certain class of functions
F(x). These auxiliary statements are also of independent interest; they and their
analogs are used in different fields of mathematics.

Lemma 1.1. Suppose that for 0 < x < 1 a real function f (x) has the nth-order
derivative (n > 1) and the inequality

A ≤ |f (n)(x)|, 0 < x < 1,

holds for some A > 0. By E we denote the set of points in the interval 0 < x < 1
such that

|f ′(x)| ≤ B.

Then the measure µ = µ(E) of this set satisfies the estimate

µ = µ(E) ≤ (2n− 2)(BA−1)1/(n−1).

Proof. The set E consists of intervals. We move the intervals of the set E together
and thus form a single interval. Its length isµ. In this interval we choose n points such
that the distance between them is equal to µ/(n− 1). Then we move these integrals
to their original places and thus obtain n points x1, x2, . . . , xn in E such that

|xk − xj | ≥ |k − j |µ/(n− 1).
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Next, we consider the polynomial g(x), which is the Lagrange interpolation
polynomial corresponding to the function f ′(x) and the points of interpolation
x1, x2, . . . , xn,

g(x) =
n∑
ν=1

f ′(xν)
(x − x1) . . . (x − xν−1)(x − xν+1) . . . (x − xn)

(xν − x1) . . . (xν − xν−1)(xν − xν+1) . . . (xν − xn)
.

The difference F(x) = g(x) − f ′(x) is n − 1 times differentiable and equal to zero
at x = x1, x2, . . . , xn. Hence, by Rolle’s theorem, there exist points ξ1, ξ2, . . . , ξn−1,

x1 < ξ1 < x2, x2 < ξ2 < x3, . . . , xn−1 < ξn−1 < xn,

such that
F ′(ξ1) = · · · = F ′(ξn−1) = 0.

Applying the same argument to the functions F ′(x), F ′′(x), etc., in other words,
applying Rolle’s theorem to F(x) subsequently n − 1 times, we find a point ξ with
0 < ξ < 1 such that

F (n−1)(ξ) = g(n−1)(ξ)− f (n)(ξ) = 0.

This relation implies

f (n)(ξ)

(n− 1)! =
n∑
ν=1

f ′(xν)
(xν − x1) . . . (xν − xν−1)(xν − xν+1) . . . (xν − xn)

,

and the inequality

A

(n−1)! ≤ |f (n)(ξ)|
(n− 1)! ≤ B

n∑
ν=1

1

|(xν−x1) . . . (xν−xν−1)(xν−xν+1) . . . (xν−xn)|
follows from the assumptions of the theorem and the properties of the pointsx1, . . . , xn.

Using the fact that

|xk − xj | ≥ |k − j |µ/(n− 1),

we obtain

A

(n− 1)! ≤ B

n∑
ν=1

(n− 1)n−1

µn−1(ν − 1)!(n− ν)!

= B(n− 1)n−1

(n− 1)!µn−1

n∑
ν=1

(n− 1)!
(ν − 1)!(n− ν)! = B(2n− 2)n−1

(n− 1)!µn−1 ,

µn−1 ≤ (2n− 2)n−1BA−1, µ ≤ (2n− 1)(BA−1)1/(n−1).

The proof of the lemma is complete. ��

We shall use Lemma 1.1 to estimate the trigonometric integral.
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Lemma 1.2. Suppose that for 0 < x < 1 a real function f (x) has the nth-order
derivative (n > 1) and the equality

A ≤ |f (n)(x)|, 0 < x < 1,

holds for some A > 0. Then the integral

J =
∫ 1

0
exp{2πif (x)} dx

satisfies the estimate
|J | ≤ min(1, 6nA−1/n).

Proof. Representing J as the sum of integrals of the real and imaginary parts of the
integrand function, we have

J = U + iV ,

where

U =
∫ 1

0
cos 2πf (x) dx, V =

∫ 1

0
sin 2πf (x) dx.

First, we consider the integral U . We divide the interval 0 < x < 1 into two sets
E1 and E2 as follows: the set E1 consists of intervals such that the inequality

|f ′(x)| ≤ B = 2−(n−1)/nA1/n

holds at each point of E1, and the set E2 consists of all other intervals. According to
this partition, the integral U can be written as the sum of two terms:

U = U1 + U2,

where

U1 =
∫
E1

cos 2πf (x) dx, U2 =
∫
E2

sin 2πf (x) dx.

Let µ be the sum of the lengths of the intervals that constitute E1. Obviously,
|U1| ≤ µ. Lemma 1.1 gives the following estimate for µ:

|U1| ≤ µ ≤ (2n− 2)(BA−1)1/(n−1).

Let us find an upper bound for |U2|. All the intervals in E2 can be divided into at
most 2n−2 intervals in each of which the function f ′(x) is monotone and of constant
sign. Indeed, the function f ′′(x) can have at most n − 2 zeros, since, otherwise,
after Rolle’s theorem is applied n − 2 times to f ′′(x), we would obtain a point ξ
(0 < ξ < 1) such that f (n)(ξ) = 0, but this contradicts the assumption of the theorem
that |f (n)(ξ)| ≥ A > 0. Hence f ′(x) has at most n − 1 intervals on which it is
monotone and has at most 2n − 2 intervals on which it is of constant sign. Suppose
that x1 < x < x2 is one of such intervals and U3 is the part of the integral U2
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corresponding to this interval. Without loss of generality, we consider only the case
in which f ′(x) is an increasing function on this interval. By setting f (x) = v,
f (x1) = v1, and f (x2) = v2, we readily obtain

U3 =
∫ v2

v1

cos 2πv
dv

f ′(x)
,

where f ′(x) is considered as a function of v. We use numbers of the form 0.5l+0.25,
where l is integer, in the interior of the interval v1 ≤ v ≤ v2 to divide this interval into
intervals whose lengths do not exceed 0.5. Then the integral U3 can be represented
as an alternating sum whose terms are monotonically decreasing in absolute value.
Therefore, for some v0 and σ such that v1 ≤ v0 ≤ v0 + σ ≤ v2 and σ ≤ 0.5, we have

|U3| ≤
∫ v0+σ

v0

dv

f ′(x)
= x′′ − x′, v0 = f ′(x), v0 + σ = f (x′′).

It follows from the Lagrange theorem on finite increments that

σ = f ′′(x)− f ′(x) = f ′(ξ)(x′′ − x′), x1 ≤ x′ ≤ ξ ≤ x′′ ≤ x2,

i.e.,
x′′ − x′ = σ

(
f ′(ξ)

)−1 ≤ (2B)−1.

Hence,

|U3| ≤ (2B)−1, |U2| ≤ (2n− 2)(2B)−1 = (n− 1)B−1,

|U | ≤ |U1| + |U2| ≤ (2n− 2)(BA−1)1/(n−1) + (n− 1)B−1

≤ 2(n− 1)2(n−1)/nA−1/n.

By a similar argument, we obtain the same upper bound for |V |. So we have

|J | ≤ 2
√

2 2(n−1)/n(n− 1)A−1/n < 6nA−1/n.

The proof of the lemma is complete. ��

From Lemma 1.2 we derive the following two consequences.

Corollary 1.1. Suppose that a function f (x) satisfies the assumptions of Lemma 1.2
on the interval α < x < β. Then the following inequality holds:∣∣∣∣∫ β

α

exp{2πif (x)} dx
∣∣∣∣ ≤ min(β − α, 6nA−1/n).

Proof. In this integral, we perform a change of the integration variable of the form
u = (x − α)/(β − α) and thus obtain∫ β

α

exp{2πif (x)} dx = (β − α)

∫ 1

0
exp{2πig(u)} du,
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where g(u) = f
(
u(β − α)+ α

)
. By assumption, we have

|g(n)(u)| = (β − α)n
∣∣f (n)(u(β − α)+ α

)∣∣ ≥ (β − α)nA.

Therefore, applying Lemma 1.2, we arrive at the desired estimate∣∣∣∣∫ β

α

exp{2πif (x)} dx
∣∣∣∣ = (β − α)

∣∣∣∣∫ 1

0
exp{2πig(u)} du

∣∣∣∣
≤ (β − α)6n

(
(β − α)nA

)−1/n = 6nA−1/n. ��

Corollary 1.2. Suppose that g(x) is a piecewise monotone continuous function,
max0≤x≤1 |g(x)| = H , the number of monotonicity intervals of the function g(x)
is equal to ρ, and f (x) satisfies the conditions of Lemma 1.2. Then the integral

I =
∫ 1

0
g(x) exp{2πif (x)} dx

satisfies the estimate
|I | ≤ H min(1, 24pnA−1/n).

Proof. We divide the interval 0 < x < 1 into intervals of monotonicity of the function
g(x). Let x1 ≤ x ≤ x2 be one of these intervals. Integrating by parts, we obtain

I1 =
∫ x2

x1

g(x) exp{2πif (x)} dx =
∫ x2

x1

g(x) d

(∫ x

0
exp{2πif (ξ)} dξ

)
= g(x2)

∫ x2

0
exp{2πif (ξ)} dξ − g(x1)

∫ x1

0
exp{2πif (ξ)} dξ

−
∫ x2

x1

(∫ x

0
exp{2πif (ξ)} dξ

)
dg(x).

Passing to inequalities, we arrive at the estimate

|I1| ≤ 4H max
x1≤y≤x2

∣∣∣∣∫ y

0
exp{2πif (ξ)} dξ

∣∣∣∣.
Applying Corollary 1.1, we obtain

|I1| ≤ 24HnA−1/n.

Thus we have
|I | ≤ H min(1, 24pnA−1/n).

The proof of the corollary is complete. ��
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Note that the estimate obtained in Lemma 1.2 is sharp in the parameters A and n.
Indeed, let us choose f (x) = αxn (α > 1). Then f (N)(x) = n!α, and Lemma 1.2
implies the estimate∣∣∣∣∫ 1

0
exp{2πiαxn} dx

∣∣∣∣ ≤ 6n(n!)−1/nα−1/n ≤ 24α−1/n.

On the other hand, we have∣∣∣∣∫ 1

0
exp{2πiαxn} dx

∣∣∣∣ ≥
∣∣∣∣∫ 1

0
cos 2παxn dx

∣∣∣∣ = U.

In the integral U , we perform a change of the integration variable of the form
y = αxn and thus obtain

|U | ≥ 1

n
α−1/n

∣∣∣∣∫ +∞

0

cos 2πy

y1−1/n dy

∣∣∣∣ − 1

n
α−1/n

∣∣∣∣∫ +∞

α

cos 2πy

y1−1/n dy

∣∣∣∣,
1

n
α−1/n

∫ +∞

0

cos 2πy

y1−1/n dy = α−1/n cos(π/2n)
n
√

2π
�

(
1 + 1

n

)
.

Now we estimate the remaining integral. Integrating one time by parts and passing
to inequalities, we obtain∫ +∞

α

y−1+1/n cos 2πy dy = 1

2π
α−1+1/n sin 2πα

+ 1

2π

(
1 − 1

n

)∫ +∞

α

y−2+1/n sin 2πy dy,∣∣∣∣∫ +∞

α

y−1+1/n cos 2πy dy

∣∣∣∣ ≤ 1

2π
α−1+1/n + 1

2π

(
1 − 1

n

)∫ +∞

α

y−2+1/n dy

= 1

2π
α−1+1/n + 1

2π
α−1+1/n = 1

π
α−1+1/n.

Hence we have

|U | ≥ α−1/n
{

cos(π/2n)
n
√

2π
�

(
1 + 1

n

)
− 1

πn
α−1+1/n

}
≥ 1

8
α−1/n.

We have thus shown that the estimate obtained in Lemma 1.2 is sharp in the class
of functions f (x) under study. Nevertheless, this lemma does not completely solve
the problem of estimating trigonometric integrals. Indeed, applying Lemma 1.2 to the
integral J with the function

f (x) = αx

(
x − 1

n

)
. . .

(
x − n− 1

n

)
, α > 1,
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we obtain
|J | 
 α−1/n

(the constant in 
 depends on n). However, the integral J satisfies the exact estimate

|J | 
 α−1/2.

Let us prove this. Suppose that the polynomial g(x) is given by the relation

g(x) = α(x − α1) . . . (x − αn),

where α1 < α2 < · · · < αn and δ = min0<i<n(αj+1 − aj ). Then, for an arbitrary
g′(x), we have

g′(x) = nα(x − β1) . . . (x − βn−1),

where

α1 < β1 < α2 < β2 < · · · < αn−1 < βn−1 < αn, (a)

|αj − βk| > δ/ ln(2e2n− 3e2). (b)

Inequalities (a) follow from Rolle’s theorem. Further, suppose, for instance, that
min(βk − αk, αk+1 − βk) = βk − αk (0 < k < n). Then αk+1 − βk ≥ δ/2,

0 = g′(βk)
g(βk)

= 1

βk − α1
+ · · · + 1

βk − αk
− 1

αk+1 − βk
− · · · − 1

αn − βk
,

1

βk − αk
= 1

αk+1 − βk
+ · · · + 1

αn − βk
− 1

βk − α1
− · · · − 1

βk − αk−1

<
1

δ/2
+ 1

3δ/2
+ · · · + 1

(2k − 3)δ/2
<

2

δ

(
1 +

∫ n

2

du

2u− 3

)
= δ−1 ln(2e2n− 3e2),

which implies inequality (b).
Now we return to the polynomial

f (x) = αx(x − 1/n) . . .
(
x − (n− 1)/n

)
, α > 1.

Twice applying (a) and (b), we obtain

f ′(x) = nα(x − β1) . . . (x − βn−1),

f ′′(x) = n(n− 1)α(x − γ1) . . . (x − γn−2),

|βj − γk| > �, � = (
n ln2(2e2n− 3e2)

)−1
.

We assume that the set E1 consists of points of the interval [0, 1] such that the
distance between these points and the roots of the polynomial f ′′(x) does not exceed
0.5�. Then for x ∈ E1, we have |x − γk| > 0.5� (k = 1, . . . , n− 2) and

f ′′(x) = n(n− 1)α|x − γ1| . . . |x − γn−2| > n(n− 1)α2−n+2�n−2. (c)
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The other points x ∈ [0, 1] form the set E2. Then for x ∈ E2 and some k
(1 ≤ k ≤ n− 2), we have

|x − γk| ≤ 0.5�;
hence for any j (j = 1, 2, . . . , n− 1), we obtain

|x − βj | = |x − γk + γk − βj | ≥ |βj − γk| − |x − γk| > 0.5�,

|f ′(x)| = nα|x − β1| . . . |x − βn−1| > nα2−n+1�n−1.
(d)

So, using inequalities (c) and (d) and Lemma 1.2 (obviously, Lemma 1.2 also holds
for n = 1 if f (x) is a polynomial), we obtain

J =
∫ 1

0
exp{2πif (x)} dx =

∫
E1

exp{2πif (x)} dx +
∫
E2

exp{2πif (x)} dx


 α−1/2 + α−1 
 α−1/2.

Theorem 1.1. Suppose that n ≥ 1, α1, . . . , αn are real numbers, and

f (x) = αnx
n + · · · + α1x, βr(x) = f (r)(x)/r!, r = 1, . . . , n,

H = H(αn, . . . , α1) = min
a≤x≤b

n∑
r=1

|βr(x)|1/r .

Then the integral

J =
∫ b

a

exp{2πif (x)} dx
satisfies the estimate

|J | ≤ min(b − a, 6en3H−1).

Proof. First, we show that the interval a < x < b can be covered by nonintersecting
intervals �1,�2, . . . , �m, where m ≤ 0.5(n2 + n)− 1, so that the inequality

|f (r)(x)/r!| ≥ (n−1H)r

holds on each �j (j = 1, 2, . . . , m) for some natural number r (1 ≤ r ≤ n).
We realize this covering in n steps as follows (the last steps can be empty). For

k = 0, 1, . . . , n− 1, we consider the functions

βn−k(x) = f (n−k)(x)/(n− k)!
that are polynomials whose degree does not exceed k. First, we note that βn−k(x) has
at most k intervals of monotonicity. Therefore, for anyD > 0, the number of intervals
such that |βn−k(x)| < D at each point of these intervals does not exceed k, while the
number of intervals such that |βn−k(x)| ≥ D at each point of these intervals does not
exceed k + 1.
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The first step: k = 0 and the function βn(x) = αn. If

|αn| ≥ (n−1H)n,

then we set �(1)1 = (a, b], and thus complete the process of covering the interval
(a, b). Assume the contrary, i.e., assume that

|αn| < (n−1H)n.

The second step: k = 1 and the function βn−1(x) = nαnx + αn−1. If for any
x ∈ (a, b) we have the inequality

|βn−1(x)| ≥ (n−1H)n−1, (1.1)

then we set�(2)1 = (a, b] and thus complete the process of covering the interval (a, b).
Assume the contrary, i.e., assume that there exist points x ∈ (a, b) such that

|βn−1(x)| < (n−1H)n−1.

The number of intervals at whose points the last inequality holds does not exceed 1.
We denote these intervals by the symbol�′

2 and proceed to cover these intervals. The
number of intervals at whose points inequality (1.1) holds does not exceed 2. We
denote these intervals by the symbols �(2)1 and �(2)2 (they can also be empty).

Suppose that the kth step (k < n) is realized. Prior to making the (k + 1)st step,
we have the point set �′

k consisting of k − 1 intervals such that the inequality

|βn−k+1(x)| < (n−1H)n−k+1

holds at each point of these intervals. We proceed to cover the intervals that form the
set �′

k . But the number of intervals such that the inequality

|βn−k+1(x)| ≥ (n−1H)n−k+1

holds at their points does not exceed k. We denote these intervals by the symbols
�
(k)
1 , . . . , �

(k)
k (some of them can be empty).

The k + 1st step: the function βn−k(x) is a polynomial whose degree does not
exceed k. If for any x ∈ �′

k we have the inequality

|βn−k(x)| ≥ (n−1H)n−k, (1.2)

then we denote the intervals comprising�′
k by�(k+1)

1 , . . . , �
(k+1)
k and thus complete

the process of covering. Assume the contrary, i.e., assume that there exist x ∈ �′
k

such that
|βn−k(x)| < (n−1H)n−k.

We denote the set of points at which the last inequality holds by �′
k+1. The

set �′
k+1 consists of at most k intervals. We proceed to cover the intervals of the
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set �′
k . But the number of intervals at whose points inequality (2.2) holds does not

exceed k + 1. We denote these intervals by the symbols �k+1
1 , . . . , �k+1

k+1.
We show that the interval (a, b) is completely covered after the nth step (if it is

covered earlier, we assume that the remaining steps are empty). Let a < ξ < b. Then,
by the assumptions of the theorem, we have

H ≤
n∑
r=1

|βr(ξ)|1/r ,

i.e., for some r (1 ≤ r ≤ n) we have the inequality

H ≤ n|βr(ξ)|1/r ,
which can also be written as

|f r(ξ)| ≥ r!(n−1H)r .

Choosing the maximum value of such r and denoting it by the letter k, we see that ξ
belongs to one of the intervals determined by the inequality

|βk(x)| ≥ (n−1H)k.

This proves that (a, b) is completely covered by the intervals �(k)j , which we now
denote by the symbols�j (j ≤ m). The numberm of the covering intervals does not
exceed

2 + 3 + · · · + n = 0.5(n2 + n)− 1.

Now we can estimate J . We have the inequality

|J | ≤
m∑
j=1

∣∣∣∣∫
�j

exp{2πif (x)} dx
∣∣∣∣.

On each interval �j the inequality

|f (r)(x)| ≥ r!(n−1H)r

holds for some r (1 ≤ r ≤ n). Applying Corollary 1.1 of Lemma 1.2 (note that for
r = 1, the lemma and its corollary hold in our case, because f (x) is a polynomial and
hence f ′(x) has at most 2n− 2 intervals of monotonicity), we obtain the estimate∣∣∣∣∫

�1

exp{2πif (x)} dx
∣∣∣∣ ≤ 6r(r!n−rH r)−1/r ≤ 6e(n−1H)−1,

|J | ≤ 6menH−1 ≤ 6en3H−1.

The proof of the theorem is complete. ��



16 1 Trigonometric integrals

The theorem proved above gives a correct (in the order of magnitude ofH ) estimate
for the integral of a specific polynomial. More precisely, for any polynomial f (x) on
the integration interval [a, b], it is possible to find a point c such that the trigonometric
integral

J (c) =
∫ c

a

exp{2πif (x)} dx

has both upper and lower bounds of the order of T , where T = min(b− a, H−1) and
H is the same as in Theorem 1.1. Let us prove this assertion.

The upper bound follows from Theorem 1.1, since for any point c, we have

n∑
r=1

|βr(x)|1/r ≥ H for α ≤ x ≤ c ≤ b.

Further, assume that the variable
∑n
r=1 |βr(x)|1/r takes the value H at a point x0

(a ≤ x0 ≤ b). We represent the polynomial f (x) in the form

f (x) =
n∑
r=0

βr(x0)(x − x0)
r .

It follows from the relation
n∑
j=1

|βj (x0)|1/j = H

that
|βr(x0)|1/r ≤ H, r = 1, . . . , n.

Therefore, if |x − x0| < � = (33H)−1, then we have

|f (x)− f (x0)| <
n∑
r=1

Hr�r =
n∑
r=1

33−r < 2−5,

and hence ∣∣ exp{2πif (x)} − exp{2πif (x0)}
∣∣ < 2π2−5 < 4−1.

Obviously, either the interval [a, b] is contained in the interior of the interval
[x0 − �, x0 + �], or one of the intervals [x0 − �, x0] and [x0, x0 + �] is entirely
contained in the interval [a, b]. In the first case we take the point b to be c. Then we
have ∣∣∣∣∫ b

a

exp{2πif (x)} dx
∣∣∣∣ ≥

∣∣∣∣∫ b

a

exp{2πif (x0)} dx
∣∣∣∣

−
∣∣∣∣∫ b

a

(
exp{2πif (x)} − exp{2πif (x0)}

)
dx

∣∣∣∣



1.1 One-dimensional trigonometric integrals 17

≥ b − a − b − a

4
= 3

4
(b − a),

i.e., |J | � T .
Let us consider the second case. Suppose that x1 and x2 are the left-hand and

right-hand endpoints of one of the intervals [x0 −�, x0] and [x0, x0 +�] that belongs
to [a, b]. Precisely as above, we obtain∣∣∣∣∫ x2

x1

exp{2πif (x)} dx
∣∣∣∣ > 3

4
�.

If now we have ∣∣∣∣∫ x1

a

exp{2πif (x)} dx
∣∣∣∣ > 1

4
�,

the we take the point x1 to be c. Otherwise, we take x2 to be c. Since∣∣∣∣∫ x2

a

exp{2πif (x)} dx
∣∣∣∣ ≥

∣∣∣∣∫ x2

x1

exp{2πif (x)} dx
∣∣∣∣ − ∣∣∣∣∫ x1

a

exp{2πif (x)} dx
∣∣∣∣ ≥ �

2
,

in both cases, we obtain∣∣∣∣∫ c

a

exp{2πif (x)} dx
∣∣∣∣ > 1

4
� � T .

Thus we have proved the relations

T 
 |J (c)| 
 T ,

as was stated above.

Theorem 1.1 can be generalized as follows.

Theorem 1.1′. Suppose that a function f (x) has the nth-order derivative on [a, b]
(n > 1)and the number of intervals of monotonicity of its derivative does not exceedK .
Then the following estimate holds:

J 
 min(b − a, H−1),

where the constant in 
 depends only on n and K .

Let us prove one more theorem concerning the upper bound for J that depends on
the lower bound for the linear combination of the derivatives of the function f (x).

Lemma 1.3. 1 Let 0 < a < b. If a real function f (x) vanishes at n+ 1 points in the
interval (a, b) and all zeros of the polynomial a0 + a1x + · · · + anx

n are real, then

a0f (ξ)+ a1f
′(ξ)+ a2f

′′(ξ)+ · · · + anf
(n)(ξ) = 0

at an interior point ξ of the interval (a, b).

1This lemma coincides with Problem 92 in Section 1, Chapter I, Part II, of the book [133]
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Theorem 1.2. Suppose that for 0 < x < 1, a real function f (x) has the nth-order
(n > 1) derivative, the number of intervals on whichf ′(x) is monotone and of constant
sign does not exceedK , real numbers a1, a2, . . . , an satisfy the condition that all zeros
of the polynomial a1 +a2x+· · ·+anxn−1 are real, and a = max(|a1|, |a2|, . . . , |an|).
Suppose also that the inequality∣∣a1f

′(x)+ a2f
′′(x)+ · · · + anf

(n)(x)
∣∣ ≥ A > 0

holds for all x from the interval 0 < x < 1. Then the following estimate holds:

|J | =
∣∣∣∣∫ 1

0
exp{2πif (x)} dx

∣∣∣∣ ≤ 24(Kann−1)1/nA−1/n.

Proof. We have
J = U + iV ,

where

U =
∫ 1

0
cos 2πf (x) dx, V =

∫ 1

0
sin 2πf (x) dx.

First, we consider the integral U . We divide the interval 0 ≤ x ≤ 1 into two sets E1
and E2. The set E1 consists of intervals such that the inequality

|f ′(x)| ≤ B =
(

K

8(n− 1)

)(n−1)/n

a−1/nA1/n

holds at each point of these intervals. The set E2 consists of all other points. Then we
have

U = U1 + U2,

where

U1 =
∫
E1

cos 2πf (x) dx, U2 =
∫
E2

cos 2πf (x) dx.

Let µ be the sum of the lengths of the intervals that constitute E1. Obviously,
|U1| ≤ µ. Let us estimate µ from above. To this end, we choose n points (0 ≤ x1 <

· · · ≤ xn ≤ 1) in E1 so that

|xk − xj | ≥ |k − j |µ/(n− 1).

Let G(x) be a polynomial of the form (the interpolation Lagrange polynomial
corresponding to f ′(x) with points of interpolation x1, . . . , xn):

g(x) =
n∑
ν=1

f ′(xν)
(x − x1) . . . (x − xν−1)(x − xν+1) . . . (x − xn)

(xν − x1) . . . (xν − xν−1)(xν − xν+1) . . . (xν − xn)
.



1.1 One-dimensional trigonometric integrals 19

Then the function h(x) = f ′(x)− g(x) is zero at n points and hence, by Lemma 1.3,
there exists a number ξ (0 < ξ < 1) such that

a1h(ξ)+ · · · + anh
(n−1)(ξ) = 0.

Hence we have∣∣a1f
′(ξ)+ · · · + anf

(n)(ξ)
∣∣ = ∣∣a1g(ξ)+ · · · + ang

(n−1)(ξ)
∣∣ ≥ A.

Let us estimate |g(k)(ξ)| for k = 0, 1, . . . , n− 1. We have

|g(k)(ξ)| ≤ (n− 1)!
(n− k − 1)!B

n∑
ν=1

(n− 1)n−1

(ν − 1)!(n− ν)!µn−1 ,

which implies

A ≤ ∣∣a1g(ξ)+ · · · + ang
(n−1)(ξ)

∣∣ ≤ a
(|g(ξ)| + · · · + |g(n−1)(ξ)|)

≤ aB

(
(n− 1)!
(n− 1)! + · · · + (n− 1)!

0!
) n∑
ν=1

(n− 1)n−1

(ν − 1)!(n− ν)!µn−1

≤ µ1−ne(n− 1)n−12n−1aB, µ ≤ 4(n− 1)(aBA−1)1/(n−1).

So, we have the following estimate for |U1|:
|U1| ≤ µ ≤ 4(n− 1)(aBA−1)1/(n−1).

Let us find an upper bound for |U2|. The number of intervals on which the function
f ′(x) is monotone and of constant sign does not exceedK . On each of these intervals,
we consider the intervals fromE2. Let x1 ≤ x ≤ x2 be such an interval. In Lemma 1.2,
we proved that ∣∣∣∣∫ x2

x1

cos 2πf (x) dx

∣∣∣∣ ≤ (2B)−1.

This implies the estimate |U1| ≤ K(2B)−1, and thus we have

|U | ≤ |U1| + |U2| ≤ 4(n− 1)(aBA−1)1/(n−1) + 0.5KB−1

≤ 2(8n−1(n− 1)n−1Ka)1/nA−1/n.

We shall obtain the same upper bound for |V |. Hence we have

|J | ≤ 2
√

2
(
8n−1(n− 1)n−1Ka

)1/n
A−1/n ≤ 24(Kann−1)1/nA−1/n.

The theorem is thereby proved. ��
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1.2 Singular integrals in Tarry’s problem
and related problems

We consider the following system of equations:

x1 + · · · + xk = y1 + · · · + yk,

x2
1 + · · · + x2

k = y2
1 + · · · + y2

k ,

...

xn1 + · · · + xnk = yn1 + · · · + ynk ,

(1.3)

where the unknown variables x1, . . . , xk, y1, . . . , yk are integers ranging from 1 to P
(P > 1). We let Jk,n(P ) denote the number of solutions of this system of equation.
The system of equations (1.3) is said to be complete. If some equations in system (1.3)
are omitted, the system thus obtained is said to be incomplete. The problem of solv-
ing system (1.3) is called Tarry’s problem (the history of this problem is discussed
sufficiently complete in the review [70]). In 1938, using the powerful Vinogradov’s
method [165], [159], Hua Loo-Keng derived the following asymptotic formula for
Jk,n(P ) as P → +∞:

Jk,n(P ) = σθ0P
2k−0.5(n2+n) +O(P 2k−0.5(n2+n)−δ), (1.4)

where δ = δ(n, k) > 0, k is of order n2 ln n, σ is a singular series, and θ0 is a singular
integral.

We do not consider the singular series σ in detail, but only note that this series
converges for some special relations between n and k and is a quantity that depends
only on n and k. These and similar series will be studied in detail in Chapter 2.

The singular integral θ0 has the form

θ0 =
∫ +∞

−∞
· · ·

∫ +∞

−∞

∣∣∣∣∫ 1

0
exp{2πi(αnxn + · · · + α1x)} dx

∣∣∣∣2k dαn . . . dα1.

In [68] Hua Loo-Keng studied the conditions under which the series θ0 converges. He
proved that θ0 converges for 2k > 0.5n2 + n; in the same paper it is also said that
the problem of finding the exact value of the convergence exponent for the integral θ0
remains open (see also [69]).

Definition 1.1. The convergence exponent of an improper integral

θ ′ =
∫ +∞

−∞
· · ·

∫ +∞

−∞
|G(u1, . . . , um)|2k du1 . . . dum

is defined to be a number γ such that θ ′ converges for 2k > γ + ε and diverges for
2k < γ − ε, where ε is an arbitrarily small number.



1.2 Singular integrals in Tarry’s problem and related problems 21

Here we prove a theorem stating that θ0 converges for 2k > 0.5(n2 + n)+ 1 and
diverges for 2k ≤ 0.5(n2 +n)+1, which completely solves the convergence exponent
problem for the improper integral in Tarry’s problem.

A formula similar to formula (1.4) is also valid for the number of solutions of
an incomplete system of equations. The improper integral in this formula, which
we denote by θ ′

0, differs from θ0 only in that the corresponding monomials in the
polynomial in the exponent in θ0 are omitted. Here we also prove a theorem that
completely explains for which values of k the integral θ ′

0 converges. Moreover, a
significant difference between the convergence exponents of θ0 and θ ′

0 is revealed.
Now we state and prove the following theorem about the convergence exponent

of the integral θ0.

Theorem 1.3. The integral θ0 = θ0(k) converges for 2k > 0.5(n2 + n) + 1 and
diverges for 2k ≤ 0.5(n2 + n)+ 1.

Proof. 1. We prove the first assertion of the theorem. First, we estimate the volume
of the domain � = �(αn, . . . , α1) of points αn, . . . , α1 at which the quantity H
determined in Theorem 1.1 does not exceed P (P is a natural number). To this end,
we set ur = r/P for r = 1, 2, . . . , P and consider the domains�r = �r(αn, . . . , α1)

of points (αn, . . . , α1) at which the inequality |βs(ur)| ≤ 2nP s , s = 1, 2, . . . , n,
holds.

Let us find an upper bound for µ(�r), i.e., for the volume of �r . We have

µ(�r) =
∫

· · ·
∫

�r

dαn. . .dα1.

In this integral, we perform a change of the integration variables of the form

αs = βs −
(
s + 1

s

)
βs+1uν + · · · + (−1)n−s

(
n

s

)
βn−sν ,

where βs are new independent variables. The Jacobian of this transformation is equal
to 1. Hence we have

µ(�r) =
∫

|βn|≤2nP n
· · ·

∫
|β1|≤2nP

dβn . . . dβ1 = 2n
2+nP 0.5(n2+n).

Now we show that if the inequality

H = H(αn, . . . , α1) ≤ P (1.5)

holds at a point (αn, . . . , α1), then (αn, . . . , α1) belongs to the domain � for some r
(1 ≤ r ≤ P ). Indeed, if inequality (10.5) holds, then for some ξ (0 ≤ ξ ≤ 1) we
have |βn(ξ)|1/s ≤ P or |βn(ξ) ≤ P s for each s = 1, . . . , n.
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We take r = [ξP ] and prove that (αn, . . . , α1) belongs to �r . Indeed, we set
y = ur − ξ , ur = r/P , and obtain

|βs(ur)| = |βs(ξ + y)| =
∣∣∣βs(ξ)+ 1

1!β
′
s(ξ)y + · · · + 1

(n− s)!β
(n−s)
s (ξ)yn−s

∣∣∣
≤
n−s∑
k=0

(
s + k

k

)
P s < 2nP s.

So we have proved that each point (αn, . . . , α1) that belongs to the domain � of
points satisfying (10.5) belongs to the domain �r for some r (1 ≤ r ≤ P ) and,
moreover,

µ(�r) = 2n
2+nP 0.5(n2+n).

Hence

µ(�) ≤
P∑
r=1

µ(�r) = 2n
2+nP 0.5(n2+n)+1.

We let π(P ) denote the set of points (αn, . . . , α1) at which the inequality P <

H = H(αn, . . . , α1) ≤ 2P holds. Then for the integral θ0 we have the estimate

θ0 ≤
+∞∑
m=0

∫
· · ·

∫
π(2m)

∣∣∣∣∫ 1

0
exp{2πi(αnxn + · · · + α1x)} dx

∣∣∣∣2k dαn . . . dα1

+
∫

· · ·
∫

�(1)

∣∣∣∣∫ 1

0
exp{2πi(αnxn + · · · + α1x)} dx

∣∣∣∣2k dαn . . . dα1.

We apply the estimate obtained in Theorem 1.1 to the integral

J =
∫ 1

0
exp{2πi(αnxn + · · · + α1x)} dx,

where (αn, . . . , α1) belongs to the domain π(2m) and trivially estimate the integral
over the domain �(1). Moreover, estimating the volume of π(P ), we obtain

θ0 ≤ (12en3)2k22n2+4
+∞∑
m=0

2m(0.5(n
2+n)+1−2k) + 2n

2+n.

The last series converges for 2k > 0.5(n2 + n) + 1, which proves the first assertion
of the theorem.

2. For an integer P ≥ (600n)15n and r = 1, 2, . . . , P , we consider the polynomi-
als

f (x; r) = αnx
n + αn−1x

n−1 + · · · + α1x
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with the highest-order coefficient αn from the interval Pn < αn ≤ (2P)n and the
coefficients αn−1, . . . , α1 determined by the relations

αnx
n + αn−1x

n−1 + · · · + α1x + α0

= αn(x − xr)
n + βn−1(x − xr)

n−1 + · · · + β1(x − xr),

where βn−1, . . . , β2, β1 are arbitrary numbers such that

|βn−1| ≤ (c1P)
n−1, . . . , |β2| ≤ (c1P)

2, |β1| ≤ c1P ;
here c1 = (600n)−9n and, moreover, xr = 0.25 + r(2P)−1. We show that if r1 �= r2,
then f (x; r1) �= f (x; r2). Indeed, the coefficient αn−1 of the polynomial f (x; r) is
equal to

αn−1 = −n(0.25 + r(2P)−1)αn + βn−1.

Therefore, if we let α′
n−1 and α′′

n−1 respectively denote the coefficients αn−1 of the
polynomials f (x; r1) and f (x; r2), then we have

|α′
n−1 − α′′

n−1| =
∣∣∣ n
2P
(r2 − r1)αn + β ′

n−1 − β ′′
n−1

∣∣∣ ≥ n

2P
Pn − 2(c1P)

n−1 > 0,

which means that f (x; r1) �= f (x; r2). By setting Pm = (600n)15m, we obtain the
following lower bound for θ0:

θ0 >

+∞∑
m=n

Pm∑
r=1

∫ (2Pm)n

P nm

∫ (c1Pm)
n−1

−(c1Pm)n−1
· · ·

∫ c1Pm

−c1Pm

|J |2k dαndβn−1 . . . dβ1, (1.6)

where

J = J (αn, βn−1, . . . , β1) =
∫ 1

0
exp{2πif (x)} dx,

f (x) = αn(x − xr)
n + βn−1(x − xr)

n−1 + · · · + β1(x − xr).

Let us find a lower bound for |J |. We set � = c/P , c = (600n)3n, and P = Pm.
Then we have

J =
∫ 1−xr

−xr
exp{2πi(αnxn + βn−1x

n−1 + · · · + β1x)} dx = J1 + J2 + J3,

where

J1 =
∫ �

−�
exp{2πi(αnxn + βn−1x

n−1 + · · · + β1x)} dx,

J2 =
∫ −�

−xr
exp{2πi(αnxn + βn−1x

n−1 + · · · + β1x)} dx,
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J3 =
∫ 1−xr

�

exp{2πi(αnxn + βn−1x
n−1 + · · · + β1x)} dx.

First, we find upper bounds for |J2| and |J3|. For any x from the intervals −xr ≤
x ≤ −� and � ≤ x ≤ 1 − xr , we have the inequality∣∣∣∣ dn−1

dxn−1 (αnx
n + βn−1x

n−1 + · · · + β1x)

∣∣∣∣ = |n!αnx + (n− 1)!βn−1|
≥ n!αn|x| − (n− 1)!|βn−1| ≥ n!Pn�− (n− 1)!(c1P)

n−1 > 0.5cn!Pn−1.

Hence the quantity H determined in Theorem 1.1 does not exceed

(0.5cnP n−1)1/(n−1) ≥ c1/(n−1)P .

Therefore, as a consequence of Theorem 1.1, we obtain the following estimates for
|J2| and |J3|:

|J2| < 6en3c−1/(n−1)P−1, |J3| < 6en3c−1/(n−1)P−1.

Now let us calculate J1. We have

J1 =
∫ �

−�
exp{2πiαnxn} dx +

∫ �

−�
�(x) exp{2πiαnxn} dx,

where
�(x) = exp{2πi(βn−1x

n−1 + · · · + β1x)} − 1.

For |x| ≤ �, we trivially obtain the following estimate for |�(x)|:
|�(x)| = 2

∣∣ sin π(βn−1x
n−1 + · · · + β1x)

∣∣
≤ 2π

(|βn−1|�n−1 + · · · + |β1|�
)

≤ 2π
(
(c1�P)

n−1 + · · · + c1�P
)

< 2π
(
cc1 + (cc1)

2 + · · · )
= 4πcc1

1 − cc1
.

Hence we have ∣∣∣∣∫ �

−�
�(x) exp{2πiαnxn} dx

∣∣∣∣ < 2πc2c1

1 − cc1
P−1.

Further, we note that∫ �

−�
exp{2πiαnxn} dx =

∫ +∞

−∞
exp{2πiαnxn} dx + R,
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where

|R| ≤ 2

∣∣∣∣∫ +∞

�

exp{2πiαnxn} dx
∣∣∣∣.

Performing a change of the integration variable of the formu = αnx
n and following

the usual reasoning (e.g., see the proof of Lemma 1.2), we obtain the following estimate
for the last integral:

√
2

n
α

−1/n
n (αn�

n)−1+1/n <

√
2

n
· 1

en−1P
−1,

i.e.,

|R| ≤
√

2

n
· 1

en−1P
−1.

Moreover, we have∫ +∞

−∞
exp{2πiαnxn} dx = α

−1/n
n

∫ +∞

−∞
exp{2πiun} du

= α
−1/n
n

(∫ +∞

−∞
cos 2πun du+ i

∫ +∞

−∞
sin 2πun du

)
,∫ +∞

−∞
cos 2πun du = 2

n
n
√

2π

∫ +∞

0

cos u

u1−1/n du = π

n
n
√

2π�(1 − 1/n) sin(π/2n)

= 2 cos(π/2n)
n
√

2π
�

(
1 + 1

n

)
= 2�(n),

i.e., ∣∣∣∣∫ +∞

−∞
exp{2πiαnxn} dx

∣∣∣∣ ≥ 2�(n)α−1/n
n .

Combining the above estimates, for |J | we obtain the lower bound

|J | ≥ 2�(n)α−1/n
n − 12en3c−1/(n−1)P−1 − 4πc2c1

1 − cc1
P−1 − 2

√
2

n
· 1

en−1P
−1

≥ P−1
(
�(n)− 12en3c−1/(n−1) − 4πc2c1

1 − cc1
− 2

en−1

)
.

Further, we have

�(n) = cos(π/2n)
n
√

2π
�

(
1 + 1

n

)
≥ cos

π

4
�

(
2 + 1

n

)(
1 + 1

n

)
>

√
2

2

c = (600n)3n, c1 = (600n)−9n,

�(n)− 12en3c−1/(n−1) − 4πc2c1

1 − cc1
− 2

en−1 >
1

4
.
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Thus we have proved that |J | > (4P)−1. Substituting this estimate into formula (1.6),
we obtain

θ0 >

+∞∑
m=n

PmP
n
mc

1+2+···+(n−1)
1 P 1+2+···+(n−1)

m

(
1

4Pm

)2k

= c
0.5(n2−n)
1 4−2k

+∞∑
m=n

(600n)15m(0.5(n2+n)+1−2k).

It follows from this relation that the integral θ0 diverges for 2k ≤ 0.5(n2 + n) + 1.
The proof of the theorem is complete. ��

Now we state and proof the following theorem about the singular integral θ ′
0

corresponding to the incomplete system of equations.

Theorem 1.4. Suppose that natural numbers r, . . . , m, n satisfy the conditions 1 ≤
r < · · · < m < n and r + · · · +m+ n < 0.5(n2 + n),

θ ′
0 = θ ′

0(k) =
∫ +∞

−∞
· · ·

∫ +∞

−∞

∣∣∣∣ ∫ 1

0
exp{2πi(αnxn + αmx

m + · · ·

· · · + αrx
r)} dx

∣∣∣∣2k dαndαm . . . dαr .
Then the integral θ ′

0 converges for 2k > n + m + · · · + r and diverges for 2k ≤
n+m+ · · · + r .

Proof. Let P be a natural number, and let uν = ν/P (ν = 1, . . . , P ). We define the
domain �ν = �ν(αn, . . . , αr) as follows:

|βs(uν)| ≤ 2nP s, s = 1, . . . , n,

where βs = βs(uν) can be found from the relation

αnx
n + αmx

m + · · · + αrx
r = βn(x − uν)

n + βn−1(x − uν)
n−1 + · · · + β0;

in other words, we have

αn = βn, αn−1 = βn−1 − nβnuν,
...

αs = βs −
(
s + 1

s

)
βs+1uν + · · · + (−1)n−s

(
n

s

)
βnu

n−s
ν ,

...

α1 = β1 −
(

2

1

)
β2uν + · · · + (−1)n−1

(
n

1

)
βnu

n−1
ν ,
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and αs = 0 if s �= n,m, . . . , r . Let s be the largest number for which α1 = 0. Then
we express βs in terms of βs+1, . . . , βn and substitute this expression into the equation

αs−1 = βs−1 −
(

s

s − 1

)
βsuν + · · · + (−1)n−s+1

(
n

s − 1

)
βnu

n−s+1
ν .

We perform this transformation for equations withαs = 0 (s �= n,m, . . . , r). Then we
see that the previous system of equations for the unknown variables βn, βn−1, . . . , β1
is equivalent to the following one:

αn = βn, αm = βm + anmβnu
n−m
ν ,

...

αr = βr + · · · + amrβmu
m−r
ν + anrβnu

n−r
ν ,

where anm, . . . , amr , anr are some real constants. Since n+m+· · ·+r < 0.5(n2+n),
we have αs = 0 for some s (1 ≤ s ≤ n). Then the sth equation in the original system
can be rewritten as

βs −
(
s + 1

s

)
βs+1uν + · · · + (−1)n−1

(
n− 1

s

)
βn−1u

n−1−s
ν

= (−1)n−1
(
n

s

)
βnu

n−s
ν .

Hence, we have

|βn| ≤
(
n

s

)−1

us−nν 2n
(
P s +

(
s + 1

s

)
P s+1uν + · · · +

(
n− 1

s

)
Pn−1un−1−s

ν

)
≤ n2nP n−1u−1

ν = n2nP nν−1.

Let us find an upper bound for the volume of the domain �ν . We have

µ(�ν) =
∫
. . .

∫
�ν

dαndαm . . . dαr

=
∫ n2nP nν−1

−n2nP nν−1

∫ 2nPm

−2nPm
· · ·

∫ 2nP r

−2nP r
dβndβm . . . dβr

= n2(n+1)lν−1Pn+m+···+r ,

where l is the number of nonzero coefficients αn, αm, . . . , αr . Further, we show that
if the inequality

H = H(αn, αm, . . . , αr) ≤ P

holds at a point (αn, αm, . . . , αr), the point (αn, αm, . . . , αr) belongs to�ν for some ν
(1 ≤ ν ≤ P ). Indeed, from this inequality for some ξ (1 ≤ ξ ≤ P ) and each
s = 1, . . . , n, we have

|βs(ξ)|1/s ≤ P, i.e., |βs(ξ)| ≤ P s.
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We set ν = [ξP ] and show that the point (αn, αm, . . . , αr) belongs to �ν . Let
y = uν − ξ . Then we have

|βs(ur)| = |βs(ξ + y)| =
∣∣∣βs(ξ)+ 1

1!β
′
s(ξ)y + · · · + 1

(n− s)!β
(n−s)
s (ξ)yn−s

∣∣∣
≤
n−s∑
k=0

(
s + k

k

)
P s ≤ 2nP s, s = 1, . . . , n.

So in the domain � of points at which the inequality H ≤ P holds, each point
(αn, αm, . . . , αr) belongs to � for some ν (1 ≤ ν ≤ P ). Hence, for the volume of
the domain �, we obtain

µ(�) ≤
P∑
ν=1

µ(�ν) ≤ n2(n+1)lP n+m+···+r (lnP + 1).

We let π(P ) denote the set of points (αn, αm, . . . , αr) at which the inequality

P < H = H(αn, αm, . . . , αr) ≤ 2P

holds. Applying Theorem 1.1 that estimates trigonometric sums, we obtain

θ ′
0 = θ ′

0(k) ≤
+∞∑
m=0

∫
. . .

∫
π(2m)

∣∣∣∣ ∫ 1

0
exp{2πi(αnxn + αmx

m + · · ·

· · · + αrx
r)} dx

∣∣∣∣2k dαndαm . . . dαr + µ(�(1))

≤ (6e ln 2(n+ 1)3)2kn2(n+1)l2n+m+···+r
+∞∑
s=0

s2−s(2k−(n+m+···+r)) + n2(n+1)l .

Hence the integral θ ′
0 = θ ′

0(k) converges for 2k > n+m+ · · · + r .
For integer P ≥ (600n)15n, we consider the domain of points αn, αm, . . . , αr

whose coordinates satisfy the inequalities

Pn < αn ≤ (2P)n, |αm| ≤ (c1P)
m, . . . , |αr | ≤ (c1P)

r , c1 = (600n)−9n.

Let us find a lower bound for the integral J for points in this domain:

J =
∫ 1

0
exp{2πi(αnxn + αmx

m + · · · + αrx
r)} dx =

∫ �

0
+
∫ 1

�

,

� = c/P, c = (600n)3n.

It follows from Theorem 1.1 that∣∣∣∣ ∫ 1

�

exp{2πf (x)} dx
∣∣∣∣ ≤ 6en3c−1/(n−1)P−1,
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f (x) = αnx
n + αmx

m + · · · + αrx
r .

Indeed,

|βn−1(x)| =
∣∣∣∣f (n−1)(x)

(n− 1)!
∣∣∣∣

=
∣∣∣∣nαnx + m(m− 1) . . . (m− n+ 2)

(n− 1)! αmx
m−n+1

∣∣∣∣ ≥ n

2
αn�,

|βn−1(x)|−1/(n−1) ≤ α
−1/(n−1)
n �−1/(n−1) ≤ P−1c−1/(n−1).

Next, we have∫ �

0
exp{2πi(αnxn + αmx

m + · · · + αrx
r)} dx

=
∫ �

0
exp{2πiαnxn} dx +

∫ �

0
�(x) exp{2πiαnxn} dx,

where

|�(x)| = 2| sin π(αmx
m + · · · + αrx

r)|
≤ 2π

(
(c1P)

m

(
c

P

)m
+ · · · + (c1P)

r

(
c

P

)r)
≤ 2π

(c1c)
r

1 − c1c
≤ 2πc1c

1 − c1c
.

Moreover, we have∣∣∣∣ ∫ �

0
exp{2πiαnxn} dx

∣∣∣∣ ≥
∣∣∣∣ ∫ +∞

0
exp{2πiαnxn} dx

∣∣∣∣ − ∣∣∣∣ ∫ +∞

�

exp{2πiαnxn} dx
∣∣∣∣

≥ cos(π/2n)
n
√

2παn
�

(
1 + 1

n

)
−

√
2

n
c−1/(n−1)P−1.

Hence,

J > P−1
(

cos(π/2n)

2 n
√

2π
�

(
1 + 1

n

)
−

√
2

n
· 1

cn−1 − 2π
c1c

2

1 − c1c
− 6en3c−1/(n−1)

)
≥ 1

10
P−1.

We set Ps = (600n)15s . Then

θ ′
0 = θ ′

0(k)

>

+∞∑
s=n

∫ (2Ps)n

P ns

∫ (c1Ps)
m

−(c1Ps)m
· · ·

∫ (c1Ps)
r

−(c1Ps)r

∣∣∣∣ ∫ 1

0
exp{2πif (x)} dx

∣∣∣∣2k dαndαm . . . dαr ≥
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≥
+∞∑
s=n
(10Ps)

−2kP ns c
m+···+r
1 Pm+···+r

s = 10−2kcm+···+r
1

+∞∑
s=n

P−2k+n+m+···+r
s

= 100−kcm+···+r
1

+∞∑
s=n
(600n)15s(−2k+n+m+···+r).

It follows from this relation that θ ′
0(k) diverges for 2k ≤ n+m+ · · · + r . The proof

of the theorem is complete. ��

1.3 Multiple trigonometric integrals

In this section we derive several estimates for multiple trigonometric integrals. First,
we obtain one more estimate for the one-dimensional trigonometric integral with a
polynomial in the exponent.

Lemma 1.4. Suppose that f (x) = αnx
n + · · · + α1x, where αn, . . . , α1 are real

numbers. Let the symbol α denote the maximum modulus of these numbers. Then the
integral

I =
∫ 1

0
exp{2πif (x)} dx

satisfies the estimate
|I | ≤ min(1, 32α−1/n).

Proof. We assume that n > 1 and α > (32)n, because, otherwise, the lemma is
trivial. We have

I = U + iV ,

where

U =
∫ 1

0
cos 2πf (x) dx, V =

∫ 1

0
sin 2πf (x) dx.

Let us consider the integral U . We perform the following partition of the interval
0 ≤ x ≤ 1 into two setsE1 andE2 each of which also consists of intervals: the setE1
consists of the intervals such that the inequality

|f ′(x)| ≤ A =
(
n− 1

4e

)(n−1)/n

α−1/n

holds at each point of these intervals; the other intervals form the set E2. Then we
have

U = U1 + U2,

where

U1 =
∫
E1

cos 2πf (x) dx, U2 =
∫
E2

cos 2πf (x) dx,
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Let µ be the sum of lengths of the intervals comprising the set E1. Obviously, we
have |U1| ≤ µ. Let us find an upper bound for µ. To this end, we move the intervals
of the set E together and thus form a single interval (its length is µ). In this interval
we choose n points such that the distance between them is equal toµ/(n−1) and then
move these integrals to their original places. Thus we obtain n points x1, x2, . . . , xn
in E1 such that

|xk − xj | ≥ |k − j |µ/(n− 1).

For each k = 1, . . . , n, we consider the relations

α1 + 2α2xk + · · · + (r + 1)αr+1x
r
k + · · · + nαnx

n−1
k = f ′(xk)

as a linear system of equations for the unknowns α1, 2α2, . . . , nαn. Let α = |αr+1|,
where 0 ≤ r ≤ n− 1. Then we have

(r + 1)α = |�′/�|,

where ∣∣∣∣∣∣∣∣
1 x1 . . . xn−1

1
1 x2 . . . xn−1

2
. . . . . . . . . . . . . . . . . .

1 xn . . . xn−1
n

∣∣∣∣∣∣∣∣ ,
and the only difference between�′ and� is that the (r+1)st column in�′ is replaced
by the column consisting of the right-hand sides f ′(x1), . . . , f

′(xn). Expanding �′
with respect to the (r + 1)st column, we obtain

|�′| ≤
n∑
k=1

|f ′(xk)| |�′
k|,

where�′
k is obtained from� by crossing out the (r+1)st column and the kth row. The

quotient obtained by dividing �′
k by the (n − 1)st-order Vandermonde determinant

made up from the numbers x1, . . . , xk−1, xk+1, . . . , xn is the (n−1− r)th elementary
symmetric function of these numbers and does not exceed

(
n−1
n−1−r

) = (
n−1
r

)
. (Indeed, if

we let sm denote themth elementary symmetric function of the numbers z1, z2, . . . , zl ,
then for each k = 1, . . . , l we have

0 =
l∏

ν=1

(zk − zν) = zlk − s1z
l−1
k + s2z

l−2
k − · · · + (−1)lsl,

i.e.,

(−1)l−1sl + zk(−1)l−2sl−1 + · · · + zl−1
k = zlk, k = 1, . . . , l,
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and we find sm from this system of equations.) Therefore,

(r + 1)α =
∣∣∣∣�′

�

∣∣∣∣ ≤
n∑
k=1

|f ′(xk)|
(
n− 1

r

)( n∏
j=1
j �=k

|xk − xj |
)−1

≤ A

(
n− 1

r

)
(n− 1)n−1µ−n+1

n∑
k=1

1

(k − 1)!(n− k)!

= A

(
2n− 2

µ

)n−1 1

r!(n− 1 − r)! ,

µ ≤ A−1/(n−1)4eα−1/(n−1) = 4e

(
n− 1

4e

)1/n

α−1/n,

|U1| ≤ 4e

(
n− 1

4e

)1/n

α−1/n.

Now we estimate |U2|. All intervals comprising E2 can be divided into at most
2n − 2 intervals on each of which the function f ′(x) is monotone and of constant
sign. Let x1 ≤ x ≤ x2 be such an interval, and let I ′ be the corresponding part of the
integralU2. Without loss of generality, we assume that f ′(x) is an increasing function
on this interval. Setting f (x) = v, f (x1) = v1, and f (x2) = v2, we readily obtain

I ′ =
∫ v2

v1

cos 2πv
dv

f ′(x)
,

where f ′(x) is considered as a function of v.
In the interval v1 ≤ v ≤ v2 we take numbers of the form 0.5l+0.25 with integer l

to divide this interval into subintervals whose lengths do not exceed 0.5. So the
integral I ′ can be written as an alternating series. This implies that, for some v0 and σ
such that v1 ≤ v0 ≤ v0 + σ , where σ ≤ 0.5, we have

|I ′| ≤
∫ v0+σ

v0

dv

f ′(x)
= x′′ − x′, v0 = f (x′), v0 + σ = f (x′′).

By the Lagrange theorem on finite increments, we obtain

σ = f (x′′)− f (x′) = f ′(ξ)(x′′ − x′), x1 ≤ x′ ≤ ξ ≤ x′′ ≤ x2,

i.e.,

x′′ − x′ = σ

f ′(ξ)
≤ 1

2A
.

Hence we have

|U2| ≤ (2n− 2)
1

2A
= 4e

(
n− 1

4e

)1/n

α−1/n
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and thus

|U | ≤ 8e

(
n− 1

4e

)1/n

α−1/n.

By a similar argument, we obtain the same upper bound for |V |. So we have

|I | ≤ 8e
√

2

(
n− 1

4e

)1/n

α−1/n < 32α−1/n.

The proof of the lemma is complete. ��

Theorem 1.5. Let

α = max
0≤t1,...,tr≤n

|α(t1, . . . , tr )|, α(0, . . . , 0) = 0,

Ir =
∫ 1

0
· · ·

∫ 1

0
exp{2πiF (x1, . . . , xr )} dx1 . . . dxr ,

where

F(x1, . . . , xr ) =
n∑

t1=0

· · ·
n∑

tr=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
r .

Then
|Ir | ≤ min

(
1, 32rα−1/n lnr−1(α + 2)

)
.

Proof. The assertion of the theorem holds for r = 1 (see Lemma 1.4). We shall
proceed by induction over the number of variables in the polynomial. We assume that
the assertion of the theorem holds for r − 1 variables and prove this assertion for r
variables. Without loss of generality, we assume that the coefficient of the variable x1
raised to a nonzero power has maximum modulus. Let α = |(α(s1, . . . , sr ))|; then
s1 = 0. We set

F(x1, . . . , xr ) =
n∑

t1=0

· · ·
n∑

tr−1=0

x
t1
1 . . . x

tr−1
r−1ϕt1,...,tr−1(xr),

t = [ln(α + 1)] + 1, E0 = {xr | |ϕs1,...,sr−1(xr)| ≤ 1},
Ek = {xr |α(k−1)/t < |ϕs1,...,sr−1(xr)| < αk/t }, k = 1, 2, . . . , t − 1,

Et = {xr |α(t−1)/t < |ϕs1,...,sr−1(xr)|}.
By mesEk we denote the sum of lengths of the intervals in Ek . The estimate

mes{x| |f (x)| < A} ≤ 4e(Aα−1)1/n

was proved in Lemma 1.4. Hence we have

mesEk ≤ 4eα(−t+k)/(tn), k = 0, 1, . . . , t.
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The integral Ir satisfies the inequality

|Ir |≤mesE0 +
t−1∑
k=1

mesEk max
xr∈Ek

∣∣∣∣ ∫ 1

0
. . .

∫ 1

0
exp{2πiF (x1, . . . , xr )} dx1 . . . dxr−1

∣∣∣∣
+ max
xr∈Et

∣∣∣∣ ∫ 1

0
· · ·

∫ 1

0
exp{2πiF (x1, . . . , xr )} dx1 . . . dxr−1

∣∣∣∣.
By the induction hypothesis, we have

max
xr∈Ek

∣∣∣∣ ∫ 1

0
· · ·

∫ 1

0
exp{2πiF (x1, . . . , xr )} dx1 . . . dxr−1

∣∣∣∣
≤ min

(
1, 32r−1α−(k−1)/(tn) lnr−2(α + 2)

)
.

Hence

|Ir | ≤ 4eα−1/n +
t−1∑
k=1

4eα(−t+k)/(tn)32r−1α−(k−1)/(tn) lnr−2(α + 2)

+ 32r−1α−(t−1)/(tn) lnr−2(α + 2) ≤ 32rα−1/n lnr−1(α + 2).

Moreover, the trivial inequality |Ir | ≤ 1 is satisfied. Combining this estimate with the
previous one, we arrive at the statement of the theorem. ��

The following lemma shows the accuracy of the estimate obtained.

Lemma 1.5. Let α > 1, and let

Ir (α) =
∫ 1

0
· · ·

∫ 1

0
exp{2πiαxn1 . . . xnr } dx1 . . . dxr .

Then we have the following upper bound:

|Ir (α)| ≥ 1

2πnr(r − 1)!α
−1/n(ln α)r−1.

Proof. First, we note that

Ir (α) = (−1)r−1

(r − 1)!
∫ 1

0
exp{2πiαxn}(ln x)r−1 dx.

We shall prove this formula by induction. This formula holds for r = 1. We
assume that this formula also holds for r − 1 variables and prove it for r . By the
induction hypothesis, we have

Ir (α) =
∫ 1

0
Ir−1(αx

n) dx =
∫ 1

0

(−1)r−2

(r − 2)!
(∫ 1

0
exp{2πiαxnyn}(ln y)r−2 dy

)
dx.
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After the change of variables z = xy, we obtain

Ir (α) = (−1)r−2

(r − 2)!
∫ 1

0

dx

x

∫ x

0
exp{2πiαzn}(ln z− ln x)r−2 dz.

We integrate the last integral by parts:

Ir (α) = (−1)r−2

(r − 2)!
∫ 1

0
(d ln x)

∫ x

0
exp{2πiαzn}

×
( r−2∑
k=0

(−1)k
(
r − 2

k

)
(ln x)k(ln z)r−2−k

)
dz

= (−1)r−2

(r − 2)!
r−2∑
k=0

(−1)k

k + 1

(
r − 2

k

)∫ 1

0
d(ln x)k+1

∫ x

0
exp{2πiαzn}(ln z)r−2−k dz

= (−1)r−1

(r − 2)!
r−2∑
k=0

(−1)k

k + 1

(
r − 2

k

)∫ x

0
exp{2πiαzn}(ln z)r−1 dz.

Since

1

r − 1

r−2∑
k=0

(−1)k
r − 1

k + 1

(
r − 2

k

)
= 1

r − 1
,

this implies the desired formula for r variables.
Let us find a lower bound for |Ir (α)| with α > 1. Let J = Im(Ir (α)). Then we

have

J = 1

(r − 1)!
∫ 1

0
sin(2παyn)

(
ln

1

y

)r−1

dy

= 1

nr(r − 1)!
∫ 1

0
sin(2παz)

(
ln

1

z

)r−1

z−1+1/n dz

= 1

παnr(r − 1)!
∫ 1

0

(
ln

1

z

)r−1

z−1+1/n d(sin2(παz))

= − 1

παnr(r − 1)!
∫ 1

0
sin2(παz) d

((
ln

1

z

)r−1

z−1+1/n
)
.

Moreover,

J = − 1

παnr(r − 1)!
×
∫ 1+1/(2α)

1/(2α)
cos2(παz) d

((
ln

1

z− 1/(2α)

)r−1(
z− 1

2α

)−1+1/n)
.
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Since − d
dz

((
ln 1

z

)r−1
z−1+1/n

) ≥ 0 (0 < z < 1) is a monotonically decreasing
function, summing the expressions for J , we obtain

2J >− 1

παnr(r − 1)!
∫ 1

1/α
d

((
ln

1

z

)r−1

z−1+1/n
)

= 1

πnr(r − 1)!α
−1/n(ln α)r−1.

Thus we have

|Ir (α)| ≥ J ≥ 1

2πnr(r − 1)!α
−1/n(ln α)r−1.

The proof of the lemma is complete. ��

Theorem 1.6. Let

α = max
t1,...,tr

|α(t1, . . . , tr )|, α(0, . . . , 0) = 0,

Ir =
∫ 1

0
· · ·

∫ 1

0
exp{2πiF (x1, . . . , xr )} dx1 . . . dxr ,

where

F(x1, . . . , xr ) =
n∑

t1=0

· · ·
n∑

tr=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
r .

Then the integral Ir satisfies the estimate

|Ir | ≤ min
(
1, 32rα−1/n lnr−1(α + 2)

)
,

where n = max(n1, . . . , nr ).

Proof. The polynomial F(x1, . . . , xr ) can be written as

F(x1, . . . , xr ) =
n∑

t1=0

· · ·
n∑

tr=0

β(t1, . . . , tr )x
t1
1 . . . x

tr
r ,

where the coefficients β(t1, . . . , tr ) are determined by the relations

β(t1, . . . , tr ) =
{
α(t1, . . . , tr ) if 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr,

0 otherwise.

Suppose thatβ = max0≤t1,...,tr≤n |β(t1, . . . , tr )|. Then, obviously, we haveβ = α.
Now we use Theorem 1.5 to estimate Ir . We obtain

|Ir | ≤ min
(
1, 32rβ−1/n lnr−1(β + 2)

) = min
(
1, 32rα−1/n lnr−1(α + 2)

)
.

The theorem is thereby proved. ��
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Theorem 1.7. Suppose that k = k1 + · · · + kr , k1, . . . , kr are natural numbers,
ν = 1/k, α1, . . . , αr are real numbers, and the inequality∣∣∣∣∂kf (x1, . . . , xr )

∂x
k1
1 . . . ∂x

kr
r

∣∣∣∣ > H

holds for all points (x1, . . . , xr ) (0 ≤ x1, . . . , xr ≤ 1).
Suppose also that there exist v = (

k+r−1
r−1

)
directions (α1, . . . , αr) such that

(a) the number of monotonicity intervals of the derivative

∂kf (x1 + α1t, . . . , xr + αr t)

∂tk

∣∣∣∣
t=0

does not exceed m on any of the intervals that contain any of the v directions
(α1, . . . , αr) and lie in the cube 0 ≤ x1, . . . , xr ≤ 1;

(b) the modulus of the determinant of the matrix

M =
(

k!
s1! . . . sr !α

s1
1 . . . α

sr
r

)
,

where 0 ≤ s1, . . . , sr ≤ k, s1 + · · · + sr = k, and the vectors (α1, . . . , αr) run
over the v vectors mentioned above, is larger than R > 0, while the modulus of the
algebraic complement of each element of the matrix M does not exceed T > 0.

Then the integral

J =
∫ 1

0
· · ·

∫ 1

0
exp{2πif (x1, . . . , xr )} dx1 . . . dxr

satisfies the estimate
|J | ≤ 6kv2+νmT νR−νH−ν .

Proof. We have the relations

∂kf (x1 + α1t, . . . , xr + αr t)

∂tk

∣∣∣∣
t=0

=
k∑

s1=0

. . .

k∑
sr=0

s1+···+sr=k

k!
s1! . . . sr !α

s1
1 . . . α

sr
r

∂kf (x1, . . . , xr )

∂x
s1
1 . . . ∂x

sr
r

for each of the directions (α1, . . . , αn). Considering them as a system of linear equa-
tions for the unknowns

∂kf (x1, . . . , xr )

∂x
s1
1 . . . ∂x

sr
r

,

we find

∂kf (x1, . . . , xr )

∂x
s1
1 . . . ∂x

sr
r

=
∑

· · ·
∑

(α1,...,αr )

c(α1, . . . , αr)
∂kf (x1 + α1t, . . . , xr + αr t)

∂tk

∣∣∣∣
t=0
,
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where
∑ · · ·∑
(α1,...,αr )

denotes the summation over all directions (α1, . . . , αn) determined by

the assumptions of the theorem; the coefficients |c(α1, . . . , αr)| do not exceed T R−1.
Since the inequality ∣∣∣∣∂kf (x1, . . . , xr )

∂x
k1
1 . . . ∂x

kr
r

∣∣∣∣ > H

holds for each point (x1, . . . , xr ) (0 ≤ x1, . . . , xr ≤ 1), for any point (x1, . . . , xr )

there exists a direction (α1, . . . , αr) such that∣∣∣∣∂kf (x1 + α1t, . . . , xr + αr t)

∂tk

∣∣∣∣
t=0

∣∣∣∣ > v−1T −1RH.

Now we arrange the directions (α1, . . . , αr) in some order and divide the cube
� = {(x1, . . . , xr ) | 0 ≤ x1, . . . , xr ≤ 1} into nonintersecting domains �s (s =
1, . . . , v).

The first domain �1 consists of all points (x1, . . . , xr ) at which the modulus of
the kth-order derivative in the first direction is larger than

v−1T −1RH ;
the second domain�2 consists of all points (x1, . . . , xr ) that do not belong to�1 and
at which the modulus of the kth-order derivative in the second direction is larger than
the same value; the third domain �3 consists of all points (x1, . . . , xr ) that do not
belong to�1 and�2 and at which the modulus of the kth-order derivative in the third
direction is larger than

v−1T −1RH,

etc. (some of the domains �s can be empty).
Each interval parallel to the sth direction contains at most sm intervals from the

set �s . Indeed, each interval parallel to any of the v directions (α1, . . . , αr) satis-
fying the assumptions of the theorem contains at most m intervals from �1. By the
construction of the set �2, each interval (starting from the second) that is parallel to
any of the v directions (α1, . . . , αr) contains at most 2m intervals from�2 (we throw
away at mostm intervals belonging to the set�1 from at mostm intervals lying in the
corresponding monotonicity intervals of the kth-order derivative in some direction),
etc. We write the integral J as

J = J1 + · · · + Jv,

where

Js =
∫

· · ·
∫

�s

exp{2πif (x1, . . . , xr )} dx1 . . . dxr

for s = 1, . . . , v.
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Now let us estimate the integral Js . We perform a linear orthogonal change of
the integration variables so that the axis y1 is parallel to the sth vector (α1, . . . , αr),
while the other coordinate axes y2, . . . , yr are chosen so that the coordinate system
y1, y2, . . . , yr is orthogonal and oriented in the same way as the coordinate system
x1, x2, . . . , xr . Under this change of variables, the domain �s turns into the domain
�′
s and f (x1, . . . , xr ) = f1(y1, . . . , yr ).

For each fixed point (y2, . . . , yr ), we let T (s; y2, . . . , yr ) denote the set of y1 for
which the point (y1, . . . , yr ) belongs to�′

s . The set T (s; y2, . . . , yr ) contains at most
sm intervals. We let ωs denote the range of the variables y2, . . . , yr corresponding to
the points (y1, . . . , yr ) belonging to the domain �′

s . Then we obtain

|Js | =
∣∣∣∣∫ · · ·

∫
ωs

∫
T (s;y2,...,yr )

exp{2πif1(y1, . . . , yr )} dy1 . . . dyr

∣∣∣∣
≤
∫

· · ·
∫

ωs

∣∣∣∣ ∫
T (s;y2,...,yr )

exp{2πif1(y1, . . . , yr )} dy1

∣∣∣∣ dy2 . . . dyr

≤
∣∣∣∣ ∫
T (s;y(0)2 ,...,y

(0)
r )

exp{2πif1(y1, y
(0)
2 , . . . , y(0)r )} dy1

∣∣∣∣∫ · · ·
∫

ωs

dy2 . . . dyr ,

where (y(0)2 , . . . , y
(0)
r ) is the point of the maximum modulus of the integral∣∣∣∣ ∫

T (s;y2,...,yr )

exp{2πif1(y1, y2, . . . , yr )} dy1

∣∣∣∣.
Since the kth-order derivative of f1(y1, . . . , yr ) with respect to y1 is larger than

v−1T −1RH , it follows from the estimate for the integral of a single variable (see
Lemma 1.2) that

|Js | ≤ sm · 6kvνT νR−νH−ν .
Summing all estimates for Js , we obtain

|J | ≤ |J1| + · · · + |Jv| ≤
v∑
s=1

sm · 6kvνT νR−νH−ν ≤ 6kv2+νmT νR−νH−ν .

The proof of the theorem is thus complete. ��

Corollary 1.3. Suppose that∣∣∣∣∂kF (x1, . . . , xr )

∂lk

∣∣∣∣ ≥ A > 0

in a direction l, F(x1, . . . , xr ) satisfies the assumptions of Theorem 1.7, and on
any interval parallel to l and lying in the cube 0 ≤ x1, . . . , xr ≤ 1, the function
G(x1, . . . , xr ) is monotone and piecewise continuous and satisfies the condition

|G(x1, . . . , xr )| ≤ H.
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Then the integral

J =
∫ 1

0
· · ·

∫ 1

0
G(x1, . . . , xr ) exp{2πiF (x1, . . . , xr )} dx1 . . . dxr ,

satisfies the estimate
|J | 
 HA−1/k.

Proof. We perform a linear orthogonal change of variables so that the axis y1 is parallel
to l, while the other coordinate axes are chosen so that the obtained and the original
coordinate system are oriented in the same way. Under this change of variables, the unit
cube 0 ≤ x1, . . . , xr ≤ 1 turns into the domain �, G(x1, . . . , xr ) = G1(y1, . . . , yr ),
and F(x1, . . . , xr ) = F1(y1, . . . , yr ). We obtain

J =
∫

· · ·
∫

�

G1(y1, . . . , yr ) exp{2πiF1(y1, . . . , yr )} dy1 . . . dyr .

For fixed y2, . . . , yr , we let T (y2, . . . , yr ) denote the set of points (y1, . . . , yr )

from �. By ω we denote the range of the variables y2, . . . , yr . Integrating by parts,
we obtain

J =
∫

· · ·
∫

ω

(∫
T (y2,...,yr )

G1(y1, . . . , yr ) exp{2πiF1(y1, . . . , yr )} dy1

)
dy2 . . . dyr

=
∫

· · ·
∫

ω

(∫
T (y2,...,yr )

G1(y1, . . . , yr )

× ∂

∂y1

(∫ y1

0
exp{2πiF1(ξ1, y2, . . . , yr )} dξ1

)
dy1

)
dy2 . . . dyr

=
∫

· · ·
∫

ω

(∫ 1

0
exp{2πiF1(ξ1, y2, . . . , yr )} dξ1

)
G1(1, y2, . . . , yr ) dy2 . . . dyr

−
∫

· · ·
∫

ω

(∫
T (y2,...,yr )

(∫ y1

0
exp{2πiF1(ξ1, y2, . . . , yr )} dξ1

)

×G1(y1, . . . , yr ) dy1

)
dy2 . . . dyr .

Estimating the integral by Theorem 1.7 as∣∣∣∣ ∫ y1

0
exp{2πiF1(ξ1, y2, . . . , yr )} dξ1

∣∣∣∣ 
 A−1/k,

we obtain the desired estimate. The proof of the corollary is complete. ��
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Theorem 1.8. Suppose that n, k1, . . . , kr are integers (n ≥ 1, k1, . . . , kr ≥ 0,
k1 + · · · + kr ≤ n), α(k1, . . . , kr ) are real numbers, and

F(x1, . . . , xr ) =
n∑
k=1

n∑
k1=0

· · ·
n∑

kr=0
k1+···+kr=k

α(k1, . . . , kr )x
k1
1 . . . xkrr ,

β(x; k) = 1

k1! . . . kr ! · ∂
k1+···+kr F (x1, . . . , xr )

∂x
k1
1 . . . ∂x

kr
r

,

H = min
0≤x1,...,xr≤1

n∑
k=1

n∑
k1=0

· · ·
n∑

kr=0
k1+···+kr=k

|β(x; k)|1/k.

Then the integral

J =
∫ 1

0
· · ·

∫ 1

0
exp{2πiF (x1, . . . , xr )} dx1 . . . dxr

satisfies the estimate
|J | 
 min(1, H−1),

where the constant in 
 depends only on n and r .

Proof. We choose v = (
n+r
r

) − 1 directions (α1, . . . , αr) so that the rank of each
matrix

Mk =
(
(s1 + · · · + sr )!
s1! . . . sr ! α

s1
1 . . . α

sr
r

)
,

0 ≤ s1, . . . , sr ≤ n, s1 + · · · + sr = k, 1 ≤ k ≤ n,

is maximal. In the matrix Mk we choose vk = (
k+r−1
r−1

)
directions (α1, . . . , αr) so

that the determinant of the obtained submatrix is nonzero. In particular, we can take

(α1, α
n+1
1 , . . . , α

(n+1)r−1

1 ), where α1 runs through v distinct nonzero real numbers, to
be the v directions with the required properties. Further, we have

∂kF (x1 + α1t, . . . , xr + αr t)

∂tk

∣∣∣∣
t=0

=
n∑

k1=0

· · ·
n∑

kr=0
k1+···+kr=k

k!
k1! . . . kr !α

k1
1 . . . αkrr

∂kF (x1, . . . , xr )

∂x
k1
1 . . . ∂x

kr
r

.

We consider these vk relations as a system of linear equations for the unknowns

1

k1! . . . kr ! · ∂
kF (x1, . . . , xr )

∂x
k1
1 . . . ∂x

kr
r

.
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Since the determinant of this system is not equal to zero, its modulus does not
exceed some constant c(n, r) > 0. From the system of equations we find

1

k1! . . . kr ! · ∂
kF (x1, . . . , xr )

∂x
k1
1 . . . ∂x

kr
r

=
∑

· · ·
∑

(α1,...,αr )

c(α1, . . . , αr)
∂kF (x1 + α1t, . . . , xr + αr t)

∂tk

∣∣∣∣
t=0
,

where
∑ · · ·∑
(α1,...,αr )

denotes the summation over the vk directions mentioned above and

the moduli of the coefficients c(α1, . . . , αr) do not exceed some constant c1 =
c1(n, r) > 0.

We divide the cube 0 ≤ x1, . . . , xr ≤ 1 into nonintersecting domains ω1, . . . , ωv
so that at the points of ωs some kth-order (k < n+ 1) partial derivative is larger than
(H/v)k (some of the domains can be empty). To this end, we need to order the partial
derivatives

∂kF (x1, . . . , xr )

∂x
k1
1 . . . ∂x

kr
r

, 0 ≤ k1, . . . , kr ≤ n, k = k1 + · · · + kr ≤ n.

First, we set k = n and arrange the numbers in lexicographic order for
k1 + · · · + kr = n. Then we set k = n − 1 and again arrange (k1, . . . , kr ) in
lexicographic order, etc. The domain ω1 consists of all points at which the lowest-
order derivative is not less than (H/v)n, the domain ω2 consists of all points at which
the next (in order) derivative is larger than (H/v)n and which do not belong to ω1, etc.

We consider the domainωs for an arbitrary s. The corresponding partial derivative
can be expressed in terms of directional derivatives. We divide the domain ωs into
nonintersecting domains ωs1, . . . , ωsv so that the domain ωs1 consists of all points
at which the derivative along the first direction is not less than (H/v)kv−1c−1

1 , the
domain ωs2 consists of all points at which the derivative along the second direction
is not less than (H/v)kv−1c−1

1 and which do not belong to ωs1, etc. (some of the
domains ωsν can be empty). The intersection of the domain ωsν with any straight
line parallel to the νth direction contains at most n2v intervals, since the number of
solutions to the equations

∂kF (x1 + α1t, . . . , xr + αr t)

∂x
k1
1 . . . ∂x

kr
r

=
(
H

v

)k
,

∂kF (x1 + α1t, . . . , xr + αr t)

∂tk
=
(
H

v

)k
v−1c−1

1

for the unknown t does not exceed n, while the number of such equations is not less
than 2v. Let us estimate the integral

J ′ =
∫

· · ·
∫

ωsν

exp{2πiF (x1, . . . , xr )} dx1 . . . dxr .
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We perform a linear orthogonal change of the integration variables so that the
axis y1 is parallel to the νth direction, while the other axes are directed so that the
coordinate systems x1, . . . , xr and y1, . . . , yr are oriented in the same way. Under this
change of variables, the domain ωsν turns into the domain ω′

sν and F(x1, . . . , xr ) =
F ′(y1, . . . , yr ). For each fixed point (y2, . . . , yr ), we let T (y2, . . . , yr ) denote the
set of y1 for which the point y1, y2, . . . , yr belongs to ω′

sν . The set T (y2, . . . , yr )

consists of at most n2v intervals. We letω denote the range of variation of the variables
y2, . . . , yr . Then we obtain

|J ′| =
∣∣∣∣∫ · · ·

∫
ω′
sν

exp{2πiF1(y1, . . . , yr )} dy1 . . . dyr

∣∣∣∣
≤
∫

· · ·
∫

ω

∣∣∣∣ ∫
T (y2,...,yr )

exp{2πiF1(y1, y2, . . . , yr )} dy1

∣∣∣∣ dy2 . . . dyr

≤
∣∣∣∣ ∫
T (y

(0)
2 ,...,y

(0)
r )

exp{2πiF1(y1, y
(0)
2 , . . . , y(0)r )} dy1

∣∣∣∣ 
 H−1.

Summing the obtained estimates over all domains ωsν (1 ≤ s, ν ≤ v), we obtain
|J | 
 H−1. Since we always have |J | 
 1, we arrive at the desired estimate. The
proof of the theorem is complete. ��

1.4 Singular integrals in multidimensional problems

The integrals studied in this section are closely related to the number of solutions of
systems of Diophantine equations similar to system (1.3) in Section 1.2 but much more
complicated (see Chapter 7). They have the form

θ =
∫ +∞

−∞
· · ·

∫ +∞

−∞

∣∣∣∣ ∫ 1

0
· · ·

∫ 1

0
exp{2πiF (x1, . . . , xr )} dx1 . . . dxr

∣∣∣∣2K dα, (1.7)

where

F(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
r .

Precisely as in Section 1.2, some of the coefficients α(t1, . . . , tr ) can be identically
zero. The problem of estimating the convergence exponent for integrals θ significantly
depends on the polynomials F(x1, . . . , xr ), i.e., on the systems of Diophantine equa-
tions to which θ correspond. Therefore, the methods for solving these problems are
different.

Theorem 1.9. Suppose that m = (n1 + 1) . . . (nr + 1) − 1, α is an m-dimensional
vector whose coordinates are coefficients of the polynomial F(x1, . . . , xr ), and θ is
the singular integral (1.7) corresponding to F(x1, . . . , xr ). Then θ converges for

2K > nm, n = max(n1, . . . , nr ).



44 1 Trigonometric integrals

Proof. By Theorem 1.6, we have

|Ir | =
∣∣∣∣ ∫ 1

0
· · ·

∫ 1

0
exp{2πiF (x1, . . . , xr )} dx1 . . . dxr

∣∣∣∣
≤ min

(
1, 32rα−1/n lnr−1(α + 2)

) 
 min
(
1, αε−1/n),

where α = maxt1,...,tr |α(t1, . . . , tr )|, α(0, . . . , 0) = 0, ε > 0 is an arbitrarily small
fixed number, and the constant in 
 depends only on ε and r .

Further, we have

min(1, αε−1/n)

= min
{

min
(
1, |α(0, . . . , 1)|ε−1/n), . . . ,min

(
1, |α(n1, . . . , nr )|ε−1/n)}

≤
n∏

t1=0

· · ·
n∏

tr=0
t1+···+tr≥1

min
(
1, |α(t1, . . . , tr )|(−1+εn)/(nm)).

Hence

|Ir | 

n∏

t1=0

· · ·
n∏

tr=0
t1+···+tr≥1

min
(
1, |α(t1, . . . , tr )|(−1+εn)/(nm)),

θ 

n∏

t1=0

· · ·
n∏

tr=0
t1+···+tr≥1

∫ +∞

−∞
(

min(1, |α(t1, . . . , tr )|(−1+εn)/(nm))2K
dα(t1, . . . , tr ).

Each of these single integrals has the form∫ +∞

−∞
min

(
1, |α|2K(−1+εn)/(nm)) dα.

Since ε > 0 is an arbitrarily small fixed number, the last integral converges for

−2K/(nm) < −1, 2K > nm.

This implies that θ converges for 2K > nm. The proof of the theorem is complete. ��

Theorem 1.10. Suppose that the singular integral θ corresponds to a polynomial
F(x1, . . . , xr ) of the form

F(x1, . . . , xr ) =
n∑

t1=0

· · ·
n∑

tr=0
t1+···+tr≤n

α(t1, . . . , tr )x
t1
1 . . . x

tr
r .
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Then the integral θ converges for

2K > r

(
n+ r

r + 1

)
+ r.

Proof. Let us estimate the volume of the domain � = �(α;P) consisting of points
α(k1, . . . , kr ) (0 ≤ k1, . . . , kr , k1 +· · ·+kr ≤ n) at which the quantityH determined
in Theorem 1.4 does not exceed P (P is a natural number). For 1 ≤ s1, . . . , sr ≤ P

we set u(s) = (
s1/P, . . . , sr/P

)
and consider the domains�(s) = �(s;α) of points

at which the inequalities

|β(k; u(s))| ≤ (r + 1)nP k1+···+kr , 0 ≤ k1, . . . , kr , k1 + · · · + kr ≤ n,

are satisfied.
Let us find an upper bound for the volume µ(�(s)) of the domain�(s). We have

µ(�(s)) =
∫

· · ·
∫

�(s)

dα.

To perform a change of variables in this integral, we find new variables from the
relations

F(x1 − u1, . . . , xr − ur) =
n∑

s1=0

· · ·
n∑

sr=0
1≤s1+···+sr≤n

β(s1, . . . , sr )(x1 − u1)
s1 . . . (xr − ur)

sr

=
n∑

t1=0

· · ·
n∑

tr=0
t1+···+tr≤n

α(t1, . . . , tr )x
t1
1 . . . x

tr
r ,

α(t1, . . . , tr ) =
n∑

s1=t1
· · ·

n∑
sr=tr

(−1)s1−t1+···+sr−tr
(
s1

t1

)
. . .

(
sr

tr

)
β(s1, . . . , sr )

× u
s1−t1
1 . . . usr−trr , 0 ≤ t1, . . . , tr , t1 + · · · + tr ≤ n.

The Jacobian of this transformation is equal to 1. Hence we have

µ(�(s)) =
∫

· · ·
∫

|β(k)|<(r+1)nP k1+···+kr
0≤k1,...,kr , k1+···+kr≤n

dβ = (2(r + 1)n)vP�.

Here v is the number of coefficients β(k) (0 ≤ k1, . . . , kr , 1 ≤ k1 + · · · + kr ≤ n),
v = (

n+r
r

) − 1, and the value of � is determined by the relation

� =
n∑

t1=0

· · ·
n∑

tr=0
t1+···+tr≤n

(t1 + · · · + tr ) =
n∑
s=1

s

(
s + r − 1

s

)
.
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It follows from the relations
(
s+r−1
s

) = (
s+r
s

) − (
s+r−1
s−1

)
that

� =
n∑
s=1

s

((
s + r

s

)
−
(
s + r − 1

s − 1

))
= n

(
n+ r

n

)
−
(
n+ r

n− 1

)
= r

(
n+ r

n− 1

)
.

We show that if the inequality H ≤ P is satisfied at a point α, then this point
belongs to �(s) for some s = (s1, . . . , sr ). It follows from this inequality that there
exists a point ξ = (ξ1, . . . , ξr ) (0 ≤ ξ1, . . . , ξr ≤ 1) such that for each k1, . . . , kr ≥ 0,
1 ≤ k1 + . . . kr ≤ n, we have

|β(k; ξ)|1/k ≤ P,

i.e.,

|β(k; ξ)| ≤ P k1+···+kr .

We choose s1 = [ξ1P ], . . . , sr = [ξrP ] and show that α belongs to �(s). Let

y = u(s)− ξ, u(s) =
(
s1

P
, . . . ,

sr

P

)
.

Then, using the Taylor formula, we obtain

|β(k; u(s))|=|β(k; ξ + y)|
=
∣∣∣∣β(k; ξ)+ 1

1!
(
β ′
ξ1
(k; ξ)y1 + · · · + β ′

ξr
(k; ξ)yr

) + · · ·

+ 1

(n− s)!
(
y1

∂

∂ξ1
+ · · · + yr

∂

∂ξr

)n−s
β(k; ξ)

∣∣∣∣ ≤ (r + 1)nP k1+···+kr .

Thus the point α belongs to the domain �. Hence we have

µ(�) ≤
P∑
s1=1

· · ·
P∑
sr=1

µ(�(s)) = (
2(r + 1)n

)v
P�+r .

We let π(P ) denote the set of points α at which P < H ≤ 2P . Then for the
integral θ we have

θ =
+∞∑
m=0

∫
· · ·

∫
π(2m)

∣∣∣∣ ∫ 1

0
· · ·

∫ 1

0
exp{2πiF (x1, . . . , xr )} dx1 . . . dxr

∣∣∣∣2K dα
+
∫

· · ·
∫

�(α;1)

∣∣∣∣ ∫ 1

0
· · ·

∫ 1

0
exp{2πiF (x1, . . . , xr )} dx1 . . . dxr

∣∣∣∣2K dα.
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Applying Theorem 1.8 to estimate the trigonometric integral, we obtain

θ 

+∞∑
m=0

(2(r + 1)n)v2�+r2m(�+r−2K) + (2(r + 1)n)v,

which implies that the integral θ converges for 2K > �+ r . The proof of the theorem
is complete. ��

We note that the problem of the convergence exponent for singular integrals θ in
multidimensional Tarry’s problems remains open. Apparently, here each integral θ
will have its own convergence exponent depending on the form of the corresponding
polynomial F(x1, . . . , xr ).

Concluding remarks on Chapter 1. 1. Lemma 1.1 is a generalization of Vino-
gradov’s assertion (see Lemma 4 in Chapter II in [165]. In the special case n = 1, 2,
Lemma 1.2 was proved in [145]. In the general case, this lemma was proved in [27],
[28].

2. In Theorem 1.1, the modulus of the trigonometric integral of a polynomial is
estimated via a positive function of the coefficients of this polynomial such that this
function is invariant under shifts of the integration variable. This estimate is the best
possible with respect to this function and the length of the integration interval.

3. Theorem 1.2 on estimating trigonometric integrals via the lower bound for
a linear combination of the derivatives of the function contained in the exponent
was generalized by I. A. Ikromov to the case of linear combinations with variable
coefficients ([71]).

4. Theorem 1.3 ([27], [28]) gives a solution of the Hua Loo-Keng problem about
the convergence exponent in the singular integral in Tarry’s problem.

5. In Theorem 1.4, the convergence exponent in the singular integral is found for
an incomplete systems of equations in Tarry’s problem ([27], [28]).

6. Lemma 1.4 (in Section 1.3) was first proved by I. M. Vinogradov ([165]).
7. Theorems 1.5 and 1.9 were proved by V. N. Chubarikov ([47], [48]).
8. Theorems 1.7, 1.8, and 1.10 are contained in [28].
9. Estimates of trigonometric integrals are used in the mathematical theory of

tomography, in harmonic analysis, etc. (see [135], [136], [137], [134]).



Chapter 2

Rational trigonometric sums

A complete rational trigonometric sum modulo q is defined to be a sum of the form

S = S(q, F (x1, . . . , xr )) =
q∑

x1=1

· · ·
q∑

xr=1

exp{2πiF (x1, . . . , xr )/q}, (2.1)

where q is a natural number and

F(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

a(t1, . . . , tr )x
t1
1 . . . x

tr
r ;

here a(t1, . . . , tr ) are integers.
In this chapter we shall study the following two problems:
(1) finding upper bounds for the moduli of such sums;
(2) finding the convergence exponents for singular series in Tarry’s problem and

its generalizations.
In most detail, we shall study the case of one-dimensional complete rational

trigonometric sums modulo q, i.e., sums of the form

S(q, f (x)) =
q∑
x=1

exp{2πif (x)/q}, (2.2)

where f (x) = anx
n + · · · + a1x is a polynomial with integer coefficients. An upper

bound sharp in order of increase of q was obtained for the absolute value of such a
sum by Hua Loo-Keng in 1940 [70]. Here we present the derivation of this estimate
given by Chen, Theorems 1 and 2 in [45], (see also [49]).

Next, we obtain exact values of the convergence exponents for singular series
in Tarry’s problem [68] and in its generalization to the case of “incomplete systems
of equations.” Finally, in the last sections, we obtain estimates for multiple com-
plete trigonometric sums modulo q and present an upper bound for the convergence
exponent of the singular series in the “multidimensional Tarry problem.”
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2.1 One-dimensional sums

In this section we estimate one-dimensional rational trigonometric sums modulo q.
First, we prove some auxiliary lemmas.

Lemma 2.1. Suppose that f (x) is a polynomial with integer coefficients and
f (0) = 0. Then the relation

S
(
q1, q2, f (x)

) = S
(
q1, q

−1
2 f (q2x)

)
S
(
q2, q

−1
1 f (q1x)

)
holds for any coprime natural numbers q1 and q2.

Proof. Any residue x modulo q1q2 can be uniquely represented as

x ≡ q2x1 + q1x2 (mod q1q2),

where 1 ≤ x1 ≤ q1 and 1 ≤ x2 ≤ q2. This implies

f (x) ≡ f (q2x1)+ f (q1x2) (mod q1q2).

Hence we have

S(q1, q2, f (x)) =
q1q2∑
x=1

exp{2πif (x)/(q1q2)}

=
q1∑
x1=1

exp{2πiq−1
2 f (q2x1)/q1}

q2∑
x2=1

exp{2πiq−1
1 f (q1x2)/q2}

= S(q1, q
−1
2 f (q2x))S(q2, q

−1
1 f (q1x)).

The lemma is thereby proved. ��

Lemma 2.2. Suppose that g(x) is a polynomial with integer coefficients and a is a
root of g(x) modulo p of multiplicitym. Suppose also that u is the largest power of p
that divides all the coefficients of the polynomial

h(x) = g(px + a).

Then the number of roots of the polynomial p−uh(x)modulo p, with their multiplicity
taken into account, does not exceed m.

Proof. Since the residue a is a root of multiplicity m of the congruence g(x) ≡ 0
(mod p), the polynomial g(x) can be represented as

g(x) = (x − a)mk(x)+ pl(x),
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where the degree of l(x) is less than m and (k(a), p) = 1. This implies

p−uh(x) = p−ug(px + a) = pm−uxmk(px + a)+ p1−ul(px + a).

It follows from this relation that m ≥ n. Hence the congruence p−uh(x) ≡ 0
(mod p) is equivalent to the congruence

pm−uxmk(a)+ p1−ul(px + a) ≡ 0 (mod p).

Its degree does not exceedm, and hence the number of its solutions does not exceedm.
The proof of the lemma is complete. ��

Lemma 2.3. Let f (x) = anx
n + · · · + a1x, p �(an, . . . , a1), and let u be the highest

power of p that is a divisor of all the coefficients of the polynomial

g(x) = f (λ+ px)− f (λ).

Then
1 ≤ u ≤ n.

Proof. Since the constant term in g(x) is zero and all other its terms are divisible
by p, we have u ≥ 1.

Let τ be the largest number such that (aτ , p) = 1. Then the coefficients of xτ in
the polynomial g(x) are divisible by pτ but not divisible by pτ+1. Hence we have
u ≤ τ ≤ n. The lemma is thereby proved. ��

Lemma 2.4. Let a > 1, and let r, k be integers such that 1 ≤ r ≤ k. We set

M(r) = max
m1+···+mr=k

r∑
j=1

amj ,

where m1, . . . , mr are positive integers. Then

M(r) ≤ max(ka, ak).

Proof. Note that for m ≥ n ≥ 1 we have

am + an ≤ am+n−1 + a.

Indeed, for a > 1 we have (am − a)(an−1 − 1) > 0 and hence

r∑
j=1

amj ≤ am1+m2−1 +
r∑
j=3

amj + a ≤ · · · ≤ am1+···+mr−r+1 + (r − 1)a.

For M(r) (1 ≤ r ≤ k), this implies the upper bound

M(r) ≤ (r − 1)a + ak−r+1 = g(r).
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Since g′′(r) = ak−r+1(log a)2 > 0, we obtain

M(r) ≤ max
(
g(l), g(k)

) = max(ka, ak).

The proof of the lemma is complete. ��

Theorem 2.1. Suppose that n ≥ 3 is an integer, f (x) = anx
n + · · · + a1x + a0 is

a polynomial with integer coefficients, (an, . . . , a1, p) = 1, p is a prime, and l is a
natural number. Then

|S(p′, f (x))| ≤ c1(n)p
l(1−1/n),

where

c1(n) =


1 if p ≥ (n− 1)2n/(n−2),

n2/n if (n− 1)2n/(n−2) > p ≥ (n− 1)n/(n−2),

n3/n if (n− 1)n/(n−2) > p > n,

(n− 1)n3/n if p ≤ n.

Proof. First we consider the case p > n. We write the estimate of the rational
trigonometric sum with a prime denominator (see Lemma A.5, i.e., the Weil estimate)
in the form

|S(p, f (x))| ≤ min
(
p1/n, (n− 1)p−0.5+1/n)p1−1/n.

This implies the estimate of the sum in Theorem 2.1 for l = 1 and p > n.
Now we suppose that l ≥ 2. Let µ1, . . . , µr be distinct roots of the congru-

ence f ′(x) ≡ 0 (mod p), and let m1, . . . , mr be their multiplicities. We set
m1 + · · · +mr = m. Obviously, 0 ≤ m ≤ n− 1. Then we have

|S(p′, f (x))| ≤
p∑
v=1

|Sv|,

where
Sv =

∑
0<x≤pl

x≡v (mod p)

exp{2πif (x)/pl}.

We transform the sum Sv by using the substitution x = y + pl−1z, where y and z
take the values y = 1, . . . , pl−1 and z = 0, . . . , p − 1 independently. For l ≥ 2 we
obtain the relations

Sv =
∑

0<y≤pl−1

y≡v (mod p)

p−1∑
z=0

exp{2πif (y + pl−1z)/pl} = (2.3)
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=
∑

0<y≤pl−1

y≡v (mod p)

exp{2πif (y)/pl}
p−1∑
z=0

exp{2πif ′(y)z/p}.

This yields that the relation Sv = 0 holds for v �= µj (j = 1, . . . , r).
Let σj (j = 1, . . . , r) be the largest power of p dividing all the coefficients of the

polynomial
f (py + µj )− f (µj ) = pσj gj (y).

Then it follows from the expansion

f (py +µj )− f (µj ) = pyf ′(µj )+ (py)2f ′′(µj )
2! + · · · + (py)mj f (mj )(µj )

mj ! + · · ·

that 2 ≤ σj ≤ mj + 1.
Relation (2.3) with 1 ≤ j ≤ r and l ≥ 2 implies

Sµj = p
∑

0<y≤pl−1

y≡µj (mod p)

exp{2πif (y)/pl} = p

pl−2−1∑
y=0

exp{2πif (µj + py)/pl}. (2.4)

We assume that l > σj . We estimate the sum Sµj by mathematical induction and
thus obtain

|Sµj | = p

∣∣∣ pl−2−1∑
y=0

exp{2πigj (y)/pl−σj }
∣∣∣ = pσj−1

∣∣S(pl−σj , gj (y))∣∣ (2.5)

≤ pσj−1+(l−σj )(1−1/n) max
(
1, min(p1/n, (n− 1)p−0.5+1/n)

)
= pl(1−1/n)−1+σj /n max

(
1, min(p1/n, (n− 1)p−0.5+1/n)

)
.

We assume that l ≤ σj . It follows from (2.4) that |Sµj | ≤ pl−1. Thus (2.5) also
holds for l ≤ σj . This implies

|S(pl, f (x))| ≤ max
(
1, min(p1/n, (n− 1)p−0.5+1/n)

)
pl(1−1/n)

r∑
j=1

p−1+σj /n.

Forp ≥ (n−1)n/(n−2), by the inequalitiesσj ≤ mj+1 andm1+· · ·+mr = m ≤ n−1
and Lemma 2.4, we obtain

r∑
j=1

p−1+σj /n ≤ p−1+1/n
r∑
j=1

pmj/n ≤ p−1+1/n max
(
(n− 1)p1/n, p(n−1)/n) ≤ 1.
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Hence Theorem 2.1 is proved for p ≥ (n − 1)n/(n−2). For the case n < p ≤
(n− 1)n/(n−2) and l ≥ 2, it suffices to obtain the estimate

|S(pl, f (x))| ≤ mp−1+3/n+l(1−1/n). (2.6)

It follows from (2.4) that (2.6) holds for l = 2. Now we proceed by induction. We
assume that (2.6) holds for n < p ≤ (n − 1)n/(n−2) and 2 ≤ l ≤ L. We shall prove
the estimate (2.6) for n < p ≤ (n− 1)n/(n−2) and l = L+ 1. Since we have p > n

and 2 ≤ σj ≤ mj + 1, we obtain the relation

gj (y) ≡ p−σj
(
pf ′(µj )+ · · ·

+ pmj ymj−1f (mj )(µj )

(mj − 1)! + pmj+1ymj f (mj+1)(µj )

mj !
)
(mod p).

Hence the number of roots of the congruenceg′
j (y) ≡ 0 (mod p) does not exceedmj .

If σj < L, then using (2.4), the inequality σj ≤ mj + 1, and the induction
hypothesis (2.6) for n < p ≤ (n− 1)n/(n−2), we obtain

|Sµj | = pσj−1
∣∣S(pL+1−σj , gj (y))

∣∣ ≤ mjp
σj−2+3/n+(L+1−σj )(1−1/n) (2.7)

≤ mjp
−2+(mj+1)/n+3/np(L+1)(1−1/n).

If σj ≥ L, then (2.4) implies
|Sµj | ≤ pL. (2.8)

We set f1(y) = yp1/n − py/n. Then we obtain

f ′
1(y) = p1/n − n−1py/n logp, f ′′

1 (y) ≤ 0, f1(1) = 0.

It follows from the conditionn < p ≤ (n−1)n/(n−2) thatf ′
1(1) ≥ 0 andf1(n−1) ≥ 0.

Hence we have f1(y) ≥ 0 for 1 ≤ y ≤ n− 1. Since 1 ≤ mj ≤ n− 1, we derive

mjp
1/n ≥ pmj/n for n < p < (n− 1)n/(n−2). (2.9)

The following two cases are possible: (1) L > σ1 ≥ · · · ≥ σr ; (2) σ1 ≥ · · · ≥
σr1 ≥ L > σr1+1 ≥ · · · ≥ σr . Suppose that conditions in case (1) are satisfied. Then
from (2.7) (1 ≤ mj ≤ n− 1) we obtain

∣∣S(pL+1, f (x))
∣∣ ≤ p−2+3/n+(L+1)(1−1/n)

r∑
j=1

mjp
(mj+1)/n

≤ mp−1+3/n+(L+1)(1−1/n).

Hence (2.6) holds in case (1). Now we assume that conditions in case (2) are
satisfied. From (2.7) and (2.8) we obtain

|S(pL+1, f (x))| ≤ r1p
L +

r∑
j=r1+1

mjp
(mj+1)/np−2+3/n+(L+1)(1−1/n). (2.10)
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We set m1 + · · · + mr1 = M1 and mr1+1 + · · · + mr = M2. Then we have
M1 +M2 = m. Since mj + 1 ≥ σj ≥ L for j = 1, . . . , r1, we have M1 + r1 ≥ r1L,
i.e., L ≤ 1 +M1/r1. Hence

L = (L+1)
(

1− 1

n

)
− 1 + 2

n
+ L−1

n
≤ (L+1)

(
1− 1

n

)
− 1 + 2

n
+ M1

r1n
. (2.11)

We set f1(y) = ypM1/(yn) and calculate the derivatives

f ′
2(y) = pMr/(yn)

(
1 − Mr logp

yn

)
, f ′′

2 (y) = pMr/(yn)
M2

1 log2 p

y3n2 ≥ 0.

Hence for 1 ≤ r1 ≤ M1 we obtain

r1p
M1/(r1n) ≤ max(pM1/n, M1p

1/n) = A,

and (2.9) implies the inequality

A ≤ M1p
1/n. (2.12)

It follows from (2.10) and (2.12) that

|S(pL+1, f (x))| ≤
(
r1p

M1/(rn)+
r∑

j=r1+1

mjp
(mj+1)/n−1+n)p(L+1)(1−1/n)−1+2/n

≤ (M1p
1/n +M2p

1/n)p(L+1)(1−1/n)−1+2/n = mp(L+1)(1−1/n)−1+3/n.

This implies that inequality (2.6) holds for l = L + 1 and hence Theorem 2.1 holds
for n < p ≤ (n− 1)n/(n−2). The case p > n has been studied completely.

Letp ≤ n. From the conditionpt ‖ (nan, . . . , 2a2, a1), we find an integer t . Since
(an, . . . , a1, p) = 1, we have pt ≤ n. Suppose that µ1, . . . , µr are distinct roots of
the congruence f ′(x) ≡ 0 (mod pt+1) (0 ≤ x < p) and m1, . . . , mr are their
multiplicities. Obviously, by setting m1 + · · · +mr = m, we obtain m ≤ n− 1. For
p ≤ n and l ≥ 1, it suffices to prove that

|S(pl, f (x))| ≤ n3/n max(1, m)pl(1−1/n). (2.13)

Let l < 2(t + 1). Then it follows from the inequality pt ≤ n that

|S(pl, f (x))| ≤ pl = pl(1−1/n)pl/n ≤ p(2t+1)/npl(1−1/n) ≤ n3/npl(1−1/n).

Now we assume that l ≥ 2(t + 1) and transform the last sum by using the sub-
stitution x = y + pl−t−1z (y = 1, . . . , pl−t−1, z = 0, 1, . . . , pt+1 − 1). Then for
l ≥ 2(t + 1) we have

Sv =
∑

0<y≤pl−t−1

y≡v (mod p)

pl+1−1∑
z=0

exp{2πi(f (y)+ pl−t−1zf ′(y))/pl} = 0,
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where v �= µj (j = 1, . . . , r).
Let pσj ‖ (f (py + µj )− f (µj )

)
. Then we set

gj (y) = p−σ1
(
f (py + µj )− f (µj )

)
.

It follows from Lemma 2.3 that 1 ≤ σj ≤ n. If σj < l, then we can apply the
induction hypothesis (2.13) and Lemma 2.2. We obtain

|Sµj | =
∣∣∣ pl∑

x=1
x≡mj (mod p)

exp{2πif (x)/pl}
∣∣∣ =

∣∣∣ pl−1−1∑
y=0

exp{2πigj (y)/pl−σj }
∣∣∣

= pσj−1|S(pl−σj , gj (y))| ≤ mjn
3/npσj−1+(l−σj )(1−1/n) (2.14)

= mjn
3/npl(1−1/n)+σj /n−1 ≤ mjn

3/npl(1−1/n).

We assume that σj ≥ l. Then we have

|Sµj | ≤ pl−1 = pl(1−1/n)+l/n−1 ≤ pl(1−1/n)+σj /n−1 ≤ pl(1−1/n).

Thus we have proved (2.14) for σj ≥ l. Further, we have the inequalities

|S(pl, f (x))| ≤
r∑
j=1

mjn
3/npl(1−1/n) = mn3/npl(1−1/n) ≤ (n− 1)n3/npl(1−1/n).

The case p ≤ n is also studied. The proof of the theorem is complete. ��

Theorem 2.2. Suppose that n ≥ 3 is an integer and f (x) = anx
n+· · ·+ a1x+ a0 is

a polynomial with integer coefficients, (an, . . . , a1, q) = 1, and q is a natural number.
Then we have

|S(q, f (x))| ≤ c(n)q1−1/n,

where c(n) = exp{4n} for n ≥ 10 and c(n) = exp{nA(n)} for 3 ≤ n ≤ 9,A(3) = 6.1,
A(4) = 5.5, A(5) = 5, A(6) = 4.7, A(7) = 4.4, A(8) = 4.2, and A(9) = 4.05.

Proof. Let A = (n− 1)2n/(n−2), and let B = (n− 1)n/(n−2). Then from Lemma 2.1
and Theorem 2.1 we obtain

|S(q, f (x))| ≤ ((n− 1)n3/n)π(n)(n3/n)π(B)−π(n)(n2/n)π(A)−π(B)q1−1/n

= (n− 1)π(n)nπ(B)/nn2π(A)/nq1−1/n = Dq1−1/n,

where π(x) = ∑
p≤x 1.

It is well known that the inequality

π(x) ≤ 1.25x/ log x
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holds for x ≥ 3. It follows from this inequality that D ≤ exp{F(n)}, where

F(n) = 1.25n

(
log(n− 1)

log n
+ (n− 1)1+2/(n−2)(n− 2) log n

n3 log(n− 1)

+ (n− 1)2+4/(n−2)(n− 2) log n

n3 log(n− 1)

)
.

After simple calculations, we obtain the statement of the theorem. ��

We will derive an estimate for the complete rational trigonometric sum modulo pl ,
which depends on whether the coefficients of the polynomial in the exponent are
divisible by powers of the primep. We shall need this estimate to prove theorems on the
convergence exponents of “singular series” in Tarry’s problem and its generalizations.

Let f (x) = a1x + · · · + anx
n be a polynomial with integer coefficients,

(an, . . . , a1, p) = 1 (n ≥ 3), w = [log n/ logp], and pτ ‖ (nan, . . . , 2a2, a1). Then
τ ≤ w. We set

g(y) = f (y + ξ) =
n∑
s=0

bsy
s,

where the coefficients of the polynomial g(y) are given by the relations

bn = an, bn−1 = an−1 +
(
n

1

)
anξ,

...

bs = as +
(
s + 1

s

)
as+1ξ + · · · +

(
n

s

)
anξ

n−s ,
...

b1 = a1 +
(

2

1

)
a2ξ + · · · +

(
n

1

)
anξ

n−1.

Note that pτ ‖ (nbn, . . . , 2b2, b1). Now let ξ = ξ1, . . . , ξm (m ≤ n) be roots of
the congruence

p−τ f ′(ξ) = p−τ b1 ≡ 0 (mod p). (2.15)

For each root ξ of this congruence, we define the exponent u1 = u1(ξ) as follows:

pu1 ‖ (pnbn, . . . , p2b2, pb1).

We choose a root of congruence (2.15) and then set

f (py + ξ)− f (ξ) = pu1f1(y) = pu1

n∑
s=1

csy
s, (2.16)

pu1cs = psbs, s = 1, . . . , n, g1(y) = f1(y + η) =
n∑
s=0

dsy
s.
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Now we assume that pτ1 ‖ (ndn, . . . , 2d2, d1) and the numbers η = η1, . . . , ηr are
roots of the congruence

p−τ1f ′
1(η) = p−τ1d1 ≡ 0 (mod p). (2.17)

As before, for each root η of congruence (2.17) we define the exponent u2 =
u2(η) = u2(ξ, η) as follows:

pu2 ‖ (pndn, . . . , p2d2, pd1).

By f2(y) we denote a polynomial of the form

pu2f2(y) = f1(py + η)− f1(η) = pu2

n∑
s=1

esy
s, (2.18)

and by g2(y)we denote the polynomial f2(y+ξ). For the polynomial g2(y)we define
the exponent u3, etc. So we have a set of exponents (u1, u2, . . . , ut ) corresponding
to the set of roots (ξ, η, . . . ) of congruences (2.15) and (2.17). Moreover, from the
inequalities l − u1 − · · · − ut−1 > 2w + 1 and l − u1 − · · · − ut ≤ 2w + 1 we find
the number t = t (ξ, η, . . . ). Then the following assertion readily follows from the
definition and Lemma 2.2.

Lemma 2.5. Suppose that f (x) is a polynomial of degree n with integer coefficients
that together with p are coprimes. Then the number of sets of exponents (u1, u2, . . . )

of the polynomial f (x) does not exceed n.

Lemma 2.6. The following inequalities hold:

n ≥ u1 ≥ u2 ≥ · · · ≥ ut ≥ 2.

Proof. Suppose that s1 = max1≤v≤n{v | (bv, p) = 1}. Then, by the definition of cs1 ,
we have ps1bs1 = pu1cs1 . Hence u1 ≤ s1 ≤ n. We assume that s2 = max1≤v≤n{v |
(cv, p) = 1}. Then ps2bs2 = pu1cs2 (s1 ≤ u1).

Further, since b1 ≡ 0 (mod p) and pb1 = pu1c1, we have u1 ≥ 2. It follows
from the definition of dv that (ds2 , p) = 1 and pu2 |ps2ds2 (u2 ≤ u1). Since d1 ≡ 0
(mod p) and pu2 ‖pd1, we have u2 ≥ 2. So

n ≥ s1 ≥ u1 ≥ s2 ≥ u2 ≥ 2.

The lemma is thereby proved. ��

Theorem 2.3. Suppose that n ≥ 3 is integer, f (x) = anx
n+· · ·+a1x is a polynomial

with integer coefficients, (an, . . . , a1, p) = 1, p is a prime, and l is a natural number.
Let j be the least length of the set of exponents (u1, u2, . . . ) defined above. Then the
following estimate holds:
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(a) |S(pl, f (x))| ≤ npl−j .

If, in addition, s − 1 = u1 + · · · + uj , then the following estimate holds:

(b) |S(pl, f (x))| ≤ n2pl−j−1/2.

Proof. Let pτ ‖ (nan, . . . , 2a2, a1). Then we let ξ (1) = ξ
(1)
1 , . . . , ξ

(1)
m denote distinct

roots of the congruence

p−τ f ′(ξ) ≡ 0 (mod p), 0 ≤ ξ < p.

Further, we assume that l > 2w+1, since, otherwise, j = 0 and the theorem obviously
holds. We represent the sum S(p′, f (x)) as

|S(pl, f (x))| =
p∑
v=1

Sv,

where
Sv =

∑
1≤x≤pl

x≡v (mod p)

exp{2πif (x)/pl}.

Substituting x = y + pl−τ+1z (y = 1, . . . , pl−τ−1, z = 0, 1, . . . , pτ+1 − 1), we
obtain

Sv =
∑

0<y≤pl−τ−1

y≡v (mod p)

pτ+1−1∑
z=0

exp
{
2πi

(
f (y)+ pl−τ−1zf ′(y)

)/
pl
}

=
∑

0<y≤pl−τ−1

y≡v (mod p)

exp{2πif (y)/pl}
pτ+1−1∑
z=0

exp{2πizf ′(y)/pτ+1}.

Hence for v �= ξ
(1)
j (j = 1, . . . , m), we have Sv = 0. In the case v = ξ

(1)
j

(j = 1, . . . , m), taking into account the notation in (2.15)–(2.18), we obtain

Sv =
pl−1∑
y=1

exp
{
2πi

(
b0(v)+ b1(v)py + · · · + bn(v)p

nyn
)/
pl
}

= exp{2πib0(v)/p
l}pu1−1S(pl−u1 , c1y + · · · + cny

n).

Next, following the preceding argument, we consider the sum

S(pl−u1 , c1y + · · · + cny
n).
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Then, using the notation in (2.15)–(2.18), we obtain

S(pl, f (x))=
∑

(ξ (1),ξ (2))

exp

{
2πi

(
b0(ξ

(1))

pl
+ d0(ξ

(2))

pl−u1

)}
pu1+u2−2S(pl−u1−u2 , f2(y)).

For each set of roots (ξ (1), ξ (2), . . . ) of congruences (2.15) and (2.17) and for
the corresponding set of exponents, the number t = t (ξ (1), ξ (2), . . . ) is uniquely
determined by the conditions

l − u1 − · · · − ut−1 > 2w + 1, l − u1 − · · · − ut ≤ 2w + 1.

Therefore, repeating the preceding argument appropriately many times, we obtain

S(pl, f (x)) =
∑

(ξ (1),...,ξ (t))

exp

{
2πi

(
b0(ξ

(1))

pl
+ d0(ξ

(2))

pl−u1
+ · · · + g0(ξ

(t))

pl−u1−···−ut−1

)}
× S(pl−u1−···−ut , g1y + · · · + gny

n)pl−u1−···−ut−t . (2.19)

By Lemma 2.5, the number of sets (ξ (1), . . . , ξ (t)) does not exceed n. Now we
use the following trivial estimate of the sum:

|S(pl−u1−···−ut , g1y + · · · + gny
n)| ≤ pl−u1−···−ut (2.20)

for l − u1 − · · · − ut > 1. If l − u1 − · · · − ut = 1, then we apply the Weil estimate
(Lemma A.5):

|S(p, g1y + · · · + gny
n)| ≤ n

√
p. (2.21)

After the substitution of inequalities (2.20) and (2.21) into (2.19), we obtain the
desired assertions (a) and (b) of the theorem. The proof of the theorem is complete. ��

2.2 Singular series in Tarry’s problem and in its
generalizations

Suppose that n ≥ 3, f (x) = (a1/q1)x+· · ·+(an/qn)xn, (a1, q1) = · · · = (an, qn) =
1, and q = q1 . . . qn.

Definition 2.1. The mean value σ of the complete rational trigonometric sum

S(q, f (x)) =
q∑
x=1

exp{2πif (x)}

is defined by the expression

σ =
+∞∑
qn=1

· · ·
+∞∑
q1=1

qn−1∑′

an=0

. . .

q1−1∑′

a1=0

∣∣q−1S(q, f (x))
∣∣2k,
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where the prime on the summation sign means that as runs through the reduced system
of residues modulo qs (s = n, . . . , 1). The series σ is also called the singular series
in Tarry’s problem.

We find the convergence exponent of the singular series σ . For this, we first
perform several auxiliary transformations.

We write σ as

σ =
+∞∑
Q=1

+∞∑
qn=1

· · ·
+∞∑
q1=1

[qn,...,q1]=Q

qn−1∑′

an=0

. . .

q1−1∑′

a1=0

∣∣Q−1S(Q, f (x))
∣∣2k.

By Theorem 2.2, we have

σ 

+∞∑
Q=1

Qn+ε−2k/n.

Hence the series σ converges for n − 2k/n < −1, i.e., for 2k > n(n + 1). Next, by
Lemma 2.1, we rewrite the trigonometric sum S(Q, f (x)) with Q = ∏

p �Q p
α and

Qp = Q/pα in the form

S(Q, f (x)) =
∏
p|Q

S(pα,Q−1
p f (Qpx)).

Since the series σ and σp converge absolutely, the latter relation implies σ = ∏
p σp,

where σp is determined as

σp = 1 +
+∞∑
s=1

A(ps), A(ps) =
ps−1∑
an=0

· · ·
ps−1∑
a1=0

p � (an,...,a1)

∣∣p−sS(ps, anxn + · · · + a1x)
∣∣2k.

We show that the infinite product
∏
p σp converges for 2k > 0.5n(n+1)+2. But

first we prove a lemma concerning the arithmetic nature of the series σp.

Lemma 2.7. The following relations hold:

p−r(2k−n)N(pr) =
r∑
l=0

pl−1∑
an=0

· · ·
pl−1∑
a1=0

p � (an,...,a1)

∣∣p−lS(pl, anxn + · · · + a1x)
∣∣2k, (2.22)

σp = lim
r→∞p

−r(2k−n)N(pr), (2.23)

where the number N(p′) is the number of solutions of the congruences

xh1 + · · · + xhk ≡ yh1 + · · · + yhk (mod pr), 1 ≤ h ≤ n,

1 ≤ x1, . . . , xk, y1, . . . , yk ≤ pr .
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Proof. Obviously, we have

N(pr) = p−rn
pr−1∑
an=0

· · ·
pr−1∑
a1=0

|S(pr, anxn + · · · + a1x)|2k

= p−rn
r∑

m=0

pr−1∑
an=0

· · ·
pr−1∑
a1=0

(an,...,a1,pr )=pm

|S(pr, anxn + · · · + a1x)|2k

= p−rn
r∑

m=0

pr−m−1∑
bn=0

· · ·
pr−m−1∑
b1=0

p � (bn,...,b1)

|pmS(pr−m, bnxn + · · · + b1x)|2k

= p2kr−rn
r∑
l=0

pl−1∑
bn=0

· · ·
pl−1∑
b1=0

p � (bn,...,b1)

|p−lS(pl, bnxn + · · · + b1x)|2k.

Relation (2.22) is proved. Passing to the limit as r → +∞ in this relation, we
obtain (2.23). The proof of the lemma is complete. ��

Theorem 2.4. The singular series σ converges for 2k > 0.5n(n+1)+2 and diverges
for 2k ≤ 0.5n(n+ 1)+ 2.

Proof. First, let us find an upper bound for

A(ps) =
ps−1∑
an=0

· · ·
ps−1∑
a1=0

p � (an,...,a1)

|p−sS(ps, anxn + · · · + a1x)|2k.

We fix a solution ξ = ξ (1) +pξ(2) + · · · +pj−1ξ (j) of the congruence f ′(x) ≡ 0
(mod pl) defined before the statement of Lemma 2.5. A set of exponents (u1, . . . , uj )

corresponds to this solution. We shall find an upper bound for the number of polyno-
mials with this set of exponents. From the definition of the numbers b0, b1, . . . , bn,
we have

f (x) =
n∑
s=1

asx
s =

n∑
s=0

bs(x − ξ)s,
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where

an = bn, an−1 = bn−1 −
(

n

n− 1

)
bnξ,

...

as = bs −
(
s + 1

s

)
bs+1ξ + · · · + (−1)n−s

(
n

s

)
bnξ

n−s , (2.24)

...

a1 = b1 −
(

2

1

)
b2ξ + · · · + (−1)n−1

(
n

1

)
bnξ

n−1.

Since pu1 ‖ (pnbb, . . . , pb1), we have the relations

pnbn = pu1cn, . . . , pb1 = pu1c1, (cn, . . . , c1, p) = 1.

Hence we have bs = pu1−scs for all s ≤ u1 − 1. A system similar to (2.24) (see the
definition before Lemma 2.5) uniquely determines the numbers cn, . . . , c1 in terms of
dn, . . . , d1. From the definition of the exponent u2 we have

pndn = pu2en, . . . , pd1 = pu2e1, (en, . . . , e1, p) = 1.

Hence we obtain ds = pu2−ses for s ≤ u2 − 1. By writing similar relations for each
exponent ur (r ≤ j ) and fixing the coefficients with numbers ur , ur+1, . . . , ur−1−1,
for some constants Au1−1, . . . , A1, we find

au1−1 = pu1−(u1−1)Bu1−1 + Au1−1,
...

au2−1 = pu1−(u2−1)+u2−(u2−1)Bu2−1 + Au2−1, (2.25)
...

a1 = p(u1−1)+(u2−1)+···+(uj−1)B1 + A1.

Since the coefficients an, . . . , a1 of the polynomial f (x) take values in the com-
plete system of residues modulo ps , it follows from relation (2.25) that the number of
polynomials with the set of exponents (u1, . . . , uj ) does not exceed pA,

A = ns − (u1 − 1)u1

2
− (u2 − 1)u2

2
− · · · − (uj − 1)uj

2
.

Let u1 + · · · + uj = s1; then s − 2w − 1 ≤ s1 ≤ s. We set B = A− n(s − s1) and
show that the inequality B ≤ jn(n+ 1)/2 holds. Obviously, from (2.25) we have

B = s1n− (u1 − 1)u1 − (u2 − 1)u2 − · · · − (uj − 1)uj (2.26)

+ (u1 − 1 + u1 − 2 + · · · + 1)+ (u2 − 1 + · · · + 1)+ · · ·
+ (uj − 1 + · · · + 1)
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= s1(n− u1 + 1)+ (uj − 1)(s1 − u1 − u2 − · · · − uj )

+ (uj−1 − uj )(s1 − u1 − · · · − uj−1)+ · · · + (u1 − u2)(s − u1)

+ j (uj − 1 + · · · + 1)+ (j − 1)(uj−1 − 1 + · · · + uj )+ · · ·
+ (u1 − 1 + · · · + u2).

Lemma 2.6 implies the inequalities n ≥ u1 ≥ u2 ≥ · · · ≥ uj ≥ 2. Hence we
have

(uj−1 − uj )(s1 − u1 − · · · − uj−1)+ (j − 1)(uj−1 − 1 + · · · + uj )

= (uj−1 − uj )uj + (j − 1)(uj−1 − 1 + · · · + uj ) ≤ f (uj−1 − 1 + · · · + uj ),

...

(u1 − u2)(s1 − u1)+ (u1 − 1 + · · · + u2)

= (u1 − u2)(u2 + · · · + uj )+ (u1 − 1 + · · · + u2)

≤ (u1 − u2)(j − 1)u2 + (u1 − 1 + · · · + u2) ≤ j (u1 − 1 + · · · + u2).

Substituting these inequalities into (2.26), we obtain

B ≤ s1(n− u1 + 1)+ j
(
(u1 − 1)+ (u1 − 2)+ · · · + 1

)
.

Then we use the inequality s1 = u1 + · · · + uj ≤ ju1 and obtain

B ≤ s1(n− u1 + 1)+ j
(
(u1 − 1)+ (u1 − 2)+ · · · + 1

)
≤ j (n− u1 + 1)u1 + j

(
(u1 − 1)+ (u1 − 2)+ · · · + 1

)
≤ j

(
n+ (n− 1)+ · · · + 1

) = jn(n+ 1)/2.

Now we find an upper bound for the number of exponents (u1, u2, . . . , uj ) satis-
fying the conditions

n ≥ u1 ≥ u2 ≥ · · · ≥ uj ≥ 2, s ≥ u1 + · · · + uj > s − 2w − 1.

Let en be the number of um equal to n; . . . ; and let e2 be the number of um equal
to 2 (1 ≤ m ≤ j ). Then nen + · · · + 2e2 = s1 and the number of sets (u1, . . . , uj )

coincides with the number of sets (en, . . . , e2), since n ≥ u1 ≥ u2 ≥ · · · ≥ uj ≥ 2.
The first coordinate en can take at most s/n+1 values, . . . , the coordinate e2 can take
at most 0.5s + 1 values. Hence the number of sets (en, . . . , e2) does not exceed sn.

This means that the number of roots with j coordinates (ξ (1), . . . , ξ (j)) does not
exceed pj , the number of sets (u1, . . . , uj ) does not exceed sn, and the number of
polynomials corresponding to the set of exponents (u1, . . . , uj ) does not exceed

p0.5jn(n+1)+n(s−s1) ≤ p0.5jn(n+1)+n(2w+1).

We divide all polynomials f (x) = anx
n + · · · + a1x (0 ≤ an, . . . , a1 ≤ ps − 1),

(an, . . . , a1, p) = 1, into classes according to the length of the minimal set of expo-
nents (u1, . . . , uj ). The class Aj consists of all polynomials for which the minimal
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length of the set of exponents is equal to j (j = 0, 1, . . . ). By Theorem 2.3, for the
polynomials contained in the class Aj , we have the estimate

|p−sS(ps, f (x))| ≤ np−j ,

and the number of such polynomials does not exceed

snpjp0.5jn(n+1)+n(2w+1).

Hence
A(ps) ≤

∑
j0≤j

n2ksnpn(2w+1)p(0.5n(n+1)+1−2k)j , (2.27)

where j0 = max
(
1, (s − 2w − 1)/n

)
.

Let us consider the case p ≤ n. If s − 2w − 1 ≥ n, then (2.27) implies

A(ps) ≤ n2ksnpn(2w+1)p((s−2w−1)/n)(0.5n(n+1)+1−2k).

But if s − 2w − 1 < n, then (2.27) implies

A(ps) ≤ n2ksnpn(2w+1)(1 + p0.5n(n+1)+1−2k).

Let p > n. Then w = [log n/ logp] = 0 and s1 is equal either to s − 1 or to s. If
s > n, then formula (2.27) implies

A(ps) ≤
∑

j≥(s−1)/n

n2ksnpn(2w+1)pj (0.5n(n+1)+1−2k)

≤ n2ksnpn(2w+1)p((s−1)/n)(0.5n(n+1)+1−2k).

Now if p > n, 2 ≤ s ≤ n, then formula (2.27) implies the estimate

A(ps) ≤ n2ksnpn(2w+1)p0.5n(n+1)+1−2k.

Finally, if p > n and s = 1, then it follows from the Weil estimate (Lemma A.5)
that (for k > 0.25n(n+ 1)+ 1 ≥ n+ 1)

A(p) =
p−1∑
an=0

· · ·
p−1∑
a1=0

p � (an,...,a1)

|p−1S(p, anx
n + · · · + a1x)|2k ≤ pnn2kp−k ≤ n2kp−2.

So for P > n we have the estimate

σp − 1 =
+∞∑
s=1

A(ps) ≤ n2kp−2 + n2k+1+npn(2w+1)p0.5n(n+1)+1−2k (2.28)

+
∑
s>n

n2ksnpn(2w+1)p((s−1)/n)(0.5n(n+1)+1−2k)
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 p−2 + p0.5n(n+1)+1−2k+ε,

where ε > 0 is an arbitrarily small fixed number and sn 
 pε(s−1)/n.
Let p ≤ n; then we have

σp = 1 +
+∞∑
s=1

A(ps) ≤ 1 + (n+ 2w)n+1n2kpn(2w+1)(1 + p0.5n(n+1)+1−2k)

+
∑

s≥n+2w+1

n2ksnpn(2w+1)p((s−2w−1)/n)(0.5n(n+1)+1−2k). (2.29)

For 2k > 0.5n(n+ 1)+ 1, this formula implies the inequality σp 
 1.
So, by the estimates (2.28) and (2.29), the series

σ =
∏
p

σp =
∏
p≤n

σp
∏
p>n

σp

converges under the condition that 2k > 0.5n(n+ 1)+ 2.
Let us prove that the series σ diverges for 2k ≤ 0.5n(n+ 1)+ 2. Indeed, we have

σ > σ1, where

σ1 =
∑
p>n

pn∑
an=1

(an,p)=1

· · ·
∑

(a1,p)=1
1≤a1≤p

p−1∑
c=0

∣∣∣∣p−n
pn∑
x=1

exp

{
2πi

(
an

pn
(x + c)n + · · ·

+ a1

p
(x + c)

)}∣∣∣∣2k.
For p > n, we have the equality

S1 =
pn∑
x=1

exp

{
2πi

(
an

pn
xn + · · · + a1

p
x

)}
= pn−1.

After the substitution x = y + pn−1z (1 ≤ y ≤ pn−1, 0 ≤ z ≤ p − 1), we obtain

S1 =
pn−1∑
y=1

exp

{
2πi

(
an

pn
yn + · · · + a1

p
y

)} p−1∑
z=0

exp

{
2πi

nanzy
n−1

p

}
= p · pn−2 = pn−1.

Therefore, the series σ1 satisfies the estimate

σ1 =
∑
p>n

pn∑
an=1

(an,p)=1

· · ·
p∑

a1=1
(a1,p)=1

p−1∑
c=0

p−2k > 2−n∑
p>n

p0.5n(n+1)+1−2k.



66 2 Rational trigonometric sums

Since the series
∑
p>n p

−1 diverges, it follows from the last inequality that the
series σ1, as well as the series σ , diverges for n(n + 1)/2 + 1 − 2k ≥ −1, i.e., for
2k ≤ n(n+ 1)/2 + 2. The proof of the theorem is complete. ��

Let 1 ≤ m < r < · · · < n be natural numbers, and let the number of num-
bers m, r, . . . , n be equal to l, l �= n. Then the polynomial of degree n containing
monomials of degrees m, r, . . . , n is said to be jagged (see [77]).

We consider the polynomial f (x) = (am/qm)x
m + · · · + (an/qn)x

n of degree
n ≥ 3, (am, qm) = · · · = (an, qn) = 1, q = qm . . . qn. We define the mean value of
the complete rational trigonometric sum with jagged polynomial in the exponent as
follows:

σ ′ =
+∞∑
qn=1

· · ·
+∞∑
qm=1

qn−1∑
an=0

(an,qn)=1

· · ·
qm−1∑
am=0

(am,qm)=1

|q−1S(q, qf (x))|2k.

Similarly to the series σ , for k > n(n+1), we represent the series σ ′ as an infinite
product over all primes p from the series σ ′

p, i.e., we represent it as σ ′ = ∏
p σ

′
p,

where

σ ′
p = 1 +

+∞∑
s=1

A1(p
s),

A1(p
s) =

ps−1∑
an=0

· · ·
ps−1∑
am=0

p � (an,...,am)

|p−sS(ps, anxn + · · · + amx
m)|2k.

We show that the infinite product σ ′
p converges for 2k > n+ · · · + r +m+ 1 and

diverges for 2k ≤ n+ · · · + r +m+ 1.
The statements and proofs of Lemmas 2.1 and 2.2 and of Theorems 2.1–2.3 are

given in the form that is also suitable for jagged polynomials.

Theorem 2.5. Suppose that 1 ≤ m < r < · · · < n (n ≥ 4) are natural numbers and
the number of the numbers m, r, . . . , n is equal to l, l �= n. Then the singular series
σ ′ converges for 2k > m+ r+· · ·+n+1 and diverges for 2k ≤ m+ r+· · ·+n+1.

Proof. We fix a solution ξ = ξ (1)+pξ(2)+· · ·+pj−1ξ (j) of the system of congruences
written before the statement of Lemma 2.5. To this solution there corresponds a set
of exponents u1, . . . , uj . Let us find an upper bound for the number of polynomials
with this set of exponents u1, . . . , uj .

As before, we assume that the numbers b0, b1, . . . , bn are determined by the rela-
tion

f (x) = amx
m + · · · + anx

n = b0 + b1(x − ξ)+ · · · + bn(x − ξ)n,
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which can be written explicitly as

an = bn, an−1 = bn−1 − nbnξ,
...

as = bs −
(
s + 1

s

)
bs+1ξ + · · · + (−1)n−s

(
n

s

)
bnξ

n−s , (2.30)

...

a1 = b1 −
(

2

1

)
b2ξ + · · · + (−1)n−1

(
n

1

)
bnξ

n−1.

Since aq = 0 for q �= m, r, . . . , n, the numbers bq (q �= m, r, . . . , n) can be
expressed in terms of bm, br , . . . , bn. We substitute the resulting expressions for bq
(q �= m, r, . . . , n) into the relations for am, ar , . . . , an:

an = bn,
...

ar = br + · · · + c2lbnξ
n−r ,

am = bm + c12brξ
r−m + · · · + c1lbnξ

n−m,

(2.31)

where the coefficients c12, . . . , c1l , . . . , c2l are some integers. For convenience,
from now on we denote the natural numbers m, r, . . . , n as follows: m = n1, r = n2,
. . . , n = nl .

We will find necessary conditions on the coefficients of the polynomial f (x) =
amx

m+ arxr + · · ·+ anxn under which f (x) has a given set of exponents u1, . . . , uj
and which allow us to estimate the number of polynomials with such exponents. By
the definition of the integers c1, . . . , cn, we have

pnbn = pu1cn, . . . , pb1 = pu1c1, (cn, . . . , c1, p) = 1. (2.32)

Lemma 2.2 implies the inequality u1 ≤ n. Let us consider the following two
cases: (a) u1 < n and (b) u1 = n. In case (a), we have nf < u1 ≤ nf+1 for
some f ≤ l − 1. We fix the values of bnl , . . . , bnf+1 and, instead of bnf , . . . , bn1 ,
substitute their expressions in terms of cnf , . . . , cn1 into the system of equations (2.17):
bnf = cnf p

u1−nf , . . . , bn1 = cn1p
u1−n1 .

The numbers cn1 , . . . , cnf can be uniquely expressed in terms of dn1 , . . . , dnf from
a system similar to (2.17). Next, from Lemma 2.2 we have the inequality u2 ≤ u1,
and hence, for some g ≤ f , we obtain ng < u2 ≤ ng+1. We fix the values of
dnf , . . . , dng+1 . By definition, d1, . . . , dn can be written as

pndn = pu2en, . . . , pd1 = pu2e1, (en, . . . , e1, p) = 1. (2.33)

Therefore, we have

dng = engp
u2−ng , . . . , dn1 = en1p

u2−n1 .
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Now we define the variable t by the inequalitiesut > n1 andut+1 ≤ n1 and find the
numberh from the inequalitiesnh < ut ≤ uh+1. Hence for someAf , . . . , Ag, . . . , A1
we have

anf = pu1−nf Bf + Af ,
...

ang = p(u1−ng)+(u2−ng)Bg + Ag,
...

an1 = p(u1−n1)+(u2−n1)+···+(ut−n1)B1 + A1.

Since the coefficients an1 , . . . , anf of the polynomial f (x) run through the values
of the complete system of residues modulo ps , we see that the number of polynomials
with exponents u1, . . . , uj does not exceed pA,

A = ls − f u1 − gu2 − · · · − hut + (n1 + · · · + nf )

+ (n1 + · · · + ng)+ · · · + (n1 + · · · + nh)

Let u1 + · · · + uj = s1; then we have s − 2w − 1 ≤ s1 ≤ s. We show that
B = A− l(s − s1) and B ≤ j (n1 + · · · + nl − 1).

Obviously, we have the relations

B = (l − f )s1 + h(s1 − u1 − · · · − ut )+ · · · + (f − g)(s1 − u1)

+ t (n1 + · · · + nh)+ · · · + (ng+1 + · · · + nf )

= (l − f )s1 + h(ut+1 + · · · + uj )+ · · · + (f − g)(u2 + · · · + uj )

+ t (n1 + · · · + nh)+ · · · + (ng+1 + · · · + nf ).

By the definition of u1, . . . , uj , we have

n1 ≥ ut+1 ≥ · · · ≥ uj , nh+1 ≥ ut ≥ · · · ≥ uj , ng+1 ≥ u2 ≥ · · · ≥ uj ,

hence

B ≤ (l − f )s1 + h(j − t)n1 + · · · + (f − g)(j − 1)ng+1

+ t (n1 + · · · + nh)+ · · · + (ng+1 + · · · + nf ).

Using the relations

h(j − t)n1 + t (n1 + · · · + nh) ≤ j (n1 + · · · + nh),

... (2.34)

(f − g)(j − 1)ng+1 + (ng+1 + · · · + nf ) ≤ j (ng+1 + · · · + nf ),

we obtain B ≤ (l − f )s1 + j (n1 + · · · + nf ).
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Moreover, we have either the inequalities s1 = u1 + · · · + uj ≤ jnf+1 or s1 ≤
j (n− 1) if f + 1 = l; (l − f )s1 ≤ (l − f )jnf+1 ≤ j (nf+1 + · · · + nl − 1).

We substitute the last inequality into (2.34) and thus obtain the estimate B ≤
j (n1 + · · · + nl − 1) stated above.

Further, we note that the number of the sets of exponents (u1, . . . , uj ) satisfying
the conditions

n ≥ u1 ≥ · · · ≥ uj ≥ 2, s ≥ u1 + · · · + uj ≥ s − 2w − 1 (2.35)

does not exceed sn.
Starting from this fact and the estimate of B, in case (a), we see that the number

of polynomials having j exponents u1, u2, . . . , uj with conditions (2.35) does not
exceed

snpjpj(n1+···+nl−1)+l(s−s1) = snpj(m+r+···+n)+l(s−s1).

Let us consider case (b), where u1 = n. We first assume that p > n. Let
u1 = · · · = uq = n. We will show that ξ (1) = ξ (2) = · · · = ξ (q−1) = 0. From the
definition of bn, bn−1, . . . , b1, we have

an = bn,

an−1 = bn−1 − nbnξ
(1),

...

as = bs −
(
s + 1

s

)
bs+1ξ

(1) + · · · + (−1)n−s
(
n

s

)
bn(ξ

(1))n−s , (2.36)

...

a1 = b1 −
(

2

1

)
b2ξ

(1) + · · · + (−1)n−1
(
n

1

)
bn(ξ

(1))n−1.

Since u1 = n, the values of cn, . . . , c1 are determined as follows:

bn = cn, bn−1 = pcn−1, . . . bs = pn−scs, . . . b1 = pn−1c1. (2.37)

The values of dn, . . . , d1 are determined similarly to the values of bn, . . . , b1:

cn = dn,

cn−1 = dn−1 − ndnξ
(2),

...

cs = ds −
(
s + 1

s

)
ds+1ξ

(2) + · · · + (−1)n−s
(
n

s

)
dn(ξ

(2))n−s , (2.38)

...

c1 = d1 −
(

2

1

)
d2ξ

(2) + · · · + (−1)n−1
(
n

1

)
dn(ξ

(2))n−1.
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Since the polynomial f (x) = amx
m + arxr + · · · + anx

n is a jagged polynomial,
there is an s such that as = 0; in other words, we have

(−1)n−s+1
(
n

s

)
bn(ξ

(1))n−s = bs −
(
s + 1

s

)
bs+1ξ

(1) + · · · (2.39)

+ (−1)n−s−1
(
n− 1

s

)
bn−1(ξ

(1))n−s−1.

It follows from relations (2.37) that bs, bs+1, . . . , bn−1 are divisible by p.
Hence (2.39) implies that either bn is divisible by p or ξ (1) is divisible by p. If
we assume that u2 = n, then dn−1, . . . , d1 are divisible by p. In the case of p | bn,
because of the equalities an = bn = cn = dn, we have p | dn. This and (2.38)
implies that p | (cn, cn−1, . . . , c1), but (cn, . . . , c1, p) = 1. Hence ξ (1) is divisible
by p, but 0 ≤ ξ (i) ≤ p − 1, and hence we have ξ (1) = 0. In this case, rela-
tions (2.36) can be written as an = bn, . . . , a1 = b1, and hence we have cs = 0. We
can also treat ξ (2), . . . , ξ (q−1) in a similar way. So we have proved that, in the case
u1 = · · · = uq = n, the variables ξ (1), . . . , ξ (q−1) are zero.

As in case (a), we see that the number of polynomials having the solution
ξ = ξ (1) + pξ(2) + · · · + pj−1ξ (j) defined in Lemma 2.5 does not exceed pA,
where

A = ls − (l − 1)(u1 + · · · + uq)− f uq+1 − · · · − hut + · · ·
+ q(n1 + · · · + nl−1)+ (n1 + · · · + nf )+ · · · + (n1 + · · · + nh);

As in case (a), we letB denote the variableA− l(s−s1), where s1 = u1 +· · ·+uj
and s − 2w − 1 ≤ s1 ≤ s. We perform the transformations

B = ls1 − (l − 1)(u1 + · · · + uq)− f uq+1 − · · · − hut

+ q(n1 + · · · + nl−1)+ (n1 + · · · + nf )+ · · · + (n1 + · · · + nh)

= s1 + h(s1 − u1 − · · · − ut )+ · · · + (l − 1 − f )(s1 − u1 − · · · − uq)

+ t (n1 + · · · + nh)+ · · · + q(nf+1 + · · · + nl−1)

= s1 + h(ut+1 + · · · + uj )+ · · · + (l − 1 − f )(uq+1 + · · · + uj )

+ t (n1 + · · · + nh)+ · · · + q(nf+1 + · · · + nl−1).

Since n1 ≥ ut+1 ≥ · · · ≥ uj , . . . , nl−1 ≥ uq+1 ≥ · · · ≥ uj , we have

h(ut+1 + · · · + uj )+ t (n1 + · · · + nh) ≤ h(j − t)n1 + t (n1 + · · · + nh)

≤ j (n1 + · · · + nh), . . . , (l − 1 − f )(uq+1 + · · · + uj )+ q(nf+1 + · · · + nl−1)

≤ (l − 1 − f )(j − q − 1)nf+1 + q(nf+1 + · · · + nl−1)

≤ j (nf+1 + · · · + nl−1),

s1 = u1 + · · · + uj = qn+ uq+1 + · · · + ut + ut+1 + · · · + uj ≤ j (n− 1)+ q.
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Therefore, as in case (a), we see that the number of polynomials having all possible
solutions ξ (1) + pξ(2) + · · · + pj−1ξ (j) with the condition u1 = n does not exceed

sn−1
j∑
q=1

pj−qpA = sn−1
j∑
q=1

pj−qpB+l(s−s1)

≤ sn−1
j∑
q=1

pj−qpj (m+r+···+n)+q+l(s−s1)

≤ snpj(m+r+···+n+1)+l(s−s1).

In case (b), it remains to consider the case p ≤ n. We estimate the number of
polynomials corresponding to the solutions ξ = ξ (1)+pξ(2)+· · ·+pj−1ξ (j) similarly
to case (a), but at the last step, estimating B, we use the inequality

(l − f )s1 = (l − f )(u1 + · · · + uj ) ≤ (l − f )jnf+1 ≤ j (nf+1 + · · · + nl).

Then we can estimate the number K of polynomials as

K ≤ snpj(m+r+···+n+1).

Now let us estimate σ ′
p, i.e., the p-adic density of the series σ ′,

σ ′
p = 1 +

+∞∑
s=1

A1(p
s),

where

A1(p
s) =

ps∑
am=1

· · ·
ps∑
an=1

p � (am,...,an)

∣∣∣p−s
ps∑
x=1

exp{2πi(amxm + · · · + anx
n)/ps}

∣∣∣2k.
First, we estimate A1(p

s). For polynomials f (x) = amx
m + · · · + anx

n with the
set of exponents (u1, . . . , uj ), Theorem 2.3 implies the estimate

∣∣∣p−s
ps∑
x=1

exp{2πi(amxm + · · · + anx
n)/ps}

∣∣∣ ≤ np−j .

Further, for p > n the number K of such polynomials satisfies the inequality

K ≤ snpj(m+r+···+n)+l(s−s1),

and for p ≤ n this number satisfies the inequality

K ≤ snpj(m+r+···+n+1)+l(s−s1).
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It follows from the conditions n ≥ u1 ≥ · · · ≥ uj ≥ 2 and s ≥ u1 + · · · + uj ≥
s − 2w − 1 that j exceeds the largest of the two numbers (s − 2w − 1)/n and 1.
We estimate the variable A1(p

s) for p > n and p ≤ n in different ways. First, we
consider the case p > n. Then w = [log n/ logp] = 0, and the variable s is equal
either to s − 1 or to s.

If, moreover, s > n, then Theorem 2.3 readily implies the inequality

A1(p
s) ≤

∑
j≥s/n

snpj(m+r+···+n)n2kp−2kj +
∑

j≥(s−1)/n

snpj(m+r+···+n)+ln2kp−2kj−k

≤ 4n2ksnp(m+r+···+n−2k)(s−1)/n.

If p > n and 2 ≤ s ≤ n, then we have

A1(p
s) ≤

∑
j≥1

snpj(m+r+···+n)n2kp−2kj +
∑
j≥1

snpj(m+r+···+n)+ln2kp−2kj−k

≤ 4n2k+npm+r+···+n−2k.

However, if p > n and s = 1, then the Weil estimate (Lemma A.5) implies (for
2k > n+ · · · + r +m+ 1 ≥ 2l + 2)

A1(p) =
p∑

am=1

· · ·
p∑

an=1
p � (am,...,an)

∣∣∣p−1
p∑
x=1

exp{2πi(amxm + · · · + anx
n)/p}

∣∣∣2k ≤ n2kpl−k.

Hence for p > n, we have the estimate

σ ′
p − 1 =

+∞∑
s=1

A1(p
s) ≤ n2kpl−k + 4n2k+n+1pm+r+···+n−2k

+ 4n2k
∑
s>n

snp(m+r+···+n−2k)(s−1)/n 
 pl−k + pm+r+···+n−2k+ε,

where ε > 0 is an arbitrarily small number and sn 
 pε(s−1)/n as s → +∞.
Now we consider the case p ≤ n. If s − 2w − 1 ≥ n, then

A1(p
s) ≤ snpl(2w+1)

∑
j≥(s−2w−1)/n

pj (m+r+···+n+1−2k) ≤ 2nsne2nlpm+r+···+n+1−2k.

For p ≤ n and 1 ≤ s − 2w − 1, we have

A1(p
s) ≤ snpl(2w+1)

∑
j≥1

pj(m+r+···+n+1−2k) ≤ 2nsne2nlpm+r+···+n−2k.

Therefore, for p ≤ n the series σ ′
p converges for m+ r + · · · + n+ 1 − 2k < 0, i.e.,

for 2k > m+ r + · · · + n+ 1. This implies that the series

σ ′ =
∏
p

σ ′
p =

∏
p≤n

σ ′
p

∏
p>n

σ ′
p
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converges for 2k > m+ r + · · · + n+ 1.
Let us prove that the series σ ′ diverges for 2k ≤ m+ r + · · · + n+ 1. Indeed, we

have σ ′ > σ , where

σ1 =
∑
p>n

pm∑
am=1

(am,p)=1

· · ·
pn∑
an=1

(an,p)=1

∣∣∣∣p−n
pn∑
x=1

exp

{
2πi

(
an

pn
xn + · · · + am

pm
xm

)}∣∣∣∣2k.
Further, for p > n we have

S1 =
pn∑
x=1

exp

{
2πi

(
an

pn
xn + · · · + am

pm
xm

)}
= pn−1.

Let us prove this relation. We can write each 1 ≤ x ≤ pn as

x ≡ y + pn−1z (mod pn), 1 ≤ y ≤ pn−1, 1 ≤ z ≤ p.

Hence for 1 ≤ t ≤ n, we have

xt ≡ yt + tpn−1zyt−1 (mod pn).

Consequently,

S1 =
pn−1∑
y=1

exp

{
2πi

(
an

pn
yn + · · · + am

pm
ym

)} p∑
z=1

exp{2πinanzyn−1/p} = pn−1.

Therefore, we have the lower bound for the series σ1:

σ1 =
∑
p>n

pm∑
am=1

(am,p)=1

· · ·
pn∑
an=1

(an,p)=1

p−2k ≥ 2−l ∑
p>n

pm+r+···+n−2k.

But the series
∑
p>n p

−1 diverges and hence σ1, as well as σ , diverges for m + r +
· · · + n− 2k ≥ −1, i.e., for 2k ≤ m+ r + · · · + n+ 1. The proof of the theorem is
complete. ��

2.3 Multiple rational trigonometric sums

In this section, we obtain the upper bound for the modulus of the complete rational
multiple trigonometric sum, i.e., for a sum of the form (2.1).

Lemma 2.8. Let F(x1, . . . , xr ) be a polynomial with integer coefficients, and let
F(0, . . . , 0) = 0. Then the following relation holds for any positive coprimes q1
and q2:

S
(
q1, q2, F (x1, . . . , xr )

) = S
(
q1, q

−1
2 F(q2x1, . . . , q2xr)

)
× S

(
q2, q

−1
1 F(q1x1, . . . , q1xr)

)
.
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Proof. If yij (i = 1, . . . , r , j = 1, 2) runs through the complete system of residues
modulo qj , then xi = q1yi1 + q2yi2 (i = 1, . . . , r) runs through the complete system
of residues modulo q. Hence we obtain

F(x1, . . . , xr ) = F(q2y11, . . . , q2yr1)+ F(q1y12, . . . , q1yr2) (mod q).

This congruence readily implies the statement of the lemma. The proof is complete.
��

Lemma 2.9. Suppose that f (x) = a0 +a1x+· · ·+anxn is a polynomial with integer
coefficients, (a0, a1, . . . , an, p) = 1, and Np(α, β) is the number of solutions of the
congruence f (x) ≡ 0 (mod pβ), α ≥ β, 1 ≤ x ≤ pα . Then we have

Np(α, β) ≤ 3c1(n)p
α−β/n,

where c1(n) is the constant in Theorem 2.1.

Proof. Without loss of generality, we assume that (a1, . . . , an, p) = 1 (otherwise, the
congruence f (x) ≡ 0 (mod pβ) does not have solutions) and n ≥ 2 (for n = 1 the
estimate is trivial). Since the congruence x ≡ x1 (mod pβ) implies f (x) ≡ f (x1)

(mod pβ), we have

Np(α, β) ≤ pα−2β
pβ∑
a=1

pβ∑
x=1

exp{2πiaf (x)/pβ}.

We divide the sum over a into β + 1 sums and collect together the sums over a
for which (a, p) = 1 and p |a, but p2 �a, etc. Then we obtain

Np(α, β) ≤ pα−2β
β∑
k=0

Sk, Sk =
pβ∑
a=1
pk ‖ a

pβ∑
x=1

exp{2πiaf (x)/pβ}.

It follows from Theorem 2.1 (a = a1p
k and (a1, p) = 1) that

|Sk| ≤ pβ−k
∣∣∣ pβ∑
x=1

exp{2πia1f (x)/p
β−k}

∣∣∣ ≤ c1(n)p
2β−k−(β−k)/n.

Hence

Np(α, β) ≤ pα−2β
β∑
k=0

|Sk| ≤ c1(n)p
α−β/n

β∑
k=0

p−k+k/n

≤ c1(n)(1 − p−1+1/n)−1pα−β/n.

The proof of the lemma is complete. ��
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Lemma 2.10. Suppose that n ≥ 2 is an integer and F(x1, . . . , xn) is a polynomial
with integer coefficients

F(x1, . . . , xr ) =
n∑

t1=0

· · ·
n∑

tr=0

a(t1, . . . , tr )x
t1
1 . . . x

tr
r ,

where (a(0, . . . , 1), . . . , a(n, . . . , n), p) = 1 and p is a prime. Then we have the
estimate

|S(pα, F (x1, . . . , xr ))| ≤ c2(n)p
rα−α/n,

where
c2(n) = (3c1(n))

r (α + 1)r−1.

Proof. We prove this lemma by induction on the number of variables in the polynomial
F(x1, . . . , xr ). For r = 1 the statement of the lemma holds (Theorem 2.1). We assume
that the lemma holds for r − 1 variables and any α and prove it for r variables.

Let (a(s1, . . . , sr ), p) = 1. Without loss of generality, we can assume that s1 > 0.
We represent the polynomial F(x1, . . . , xr ) as

F(x1, . . . , xr ) =
∑

xr = 1p
α =

n∑
t1=0

· · ·
n∑

tr−1=0

x
t1
1 . . . x

tr−1
r−1ϕt1,...,tr−1(xr).

Then

|S(pα, F (x1, . . . , xr ))| ≤
α∑
k=0

pα∑
xr=1

pk ‖ϕs1,...,sr (xr )

∣∣∣ pα∑
x1=1

. . .

pα∑
xr−1=1

exp{2πiF (x1, . . . , xr )/p
α}
∣∣∣.

By the induction hypothesis and by Lemma 2.9, we have

|S(pα, F (x1, . . . , xr ))| ≤
α∑
k=0

(3c1(n))
r−1(α+1)r−2p(r−1)α−(α−k)/n3c1(n)p

α−k/n

= (3c1(n))
r (α + 1)r−1prα−α/n.

The proof of the lemma is complete. ��

Theorem 2.6. Suppose that n ≥ 2 is an integer, n = max(n1, . . . , nr ),

F(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

a(t1, . . . , tr )x
t1
1 . . . x

tr
r

is a polynomial with integer coefficients, and q is a natural number. Then

|S(q, F (x1, . . . , xr ))| ≤ e7nr3rν(q)(τ (q))r−1qr−1/n, (2.40)

where ν(q) is the number of distinct prime divisors of q and τ(q) is the number of
divisors of q.
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Proof. Let q = p
α1
1 . . . p

αs
s be the canonical decomposition of the number q. Then,

since the sum S(q, F (x1, . . . , xr )) is multiplicative (Lemma 2.8), the estimate of
S(pα, F (x1, . . . , xr )) in Lemma 2.10 implies that

|S(q, F (x1, . . . , xr ))| ≤
∏
p|q
(3c1(n))

r (τ (q))r−1qr−1/n

≤
(∏
p|q
c1(n)

)r
3rν(q)(τ (q))r−1qr−1/n ≤ e7nr3rν(q)(τ (q))r−1qr−1/n.

The proof of the theorem is complete. ��

Lemma 2.11. Suppose that p ≥ 3 is a prime, m and n are natural numbers, n > 1,
(n, p) = 1, α = mn, (a, p) = 1, and

S(pα, axn1 . . . x
n
r ) =

pα∑
x1=1

· · ·
pα∑
xr=1

exp{2πiaxn1 . . . xnr /pα}.

Then

S(pα, axn1 . . . x
n
r ) ≥ mr−1

(r − 1)!
(

1 − 1

p

)r−1

prα−m.

Proof. We prove this lemma by induction. For r = 1 the statement holds (see [162],
p. 270). We assume that it holds for r − 1 variables and prove it for r variables. We
have

S(pα, axn1 . . . x
n
r ) =

m−1∑
k=0

Tk + prα−m,

Tk =
pα∑
x1=1

· · ·
pα∑

xr−1=1

pα∑
xr=1
pk ‖ xr

exp{2πiaxn1 . . . xnr /pα}.

By the induction hypothesis, we obtain

Tk ≥ ϕ(pα−k)p(r−1)kn (m− k)r−2

(r − 2)!
(

1 − 1

p

)r−2

p(α−kn)(r−1)−m+k

= (m− k)r−2

(r − 2)!
(

1 − 1

p

)r−1

pα−k+(r−1)kn+(α−kn)(r−1)−m+k

= (m− k)r−2

(r − 2)!
(

1 − 1

p

)r−1

prα−m.
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Therefore,

S(pα, axn1 . . . x
n
r ) ≥

(
1 − 1

p

)r−1

prα−m
m−1∑
k=0

(m− k)r−2

(r − 2)!

≥ mr−1

(r − 1)!
(

1 − 1

p

)r−1

prα−m.

The proof of the lemma is complete. ��

2.4 Singular series in multidimensional problems

Suppose that n ≥ 2, n = max(n1, . . . , nr ), F(x1, . . . , xr ) is a polynomial with
rational coefficients, and

F(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

a(t1, . . . , tr )

q(t1, . . . , tr )
x
t1
1 . . . x

tr
r ,(

a(t1, . . . , tr ), q(t1, . . . , tr )
) = 1, q(0, . . . , 0) = 1,

q = q(0, . . . , 1) . . . q(n1, . . . , nr ), m = (n1 + 1) . . . (nr + 1).

We consider a singular series σ of the form

σ =
+∞∑

q(n1,...,nr )=1

. . .

+∞∑
q(0,...,1)=1

q(n1,...,nr )−1∑′

a(n1,...,nr )=0

. . .

q(0,...,1)−1∑′

a(0,...,1)=0

|q−1S(q, qF (x1, . . . , xr ))|2k,

where the prime on the summation signs means that(
a(n1, . . . , nr ), q(n1, . . . , nr )

) = 1, . . . ,
(
a(0, . . . , 1), q(0, . . . , 1)

) = 1.

The series σ is the mean value of complete multiple rational trigonometric sums.

Theorem 2.7. The singular series σ converges for 2k > nm.

Proof. In the series σ , we collect all terms for which the numbers q(t1, . . . , tr )
(0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr ) have the same least common multiple equal to Q.
Then Theorem 2.6 implies

σ 

+∞∑
Q=1

σ(Q)Q(ε−1/n)2k, (2.41)

where

σ(Q) =
+∞∑

q(n1,...,nr )=1

· · ·
+∞∑

q(0,...,1)=1
[q(n1,...,nr ),...,q(0,...,1)]=Q

q(n1, . . . , nr ), . . . , q(0, . . . , 1).
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For σ(Q), we have σ(Q) ≤ Qm−1(τ (Q))m−1 ≤ c(ε1)Q
(1+ε1)(m−1), where ε1 > 0 is

an arbitrarily small fixed number. Substituting the estimate of σ(Q) into (2.41), we
see that the series σ converges for 2k > nm. The theorem is thereby proved. ��

Concluding remarks on Chapter 2. 1. Estimates for complete rational trigonometric
sums with polynomials in the exponent were obtained by Hua Loo-Keng in 1940 [70].
Here Theorems 2.1 and 2.2 are proved following Chen’s paper [45] (see also [144]).

2. We present the proofs of Theorems 2.3 and 2.4 closely following Hua Loo-
Keng’s paper [68].

3. Theorem 2.5 was proved by V. N. Chubarikov ([51]). Theorem 2.5 gives a
solution to the problem of finding the convergence exponent of a singular series for
the incomplete system of equations in Tarry’s problem.

4. In connection with the problem of estimating complete trigonometric sums,
A. A. Karatsuba ([83]) studied the accuracy as p → +∞, n = n(p) → +∞ of the
Weil estimate for a complete trigonometric sum with an nth-degree polynomial in the
exponent. The following theorem was proved:

For any ε, 0 < ε < 1/2, there exists an infinite sequence of prime numbers p and
a sequence of polynomials fn(x) = axn, (a, p) = 1,

1

2

p − 1

logp
log

1

ε
≤ n ≤ p − 1

logp
log

1

ε
,

such that

S(fn) =
p∑
x=1

exp{2πifn(x)/p} =
(

1 + 2πε

1 − ε
θ

)
p, where |θ | ≤ 1.

The problem of finding similar estimates, if possible, for values of n less than
p/ logp, say for n of order

√
p, was posed in [145]. V. M. Sidel’nikov [142] and

V. I. Levenshtein [110] found that S(fn) is related to some problems in code theory.
V. A. Zinov’ev and S. N. Litsyn [169] used the code-theoretical approach to solve the
problem of estimating the accuracy of the Weil estimate. They proved that the Weil
upper bound for complete trigonometric sums with a polynomial of degree n in the
exponent is precise for n of order

√
Q if these sums are considered in Galois fieldsFQ,

where Q = pm, m ≥ 2, and p is a fixed prime number.
L. A. Bassalygo, V. A. Zinov’ev, and S. N. Litsyn [38] found a relation between

complete trigonometric sums with a polynomial in the exponent in Galois fields and
the multiple trigonometric sums. They proved that the Weil estimate is exact already
for n ≤ √

Q.



Chapter 3

Weyl sums

In this chapter the letter S denotes a trigonometric sum of the form

S = S(α1, . . . , αn) =
P∑
x=1

exp{2πif (x)}, (3.1)

where f (x) = α1x + · · · + αnx
n and α1, . . . , αn are real numbers.

The sums S are called Weyl sums. This name was proposed by I. M. Vinogradov
and became conventional.

3.1 Vinogradov’s method for estimating Weyl sums

Vinogradov’s method consists of the following two steps: first, one needs to reduce
estimating an individual sum S = S(α1, . . . , αn) to estimating the “mean” value of an
even power of the modulus of S; second, one needs to estimate this “mean” value. The
accuracy of averaging and estimating must satisfy some additional severe conditions.

First, we prove the simplest properties of the sum S.

Lemma 3.1. The sum S = S(α1, . . . , αn) treated as a function of the arguments
α1, . . . , αn is a periodic function in each of the arguments αν (ν = 1, . . . , n) with
period equal to 1.

Proof. We need to show that the congruence

(α1, . . . , αn) ≡ (β1, . . . , βn) (mod 1) (3.2)

implies the relation
S(α1, . . . , αn) = S(β1, . . . , βn). (3.3)

For any integer x, (3.2) implies

α1x + · · · + αnx
n ≡ β1x + · · · + βnx

n (mod 1),

and hence we have

exp{2πi(α1x + · · · + αnx
n)} = exp{2πi(β1x + · · · + βnx

n)},
which leads to (3.3). ��
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So, to know the behavior of all possible S, it suffices to know the behavior of S
for which

(α1, . . . , αn) ∈ �,
where � is the unit cube of the n-dimensional Euclidean space of the form 0 ≤ α1 <

1, . . . , 0 ≤ αn < 1.

Definition 3.1. An integral J of the form

J = J (P ; k, n) =
∫ 1

0
· · ·

∫ 1

0
|S(α1, . . . , αn)|2k dα1 . . . dαn

is called the mean value of the 2kth power of the modulus of S, or, briefly, the mean
value of S.

The integral J is also called the Vinogradov integral. It is easy to see that J is equal
to the number of solutions of the following system of equations in integers x1, . . . , x2k:

x1 + · · · + xk = xk+1 + · · · + x2k,

x2
1 + · · · + x2

k = x2
k+1 + · · · + x2

2k,

...

xn1 + · · · + xnk = xnk+1 + · · · + xn2k,

(3.4)

1 ≤ x1, . . . , x2k ≤ P.

The sum S = S(α1, . . . , αn) is a continuous function of the arguments α1, . . . , αn,
and therefore, any small variation in any of the arguments αν (1 ≤ ν ≤ n) results in
small variations in S. More precisely, we state this property as Lemma 3.2.

Lemma 3.2. Suppose that the inequalities

|α1 − β1| ≤ �P−1, . . . , |αn − βn| ≤ �P−n

are satisfied for a given � > 0. Then

S(α1, . . . , αn) = S(β1, . . . , βn)+ 2πθn�P, |θ | ≤ 1.

Proof. For any x (1 ≤ x ≤ P ), we have

|β1x + · · · + βnx
n − α1x − · · · − αnx

n| ≤ �n

and, moreover, for a real ϕ, we have

| exp{2πiϕ} − 1| = 2| sin πϕ| ≤ 2π |ϕ|.
The lemma is thereby proved. ��
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Lemma 3.3. The relation

S = P−1
1

P1∑
y=1

P∑
x=1

exp{2πif (x + y)} + 2θP1, |θ | ≤ 1,

holds for any integer P1.

Proof. Let y be an integer (1 ≤ y ≤ P1). Then

S =
P∑
x=1

exp{2πif (x)} =
y∑
x=1

exp{2πif (x)} +
y+P∑
x=y+1

exp{2πif (x)} (3.5)

−
y+P∑
x=1+P

exp{2πif (x)} =
P∑
x=1

exp{2πif (x + y)} + R,

where

R = R(y) =
y∑
x=1

exp{2πif (x)} −
y+P∑
x=1+P

exp{2πif (x)}.

The modulus of each term in these sums is equal to 1. Hence the modulus of R does
not exceed 2y. In other words, R = 2θ1y, where |θ1| ≤ 1. Summing both sides
in (3.5) over y (y = 1, . . . , P1), we prove the statement of the lemma. ��

Definition 3.2. Suppose that f1(y), . . . , fn−1(y) are arbitrary real functions of an
integer-valued argument y and �1, . . . , �n−1 are arbitrary positive numbers that do
not exceed 1. For each y (y = 1, 2, . . . , P1), we consider domains �(y) of points in
the (n− 1)-dimensional Euclidean space of the form

(γ1, . . . , γn−1) ≡ ({f1(y)} + δ1, . . . , {fn−1(y)} + δn−1
)
(mod 1),

where |δ1| ≤ �1, . . . , |δn−1| ≤ �n−1. For each point (α1, . . . , αn−1) of the unit
(n − 1)-dimensional cube �, we let g(α1, . . . , αn−1) denote the number of domains
�(y) (y = 1, . . . , P1) containing this point (α1, . . . , αn−1). The number

G = max
(α1,...,αn−1)∈�

g(α1, . . . , αn−1)

is called the multiplicity of intersection of the domains �(y).

It follows from the definition of G that 1 ≤ G ≤ P1.
Using Lemmas 3.1–3.3, we reduce estimating the individual sum

S = S(α1, . . . , αn) to estimating the mean value of the 2kth power of the modu-
lus of the trigonometric sum and then to estimating the multiplicity G of intersection
of the domains �(y) defined by the polynomial f (x) = α1x + · · · + αnx

n.
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Lemma 3.4. Suppose that f (x) = α1x + · · · + αnx
n, 0 < � < 1, fν(y) =

(1/ν!)f (ν)(y),�ν = �P−ν (ν = 1, . . . , n−1), 1 ≤ P1 < P , andG is the multiplic-
ity of intersection of the domains �(y) corresponding to given f1(y), . . . , fn−1(y)

and �1, . . . , �n−1 (y = 1, . . . , P1). Then for any natural number k, the following
inequality holds:

|S| = |S(α1, . . . , αn)| ≤ B + 2P1 + 2πn�P,

and moreover,

B2k = (2�)−n+1Pn(n−1)/2P−1
1 GJ(P ; k, n− 1).

Proof. By Lemma 3.3, we have

|S| ≤ W + 2P1,

where

W = P−1
1

P1∑
y=1

∣∣∣ P∑
x=1

exp{2πif (x + y)}
∣∣∣

= P−1
1

P1∑
y=1

∣∣∣ P∑
x=1

exp{2πi(f1(y)x + · · · + fn−1(y)x
n−1 + αnx

n)}
∣∣∣.

Suppose that δ1, . . . , δn−1 are arbitrary real numbers satisfying the conditions
|δ1| ≤ �1, . . . , |δn−1| ≤ �n−1. Using Lemma 3.2, we find

W ≤ W1 + 2πn�P,

where

W1 = P−1
1

P1∑
y=1

∣∣∣ P∑
x=1

exp
{
2πi

(
({f1(y)} + δ1)x + · · ·

+ ({fn−1(y)} + δn−1)x
n−1 + αnx

n
)}∣∣∣.

Raising W1 to the power 2k and applying Hölder’s inequality (Lemma A.1), we
obtain

W 2k
1 ≤ P−1

1

P1∑
y=1

∣∣∣ P∑
x=1

exp
{
2πi

(
({f1(y)} + δ1)x + · · ·

+ ({fn−1(y)} + δn−1)x
n−1 + αnx

n
)}∣∣∣2k.
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Then, integrating the last inequality over −�ν ≤ δν ≤ �ν with respect to δν
(ν = 1, . . . , n− 1) and recalling the definition of the multiplicityG of intersection of
the domains �(y), we find

W 2k ≤ 2−(n−1)(�1 . . . �n−1)
−1P−1

1

×
P1∑
y=1

∫ +�1

−�1

. . .

∫ +�n−1

−�n−1

∣∣∣ P∑
x=1

exp
{
2πi

(
({f1(y)} + δ1)x + · · ·

+ ({fn−1(y)} + δn−1)x
n−1 + αnx

n
)}∣∣∣2k dδ1 . . . dδn−1

≤ (2�)−n+1Pn(n−1)/2P−1
1 G

∫ 1

0
· · ·

∫ 1

0

∣∣∣ P∑
x=1

exp{2πi(β1x + · · ·

+ βn−1x
n−1 + αnx

n)}
∣∣∣2k dβ1 . . . dβn−1

≤ (2�)−n+1Pn(n−1)/2P−1
1 GJ(P ; k, n− 1).

The lemma is thereby proved. ��

So we have reduced estimating |S| to estimating the quantities G and J . For G,
we have the trivial inequalities 1 ≤ G ≤ P1. Suppose that for a given polynomial
f (x) = α1x + · · · + αnx

n and the parameters given in Lemma 3.4, the value of G
does not exceed �0P1, i.e.,

G ≤ �0P1, �0 = P−c
1 < 1. (3.6)

To what accuracy is it necessary to estimate J by using Lemma 3.4 in order to
obtain a nontrivial estimate for |S|? There is another question. What is the best possible
upper bound for J = J (P ; k, n)? To answer these questions, we first consider the
simplest properties of J and of some generalizations of J .

Lemma 3.5. Suppose that λ1, . . . , λn are integers and Jkn(λ1, . . . , λn) is the number
of solutions of the system of equations

x1 + · · · − x2k = λ1,
...

xn1 + · · · − xn2k = λn,

(3.7)

1 ≤ x1, . . . , x2k ≤ P.

Then the following relations hold:

(a) Jkn(λ1, . . . , λn) =
∫ 1

0
· · ·

∫ 1

0

∣∣∣∑
x≤P

exp{2πi(α1x + · · · + αnx
n)}

∣∣∣2k
× exp{−2πi(α1λ1 + · · · + αnλn)} dα1 . . . dαn;
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(b) Jkn(λ1, . . . , λn) ≤ Jkn(0, . . . , 0) = J (P ; k, n) = J ;
(c)

∑
λ1,...,λn

Jkn(λ1, . . . , λn) = P 2k;

(d) |λ1| < kP, . . . , |λn| < kPn;
(e) J = J (P ; k, n) > (2k)−nP 2k−(n2+n)/2;
(f) together with x1, . . . , x2k , the set of numbers x1 + a, . . . , x2k + a

is a solution of Eqs. (3.4) for any a.

Proof. Assertion (a) becomes obvious if we raise the modulus of the integrand to
the power 2k and integrate with respect to α1, . . . , αn; assertion (b) follows from the
fact that the modulus of the integral does not exceed the modulus of the integrand;
assertion (c) follows from the fact that the right-hand side of the relation is the number
of all possible sets x1, . . . , x2k of system (3.7), i.e., does not exceed P 2k; assertion (d)
follows from the conditions on x1, . . . , x2k; assertion (e) follows from assertions (c),
(b), and (d); assertion (f) can be proved by substituting the numbers x1+1, . . . , x2k+a
successively into the first, second, . . . , last equations of system (3.4). The proof of
the lemma is complete. ��

It follows from assertion (e) in Lemma 3.5, i.e., from the estimate

J = J (P ; k, n) > (2k)−nP 2k−(n2+n)/2,

that the best possible estimate for J has the form

J = J (P ; k, n) < c(n, k)P 2k−(n2+n)/2, (3.8)

where c(n, k) is a positive constant depending only on n and k. The estimate (3.8)
holds for k that are comparatively large as compared to n. Indeed, if (3.8) holds for
k ≥ k0 = k0(n) and any P ≥ 1, then the obvious inequality

J ≥ P k0

implies

P k0 < c(n, k0)P
2k0−(n2+n)/2,

i.e.,
1 < c(n, k0)P

k0−(n2+n)/2.
Thus we have k0 ≥ (n2 + n)/2, since for k0 < (n2 + n)/2 and P → +∞, the last
inequality leads to a contradiction.

So we assume that (3.8) holds for k ≥ k0 and the estimate (3.6) holds forG. Then
we obtain the following estimate for |S| (applying Lemma 3.4, replacing n by n − 1
where it is necessary, and setting P1 = P 1−c/(2k0+n−1+c) and� = P−c/(2k0+n−1+c)):

|S| ≤ c1(n, k0)P
1−c/(2k0+n−1+c).
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Obviously, this implies that, to obtain a more precise estimate of |S|, it is necessary
to have (3.6) with�0 = P−c

1 with 0 < c < 1, where c is a constant, and to have (3.8)
with the least possible value of k0 = k0(n).

We also note that, instead of (3.8), it is possible to use a less precise inequality,
namely, an inequality of the form

J < c(n, k)P 2k−0.5(n2+n)+δ, (3.9)

where δ = δ(n, k) > 0 but satisfies the condition

�0P
δ < P−c1 , c1 > 0.

Estimates of the form (3.8) and (3.9) are called Vinogradov’s mean value theorem.
They play a fundamental role in Vinogradov’s method for estimating Weyl sums. Now
we prove inequality (3.9). We shall follow [165].

First, we prove the original Vinogradov’s lemma on the “number of hits,” which
sets the foundation of the mean value theorem.

Lemma 3.6. Suppose that n > 2, P > (2n)4n,H = (2n)4, andR is the least number
satisfying the condition HR ≥ P . Finally, suppose that v1, . . . , vn run through
integers in the intervals

X1 < v1 ≤ Y1, . . . , Xn < vn ≤ Yn,

where, for some ω such that 0 ≤ ω < P , we have

−ω < X1, X1 + R = Y1, Y1 + R ≤ X2, . . . , Xn + R = Yn, Yn ≤ −ω + P.

Then the number E1 of systems of values v1, . . . , vn such that the sums V1 =
v1 + · · · + vn, . . . , Vn = vn1 + · · · + vnn lie respectively in some intervals of lengths

1, . . . , P n−1 (3.10)

satisfies the inequality

E1 < exp{r(n)− 1}Hn(n−1)/2, r(n) = −n
2

2
ln n+ 3

4
n2 + 3

2
n.

Moreover, if v′
1, . . . , v

′
n run through the same values as v1, . . . , vn (independently

of the latter), then the numberE of the cases where the differencesV1−V ′
1, . . . , Vn−V ′

n

lie respectively in some intervals of lengths

P 1−1/n, . . . , P n(1−1/n) (3.11)

satisfies the inequality

E < 2 exp{r(n)}Hn(n−3)/2P (3n−1)/2.
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Proof. First, we estimate E1. Let s be an integer such that 1 < s ≤ n. If for given
vs+1, . . . , vn the sums V1, . . . , Vn lie respectively in intervals of lengths (3.10), then
the sums v1 + · · · + vs, . . . , vs1 + · · · + vss lie respectively in some intervals of lengths
1, . . . , P s−1.

Let η1, . . . , ηs and η1 + ξ1, . . . , ηs + ξs be two sets of values of v1, . . . , vs having
this property and the least value ηs (hence ξs > 0). We obtain

(η1 + ξ1)− η1

ξ1
ξ1 + · · · + (ηs + ξs)− ηs

ξs
ξs = θ0,

...
(η1 + ξ1)

s − ηs1

sξ1
ξ1 + · · · + (ηs + ξs)

s − ηss

sξs
ξs = θs−1

s
P s−1

and thus derive
�ξs −�′ = 0, (3.12)

where

� =

∣∣∣∣∣∣∣
(η1+ξ1)−η1

ξ1
. . .

(ηs+ξs )−ηs
ξs

. . . . . . . . . . . . . . . . . . . . . . . . . . . .
(η1+ξ1)

s−ηs1
sξ1

. . .
(ηs+ξs )s−ηss

sξs

∣∣∣∣∣∣∣ ,

�′ =

∣∣∣∣∣∣∣
(η1+ξ1)−η1

ξ1
. . .

(ηs−1+ξs−1)−ηs−1
ξs−1

θ0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
(η1+ξ1)

s−ηs1
sξ1

. . .
(ηs−1+ξs−1)

s−ηss−1
sξs−1

θs−1
s
P s−1

∣∣∣∣∣∣∣ .
Next, we apply the following transformation to (3.12). We decompose both deter-

minants in this relation with respect to the elements of the first column and, treating
the result as the difference of values of some function of v1 for v1 = η1 + ξ1 and
v1 = η1, apply the Lagrange formula. We obtain a new relation where the elements of
the first column are replaced respectively by the numbers 1, . . . , xs−1

1 with some x1
such thatX1 < x1 < Y1. Further, carrying our similar transformations for the second,
third, . . . , and penultimate columns and, finally, for the last column, but only in the
first determinant, we obtain

�sξs −�′
s = 0,

�s =
∣∣∣∣∣∣

1 . . . 1
. . . . . . . . . . . . . . . .

xs−1
1 . . . xs−1

s

∣∣∣∣∣∣ , �′
s =

∣∣∣∣∣∣
1 . . . 1 θ0

. . . . . . . . . . . . . . . . . . . . . . . . . . .

xs−1
1 . . . xs−1

s−1
θs−1
s
P s−1

∣∣∣∣∣∣ ,
X1 < x1 < Y1, . . . , Xs < xs < Ys.

Hence we find

�′
s =

s−1∑
r=0

θr

r + 1
P rUr,
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where Ur is the coefficient of xrs in the decomposition of

�s = (xs − x1) . . . (xs − xs−1)�s−1

in powers of xs , and hence it is equal to the product of �s−1 by the sum of products
of the numbers −x1, . . . ,−xs−1 taken till s − 1 − r . Therefore, we have

Ur ≤ �s−1

(
s − 1

r

)
P s−1−r , ξs <

s−1∑
r=1

(
s−1
r

)
P s−1

(r + 1)(xs − x1) . . . (xs − xs−1)
.

Because the inequality xj+1 − xj ≥ (2t − 1)R holds for t ≥ 1, we have

ξs <

s∑
r=1

(
s
r

)
Hs−1

1 · 3 . . . (2s − 3)s
<
(2s+1 − 2)Hs−1

3 . . . (2s − 1)
< LsH

s−1 − 1,

Ls = 4

(2 − 0.5) . . . (s − 0.5)
.

Further,

ln(2 − 0.5)+ · · · + ln(s − 0.5) >
∫ s

1
ln x dx = s ln s − s + 1,

and therefore,
Ls < 4es−1s−s .

So we have proved that, for s > 1 and given vs+1, . . . , vn, the number vs can
take only less than 4es−1s−sH s−1 distinct values. Since, for given v2, . . . , vn, the
number v1 lies in an interval of length 1 and hence cannot take more than two distinct
values, we have

E1 < 2
n∏
s=2

(4es−1s−sH s−1) = 2 · 4n−1(eH)n(n−1)/2
n∏
s=2

s−s .

Hence, because of the inequalities

n∑
s=2

s ln s >
∫ n

1
s ln s ds >

n2

2
ln n− n2

4
,

we obtain
E1 < exp{r(n)− 1}Hn(n−1)/2.

Further, since (
p1−1/n

1
+ 1

)
. . .

(
p(n−1)(1−1/n)

pn−1 + 1

)
< eP (n−1)/2,
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the number E′ of sets of values v1, . . . , vn such that the sums V1, . . . , Vn lie respec-
tively in some intervals of lengths (3.11) satisfies the inequality

E′ < exp{r(n)}Hn(n−1)/2P (n−1)/2.

Finally, taking into account the fact that the number of all sets v1, . . . , vn is less
than 2PnH−n, we obtain

E < 2 exp{r(n)}Hn(n−3)/2P (3n−1)/2.

The proof of the lemma is complete. ��

Theorem 3.1 (Vinogradov’s mean value theorem). Suppose that τ ≥ 0 is an integer,
k ≥ nτ , and P ≥ 1. Then

J = Jk(P ) = Jkn(P ) ≤ DτP
2k−�(τ),

where

�(τ) = 0.5n(n+ 1)(1 − (1 − 1/n)τ ), Dτ = (nτ)6nτ (2n)4n(n+1)τ .

Proof. Obviously, it suffices to prove the theorem only for k = nτ . For τ = 1 and
any P the theorem hold, since the integral Jn(P ) is equal to the number of solutions
of the system of equations

x1 + · · · + xn − xn+1 − · · · − x2n = 0,

...

xn1 + · · · + xnn − xnn+1 − · · · − xn2n = 0,

1 ≤ xi ≤ P, i = 1, . . . , 2n,

which does not exceed
n!Pn ≤ D1P

2n−n.
Moreover, for τ ≥ 1 and P ≤ D

1/�(τ)
τ , the theorem is trivial. Therefore, we shall

consider only the case where τ ≥ 1 and P > D
1/�(τ)
τ .

Let m and P0 be natural numbers, and let the theorem be true for τ ≤ m and
P ≤ P0, as well as for τ ≤ m+ 1 and P < P0. We shall prove that it is also true for
τ ≤ m+ 1 and P = P0. Thus, according to the principle of mathematical induction,
it will be proved that the statement of the theorem is always true.

We set k = n(m + 1), H = (2n)4, and R = [PH−1 + 1]. Then P ≤ RH and
Jk(P ) ≤ Jk(RH).

We transform the integrand in the integral Jk(RH). First, we write

S =
RH∑
x=1

exp{2πif (x)} =
H−1∑
y=0

S(y),
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where

S(y) =
R∑
z=1

exp{2πif (z+ Ry)}, f (x) = α1x + · · · + αnx
n.

Hence we have

Sk =
H−1∑
y1=0

· · ·
H−1∑
yk=0

S(y1) . . . S(yk).

The set of numbers y1, . . . , yk , as well as the product S(y1) . . . S(yk), is said to be
regular if among the numbers y1, . . . , yk there are n numbers such that the modulus
of the difference between any two of them does not exceed 1. The other sets and the
corresponding products are said to be irregular. Now we set

Sk = W1 +W2,

where W1 consists of regular products S(y1) . . . S(yk) and W2 consists of irregular
products. Then (see Lemma A.1) we have

Jk(RH) ≤ 2J1 + 2J2,

where

Jµ =
∫ 1

0
· · ·

∫ 1

0
|Wµ|2 dα1 . . . dαn, µ = 1, 2.

Let us estimate J1. Applying Lemma A.1, we find

J1 ≤ H 2k max
y1,...,yk

∫ 1

0
· · ·

∫ 1

0
|S(y1) . . . S(yk)|2 dα1 . . . dαn.

We assume that the maximum is attained at the numbers y1, . . . , yn arranged so that
y1 < · · · < yn and yν+1 − yν > 1 (ν = 1, 2, . . . , n − 1). We divide the sum S(yν)

(ν ≥ n + 1) into at most t = [RP−1+1/n + 1] small sums each of which has the
summation interval of length P 1−1/n or, perhaps, of length less than P 1−1/n (the last
sum). Then the product S(yn+1) . . . S(yk) can be represented as the sum of at most
tk−n terms of the form S′(yn+1) . . . S

′(yk), where S′(yν) is one of the sums obtained
by dividing the sum S(yν). Next, using the fact that the geometric mean of numbers
does not exceed their arithmetic mean, we obtain

|S′(yn+1)|2 . . . |S′(yk)|2 ≤ |S′(yn+1)|2(k−n) + · · · + |S′(yk)|2(k−n)
k − n

.

Hence

J1 ≤ t2(k−n)H 2k
∫ 1

0
· · ·

∫ 1

0
|S(y1) . . . S(yn)|2|S′(y)|2(k−n) dα1 . . . dαn,
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where y is one of the yn+1, . . . , yk . But the last integral is equal to the number of
solutions of the system of equations

(z1 + Ry1)
ν + · · · + (zn + Ryn)

ν − (zn+1 + Ry1)
ν − · · · − (z2n + Ryn)

ν

= (z2n+1 + a)ν + · · · − (z2k + a)ν, ν = 1, 2, . . . , n,

where y1, . . . , yn, a are fixed integers, 0 ≤ a = A + Ry < P , yµ+1 − yµ > 1
(µ = 1, 2, . . . , n− 1), the unknowns z1, . . . , z2n vary from 1 to R, and the unknowns
z2n+1, . . . , z2k vary from 1 toP ′ ≤ P 1−1/n. This system is equivalent to the following
system (Lemma 3.5, (f) ):

(z1 + Ry1 − a)ν + · · · + (zn + Ryn − a)ν − (zn+1 + Ry1 − a)ν − · · ·
− (z2n + Ryn − a)ν = zν2n+1 + · · · − zν2k, ν = 1, 2, . . . , n.

Let J be the number of solutions of the last system of equations, and let
J ′(λ1, . . . , λn) and J ′′(λ1, . . . , λn) be the numbers of solutions of the systems

(z1 + Ry1 − a)ν + · · · + (zn + Ryn − a)ν − (zn+1 + Ry1 − a)ν − · · ·
− (z2n + Ryn − a)ν = λν, ν = 1, 2, . . . , n,

and
zν2n+1 + · · · + zνk+n − zνk+n+1 − · · · − zν2k = λν, ν = 1, 2, . . . , n.

Then we have
J =

∑
λ1,...,λn

J ′(λ1, . . . , λn)J
′′(λ1, . . . , λn).

Applying Lemma 3.5, (b), we obtain

J ≤ J ′′(0, . . . , 0)
∑

λ1,...,λn

J ′(λ1, . . . , λn) ≤ Jk−n(P 1−1/n)
∑

λ1,...,λn

J ′(λ1, . . . , λn).

But the last sum is equal to the number of solutions of the system of inequalities

|(z1 + Ry1 − a)ν + · · · + (zn + Ryn − a)ν − (zn+1 + Ry1 − a)ν − · · ·
− (z2n + Ryn − a)ν | < (k − n)P ν(1−1/n), ν = 1, 2, . . . , n.

Applying the second assertion in Lemma 3.6, we obtain∑
λ1,...,λn

J ′(λ1, . . . , λn) < (2k)n2 exp{r(n)}Hn(n−3)/2P (3n−1)/2.

Combining these estimates, we arrive at the inequality

J1 ≤ 2(2k)n exp{r(n)}(RP−1+1/n + 1)2(k−n)

×H 2k+n(n−3)/2P (3n−1)/2Jk−n(P 1−1/n).
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By the induction hypothesis, we have

Jk−n(P 1−1/n) < DmP
(1−1/n)(2k−2n−�(m)).

Next, we find (using the fact that P > D
1/�(m+1)
m+1 )

k = n(m+ 1) > �(m+ 1) = 0.5n(n+ 1)(1 − (1 − 1/n)m+1)

≤ 0.5(m+ 1)(n+ 1)

and

P > (2n)8n for m ≤ n; P > (2n)8(m+1) for m > n;
�(m+ 1) ≤ 0.5n(n+ 1).

Therefore, we have

(RP−1+1/n + 1)2(k−n) ≤ P 2(k−n)/nH−2(k−n)(1 + 2P−1/nH)2mn

≤ 2P 2(k−n)/nH−2(k−n),

J1 ≤ 2(2k)n exp{r(n)}2P 2(k−n)/nH−2(k−n)H 2k+n(n−3)/2P (3n−1)/2

×DmP
(1−1/n)(2k−2n−�(m)) < 0.25Dm+1P

2k−�(m+1).

Now let us estimate J2. Among the numbers 0, 1, . . . , H − 1, an increasing series
of n− 1 numbers can be chosen in at mostHn−1/(n− 1)! ways. To each such series,
there correspond (2n − 2)k sets of y1, . . . , yk . Hence the total number of irregular
sets y1, . . . , yk does not exceed

Hn−1

(n− 1)! (2n− 2)k = B.

Hence J2 does not exceed

B2
∫ 1

0
· · ·

∫ 1

0
|S(y1) . . . S(yk)|2 dα1 . . . dαn,

where y1, . . . , yk is the set for which the last integral takes its minimal value. Using
again the inequality relating the arithmetic and geometric means, Lemma A.1, and the
induction hypothesis, we obtain

J2 ≤ B2
∫ 1

0
· · ·

∫ 1

0
|S(y)|2k dα1 . . . dαn

= B2Jk(R) ≤ B2Dm+1R
2k−�(m+1) < 0.25Dm+1P

2k−�(m+1).

The statement of the theorem follows from the estimates for J1 and J2. The proof
is complete. ��
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Choosing l = l(n) in an appropriate way, one can obtain an arbitrarily small�(l).
This, together with Vinogradov’s lemma on estimating G, allows one to estimate the
sum S = S(α1, . . . , αn) for all possible values of the coefficients α1, . . . , αn.

The lemma on estimating G is stated as follows.

Lemma 3.7. Suppose that P ≥ nn, ν = 1/n, m is a positive integer that does not
exceed P ν

2
, and to each integer y there corresponds its own point (mYn−1, . . . , mY1)

determined by the expansion

mf (x + y)−mf (y) = mαnx
n +mYn−1x

n−1 + · · · +mY1x

of the polynomialmf (x+y)−mf (y) in powers of x. To each s = n, . . . , 2, we assign
its own number τs = P s−0.5 and, moreover, represent as (this is always possible) in
the form

αs = as

qs
+ θs

qsτs
, (as, qs) = 1, 0 < qs ≤ τs.

We also let the symbolQ0 denote the least common multiple of the numbers qn, . . . , q2.
Let G be the number of points corresponding to the numbers y in the series

0, 1, . . . , P − 1 which, by adding to their coordinates some numbers that numerically
do not exceed

Ln−1 = P−n+1, . . . , L1 = P−1,

can be made congruent to the point corresponding to some definite number y0 in the
same series. Then for Q ≥ P 0.5−0.4ν we have

G < mn2n−2P 0.5+0.4ν .

Proof. For the proof, see [165], p. 63. ��

This lemma and Theorem 3.1 imply the general Vinogradov’s estimate of the Weyl
sum.

Theorem 3.2. Let n be a constant number such that n ≥ 3 and ν = n−1. We divide
the points of the n-dimensional space into two classes: points of the first class and
points of the second class. A point of the first class is defined to be a point(

an

qn
+ zn, . . . ,

a1

q1
+ z1

)
whose first summands are rational irreducible fractions with positive denominators
whose least common multiple is a number Q ≤ P ν and whose second summands
satisfy the condition

|zs | ≤ P−s+ν .
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A point that is not a point of the first class is called a point of the second class. Then,
by setting

ρ = 1

8n2(ln n+ 1.5 ln ln n+ 4.2)
,

for m ≤ P 2ρ , we have

|T (m)| ≤ c(n)P 1−ρ, c(n) = (2n)2n+2(n(n+ 1) ln ρ−1)3/2

for the points of the second class and, by setting

δs = zsP
s, δ0 = max

(|δn|, . . . , |δ1|
)
,

for m ≤ P 4ν2
, we have

|T (m)| 
 P(m,Q)νQ−ν+ε0

for the points of the first class or, which is the same,

|T (m)| 
 PQ−ν+ε0δ−ν0 if δ0 ≥ 1,

where we introduced the notation

T (m) =
∑

0<x≤P
exp{2πim(α1x + · · · + αnx

n)}.

Proof. For the proof, see [165], p. 66. ��

Finally, from Theorem 3.1 and 3.2 we derive the “simplified upper bound” for J .

Theorem 3.3. Suppose that n is a constant (n ≥ 3), k is an integer, and

k ≥ [n2(2 ln n+ ln ln n+ 4)].

Then the following estimate holds:

J = Jk(P ) = J (P ; k, n) ≤ c(n)P 2k−0.5n(n+1).

Proof. For the proof of this Vinogradov’s theorem, see [165], p. 70. ��

In what follows (Theorem 3.9), we obtain a slightly more precise statement (where
we estimate the value of c(n)).
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3.2 An estimate of the function G(n)

The function G(n) was introduced by Hardy and Littlewood while solving Waring’s
problem.

Definition 3.3. Let n ≥ 3. Then G(n) is equal to the least k for which the equation

xn1 + · · · + xnk = N

is solvable in natural numbers for any N ≥ N0(n).

In 1919, Hardy and Littlewood found for G(n) an upper bound of the form

G(n) ≤ n2n−2h, lim
n→+∞h = 1,

increasing with n as a variable of order n2n.
In 1934, I. M. Vinogradov developed a new method for estimating G(n), which

led him to the lemma on the “number of hits” and to a new method for estimating
Weyl sums.

We present one of the simplest versions of estimating G(n).

Theorem 3.4. The function G(n) satisfies the inequalities

n < G(n) ≤ 4n ln n+ 16n ln ln n+ 8n.

Proof. We consider a sequence of numbers X of the form X = Pn + Pn−2, where
P ≥ P0(n) is a natural number. Since [X1/n] = P , there is at most

P k ≤ Pn < X = Pn + Pn−2

natural numbers that do not exceed X and can be represented as the sum of k ≤ n

natural terms of the form xn. This implies the first statement of the theorem.
To prove the second statement, we consider the equation

xn1 + · · · + xnk + un1 + · · · + unm + unm+1 + · · · + un2m = N, (3.13)

where x1, . . . , xk, u1, . . . , u2m are natural numbers and

P1 = 0.25N1/n < u1, um+1 < 0.5N1/n = 2P1,

P2 = 0.5P 1−1/n
1 < u2, um+2 < P

1−1/n
1 = 2P2,

...
...

Pm = 0.5P 1−1/n
m−1 < um, u2m < P

1−1/n
m−1 = 2Pm.
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First, we have

4−nN = Pn1 ≤ un1 + · · · + unm + unm+1 + · · · + un2m ≤ 4(2P1)
n = 2−n+2N.

Next, the equation
un1 + · · · + unm = unm+1 + · · · + un2m (3.14)

has solutions only of the form

u1 = um+1, u2 = um+2, . . . , um = u2m.

Indeed, if, for instance, us �= um+s (s < m) andu1 = um+1, . . . , us−1 = um+s−1,
then

|uns − unm+s | > nPn−1
s ,

|uns+1 + · · · + unm − um+s+1 − · · · − un2m| ≤ (2Ps+1)
n = Pn−1

s ,

and relation (3.14) is impossible.
Let I (N) be the number of solutions of Eq. (3.13). Then

I (N) =
∫ 1

0
Sk(α)T 2

1 (α) . . . T
2
m(α) exp{−2πiαN} dα,

where

S(α) =
∑

0<x≤P
exp{2πiαxn}, Tj (α) =

∑
uj

exp{−2πiαunj },

P = N1/n, j = 1, . . . , m.

Following the partition procedure described in Theorem 3.2, we divide the points
of the interval [0, 1) into points of the first class E1 and points of the second class E2.
The points of the first class are points of the form

α = a

q
+ z, (a, q) = 1, 1 ≤ q ≤ P 1/n, |z| ≤ P−n+1/n.

All the other points of the interval [0, 1) are points of the second class. We present the
integral I (N) as the sum of two integrals

I (N) = I1(N)+ I2(N),

Ij (N) =
∫
Ej

Sk(α)T 2
1 (α) . . . T

2
m(α) exp{−2πiαN} dα.

Let us find an upper bound for |I2(N)|. By Theorem 3.2, for α ∈ E2, we have

|S(α)| ≤ c(n)P 1−ρ, ρ = 1

8n2(ln n+ 1.5 ln ln n+ 4.2)
,
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and hence

|I2(N)| ≤ c(n)P k(1−ρ)
∫ 1

0
|T1(α)|2 . . . |Tm(α)|2 dα.

The last integral is equal to the number of solutions of Eq. (3.14), i.e., to the number
of sets u1, . . . , um, and does not exceed

P1P2 . . . Pm ≤ c(n,m)N1−(1−ν)m.

Hence
|I2(N)| ≤ c(n, k)P1P2 . . . PmP

k(1−ρ).

Let us find a lower bound for I1(N). By the definition of I1(N), we have

I1(N) =
∑
u1

· · ·
∑
u2m

∫
E1

Sk(α) exp{−2πiα(N − un1 − · · · − un2m)} dα.

The number N1 = N − un1 − · · · − un2m lies between the bounds

(1 − 2−n+2)N ≤ N1 ≤ (1 − 2−2n)N;
hence for the integral ∫

E1

Sk(α) exp{−2πiαN1} dα

with k ≥ 4n, we have the asymptotic formula∫
E1

Sk(α) exp{−2πiαN1} dα = γ σ(N1)N
k/n−1
1 +O(N

k/n−1−1/(4n3)
1 ),

where

γ =
(
�
(

1 + 1

n

))k(
�
( k
n

))−1
,

σ (N1) =
+∞∑
q=1

∑
0≤a<q
(a,q)=1

(
q−1

q∑
x=1

exp{2πiαxn/q}
)k

exp{−2πiαN1/q},

and moreover, σ(N1) ≥ c(n, k) > 0. This assertion is proved as in [10]. Hence for
N ≥ N0(n), we have the following estimate for I1(N):

I1(N) ≥ c(n, k)
∑
u1

· · ·
∑
u2m

N
(k−n)/n
1 ≥ c(n, k)(P1 . . . Pm)

2N(k−n)/n.

For the inequality I (N) = I1(N) + I2(N) > 0 to hold, it suffices to have the
inequality

(P1 . . . Pm)
2N(k−n)/n ≥ c(n, k)P1 . . . PmP

k(1−ρ)
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or the inequality
Nk/n−(1−ν)m ≥ c(n, k)N(k−kρ)/n.

The last inequality holds for k = 8n, m ≥ 2n ln +8n ln ln n, and N ≥ N0(n). So
Eq. (3.13) is solvable, i.e., we have

G(n) ≤ 4n ln n+ 16n ln ln n+ 8n.

The proof of the theorem is complete. ��

3.3 An analog of Waring’s problem for congruences

In 1961 A. A. Karatsuba posed and solved a problem, which is called an analog of
Waring’s problem for congruences. This problem and the method used to solve it
allowed one, first, to develop a new p-adic method for proving Vinogradov’s mean
value theorem and then to develop a general p-adic method that set the foundation of
the theory of multiple trigonometric sums. In this section we consider this problem.

Let us consider the congruence

xn1 + · · · + xnt ≡ N (mod Q), 1 ≤ x1, . . . , xt ≤ P. (3.15)

We define a parameter r by the relation r = lnQ/ lnP . We set 1 ≤ r ≤ n. For
r > n, P → +∞,N ≤ Q, and fixed n and t , congruence (3.15) becomes an equation.
Hence the larger r is, the “nearer” congruence (3.15) is to an equation. It follows from
Section 3.2 that for P ≥ P0(n) and t ≥ 4n ln n+ 16n ln ln n+ 8n, congruence (3.15)
is solvable for any N . The problem of improving the lower bound for t arises. We
give a sufficiently complete answer for a special form of moduli Q.

Theorem 3.5. Suppose that m and r are natural numbers, 1 ≤ r ≤ √
n/3, p is

a prime number, p > n6, Q = p2mnr , P = p2mn, and P ≥ P0(n). Then for
t ≥ 4r + 4, congruence (3.15) is solvable for any N . For t < r there exist N such
that congruence (3.15) does not have solutions.

Proof. The second part of the theorem follows from the fact that the number of
all possible values of the left-hand side in (3.15) does not exceed P t ≤ P r−1 =
p2mnr−2mn and the number of all possible values of the right-hand side in (3.15) is
exactly equal to Q = p2mnr .

Let W(N) be the number of solutions of (3.15). Then

W(N) = Q−1
Q−1∑
a=0

S t (a) exp{−2πiaN/Q},

where

S(a) =
P∑
x=1

exp{2πiaxn/Q}.
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Each positive a can be written as a = bQp−ν , 1 ≤ ν ≤ 2mnr , 0 < b < pν , and
(b, p) = 1. Then

W(N) = P tQ−1 +
2mnr∑
ν=1

T (ν),

where

T (ν) = Q−1
∑′

0<b<pν

( P∑
x=1

exp{2πibxn/pν}
)t

exp{−2πibN/pν};

the prime on the sum over b means that (b, p) = 1.
By W0(N) we denote the sum

W0(N) = P tQ−1 +
2mn∑
ν=1

T (ν).

First, we prove that
W0(N1) > 0.5P t1Q−1

for any integer N1 and t = t1 ≥ 4.
We note that the method used to prove this inequality can be treated as a discrete

analog of the Hardy–Littlewood circle method in the form of the Vinogradov trigono-
metric sums (the partition of the sum over ν into two parts corresponds to the partition
of the Waring’s problem integration interval into the principal and additional intervals;
small ν, i.e., ν ≤ 2mn, correspond to principal intervals; so W0(N) gives the leading
term of W(N)).

Since P = p2mn (1 ≤ ν ≤ 2mn), using the periodicity of the trigonometric sum
in T (ν), we find

P∑
x=1

exp{2πibxn/pν} = Pp−ν
pν∑
x=1

exp{2πibxn/pν}.

The well-known lemmas on complete trigonometric sums in Waring’s problem
(e.g., see [159], p. 270) easily imply the following formulas:

pν∑
x=1

exp{2πibxn/pν} =


pν−ν/n if ν ≡ 0 (mod n),

pν−(ν−1)/n−1S(b, p) if ν ≡ 1 (mod n),

pν−[ν/n]−1 if ν �≡ 0, 1 (mod n);

S(b, p) =
p∑
x=1

exp{2πibxn/p}, |S(b, p)| < n
√
p. (3.16)



3.3 An analog of Waring’s problem for congruences 99

We divide the sum over ν into the corresponding progressions:

� =
2mn∑
ν=1

T (ν) =
n∑

ν2=1

2m−1∑
ν1=0

T (nν1 + ν2) = B1 + B2 + B3,

where

B1 =
2m−1∑
ν1=0

T (nν1 + 1), B2 =
n−1∑
ν2=2

2m−1∑
ν1=0

T (nν1 + ν2), B3 =
2m−1∑
ν1=0

T (nν1 + n).

From (3.16) we find

T (nν1 + 1) = P t1Q−1p−(ν1+1)t1
∑′

0<b<pν
S t1(b, p) exp{−2πibN1/p

ν},

T (nν1 + ν2) = P t1Q−1p−(ν1+1)t1
∑′

0<b<pν
exp{−2πibN1/p

ν}, 2 ≤ ν2 ≤ n.

Next, we have

∑′

0<b<pν
exp{−2πibN1/p

ν} =
pν−1∑
b=0

exp{−2πibN1/p
ν}

−
pν−1∑
b=0

exp{−2πibN1/p
ν−1} = pνδ(N1p

−ν)− pν−1δ(N1p
−ν+1),

where δ(ξ) = 1 if ξ is an integer and δ(ξ) = 0 otherwise. This and the preceding
formulas yield

B2 + B3 =
n∑

ν2=2

2m−1∑
ν1=0

T (nν1 + ν2)

=
2m−1∑
ν1=0

P t1Q−1p−(ν1+1)t1
(
pn(ν1+1)δ(N1p

−n(ν1+1))− pnν1+1δ(N1p
−nν1−1)

)
.

Let N1 = phN2 and (N2, p) = 1. If h ≥ 2mn, then δ(N1p
−n(ν1+1)) =

δ(N1p
−nν−1) = 1 and

B2 + B3 = P t1Q−1(pn − p)p−t1
2m−1∑
ν1=0

pν1(n−t1)

= P t1Q−1(pn − p)p−t1 p
2m(n−t1) − 1

pn−t1 − 1
.
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Moreover, we always have

|T (nν1 + 1)| < nt1P t1Q−1p−(ν1+1)t1+0.5t1+nν1+1,

|B1| ≤ nt1P t1Q−1p−0.5t1+1
2m−1∑
ν1=0

p(n−t1)ν1 = nt1P t1Q−1p−0.5t1+1p
2m(n−t1)−1

pn−t1 − 1
.

Hence

B1 + B2 + B3 > P t1Q−1 p
2m(n−t1) − 1

pn−t1 − 1

(
p−t1(pn − p)− nt1p−0.5t1+1).

It is easy to verify that, for p > n6 (n > 9) and any t1 ≥ 4,

B1 + B2 + B3 > −0.5P t1Q−1.

Let h = 0. Then B2 + B3 = 0 and T (nν1 + 1) = 0 for ν1 > 0, i.e.,

B1 + B2 + B3 = P t1Q−1p−t1 ∑′

0<b<p

S t1(b, p) exp{−2πibN1/p}

> −nt1P t1Q−1p−0.5t1+1 > −0.5P t1Q−1.

Now let 1 ≤ h < 2mn, h = nh1 + h2, 0 < h1 < 2m, and 1 ≤ h2 ≤ n. Then

� =
h∑
ν=1

T (ν)+ T (h+ 1)+
2mn∑
ν=h+2

T (ν).

Obviously, T (ν) = 0 for ν ≥ h+ 2. Next, for ν ≤ h we have

|T (nν1 + 1)| < P t1Q−1p−(ν1+1)t1+nν1+1+t1/2,
T (nν1 + ν2) = P t1Q−1p−(ν1+1)t1(pν − pν−1), ν2 �= 1,

h∑
ν=1

T (ν) =
h1−1∑
ν1=0

n∑
ν2=1

T (nν1 + ν2)+
h2∑
ν2=1

T (nh1 + ν2)

>

h1−1∑
ν1=0

n∑
ν2=1

P t1Q−1p−(ν1+1)t1+nν1+ν2(1 − p−1)

−
h1∑
ν1=0

P t1Q−1p−(ν1+1)t1+nν1+1+t1/2

+
h2∑
ν2=2

P t1Q−1p−(h1+1)t1+nh1+ν2(1 − p−1).
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If h2 = n, then

|T (h+ 1)| < nt1P t1Q−1p−(h1+1)t1+nh1+n+1−t1/2;
if h2 < n, then T (h+ 1) = −P t1Q−1p−(h1+1)t1+nh1+h2 . So we always have

T (h+ 1) ≥ −P t1Q−1p−(h1+1)t1+nh1+h2 .

Hence

� > −P t1Q−1p−(h1+1)t1+nh1+h2 + P t1Q−1p−t1
h1−1∑
ν1=0

p(n−t1)ν1

n∑
ν2=2

pν2(1 − p−1)

− nt1P t1Q−1p−0.5t1+1
h1∑
ν1=0

p(n−t1)ν1 +P t1Q−1(1−p−1)p−(h1+1)t1+nh1

h2∑
ν2=2

pν2 .

If h1 = 0, then

� > P t1Q−1(nt1p−0.5t1+1 + p−t1+1) > −0.5P t1Q−1;
if h1 ≥ 1, then

� >P t1Q−1
{
(p(n−t1)h1 − 1)(pn−t1 − p1−t1)

pn−t1 − 1

− nt1p−0.5t1+1p
(n−t1)(h1+1) − 1

pn−t1 − 1
− p(n−t1)h1−t1+1

}
.

It is easy to verify that for all values of the parameters admissible by the assump-
tions of the lemma, the expression in braces does not exceed −0.5.

So � > −0.5P t1Q−1 and

W0(N1)) = P t1Q−1 + � > 0.5P t1Q−1.

We consider the following expression

W ∗(N) = Q−1
Q−1∑
a=0

( P∑
x=1

exp{2πiaxn/Q}
)t1(∑

u

exp{2πiau/Q}
)2

×
(∑
u0,v

exp{2πiavnu0/Q}
)

exp{−2πiaN/Q},

where u, u0, v run through natural numbers from the sets U, U0, V each of which
contains the sets U, U0, V of distinct elements. As above, we represent the sum
W ∗(N) as the sum of two terms:

W ∗(N) = W ∗
0 (N)+W ∗

1 (N). (3.17)
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But W ∗
0 (N) can also be written as

W ∗
0 (N) =

∑
u,u1

∑
u0,v

Q−1
∑
a

( P∑
x=1

exp{2πiaxn/Q}
)t1

exp{−2πiaN1/Q},

where N1 = N − u− u1 − vnu0.
As already shown,

W0(N1) = Q−1
∑
a

( P∑
x=1

exp{2πiaxn/Q}
)t1

exp{−2πiaN1/Q} > 0.5P t1Q−1,

i.e.,
W ∗

0 (N) > 0.5U2U0VP
t1Q−1.

Let us construct the sets U, U0, V . We assume that ξν+1 run through the natural
numbers that are not multiples of p and are not less than p2mn−2mν (ν = 0, 1, . . . , r−
1). We let Aν+1 denote the set of ξν+1 for which ξnν+1 are pairwise noncongruent
modulo p2mn. Since the congruence ξnν+1 ≡ b (mod p2mn) has at most n solutions
for a fixed b coprime to p, the number of the numbers ξν+1 contained in Aν+1 is not
less than

n−1ϕ(p2mn−2mν) ≥ (2n)−1p2mn−2mν.

By U we denote the set of all numbers u of the form

u = ξn1 + (p2mξ2)
n + · · · + (p2m(r−1)ξr )

n, ξν ∈ Aν;
the numbers u are pairwise noncongruent modulo Q = p2mnr , and the number U of
them is equal to

U = n−r
r−1∏
ν=0

ϕ(p2mn−2mν) ≥ (2n)−rp2mnr−mr(r−1) = (2n)−rP r−r(r−1)/(2n).

Moreover, for ν = 0, 1, . . . , r − 1 we have

p2mνξν+1 < p2mn = P.

The set U0 is constructed similarly. We choose an integer P0 = pmn and let
ζν+1 run through the values of natural numbers that are less than pmn−mν (ν =
0, 1, . . . , 2r − 1) and not multiples of p. We let Bν+1 denote the set of ζν+1 for
which ζ nν+1 are pairwise noncongruent modulo pmn. By U0 we denote the set of all
numbers u0 of the form

u0 = ζ n1 + (pmζ2)
n + · · · + (pm(2r−1)ζ2r )

n, ζν+1 ∈ Bν+1;
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all u0 are pairwise noncongruent modulo Q, we have the following lower bound for
the number U0 of them:

U0 > (2n)−2rp2mnr−mr(2r−1) = (2n)−2rP r−r(2r−1)/(2n).

We let the symbolV denote the set of all numbers from 1 toP0 that are not multiples
of p. For the number V of these numbers, we have the lower bound

V = P0(1 − p−1) > 0.5P0.

We consider the product

vnu0 = (vζ1)
n + (pmvζ2)

n + · · · + (pm(2r−1)vζ2r )
n.

Since ζν+1 < pmn−mν , for the (ν + 1)st bracket we have the upper bound

pmνvζν+1 < pmnP0 = P 2
0 = P.

After the setsU, U0, V are constructed, it is easy to see thatW ∗(N) in (3.17) is the
number of representations of the numberN moduloQ as the sum t1+2r+2r = t1+4r
of terms each of which is the nth power of a number less than P .

We estimate the sum

T (a) =
∑
v,u0

exp{2πiavnu0/Q}

under the condition that a belongs to the integration interval on which W ∗
1 (N) is

defined. It is easy to see that in this case

a/Q = b/pν, (b, p) = 1, ν ≥ 2mn+ 1.

We define the integer s by the inequalities smn < ν ≤ (s + 1)mn. Then

u0 ≡ u′
0 = ζ n1 + (pmζ2)

n + · · · + (psmζs+1)
n (mod pν).

For a fixed u′
0, the number u0 congruent to u′

0 is equal to

L ≤
2r−1∏
ν=s+1

pmn−mν = pmn(2r−s−1)−m(r(2r−1)−s(s+1)/2).

Hence, applying the Cauchy inequality, we find

|T (a)|2 ≤ U0L
∑
u′

0<p
ν

∣∣∣∑
v

exp{2πibu′
0v
n/pν}

∣∣∣2 ≤ (3.18)

≤ U0L

pν∑
a=1

∣∣∣∑
v

exp{2πiavn/pν}
∣∣∣2 ≤ nU0Lp

νV ≤
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≤ nU0Lp
(s+1)mnV ≤ nU0Vp

2mnr−m(2r−1)

= 2nU2
0V

2P r(2r−1)/2n−(2r−1)/2n−1/2 < 2nU2
0V

2P−1/3,

|T (a)| < √
2nU0VP

−1/6.

Finally, we estimate W ∗
1 (N) using (3.18). We have

|W ∗
1 (N)| <

√
2nU0VP

−1/6P t1Q−1
Q−1∑
a=0

∣∣∣∑
u

exp{2πiau/Q}
∣∣∣2

= √
2nUU0VP

−1/6P t1 .

For the inequality W ∗(N) > 0 to hold, it suffices to have W ∗
0 (N) > W ∗

1 (N) or

0.5U2U0VP
t1Q−1 >

√
2nUU0VP

t1P−1/6;
hence we obtain

U > 2
√

2nP r−1/6. (3.19)

But for U we had the estimate

U > (2n)−rP r−r(r−1)/(2n);
therefore, for r ≤ √

n/3 and P ≥ P0(n) inequality (3.19) holds. The theorem is
thereby proved. ��

3.4 A new p-adic proof of Vinogradov’s
mean value theorem

I. M. Vinogradov, developing his method for estimating G(n) and using the lemma
on the “number of hits” to prove the mean value theorem, obtained a new method for
estimatingWeyl sums. Similarly, Karatsuba, starting from his own “analog ofWaring’s
problem for congruences,” arrived at a new p-adic method for proving Vinogradov’s
mean value theorem. As an analog the lemma on the “number of hits,” he used Linnik’s
lemma on the number of solutions of a “complete system of congruences.” A similar
lemma was used earlier byYu. V. Linnik in hisp-adic proof of the mean value theorem.
We shall discuss Linnik’s method in detail in Section 3.5.

First, we prove the following three lemmas: Lemma 3.8 is an analog of the Bertrand
postulate proved by P. L. Chebyshev; Lemma 3.9 gives the number of solutions of the
complete system of congruences; and Lemma 3.10 gives the fundamental recursive
inequality in the p-adic method.

Lemma 3.8. For any natural n and x ≥ (2n)2, the interval [x, 2x] contains at least n
distinct prime numbers.
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Proof. For x < 16, the statement of the lemma is proved by a straightforward
verification. Hence we assume that x ≥ 16. First, we prove that

ψ(x) < x ln 4. (3.20)

For x < 15, this inequality is obvious. We assume that (3.20) holds for all y
(2 ≤ y ≤ x − 2) and prove it for y = x. For any natural m we have

(4m)−1/2 < 2−2m
(

2m

m

)
< (2m+ 1)−1/2.

Since

ln(k!) =
∑
t≤k

ln t =
∑
t≤k

∑
d|t
�(d) =

∑
d≤k

�(d)
∑
t≤k
t=ud

1 =
∑
d≤k

�(d)
∑
u≤k/d

1

=
∑
u≤k

∑
d≤ku−1

�(d) =
∑
u≤k

ψ(k/u),

(
2m

m

)
= (2m)!
(m!)2 ,

we have

A = ln

(
2m

m

)
= ψ(2m)− ψ(2m/2)+ ψ(2m/3)− · · · + ψ

(
2m/(2m− 1)

)
.

The function ψ(x) does not decrease; hence we have

A ≤ ψ(2m)− ψ(2m/2)+ ψ(2m/3), (3.21)

A ≥ ψ(2m)− ψ(2m/2). (3.22)

It follows from (3.22) that
ψ(2m) ≤ A+ ψ(m).

We assume that 2m is an even number that is the nearest to x. If x = 2r + 1, then
2m = 2r + 2. By the induction hypothesis, we have (since m ≤ x − 2)

ψ(2m) < 2m ln 2 − ln
√

2m+ 1 + 2m ln 2 ≤ 2m ln 4 − ln
√

2m+ 1.

Next, if 2m < x, then

ψ(x) = ψ(2m) < 2m ln 4 < x ln 4.

But if 2m ≥ x, then 2m ≤ x + 1; hence

ψ(x) ≤ ψ(2m) ≤ x ln 4 + ln 4 − ln
√
x + 1.

If x ≥ 15, then ln 4 ≤ ln
√
x + 1. Hence ψ(x) ≤ x ln 4. So we have proved

inequality (3.20). Next, from (3.21) we obtain

ψ(2m)− ψ(m)>A− ψ

(
2m

3

)
≥m ln 4 − ln

√
4m− 2m

3
ln 4 = m

3
ln 4 − ln

√
4m.
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We note that

ψ(2m)− ψ(m) =
∑

m<n≤2m

�(n) =
∑

1
m<n≤2m

�(n)+
∑

2
m<n≤2m

�(n),

where the symbol
∑

1 denotes the sum over prime numbers and the symbol
∑

2
denotes the sum over all other numbers.

In the second sum, to each number n for which �(n) �= 0 we assign a prime pn
such that pn |n. Obviously, �(pn) = �(n) and pn ≤ √

2m. This implies∑
2

m<n≤2m

�(n) ≤ ψ(
√

2m) ≤ √
2m ln 4;

hence we have

S1(m) =
∑

1
m<n≤2m

�(n) =
∑

m<p≤2m

lnp ≥ m

3
ln 4 − ln

√
4m− √

2m ln 4.

Next, since
�(n) ≤ 2m for n ≤ 2m,

we have ∑
m<p≤2m

1 ≥ m

3
· ln 4

ln 2m
− 1 − ln 4

√
2m

ln 2m
= S(m).

Now we show that S(m) ≥ √
m/2 for m ≥ 28 or, which is the same,

f (m) = S(m)− √
m/2 ≥ 0. (3.23)

The derivative of the function f (m) has the form

f ′(m) = ln 4

3
· 1

ln 2m

(
1 − 1

ln 2m

)
− ln 4√

2m ln 2m

(
1 − 2

ln 2m

)
− 1

2
√

2m
.

Hence

f ′(m) ≥ 1

3 ln 2m
− 1√

2m ln 2m
− 1

2
√

2m

= 1

ln 2m

(
1

12
− 1√

2m

)
+
(

1

4 ln 2m
− 1

2
√

2m

)
.

For m ≥ 28 both terms in the last expression are positive (since ln 2m > 6 and
2 ln 2m <

√
2m in this case). Therefore, for m ≥ 28, the inequality f ′(m) > 0 holds

and hence the function f (m) increases. So to prove inequality (3.23), it suffices to
verify it for m = 28. But we have

f (28) = 28

3
· 2 ln 2

9 ln 2
− 1 − 24.5 2 ln 2

9 ln 2
− 23.5 > 0.

Inequality (3.23) is thereby proved.
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Now we note that the interval [x/2, x] contains all primes that are contained in the
interval (m, 2m]. Moreover, if x ≥ (2n)2, then 2m > (2n)2.

Next, if n ≥ 12, then x ≥ 4 · 122, 2m ≥ 4 · 122, m > 2 · 122 > 28, and hence
the interval [x/2, x] contains at least (see inequality (3.23))

√
m/2 ≥ n distinct prime

numbers.
If n ≤ 11, then for x > 2 · 28 we have√

m/2 >
√

128 > 11,

and it follows from (3.23) that the interval [x/2, x] contains at least n primes.
It remains to prove the lemma for n ≤ 11 and 24 ≤ x ≤ 29. Let k be a natural

number (6 ≤ k ≤ 50). A straightforward verification using the table of primes (see
[163], p. 166) shows that the interval [0.25(k+ 1)2, 0.5k2] contains at least (k+ 1)/4
primes.

We let t denote the largest of the numbers k for which k2/2 ≤ x. Then

0.25(t + 1)2 ≥ x/2, 0.5t2 ≤ x.

Hence the interval [0.25(t+1)2, 0. 5t2] is completely contained in the interval [x/2, x].
If 25 ≤ x ≤ 29, then 24 ≤ 0.25(t + 1)2 ≤ 29, 26 ≤ (t + 1)2 ≤ 211, and

8 ≤ t + 1 < 50. Hence the interval [x/2, x] contains at least 0.25(t + 1) >
√
x/8

primes. This trivially implies the statement of the lemma. ��

Lemma 3.9. Suppose that 1 ≤ r ≤ n, p is a prime (p > n), and 1 ≤ P ≤ pr . Then
the number T of solutions of the system of congruences

x1 + · · · + xn ≡ y1 + · · · + yn (mod p),

x2
1 + · · · + x2

n ≡ y2
1 + · · · + y2

n (mod p2),
...

xn1 + · · · + xnn ≡ yn1 + · · · + ynn (mod pn),

1 ≤ x1, . . . , xn, y1, . . . , yn ≤ P ; xi �≡ xj (mod p), i �= j,

satisfies the estimate
T ≤ n!pr(r−1)/2Pn.

Proof. Obviously, we have T ≤ PnT1, where T1 is the number of solutions of such
a system of congruences (for some fixed set of numbers λ1, . . . , λn):

x1 + · · · + xn ≡ λ1 (mod p),

x2
1 + · · · + x2

n ≡ λ2 (mod p2),
...

xn1 + · · · + xnn ≡ λn (mod pn),

(3.24)

1 ≤ x1, . . . , xn ≤ pr ; xi �≡ xj (mod p), i �= j.
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To estimate T1, we represent xt for each t = 1, 2, . . . , n as

xt = x1t + px2t + · · · + pr−1xrt .

For a set x1, . . . , xn to be a solution of system (3.24), it is necessary that the
variables x11, . . . , x1n satisfy the system of congruences

xν11 + · · · + xν1n ≡ λν (mod p), ν = 1, 2, . . . , n,

and the variables x1s , . . . , xns (s = 2, . . . , r) satisfy their own system of linear
congruences (for fixed x11, . . . , x1n)

x1s(νx
ν−1
11 )+ · · · + xns(νx

ν−1
1s ) ≡ λνs (mod p), ν = s, . . . , r,

where λss, . . . , λrs are some integers.
The number of solutions of the first system does not exceed n!, since it follows

from the elementary theory of symmetric functions that, for p > n and fixed λν , all
solutions of this system are permutations of some unique solution. Next, because the
variables xt are pairwise noncongruent modulo p, the matrix of coefficients of each
of the linear systems of congruences has the maximum rank. Hence the number of
solutions of this system does not exceed ps .

For T1 and T , we obtain the estimates

T1 ≤ n!p · p2 . . . pr−1 = n!pr(r−1)/2, T ≤ n!pr(r−1)/2Pn.

The proof of the lemma is thus complete. ��

Lemma 3.10. Suppose that k ≥ n, 1 ≤ r ≤ n, and P ≥ 1. Then in the interval
[P 1/r , 2P 1/r ] there is a prime number p such that

J = J (P ; n, k) ≤ 4k2np2k−2n+r(r−1)/2PnJ (P1; n, k − n)+ (2n)2krP k, (3.25)

where P1 = Pp−1 + 1.

Proof. If P ≤ (4n2)r , then, by setting p = 2P 1/r , we see that the second term in
the inequality is less than P 2k , while the first term is always nonnegative, i.e., in this
case inequality (3.25) becomes trivial. Therefore, we assume that P ≥ (4n2)r . Then,
by Lemma 3.8, on the interval [P 1/r , 2P 1/r ] there are at least r distinct primes. We
choose some r primes on the interval [P 1/r , 2P 1/r ] and denote them by the letters
p1, . . . , pr . Now, as above, we assume that

f (x) = α1x + · · · + αnx
n.

Then J can be represented as the multiple integral

(∗) J = J (P ; n, k)

=
∫ 1

0
· · ·

∫ 1

0

∣∣∣ ∑
x1≤P

. . .
∑
xk≤P

exp{2πi(f (x1)+ · · · + f (xk))}
∣∣∣2dα1 . . . dαn.
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We divide all sets x = (x1, . . . , xk) into two classes A and B as follows: a set
x = (x1, . . . , xk) belongs to the class A if among the numbers p1, . . . , pr there is
a number ps such that among the numbers x1, . . . , xk there are at least n numbers
pairwise noncongruent modulo p; all other sets belong to the class B.

For brevity, we introduce a new notation (the explicit form of this notation is
obvious) and then transform relation (∗) into the inequality

J =
∫
�

∣∣∣∑
x∈A

+
∑
x∈B

∣∣∣2 d� ≤ 2
∫
�

∣∣∣∑
x∈A

∣∣∣2 d�+ 2
∫
�

∣∣∣∑
x∈B

∣∣∣2 d� = 2J1 + 2J2.

Let us estimate the integral J1. The value of J1 is the number of solutions of
Eqs. (3.4) under the assumption that

x = (x1, . . . , xk) ∈ A, y = (y1, . . . , yk) ∈ A.
We divide all sets x = (x1, . . . , xk) ∈ A into r sets A1, . . . , Ar as follows: the

sets corresponding to their own number ps = p (s = 1, . . . , r) belong to the same
set; if a set corresponds to several ps , then, for definiteness, we assume that it belongs
to the set corresponding to the least ps . Again we use the obvious notation and find

J1 =
∫
�

∣∣∣∑
x∈A

∣∣∣2 d� =
∫
�

∣∣∣ r∑
s=1

∑
x∈As

∣∣∣2 d� ≤ r

r∑
s=1

∫
�

∣∣∣ ∑
x∈As

∣∣∣2d� = r

r∑
s=1

J1s .

Let us estimate J1s . The sum whose squared absolute value is the integrand in J1s
has the form ∑

x∈A
=
∑
x1

· · ·
∑
xk

,

and moreover, x = (x1, . . . , xk) ∈ As , i.e., among the numbers x1, . . . , xk there are n
numbers pairwise noncongruent modulo p. We divide all sets in As into possibly
intersecting classes as follows.

Let t1, . . . , tn be natural numbers (1 ≤ t1 < t2 < · · · < tn ≤ k). We let all
sets x = (x1, . . . , xk) such that the numbers x1, . . . , xk are pairwise noncongruent
modulo ps belong to the same class. Let R1 and R2 be two distinct classes from the
set As . Renumbering the unknowns, we easily obtain∫

�

∣∣∣ ∑
x∈R1

∣∣∣2 d� =
∫
�

∣∣∣ ∑
x∈R2

∣∣∣2 d�.
Since, obviously, the total number of classes is

(
k
n

)
, denoting the set corresponding

to t1 = 1, t2 = 2, . . . , tn = n by the symbol A1s , we obtain

J1s ≤
(
k

n

)2 ∫
�

∣∣∣∑
A1s

∣∣∣2 d� ≤
(
k

n

)2 ∫
�

∣∣∣ ∑′

x1,...,xn

∣∣∣2 ∣∣∣∑
x≤P

exp{2πif (x)}
∣∣∣2k−2n

d�.
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Here the prime on the first sum means that the sum is taken over the sets of numbers
x1, . . . , xk pairwise noncongruent modulo ps = p. Dividing the second sum into p
progressions with common difference p and applying Hölder’s inequality, we obtain

J1s ≤
(
k

n

)2 ∫
�

∣∣∣ ∑′

x1,...,xn

∣∣∣2 ∣∣∣∑
x≤P

exp{2πif (x)}
∣∣∣2k−2n

d�

≤
(
k

n

)2

p2k−2n−1
p∑
y=1

∫
�

∣∣∣ ∑′

x1,...,xn

∣∣∣2∣∣∣ ∑
0≤z≤Pp−1

exp{2πif (y + pz)}
∣∣∣2k−2n

d�.

Let y0 be the value of y for which the last integral takes its maximum. Using the
fact that if x0

1 , . . . , x
0
k , y

0
1 , . . . , y

0
k is a solution of system (3.4), then x0

1 + a, . . . , x0
k +

a, y0
1 + a, . . . , y0

k + a is also a solution of system (3.4), we obtain the inequality

J1s ≤
(
k

n

)2

p2k−2n
∫
�

∣∣∣ ∑′′

x1,...,xn

∣∣∣2 ∣∣∣ ∑
0≤z≤Pp−1

exp{2πif (pz)}
∣∣∣2k−2n

d�,

where the symbol
∑′′ means that the sum is taken over all sets of numbers x1, . . . , xn

that lie within the limits from −y0 to P −y0 and are pairwise noncongruent modulo p.
The integral in the right-hand side is equal to the number of solutions of the following
system of equations (we denote this number by J ′):

x1 + · · · + xn − y1 − · · · − yn = p(z1 + · · · + zk−n − v1 − · · · − vk−n),
x2

1 + · · · + x2
n − y2

1 − · · · − y2
n = p2(z2

1 + · · · + z2
k−n − v2

1 − · · · − v2
k−n),

...
xn1 + · · · + xnn − yn1 − · · · − ynn = pn(zn1 + · · · + znk−n − vn1 − · · · − vnk−n),

where the unknowns x1, . . . , xn and y1, . . . , yn satisfy the condition stated above for
the variables x1, . . . , xn, while the variables z1, . . . , zk−n, v1, . . . , vk−n take all integer
values from zero to Pp−1.

We let the symbol J ′(Pp−1; n, k − n;�), where � = (λ1, . . . , λn) is a set of
integers, denote the number of solutions of the system of equations

zν1 + · · · + zνk−n − vν1 − · · · − vνk−n = λν, ν = 1, 2, . . . , n.

Obviously, we have the inequality

J ′(Pp−1; n, k − n;�) ≤ J (P1; n, k − n)

(we use the fact that if a certain number is added to the solution of system (3.4), then
a solution of system (3.4) is again obtained).

Let D(�) be the number of solutions of the system of equations

xν1 + · · · + xνn − yν1 − · · · − yνn = pνλν, ν = 1, 2, . . . , n.
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Then, denoting the sum over all possible sets � by the symbol
∑
�

, we obtain

J ′ =
∑
�

D(�)J ′(Pp−1; n, k−n;�) ≤ J (P1; n, k−n)
∑
�

D(�)=J (P1; n, k−n)T ,

where T is the number of solutions of the system of congruences

xν1 + · · · + xνn − yν1 − · · · − yνn ≡ 0 (mod pν), ν = 1, 2, . . . , n,

1 ≤ x1, . . . , xn, y1, . . . , yn ≤ P.

The estimate in Lemma 3.9 can be applied to T :

T ≤ n!p0.5r(r−1)P n.

Hence, collecting the estimates obtained, we obtain the following inequality for J1:

J1 ≤ n!
(
k

n

)2

r2p2k−2n+0.5r(r−1)P nJ (P1; n, k − n),

where p denotes one of the numbers ps for which the expression in the right-hand
side takes its maximum.

Now we estimate J2. The value of J2 is the number of solutions of system of equa-
tions (3.4) under the assumption thatx = (x1, . . . , xn) ∈ B andy = (y1, . . . , yn) ∈ B.
We find the upper bound for the number of elements x ∈ B. Let ps be one of the
numbers p1, . . . , pr . For each set x = (x1, . . . , xn) ∈ B, we consider the set x(s)

consisting of the remainders obtained by dividing the coordinates of x by ps :

x(s) = (x
(s)
1 , . . . , x

(s)
k ), xi ≡ x

(s)
i (mod ps), 0 ≤ x

(s)
i < p, i = 1, . . . , k.

We let Bs denote the set of the sets x(s) thus obtained. Let us estimate the number
of elements of Bs . It does not exceed the number(

ps

n− 1

)
(n− 1)k.

Thus for each x − (x1, . . . , xk) ∈ B we have obtained the system of congru-
ences x ≡ x(s) (mod ps) (s = 1, . . . , r). It is possible to replace this system of
congruences by a single congruence of the form x ≡ M (mod p1 . . . pr), where
M = (M1, . . . ,Mk) is a fixed set and 0 ≤ Mi < p1 . . . pr (i = 1, . . . , k). Since each
coordinate of x does not exceed P < p1 . . . pr , the last congruence is equivalent to
the equation x = M .

So the number of set B does not exceed the number of sets M , i.e., the product(
p1

n− 1

)
(n− 1)k . . .

(
pr

n− 1

)
(n− 1)k.
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Now we estimate the number of y = (y1, . . . , yk) under the assumption that
they satisfy system (3.4). If we fix k − n of them, then the remaining numbers are
uniquely determined with accuracy of the order of the terms, i.e., the number of all
y = (y1, . . . , yk) does not exceed n!P k−n.

So we have

J2 ≤ (n− 1)kr
(
p1

n− 1

)
. . .

(
pr

n− 1

)
n!P k−n ≤ n2krP k−1.

Combining the estimates for J1 and J2, we find the recursive formula

J ≤ 2J1 + 2J2 ≤ 2r2
(
k

n

)2

n!p2k−2n+0.5r(r−1)P nJ (P1; n, k − n)+ (2n)2krP k−1.

Making the right-hand side less sharp, we arrive at the statement of the lemma:

J ≤ 4k2np2k−2n+0.5r(r−1)P nJ (P1; n, k − n)+ (2n)2krP k. ��

Theorem 3.6 (The mean value theorem). Let n, k, τ be natural numbers, and let

�(τ) = 0.5(n2 + n)− 0.5n2(1 − 1/n)τ , �(τ ) = 1.5(n+ 1)2τ.

Then the estimate

J = J (P ; n, k) ≤ n2�(τ)n2�(τ)(8k)2nτP 2k−�(τ)

holds for k ≥ nτ and P ≥ 1.

Proof. Without loss of generality, we can assume that k = nτ and n ≥ 2. We proceed
by induction on the parameter τ . For τ = 1 the statement of the theorem holds, since
in this case k = n, �(1) = n, �(1) = 1.5(n+ 1)2, and the estimate takes the form

J ≤ n2n2
21.5(n+1)2(8n)2nP 2k−n,

which is somewhat less sharp than the estimate

J ≤ n!P 2k−n,

which we can simply obtain.
Now we assume that the theorem holds for τ = m ≥ 1 and prove it for τ = m+1.

We estimate J (P ; n, n(m+ 1)) by using the estimate in Lemma 3.10 with r = n. We
obtain

J (P ; n, n(m+ 1)) ≤ 4
(
n(m+ 1)

)2n
p2n(m+1)+2n+0.5n(n−1) (3.26)

× PnJ (P1; n,mn)+ (2n)2n
2(m+1)P n(m+1).
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To estimate J (P1; n, nm), we use the estimate in the theorem with τ = m:

J (P1; n, nm) ≤ n2�(m)n2�(m)(8nm)2nmP 2nm−�(m)
1 . (3.27)

We substitute (3.27) into (3.26) and show that the estimate thus obtained is not
less sharp than the estimate in the theorem with τ = m + 1. We can assume that
P > (4k)2, since otherwise the estimate in the theorem is less sharp than the trivial
estimate by P 2k . Indeed, we always have �(m + 1) ≤ n(m + 1), and hence for
P ≤ (4k)2, k = n(m+ 1), and τ = m+ 1, we have

P 2k ≤ (4k)2n(m+1) ≤ (8k)2n(m+1)n2n�(m+1)P 2k−�(m+1).

So let P > (4k)2. Then we have

pP−1 ≤ 2P−1+1/n ≤ 2P−1/2 ≤ (2k)−1,

P
2k−2n−�(m)
1 = (Pp−1 + 1)2k−2n−�(m)

≤ P 2k−2n−�(m)p−2k+2n+�(m)
(

1 + 1

2k

)2k

≤ 3P 2k−2n−�(m)p−2k+2n+�(m).

Hence the first term in the right-hand side of (3.26) does not exceed

12k2nn2�(m)n2�(m)(8nm)2nmp�(m)+0.5n(n−1)P 2k−n−�(m)

≤ 12k2nn2�(m)n2�(m)+�(m)+0.5n(n−1)(8nm)2nm

× P 2k−n−�(m)+�(m)/n+0.5(n−1)

≤ 0.5n2�(m+1)n2�(m+1)(8k)2n(m+1)P 2k−�(m+1),

because it follows from the definition of �(τ) and �(τ) that

�(m+ 1) = �(m)+ n+ 0.5 − (0.5n+�(m)/n),

�(m+ 1) > �(m)+�(m)+ 0.5n(n− 1).

Since we always have�(τ) ≤ k, we can assume that P > (2n)2n. Otherwise, the
product of the first two factors in the estimate in the theorem exceeds the contribution
of lower P and the statement becomes trivial. So we have

P > (2n)2n,
(
(2n)−2nP

)k−�(m+1) ≥ 1,

(2n)2knP k((2n)−2nP )k−�(m+1) ≥ (2n)2knP k,

i.e.,

(2n)2knP k ≤ (2n)�(m+1)nP 2k−�(m+1)

≤ 0.5n2�(m+1)n2�(m+1)(8k)2n(m+1)P 2k−�(m+1).
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Thus we have obtained the desired estimate for J (P ; n, nτ) with τ = m + 1. The
proof of the theorem is complete. ��

From this theorem and estimates of trigonometric sums we obtain a “simplified
upper bound” for J . Now let us study a slightly more general variable I . To this end,
we consider the system of equations

x1 + x2 + · · · + xk = N1,

x2
1 + x2

2 + · · · + x2
k = N2,
...

xn1 + xn2 + · · · + xnk = Nn,

(3.28)

where n ≥ 3, k,N1, . . . , Nn, P are natural numbers, and x1, x2, . . . , xk are integer-
valued unknowns such that 1 ≤ x1, . . . , xk ≤ P . We let I denote the number of
solutions of this system.

Theorem 3.7. For k ≥ n2(4 ln n+2 ln ln n+9) and k ≤ P 0.1, the asymptotic formula
holds:

I = I (P ; n, k;N1, . . . , Nn)

= σγP k−0.5n(n+1) + θn30n3
P k−0.5n(n+1)−(30(2+ln n))−1

,
(3.29)

as well as the estimate I ≤ n30n3
P k−0.5n(n+1). Here θ (|θ | ≤ 1) is a real number and

σ, γ are nonnegative numbers. The value of σ is equal to the sum of the “singular
series in the Hilbert–Kamke problem,” and the value of γ is equal to the value of the
“singular integral in the Hilbert–Kamke problem.”

Namely,

σ =
∞∑
q1=1

· · ·
∞∑
qn=1

∑
0≤a1<q1
(a1,q1)=1

· · ·
∑

0≤an<qn
(an,qn)=1

q−kV k exp{2πiA},

γ =
∫ +∞

−∞
· · ·

∫ +∞

−∞
Wk exp{−2πiB} dβ1 . . . dβn,

where

q = q1 . . . qn,

V =
q∑
x=1

exp

{
2πi

(
a1x

q1
+ · · · + anx

n

qn

)}
, A = a1N1

q1
+ · · · + anNn

qn
,

W =
∫ 1

0
exp{2πi(β1x + · · · + βnx

n)} dx, B = β1N1

P
+ · · · + βnNn

P n
.

The absolute convergence exponent of the singular seriesσ is 0.5n(n+1)+2, while the
absolute convergence exponent of the singular integral γ is equal to 0.5n(n+ 1)+ 1.
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First, we note that the absolute convergence exponents of the series σ and the
integral γ were found in Chapters 1 and 2. Next, for I we have the trivial estimate
I ≤ P k , because the number of all possible sets of integers x1, . . . , xk satisfying
the inequalities 1 ≤ x1, . . . , xk ≤ P is, obviously, equal to P k . If the value of P in
Theorem 3.7 is less than n40n, then the estimate of the remainder term in the asymptotic
formula in the theorem is less sharp than the above trivial estimate of I and this formula
becomes meaningless. Therefore, in what follows, we assume that P ≥ n40n. We
rewrite I as

I =
∫ 1

0
· · ·

∫ 1

0
Sk(A) exp{−2πi(α1N1 + · · · + αnNn)} dA, (3.30)

where A is a point of the n-dimensional space with coordinates α1, . . . , αn and S(A)
is the trigonometric sum,

S(A) =
P∑
x=1

exp{2πif (x)}, f (x) = α1x + · · · + αnx
n.

Since the integrand function is periodic in α1, . . . , αn with period 1, the interval
of integration with respect to the variables α1, . . . , αn in the multiple integral can be
replaced by the domain � determined by the inequalities

−P 0.3−s < αs < 1 − P 0.3−s , s = 1, 2, . . . , n.

We let ω(a, q) denote the domain A of points satisfying the conditions

αs = as

qs
+ zs, |zs | < P 0.3−s ,

(as, qs) = 1, 0 ≤ as < qs, s = 1, . . . , n.

Here the numbers as and qs are the sth coordinates of the sets of integers a and q.
Next, letQ be the least common multiple of the numbers q1, . . . , qn. We divide all

points of the domain � into two classes. All points of the domains ω(a, q) for which
Q ≤ P 0.3 belong to the first class �1. All other points of the domain � belong to
the second class �2. We note that two distinct domains ω(a, q) and ω(a′, q ′) whose
points belong to the first class do not intersect. Indeed, we assume that such domains
ω(a, q) and ω(a′, q ′) have a common point A. Then for all s (s = 1, . . . , n) we have
the relations

αs = as

qs
+ zs = a′

s

q ′
s

+ z′s;

in addition, |zs |, |z′s | < P 0.3−s and for some s (1 ≤ s ≤ n) we have as/qs �= a′
s/q

′
s .

Consequently,
as

qs
− a′

s

q ′
s

= z′s − zs.
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Passing to inequalities, we obtain

P−0.6 ≤ 1

qsq ′
s

≤
∣∣∣∣asqs − a′

s

q ′
s

∣∣∣∣ = |z′s − zs | ≤ 2P 0.3−s ≤ 2P−0.7,

which is impossible, since P 0.1 > 2 by the inequality P ≥ n40n.
Prior to proving the theorem, we prove two lemmas.

Lemma 3.11. Suppose that a point A belongs to the domain � and its coordinates
αs (s = 1, . . . , n) are represented in the form αs = as/qs + zs , where (as, qs) = 1,
|zs | ≤ τ−1

s = P 0.5−s . Suppose that the least common multiple Q of the numbers
q1, . . . , qn satisfies the condition Q ≤ P 0.3. Then for the sum

S(A) =
P∑
x=1

exp{2πi(α1x + · · · + αnx
n)},

we have the asymptotic formula

S(A) = PQ−1VW + R,

where

V =
Q∑
x=1

exp

{
2πi

(
a1x

q1
+ · · · + anx

n

qn

)}
,

W =
∫ 1

0
exp{2πi(z1Px + · · · + znP

nxn)} dx, |R| ≤ 9nQ.

Proof. We represent the summation variable in the sum S(A) as x = Qy+ t , where t
satisfies the condition 1 ≤ t ≤ Q. Then S(A) = S1(A)+ θQ, where |θ | ≤ 1,

S1(A) =
Q∑
t=1

P1∑
y=0

exp{2πif (Qy + t)},

f (x) = α1x + · · · + αnx
n, P1 = [PQ−1] + 1.

Since Q is a multiple of all numbers q1, . . . , qn, we have

f (Qy + t) = α1(Qy + t)+ · · · + αn(Qy + t)n

= a1

q1
(Qy + t)+ · · · + an

qn
(Qy + t)n+ z1(Qy + t)+ · · · + zn(Qy + t)n

= a1

q1
t + · · · + an

qn
tn + z1(Qy + t)+ · · · + zn(Qy + t)n +H,
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where H is an integer. Therefore,

S1(A) =
Q∑
t=1

exp

{
2πi

(
a1t

q1
+ · · · + ant

n

qn

)}

×
P1∑
y=0

exp
{
2πi

(
z1(Qy + t)+ · · · + zn(Qy + t)n

)}
.

Let S(t) be the internal sum in the right-hand side of the last relation. Then

S1(A) =
Q∑
t=1

e(t)S(t), e(t) = exp

{
2πi

(
a1t

q1
+ · · · + ant

n

qn

)}
.

We set ϕ(y) = z1(Qy + t)+ · · · + zn(Qy + t)n and obtain∣∣∣∣dϕ(y)dy

∣∣∣∣ =
∣∣∣∣ n∑
s=1

zs(Qy + t)s−1sQ

∣∣∣∣ ≤
n∑
s=1

τ−1
s P s−1sQ

≤
n∑
s=1

sP 0.5−sP s−1P 0.3 ≤ 0.5n(n+ 1)P−0.2 ≤ 0.05,

because |zs | ≤ P 0.5−s , Q ≤ P 0.3, and Qy + t ≤ P .
Next, since the derivative of the function ϕ(y) is a polynomial of degree n − 1,

the interval 1 ≤ y ≤ P can be divided into at most 2n − 2 intervals on which this
derivative is monotone and of constant sign. Hence the sum S(t) can be divided intom
sums (m ≤ 2n − 2) so that each new sum satisfies the assumptions of Lemma A.2
with δ = 0.05. Consequently, each such sum can be replaced by an integral so that
the error does not exceed 3 + 2δ/(1 − δ) < 4a. Hence for some |θ1| ≤ 1 we obtain

S(t) =
∫ P1

0
exp{2πiϕ(y)} dy + 8θ1(n− 1).

We change the variable in the integral by setting x = P−1(Qy+ t) and thus obtain

S(t) = PQ−1
∫ P−1(QP1+t)

tP−1
exp{2πig(x)} dx + 8θ1(n− 1) = PQ−1W + 8θ2n,

where g(x) = z1Px + · · · + znP
nxn and |θ2| ≤ 1. Now, because |V | ≤ Q, we have

S1(A) =
Q∑
t=1

e(t)S(t) = PQ−1VW + 8θ2nQ,

and hence

S(A) = S1(A)+ θQ = PQ−1VW + R, |R| ≤ 9nQ,

as required. The proof of the lemma is complete. ��
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Lemma 3.12. Suppose that the point A belongs to the second class. Then the sum
S(A) satisfies the estimate

|S(A)| ≤ (2n)2n+11P 1−ρ, ρ = (
8n2(ln n+ 1.5 ln ln n+ 4.2)

)−1
.

Proof. According to the well-known theorem in elementary number theory, each
coordinate αs of the point A can be represented as

αs = as

qs
+ zs, (as, qs) = 1, 0 < qs ≤ τs = P s−0.5,

|zs | ≤ (qsτs)
−1, s = 1, . . . , n.

Let Q be the least common multiple of the numbers q1, . . . , qn, i.e., let Q =
[q1, . . . , qn]. First, we assume that Q ≤ P 0.3. In this case, by Lemma 3.11, the sum
S(A) satisfies the asymptotic formula

S(A) = PQ−1VW + R, |R| ≤ 9nQ ≤ 9nP 0.3.

Since the point A belongs to the second class, we have |zs | ≥ P 0.3−s for some s
(1 ≤ s ≤ n). Therefore, using Lemma 1.4 (see Chapter 1) to estimate the integral

W =
∫ 1

0
exp{2πig(x)} dx, g(x) =

n∑
s=1

zsP
sxs,

we obtain
|W | ≤ 25P−0.3ν, ν = n−1,

because in this case we have

max
(|z1|P, . . . , |zn|Pn

) ≥ P 0.3.

Consequently,

|S(A)| ≤ PQ−1|V | |W | + |R| ≤ 26P 1−0.3ν ≤ (2n)2n+11P 1−ρ,

i.e., the statement of the lemma is proved for Q ≤ P 0.3.
Now let Q > P 0.3, and let Q0 = [q2, . . . , qn]. If it turns out that

Q0 > P 0.5−0.4ν , then the desired result follows from Theorem 3.2, since |S(A)|
satisfies the estimate

|S(A)| ≤ cP 1−ρ, ρ = (
8n2(ln n+ 1.5 ln ln n+ 4.2)

)−1
,

where
c = c(n) = (

n(n+ 1) ln ρ−1)3/2
(2n)2(n+1) < (2n)2n+11;

hence |S(A)| ≤ (2n)2n+11P 1−ρ , as stated in the lemma.
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Now it remains to consider the case where Q > P 0.3, but Q0 < P 0.5−0.4ν . Here,
as in the proof of Lemma 3.11, by setting

S(A) =
Q0∑
t=1

∑
1≤x≤P

x≡t (mod Q0)

exp{2πif (x)},

we divide the interval of summation in the sum S(A) into progressions. Then S(A) =
S1(A)+ R, where

S1(A) =
Q0∑
t=1

P1∑
y=1

exp{2πif (Q0y + t)}, P1 = [PQ−1
0 ] + 1, |R| ≤ Q0.

The number Q0 is a multiple of all q2, . . . , qn, but possibly not of q1. Therefore,

f (Q0y + t) =
n∑
s=1

αs(Q0y + t)s =
n∑
s=1

(
as

qs
+ zs

)
(Q0y + t)s

= by

q1
+

n∑
s=1

ast
s

qs
+

n∑
s=1

zs(Q0y + t)s +H,

where b is the least in the absolute value residue of the number aQ0 modulo q1 and
where H is an integer. Hence we have |bq−1

1 | ≤ 0.5 as well as

S1(A) =
Q0∑
t=1

exp

{
2πi

(
a1t

q1
+ · · · + ant

n

qn

)}
S(t),

where

S(t) =
P1∑
y=0

exp{2πiϕt (y)}, ϕt (y) = by

q1
+

n∑
s=1

zs(Q0y + t)s .

We estimate the derivative of the function ϕt (y) with respect to the variable y:∣∣∣∣dϕt (y)dy

∣∣∣∣ =
∣∣∣bq−1

1 +Q0

n∑
s=1

szs(Q0y + t)s−1
∣∣∣

≤ 0.5 + P 0.5−0.4ν
n∑
s=1

sP 0.5−sP s−1 ≤ 0.5 + n2P−0.4ν < 0.6,

becauseQ0 < P 0.5−0.4ν , |zs | ≤ τ−1
s = P 0.5−s ,P ≥ n40n, which implies n2P−0.4ν <

n−8 < 0.1. Dividing the range of the variable y into intervals on which the derivative
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of the function ϕt (y) is monotone and of constant sign (the number of such intervals
is at most 2n− 2) and applying Lemma A.2, we obtain

S(t) =
∫ P1

0
exp{2πiϕt (y)} dy + R1

= PQ−1
0

∫ 1

0
exp{2πig(x)} dx + R2 = PQ−1

0 W(t)+ R2,

where |R1| ≤ 12(n− 1), |R2| ≤ 12n− 1,

g(x) = − tb

Q0q1
+ P

(
b

Q0q1
+ z1

)
x +

n∑
s=2

P szsx
s.

Obviously, the variable W(t) is determined by the last relation. The number b is
integer and if b �= 0, then the absolute value of the coefficient of the first power of the
unknown in the polynomial g(x) can be estimated as follows:∣∣∣∣P( b

Q0q1
+ z1

)∣∣∣∣ ≥ P

∣∣∣∣ 1

Q0q1
− 1

q1τ1

∣∣∣∣ ≥ Pq−1
1 (P 0.4ν−0.5 − P−0.5)

≥ 0.5Pτ−1
1 P 0.4ν−0.5 = 0.5P 0.4ν, ν = n−1.

Therefore, applying Lemma 1.4 (see Chapter 1) to the integral W(t), we obtain

|W(t)| ≤ 26P−0.4ν2
.

This implies the estimate

|S(A)| ≤ |S1(A)| + |R| ≤
Q0∑
t=1

|S(t)| + |R|

≤
Q0∑
t=1

(
PQ−1

0 |W(t)| + |R1|
) + |R| < 102P 1−0.4ν2

,

and this estimate is much sharper than the desired estimate.
But if b = 0, then Q0 = Q and Q0 ≥ P 0.3. In this case the coefficients of the

polynomial g(x) are independent of t and we have the relations

W(t) = W, S(A) = PQ−1VW + R3,

|R3| ≤ |R| +
Q0∑
t=1

|R2| ≤ 12nQ ≤ 12nP 0.3,

where V and W have the same values as in Lemma 3.11.
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Now, estimating the sum V by Theorem 2.2 (see Chapter 2), we obtain the fol-
lowing estimate for S(A):

|S(A)| ≤ 2e7nP 1−0.3ν,

which is sharper than the desired estimate. So the proof of the lemma is complete. ��

Proof of Theorem 3.7. According to the partition of the domain � into the classes �1
and�2, we can represent the integral I as the sum I = I1 +I2, where I1 is the integral
over the domain �1 and I2 is the integral over the domain �2. So we have

I1 =
∫
�1

Sk(A) exp{−2πi(α1N1 + · · · + αnNn)} dA,

I2 =
∫
�2

Sk(A) exp{−2πi(α1N1 + · · · + αnNn)} dA.

In what follows, we derive an asymptotic formula for the integral I1 and find an
upper bound for the modulus of the integral I2.

First, we consider the integral I2. Let k0, k1, and k2 be natural numbers such that
k0 = k1 + 2k2 ≤ k. Then we have

|I2| ≤
∣∣∣∣ ∫
�2

Sk(A) exp{−2πi(α1N1 + · · · + αnNn)} dA

≤
∫
�2

|Sk(A)| dA ≤ P k−k0 max
A∈�2

|S(A)|k1

∫
�

|S(A)|2k2 dA.

Now we set k1 = n2 and k2 = n2([ln ρ−1] + 1), where

ρ = (
8n2(ln n+ 1.5 ln ln n+ 4.2)

)−1
.

Applying Lemma 3.11 to estimate max�2 |S(A)|k1 and estimating∫
�

|S(A)|2k2 dA

by Theorem 3.6, we obtain

I2 ≤ P k−k0 max
A∈�2

|S(A)|n2
∫
�

|S(A)|2k2 dA

≤ P k−k2(2n)2n
3+11n2

Pn
2−n2ρ 22n2τ n2n�(8k2)

2nτP 2k2−� = c1P
c2 ,

where τ = k2n
−1, � = 0.5n(n+ 1)− 0.5n2(1 − n−1)τ , and c1 and c2 are obviously

determined by the last relation.
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Since (1 − n−1)n < e−1, we have

(1 − n−1)τ ≤ ρ, � ≥ 0.5n(n+ 1)− 0.5n2ρ.

In addition, since n ≥ 3, we have

0.5n2ρ >
(
30(2 + ln n)

)−1
,

τ = n[ln ρ−1] + n ≤ n ln(8n2(ln n+ 1.5 ln ln n+ 4.2)) ≤ n(2 ln n+ ln ln n+ 4),

k0 = k1 + 2k2 ≤ n2(4 ln n+ 2 ln ln n+ 9).

Hence

c1 = (2n)2n
3+11n2

22n2τ n2n�(8k2)
2nτ < 0.5n30n3

,

c2 = k − k0 + n2 − n2ρ + 2k2 − 0.5n(n+ 1)+ 0.5n2ρ

= k − 0.5n(n+ 1)− 0.5n2ρ = k − 0.5n(n+ 1)− (
30(2 + ln n)

)−1
.

Thus we obtain the following final estimate for |I2|:
|I2| ≤ 0.5n30n3

P k−0.5n(n+1)−(30(2+ln n))−1
. (3.31)

Now we consider the integral I1. Since the domains ω(a, q) do not intersect
pairwise, the integral can be represented as the sum of integrals

I1 =
P 0.3∑
a,q

Ia,q ,

where the sum
∑P 0.3

a,q is taken over all pairs of sets of integers (a, q) such that (as, qs) =
1 (0 ≤ as < qs) for s = 1, . . . , n, Q ≤ P 0.3, and the integral Ia,q is given by the
relation

Ia,q =
∫
ω(a,q)

Sk(A) exp{−2πi(α1N1 + · · · + αnNn)} dA.

Recall that Q is the least common multiple of the numbers q1, . . . , qn, i.e., Q =
[q1, . . . , qn]. The trigonometric sum S(A) in the last integral satisfies the assumptions
of Lemma 3.11. Hence we have the following asymptotic formula for S(A):

S(A) = PQ−1VW + R,

where

V =
Q∑
x=1

exp

{
2πi

(
a1x

q1
+ · · · + anx

n

qn

)}
,

W =
∫ 1

0
exp{2πi(z1Px + · · · + znP

nxn)} dx, |R| ≤ 9nQ ≤ 9nP 0.3.
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Substituting this formula into the expression for Ia,q , we obtain

Ia,q =
∫
ω(a,q)

Sk(A) exp{−2πi(α1N1 + · · · + αnNn)} dA

=
∫
ω(a,q)

(PQ−1VW + R)k exp{−2πi(α1N1 + · · · + αnNn)} dA

=
∫
ω(a,q)

(PQ−1VW)k exp{−2πi(α1N1 + · · · + αnNn)} dA

+
k−1∑
s=0

∫
ω(a,q)

(PQ−1VW)sRk−s
(
k

s

)
exp{−2πi(α1N1 + · · · + αnNn)} dA

= I3 +
k−1∑
s=0

rs

(the integrals I3 and rs (s = 0, . . . , k − 1) are determined in an obvious way by the
last relation).

Now we estimate each of the integrals rs . For s < 2n2, using the trivial estimates
P 0.1 > 18n, |W | ≤ 1, and

(
k
s

)
< 2k , we obtain

|rs | ≤
∫
ω(a,q)

∣∣∣∣(PQ−1VW)sRk−s
(
k

s

)∣∣∣∣ dA
≤ P s(9n)k−sP 0.3k−0.3s · 2k ≤ (18n)kP 0.7s+0.3k ≤ P 0.7s+0.4k.

For s ≥ 2n2, it follows from the estimates(
k

s

)
< kk−s , k ≤ P 0.1, P 0.1 > 9n,

that

|rs | ≤
∫
ω(a,q)

∣∣∣∣(PQ−1VW)sRk−s
(
k

s

)∣∣∣∣ dA
≤ |Q−1V |sP s(9nP 0.3)k−skk−s

∫
ω(a,q)

|W |s dA

≤ |Q−1V |sP 0.5(k+s)
∫
ω(a,q)

|W |s dA.

Now we consider the integral

I4 =
∫
ω(a,q)

|W |s dA.

We change the integration variables in this integral by setting

u1 = z1P =
(
α1 − a1

q1

)
P, . . . , un = znP

n =
(
αn − an

qn

)
Pn.
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We obtain

I4 =P−0.5n(n+1)
∫ P 0.3

−P 0.3
. . .

∫ P 0.3

−P 0.3

∣∣∣∣ ∫ 1

0
exp{2πi(u1x + · · · + unx

n)} dx
∣∣∣∣sdu1 . . . dun.

We divide the domain of integration over the variables u1, . . . , un into the parts
ω0, ω1, . . . , ωt , . . . as follows. Suppose that u0 = max(|u1|, . . . , |un|). For each
value of the subscript t (t = 1, . . . , T ), we define the domain ωt by the condition

2t−1 < u0 ≤ 2t .

The points (u1, . . . , un) for which u0 ≤ 1 belong to the domain ω0. We note that,
starting from the number T = [log2 P

0.3] + 1, the domains ωt are empty. Hence for
the integral I4 we have the estimate

I4 ≤ P−0.5n(n+1)
T∑
t=0

∫
ω1

∣∣∣∣ ∫ 1

0
exp{2πi(u1x + · · · + unx

n)}dx
∣∣∣∣s du,

where (u1, . . . , un) is a point of the domain ωt . By Lemma 1.4 (see Chapter 1), for
the integral

W1 =
∫ 1

0
exp{2πi(u1x + · · · + unx

n)} dx,
we have the estimate

|W1| ≤ min(1, 32u−1/n
0 ).

Since for t = 1, . . . , T the volume of the domain ωt is, obviously, equal to
2(t+1)n − 2tn, we use the above estimate for I4 and, taking into account the inequality
s ≥ 2n2, obtain

I4 ≤ P−0.5n(n+1)
(

1 +
5n∑
t=0

(
2(t+1)n − 2tn

) +
T∑

t=5n+1

(25−t/n)s2(t+1)n
)

≤ P−0.5n(n+1)
(

2(5n+1)n +
T∑

t=5n+1

210n2+n−tn) ≤ P−0.5n(n+1) · 25n2+n+1

< 26n2
P−0.5n(n+1).

Hence, for s ≥ 2n2, the integral rs can be estimated as

|rs | ≤ 26n2
P 0.5s+0.5k−0.5n(n+1) |Q−1V |s .

So we have obtained the asymptotic formula

Ia,q = I3 + R1,
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where

|R1| ≤ 2n2P 1.4n2+0.4k + 26n2
P 0.5(k−n(n+1))

k−1∑
s=2n2

P 0.5s |Q−1V |s .

Hence for the integral I1 we have the relation

I1 =
P 0.3∑
a,q

Ia,q =
P 0.3∑
a,q

I3 +
P 0.3∑
a,q

R1.

We let the symbol
∑′ b

a denote the summation over positive integers d that so
not exceed b and run through the above system of residue modulo b. If [q1, . . . , qn]
denotes, as usual, the least common multiple of the numbers q1, . . . , qn, then the sum∑P 0.3

a,q can be written as

P 0.3∑
a,q

· · · =
∑

Q≤P 0.3

∑
q1

· · ·
∑
qn

[q1,...,qn]=Q

q1∑′

a1

· · ·
qn∑′

an

· · · .

Further, we set

I5 =
P 0.3∑
a,q

I3, R2 =
P 0.3∑
a,q

.

We estimate the variable R2. For a fixed Q, we have

∑
q1

· · ·
∑
qn

[q1,...,qn]=Q

q1∑′

a1

· · ·
qn∑′

an

1 ≤
∑
q1|Q

ϕ(q1) · · ·
∑
qn|Q

ϕ(qn) = Qn. (3.32)

Hence
P 0.3∑
a,q

1 ≤
∑

Q≤P 0.3

Qn ≤ 1 +
∫ P 0.3

1
xn dx ≤ P 0.3(n+1).

Therefore, |R2| ≤ A+ B
∑

1, where

A = 2n2P 1.4n2+0.4k+0.3(n+1), B = 26n2
P 0.5(k−n(n+1)),∑

1
=

∑
Q≤P 0.3

k−1∑
s=2n2

∑
q1

· · ·
∑
qn

[q1,...,qn]=Q

q1∑′

a1

· · ·
qn∑′

an

P 0.5s |Q−1V |s .

We divide the interval of summation over Q in the sum
∑

1 into two the parts:
Q ≤ exp{7n2} and Q > exp{7n2}. If it turns out that P 0.3 ≤ exp{7n2}, then we
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assume that the second part is empty. We obtain
∑

1 = ∑
2 +∑

3, where
∑

2 is the
part of the sum

∑
1 corresponding to the first interval of summation and

∑
3 is the

part of the sum
∑

1 corresponding to the second interval.
Using the trivial estimate |Q−1V | ≤ 1 and inequality (3.32), we estimate the sum

∑
2

≤
k−1∑
s=2n2

P 0.5s
∑

Q≤exp{7n2}
Qn ≤ exp{7n2(n+ 1)}P 0.5k−0.5.

In the sum
∑

3, we estimate |Q−1V | by using Theorem 2.2 (see Chapter 2). We obtain

∑
3

≤
k−1∑
s=2n2

P 0.5s
∑

Q>exp{7n2}
Qn(exp{7n}Q−1/n)s

≤
k−1∑
s=2n2

P 0.5s0.5 exp{7n2(n+ 1)} ≤ exp{7n2(n+ 1)}P 0.5k−0.5.

From the above estimates for the sums
∑

2 and
∑

3, we obtain the following
estimate for the sum

∑
1:∑

1
=

∑
2
+
∑

3
≤ 2 exp{7n2(n+ 1)}P 0.5k−0.5.

Next, since k ≥ 9n2, we have

A = 2n2P 1.4n2+0.4k+0.3n+0.3 < Pk−0.5n(n+1)−0.5,

|R2| ≤ A+ B
∑

1
≤ exp{8n3}P k−0.5n(n+1)−0.5.

Now we consider the variable I5. By definition, we have

I5 =
P 0.3∑
a,q

I3, I3 =
∫
ω(a,q)

(PQ−1VW)k exp{−2πi(α1N1 + · · · + αnNn)} dA.

We extend the integration over A in the integral I3 to the entire space Rn by setting

I6 =
∫
Rn
(PQ−1VW)k exp{−2πi(α1N1 + · · · + αnNn)} dA.

Let R3 = I5 − ∑P 0.3

a,q I6. We estimate the variable R3. Let I7 be the difference
between the integrals I6 and I3. Then

I7 = I6 − I3 =
∫
ω1(a,q)

(PQ−1VW)k exp{−2πi(α1N1 + · · · + αnNn)} dA,
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where
ω1(a, q) = Rn \ ω(a, q).

We estimate the integral I7 as follows:

|I7| ≤
∫
ω1(a,q)

|PQ−1VW |k dA = |PQ−1V |k
∫
ω1(a,q)

|W |k dA.

We shall estimate the integral
∫
ω1(a,q)

|W |k dA just in the same way as we estimated
the integral I4. First, we change the integration variables by setting

u1 = z1P =
(
α1 − a1

q1

)
P, . . . , un = znP

n =
(
αn − an

qn

)
Pn.

We obtain∫
ω1(a,q)

|W |k dA

= P−0.5n(n+1)
∫

· · ·
∫

u0>P 0.3

∣∣∣∣ ∫ 1

0
exp{2πi(u1x + · · · + unx

n)} dx
∣∣∣∣k du1 . . . dun,

where u0 = max(|u1|, . . . , |un|). We divide the domain of integration over the vari-
ables u1, . . . , un into the parts ωt (t = T , T + 1, . . . ) determined by the condition
2t−1 < u0 ≤ 2t , where T = [log2 P

0.3] + 1. Using the estimate in Lemma 1.4 (see
Chapter 1) for the integral

W1 =
∣∣∣∣ ∫ 1

0
exp{2πi(u1x + · · · + unx

n)} dx
∣∣∣∣ ≤ 32u−1/n

0 ,

we obtain (here u = (u1, . . . , un))∫
u0>P 0.3

|W1|k du ≤
+∞∑
t=T

∫
ω1

|W1|k du

≤
+∞∑
t=T−1

(25−t/n)k2(t+1)n ≤ P−k/n25k+k/n+1 < P−1.

It follows from this estimate that

|R3| =
∣∣∣∣I5 −

P 0.3∑
a,q

I6

∣∣∣∣ =
∣∣∣∣ P

0.3∑
a,q

I7

∣∣∣∣ ≤
P 0.3∑
a,q

|I7|

≤
P 0.3∑
a,q

|PQ−1V |k
∫
ω1(a,q)

|W |k dA ≤ P k−0.5n(n+1)−1
P 0.3∑
a,q

|Q−1V |k.
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Repeating the argument used to estimate the sum
∑P 0.3

a,q |Q−1V |s word for word,

we obtain the following estimate for the sum
∑P 0.3

a,q |Q−1V |k:

P 0.3∑
a,q

|Q−1V |k ≤ exp{7n2(n+ 1)}.

Hence

|R3| =
∣∣∣I5 −

P 0.3∑
a,q

I6

∣∣∣ ≤ exp{7n2(n+ 1)}P k−0.5n(n+1)−1.

Now we extend the summation in the sum
∑P 0.3

a,q I6 to all natural numbersQ. We
let the symbol

∑
a,q I6 denote the series obtained after this change of the summation

interval. We estimate the difference R4 between these variables, i.e.,

R4 =
∑
a,q

I6 −
P 0.3∑
a,q

I6.

For this, we use the estimate in Lemma 1.4 (see Chapter 1) and relation (3.32) just as
in estimating the variable R2. We obtain

|Q−1V |k ≤ |Q−1V |2n2 ≤ exp{14n3}Q−2n,

|R4| ≤
∑

Q>P 0.3

∑
q1

· · ·
∑
qn

[q1,...,qn]=Q

q1∑′

a1

· · ·
qn∑′

an

|J6|

≤ P k
∫
Rn

|W |k dA
∑

Q>P 0.3

∑
q1

· · ·
∑
qn

[q1,...,qn]=Q

exp{14n3}Q−2n
q1∑′

a1

· · ·
qn∑′

an

1

≤ P k
∫
Rn

|W |k dA · exp{14n3}
∑

Q>P 0.3

Q−n

≤ (n− 1) exp{14n3}P k−0.6
∫
Rn

|W |k dA.

The variable
∫
Rn

|W |k dA is estimated similarly to the integral I4, only the summa-
tion over the parameter t is extended to the summation from zero to infinity. Therefore,
we have ∫

Rn
|W |k dA ≤ 26n2

P−0.5n(n+1). (3.33)
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We also note that the sum
∑
a,q |Q−1V |k is estimated according to the same

scheme as the sum
∑P 0.3

a,q |Q−1V |k and we have the same estimate for this sum:∑
a,q

|Q−1V |k ≤ exp{7n2(n+ 1)}.

Substituting estimate (3.33) into the last inequality, we obtain

|R4| ≤ exp{15n3}P k−0.5n(n+1)−0.6.

At the same time, we have proved that the series
∑
a,q I6 converges absolutely

and, moreover,∑
a,q

I6 ≤ P k
∫
Rn

|W |k dA
∑
a,q

|Q−1V |k ≤ exp{8n3}P k−0.5n(n+1). (3.34)

It follows from the above estimates for R2, R3, and R4 that∣∣∣I1 −
∑
a,q

I6

∣∣∣ = |R2 + R3 + R4| ≤ exp{15n3}P k−0.5n(n+1)−0.5.

Along with the above estimate for the integral I2, this implies

R5 =
∣∣∣I −

∑
a,q

I6

∣∣∣ =
∣∣∣I1 −

∑
a,q

I6 + I2

∣∣∣ ≤
∣∣∣I1 −

∑
a,q

I6

∣∣∣ + |I2|

≤ exp{15n3}P k−0.5n(n+1)−0.5 + 0.5n30n3
P k−0.5n(n+1)−(30(2+ln n))−1

≤ n30n3
P k−0.5n(n+1)−(30(2+ln n))−1

.

So for the variable I , we have obtained an asymptotic formula with the desired
remainder term. Now, to complete the proof of Theorem 3.7, it suffices to show that
its leading term can also be written in the form given in the statement of the theorem.
But, first, we use this formula to estimate the integral I and thus to obtain the second
assertion in the theorem.

From the estimate for the variable R5 and inequality (3.34) we obtain

I ≤ R5 +
∣∣∣∑
a,q

I6

∣∣∣ ≤ n30n3
P k−0.5n(n+1)−(30(2+ln n))−1

+ exp{8n3}P k−0.5n(n+1) ≤ n30n3
P k−0.5n(n+1).

Now we show that ∑
a,q

I6 = σγP k−0.5n(n+1).
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Indeed, let q = q1 . . . qn. Then we have

+∞∑
Q=1

∑
q1

· · ·
∑
qn

[q1,...,qn]=Q

· · · =
+∞∑
q1=1

· · ·
+∞∑
qn=1

· · · .

Hence ∑
a,q

I6 =
+∞∑
Q=1

∑
q1

· · ·
∑
qn

[q1,...,qn]=Q

q1∑′

a1

· · ·
qn∑′

an

∫
Rn
(PQ−1VW)k

× exp{−2πi(α1N1 + · · · + αnNn)} dA

=
+∞∑
q1=1

· · ·
+∞∑
qn=1

q1∑′

a1

· · ·
qn∑′

an

∫
Rn
(PQ−1VW)k

× exp{−2πi(α1N1 + · · · + αnNn)} dA.
We consider the integral I8 under the summation sign in the right-hand side of the

last relation. We have

I8 =
∫
Rn
(PQ−1VW)k exp{−2πi(α1N1 + · · · + αnNn)} dA

= (PQ−1V )k exp

{
− 2πi

(
a1N1

q1
+ · · · + anNn

qn

)}
×
∫ +∞

−∞
· · ·

∫ +∞

−∞
Wk exp{−2πi(z1N1 + · · · + znNn)} dz1 . . . dzn,

because α1 = a1/q1 + z1, . . . , αn = an/qn+ zn. We change the integration variables
by setting β1 = Pz1, . . . , βn = Pnzn and obtain∫ +∞

−∞
· · ·

∫ +∞

−∞
Wk exp{−2πi(z1N1 + · · · + znNn)} dz1 . . . dzn

=
∫ +∞

−∞
· · ·

∫ +∞

−∞

(∫ 1

0
exp{2πi(z1Px + · · · + znP

nxn)} dx
)k

× exp{−2πi(z1N1 + · · · + znNn)} dz1 . . . dzn

= P−0.5n(n+1)
∫ +∞

−∞
· · ·

∫ +∞

−∞

(∫ 1

0
exp{2πi(β1x + · · · + βnx

n)} dx
)k

× exp

{
− 2πi

(
β1N1

P
+ · · · + βnNn

P n

)}
dβ1 . . . dβn = γ.

Hence

I8 = γP k−0.5n(n+1)(Q−1V )k exp

{
− 2πi

(
a1N1

q1
+ · · · + anNn

qn

)}
.
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Now we note that

Q−1V = Q−1
Q∑
x=1

exp

{
2πi

(
a1x

q1
+ · · · + anx

n

qn

)}

= q−1
q∑
x=1

exp

{
2πi

(
a1x

q1
+ · · · + anx

n

qn

)}
.

Therefore,

∑
a,q

I6 =
+∞∑
q1=1

· · ·
+∞∑
qn=1

q1∑′

a1

· · ·
qn∑′

an

γ P k−0.5n(n+1)

× (Q−1V )k exp

{
2πi

(
a1N1

q1
+ · · · + anNn

qn

)}

= γP k−0.5n(n+1)
+∞∑
q1=1

· · ·
+∞∑
qn=1

q1∑′

a1

· · ·
qn∑′

an

×
(
q−1

q∑
x=1

exp

{
− 2πi

(
a1x

q1
+ · · · + anx

n

qn

)})k
× exp

{
− 2πi

(
a1N1

q1
+ · · · + anNn

qn

)}
= σγP k−0.5n(n+1),

as required. The proof of the theorem is complete. ��

The argument used in the proof of Theorem 3.7 allows us to obtain a somewhat
more general result. Moreover, the proof of this result differs from that of Theorem 3.7
only in the notation. In what follows, we state this result as Theorem 3.8 and assume
that it has already been proved together with Theorem 3.7.

Theorem 3.8. Let k ≥ n2(4 ln n + 2 ln ln n + 9), and let k ≤ P 0.1. Then for the
number l′ of solutions of the Diophantine equations

l∑
m=1

xsm −
k∑

m=l+1

xsm = Ns, s = 1, . . . , n,

where n ≥ 3, l ≤ k, 1 ≤ xm ≤ P (m = 1, . . . , k), the following asymptotic formula
holds:

I ′ = σ ′γ ′P k−0.5n(n+1) + θ ′n30n3
P k−0.5n(n+1)−(30(2+ln n))−1

,

as well as the estimate
I ′ ≤ n30n3

P k−0.5n(n+1).
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Here |θ ′| ≤ 1 andσ ′ andγ ′ are the singular series and the singular integral determined
by the relations

σ ′ =
+∞∑
q1=1

· · ·
+∞∑
qn=1

q1∑′

a1

· · ·
qn∑′

an

q−kV lV k−l exp{2πiA},

γ ′ =
∫ +∞

−∞
· · ·

∫ +∞

−∞
WlW

k−l
exp{2πiB} dβ1 . . . dβn.

The variables q, V, A, W have the same meaning as in Theorem 3.7.

As a corollary of Theorem 3.8, we obtain a simplified estimate in Vinogradov’s
mean value theorem for trigonometric sums.

Theorem 3.9. Let the variable J be the mean value of the sum S(A), namely, let

J = J (P ; k, n) =
∫ 1

0
· · ·

∫ 1

0
|S(A)|2k dA,

where k is a natural number, k ≥ 0.5n2(4 ln n+ 2 ln ln n+ 9), and the other notation
has the same meaning as previously. The following estimate holds:

J ≤ n30n3
P 2k−0.5n(n+1).

Proof. The statement of the theorem follows from the estimate of l′ in Theorem 3.8.
��

We point out the following fact. The problem of estimating J can be considered
as the limit case of the problem of estimating the number K of solutions of a system
of congruences of the form

x1 + · · · + xk ≡ xk+1 + · · · + x2k
...

xn1 + · · · + xnk ≡ xnk+1 + · · · + xn2k

1 ≤ x1, . . . , x2k ≤ P.

Indeed, if Q > k(P n − 1), then K = J . So the problem of estimating J is a
problem in comparison theory for an incomplete (“short”) system of residues. The
method considered above reduced this problem to the problem of estimating T , i.e.,
to a problem in comparison theory for a complete system of residues. Hence, the
use of the p-adic proof of the mean value theorem allows one to reduce estimating
incomplete trigonometric sums and even the Weyl sums (that can be treated as incom-
plete trigonometric sums) to estimating complete trigonometric sums. This general
consideration underlies the construction of the theory of multiple trigonometric sums.
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3.5 Linnik’s p-adic method for proving Vinogradov’s
mean value theorem

As already noted, the p-adic method for proving Vinogradov’s mean value theorem (in
a weaker form) was first proposed by Yu. V. Linnik. Here we state Linnik’s theorem
and outline the ideas underlying the proof.

Theorem 3.10. Suppose that n ≥ 3, ν = 1/n, σ = 1 − ν, t = [100n ln n], and
Q1 = P ν,Q2 = P νσ , . . . ,Qj = P νσ

j−1
, where j = 1, 2, . . . , t . Suppose that

qj1, qj2, . . . , qjQ′
j

are all primes between 0.5Qj andQj such thatQ′
j > cQj/ lnQj .

Suppose also that the variables x1, . . . , xv takes values of the form q1j1 , q2j2 , . . . , qtjt .
Then the number V of solutions of the system of equations

x1 + x2 + · · · + xv = M1,
...

xn1 + xn2 + · · · + xnv = Mn,

where v = 32tn, satisfies the inequality

V 
 Pv−0.5n(n+1)+n−50
.

Outline of the proof (here we follow Linnik’s paper [114]). 1. We consider a 16-dimen-
sional cube consisting of points of the form (x1, . . . , x16n), where xj are the variables
used in the theorem. It is easy to see that 0 ≤ xj ≤ P . Let q11, . . . , q1Q′

1
be the primes

in the statement of the theorem. A pointM = (x1, . . . , x16n) is called a singular point
of the first order if there exists precisely one number q1j such that, among any 2n
numbers x1, . . . , x16n, there exist two numbers congruent to each other modulo q1j .
The number q1j will be called the modulus belonging to the point M .

A pointM = (x1, . . . , x16n) is called a singular point of the second order if there
exist precisely two moduli q1j and q1k (j �= k), and so on. All singular points whose
order is larger than m = [n/4] are said to be essentially singular, while the points of
zero order are said to be regular. The set of all singular points of order j corresponding
to given moduli q11, . . . , q1j will be denoted by the letter G(q11, . . . , q1j ).

2. The number V can be represented by the integral

V =
∫ 1

0
· · ·

∫ 1

0

(∑′

x1

· · ·
∑′

xv

exp
{
2πi(α1(x1 + · · · + xv)+ · · ·

+ αn(x
n
1 + · · · + xnv ))

}
exp

{ − 2πi(α1M1 + · · · + αnMn)}
)
dα1 . . . dαn

≤
∫ 1

0
· · ·

∫ 1

0

∣∣∣∑′

x

exp{2πif (x)}
∣∣∣32nt

dα1 . . . dαn,



134 3 Weyl sums

where the prime on the sum means that x takes values of the form

q1j1 , . . . , qtjt , f (x) = α1x + · · · + αnx
n.

By Sq1j we denote a sum of the form∑′

x

exp{2πif (x)}

under the assumption that the first factor in the representation of x is equal to q1j . Let∑′ denote the summation over regular points. Then we have∫ 1

0
· · ·

∫ 1

0

∣∣∣∑′∣∣∣2∣∣∣∑′

x

exp{2πif (x)}
∣∣∣32n(t−1)

dα1 . . . dαn


 Q
32n(t−1)−1
1 P 32nQ

−0.5n(n+1)
1

Q′
1∑

j=1

∫ 1

0
· · ·

∫ 1

0
|Sq1j |32n(t−1) dα1 . . . dαn.

This estimate can be proved using Hölder’s inequality and the following Lemma α.

Lemma α. Suppose that q is a prime (n! < q < Pν), 0 < yj ≤ P (j = 1, . . . , n),
yi �≡ yj (mod q) (i �= j). Then the number W of solutions of the system of
congruences

y1 + y2 + · · · + yn ≡ M1 (mod q),

y2
1 + y2

2 + · · · + y2
n ≡ M2 (mod q2),
...

yn1 + yn2 + · · · + ynn ≡ Mn (mod qn),

where M1,M1, . . . ,Mn are fixed numbers, satisfies the estimate

W 
 Pnq0.5n(n+1).

3. The number of points in the set G(q11, . . . , q1j ) can be estimated using the
following Lemma β.

Lemma β (V. A. Tartakovskii). If V (q11, . . . , q1j ) is the number of points in the set
G(q11, . . . , q1j ) (j ≤ m), then

V (q11, . . . , q1j ) 
 P 16n(q11 . . . q1j )
−14n.
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4. By σj we denote a trigonometric sum of the form∑′

x1

· · ·
∑′

x16n

exp
{
2πi

(
f (x1)+ · · · + f (x16n)

)}
,

where the sum is taken over all singular points of order j and
∑
(q11, . . . , q1j ) denotes

a similar sum, but already over the set G(q11, . . . , q1j ). Then we have

|σj |2 
 Q
j
1

(∣∣∣∑(q11, . . . , q1j )

∣∣∣2 + · · · +
∣∣∣∑(q1Q′

1−j+1, . . . , q1Q′
1
)

∣∣∣2).
The Hölder inequality implies∣∣∣∑′

x

exp{2πif (x)}
∣∣∣32n(t−1) 
 |Sq11 |32n(t−1) + · · · + |Sq1j |32n(t−1)

+Q
32n(t−1)−1
1

(|Sq1 j+1 |32n(t−1) + · · · + |Sq1Q′
1
|32n(t−1)).

For k > j , we use Lemmas α and β to obtain

Q
j
1

∫ 1

0
· · ·

∫ 1

0

∣∣∣∑(q11, . . . , q1j )

∣∣∣2|Sq1k |32n(t−1) dα1 . . . dαn


 Q
−j
1 P 16nQ

−0.5n(n+1)
1 P 16nQ

−14nj
1

∫ 1

0
· · ·

∫ 1

0
|Sq1k |32n(t−1) dα1 . . . dαn


 1

Q
j
1

P 32nQ
−0.5n(n+1)
1

∫ 1

0
· · ·

∫ 1

0
|Sq1k |32n(t−1) dα1 . . . dαn.

For k ≤ j , estimating the number of terms in
∑
(q11, . . . , q1j ) by Lemma β, we

find

Q
j
1

∫ 1

0
· · ·

∫ 1

0

∣∣∣∑(q11, . . . , q1j )

∣∣∣2|Sq1k |32n(t−1) dα1 . . . dαn


 Q
−j
1 Q

32n(t−1)−1
1 P 32nQ

−0.5n(n+1)
1

∫ 1

0
· · ·

∫ 1

0
|Sq1k |32n(t−1) dα1 . . . dαn.

5. Let σ be a trigonometric sum,

σ =
∑′′

x1

· · ·
∑′′

x16n

exp{2πi(f (x1)+ · · · + f (x16n))},

where the sum is taken over essentially singular points. The number of terms in this
sum does not exceed

P 16nQ
−14n[n/4]
1 Q[n/4]([n/4]−1).
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Hence we have∫ 1

0
· · ·

∫ 1

0
|σ |2|S|32n(t−1) dα1 . . . dαn 
 Q

32n(t−1)−1
1 P 32n

×Q
−28n[n/4]+2[n/4]([n/4]−1)
1

Q′
1∑

j=1

∫ 1

0
. . .

∫ 1

0
|Sq1j |32n(t−1) dα1 . . . dαn.

6. Since we have

|S|32n 
 |σ1|2 + |σ2|2 + · · · + |σm|2 + |σ |2 +
∣∣∣∑′ ∣∣∣2,

collecting the above estimates, we find

V 
 Q
32n(t−1)−1
1 P 32nQ

−0.5n(n+1)
1

Q′
1∑

j=1

∫ 1

0
· · ·

∫ 1

0
|Sq1j |32n(t−1) dα1 . . . dαn.

7. Applying the same argument to the sum S1j , we pass to an inequality containing
a power of |Sq1j ,q2k | in the right-hand side and, continuing this procedure, arrive at the
statement of the theorem.

A similar estimate can be obtained from this theorem for J = J (P ; n, k). To this
end, in the trigonometric sum in the integrand of J , we must perform a shift of the
summation variable of the form x → x + x′, where x′ takes values of the variables in
the theorem. Applying Hölder’s inequality, we can estimate a variable similar to V ;
then proceeding by iterations, we obtain the estimate

J = J (P ; n, k) 
 P 2k−0.5n(n+1)+n−50
.

where k ≥ 16tn and t = [100n log n].

3.6 Estimate for Vinogradov’s integral for k small
relative to n2

We now prove a generalization of Theorem 3.6 from which, as consequences, we
obtain estimates of J (P ; n, k) for k small (large) relative to n2.

Theorem 3.11. Let τ, r1, . . . , rτ ,m, k be natural numbers, where τ ≥ 1 and
1 = r1 ≤ r2 ≤ · · · ≤ rτ ≤ n. Further, set

�(τ) =
(
n− rτ − 1

2

)
+
(

1 − 1

rτ

)(
n− rτ−1 − 1

2

)
+ · · ·

+
(

1 − 1

rτ

)(
1 − 1

rτ−1

)
. . .

(
1 − 1

r2

)(
n− r1 − 1

2

)
,
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�τ =
τ∑
j=1

(
r2
j +�(j)

)
.

Then the following estimate holds for k ≥ nτ and P ≥ 1:

J = J (P ; n, k) ≤ n2�(τ)rτ 2�τ (8k)2nτ P 2k−�(τ).

Proof. Without loss of generality, we can assume that k = nτ and n ≥ 2. We proceed
by induction on the parameter τ . The assertion of the theorem holds for τ = 1, since,
in this case, we have k = n, r1 = 1, �1 = n+ 1, and �(1) = n, and the estimate has
the form

J 
 8n+1n4nP 2k−n,
which is somewhat weaker than the following easily obtained estimate:

J 
 n!P 2k−n.
Now we assume that the theorem holds for τ = m ≥ 1 and prove that it

holds for τ = m + 1. We apply the estimate in Lemma 3.10 with r = rm+1 to
the number J (P ; n, n(m + 1)). We assume that rm+1 ≥ 2, since otherwise we have
r1 = r2 = · · · = rm+1 ≥ 1 and�(m+ 1) = n, and our assertion becomes trivial. We
obtain the inequality

J (P ; n, n(m+ 1)) ≤ 4k2nR2k−2n+rm+1(rm+1−1)/2PnJ (P1; n, k − n) (3.35)

+ (2n)2krm+1P k, k = n(m+ 1).

We apply the estimate in the theorem with τ = m to J (P1; n, k − n):

J (P1; n, k − n) ≤ n2�(m)rm2�m(8nm)2nmP 2k−2n−�(m)
1 .

It remains to substitute this estimate into (3.35) and to show that the resulting estimate
is no weaker than the estimate in the theorem for τ = m + 1. We note that we can
assume that P > (4k)2, since otherwise the estimate in the theorem is weaker than
the trivial estimate P 2k . In fact, we always have �(m + 1) ≤ n(m + 1), and hence
for P ≤ (4k)2 we have

P 2k ≤ k2n(m+1)n2rm+1�(m+1)P 2k−�(m+1).

In this case

pP−1 ≤ 2P−1+1/(rm+1) ≤ 2P−1/2 < (2k)−1,

and so

P
2k−2n−�(m)
1 = (Pp−1 + 1)2k−2n−�(m)

≤ P 2k−2n−�(m)p−2k+2n+�(m)(1 + 1/(2k))2k

≤ 3P 2k−2n−�(m)p−2k+2n+�(m).
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Consequently, the first term on the right-hand side in (3.35) does not exceed

12k2nn2�(m)rm2�m(8nm)2nmp�(m)+rm+1(rm+1−1)/2P 2k−2n−�(m)

≤ 12k2n2�m+�(m)+rm+1(rm+1−1)/2n2�(m)rm(8nm)2nm

× P 2k−(
�(m)+n+1/2−(rm+1/2+�(m)/rm+1)

)
≤ 1

2
n2�(m+1)rm+12�m+1(8k)2n(m+1)P 2k−�(m+1),

since it follows from the definition of �(τ) and �τ that

�(m+ 1) = �(m)+ n+ 1

2
−
(
rm+1

2
+ �(m)

rm+1

)
,

�m+1 > �m +�(m)+ rm+1(rm+1 − 1)

2
.

Now we show that the second term in (3.35) does not also exceed

1

2
n2�(m+1)rm+12�m+1(8k)2n(m+1)P 2k−�(m+1).

Since we always have�(m+1) ≤ k, we can assume that P > (2n)2rm+1 , because
otherwise the first factor in the estimate in the theorem exceeds the lower bound in P ,
and the assertion becomes trivial. Thus we have

P > (2n)2rm+1 ,
(
(2n)−2rm+1P

)k−�(m+1) ≥ 1,

(2n)2krm+1P k
(
(2n)−2rm+1P

)k−�(m+1) ≥ (2n)2krm+1P k,

i.e.

(2n)2krm+1P k ≤ n2�(m+1)rm+1P 2k−�(m+1),

1

2
(2n)2�(m+1)rm+1P k ≤ 1

2
n2�(m+1)rm+12�m+1(8k)2n(m+1)P 2k−�(m+1).

We have thereby obtained the desired estimate for J (P ; n, nτ) with τ = m+ 1. The
proof of the theorem is complete. ��

Now let us estimate J (P ; n, k) for k relatively small with respect to n2.

Theorem 3.12. Let r1 = 1, and let rm+1 = [√2mn] for all m in the interval 1 ≤
m ≤ n/2. Then

�(m) > mn(1 − √
8m/(9n) ).

Proof. We note that

�(1) = n, �(m) ≤ mn = 1

2
(rm+1 + θ)2.



3.6 Estimate for Vinogradov’s integral for k small relative to n2 139

Since

�(m+ 1) = �(m)+ n+ 1

2
−
(
rm+1

2
+ �(m)

rm+1

)
,

it follows that
�(m+ 1)−�(m) > n− √

2mn,

because

rm+1

2
+ �(m)

rm+1
≤ rm+1

2
+ (rm+1 + θ)2

2rm+1
= rm+1

2
+ rm+1

2
+ θ + θ2

2rm+1
<

√
2mn+ 1

2
.

Therefore,

m−1∑
s=1

(
�(s + 1)−�(s)

) = �(m)−�(1) = �(m)− n > n(m− 1)−
m−1∑
s=1

√
2sn

> n(m− 1)−
∫ m

0

√
2sn ds = n(m− 1)− √

2n
2

3
m

√
m.

We hence finally obtain

�(m) > mn(1 − √
8m/(9n) ),

as required. ��

Corollary 3.1. For every ε, 0 < ε < 1/2, and k = mn, k ≤ ε2n2, the following
estimate holds:

J 
 P k(1+ε).

Proof. Obviously, it suffices to show that �(m) in the relation J 
 P 2k−�(m)
satisfies the inequality

�(m) ≥ k(1 − ε) = mn(1 − ε).

It follows from Theorem 3.12 that

�(m) ≥ mn(1 − √
8m/(9n) ).

But since k = mn ≤ ε2n2, we have

m/n ≤ ε2,
√

8m/(9n) ≤ ε
√

8/9 < ε.

Hence
�(m) ≥ mn(1 − √

8m/(9n) ) > mn(1 − ε) = k(1 − ε),

as required. ��

Before estimating J (P ; n, k) for large values of k, we prove an auxiliary assertion.
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Lemma 3.13. The quantities rm, m = 1, . . . , τ , in Theorem 3.11 can be chosen so
that

�(m+ 1)−�(m) > n− √
2�(m).

Proof. We set r1 = 1 and rm+1 = √
2�(m)− θ , 0 ≤ θ < 1. Then

�(m) = 1

2
(rm+1 + θ)2,

�(m+ 1)−�(m) = n+ 1

2
−
(
rm+1

2
+ (rm+1 + θ)2

2rm+1

)
= n+ 1

2
− √

2�(m)− θ2

2rm+1
> n− √

2�(m).

The proof of the lemma is complete. ��

We consider the function ϕ(y), 0 ≤ y < 1, defined as

ϕ(y) =
∫ y

0

t dt

1 − t
= −y + ln

1

1 − y
.

This function increases from zero to infinity with the argument increasing from zero
to one. It is monotone along with its derivatives. We define a function z(x) by the
equation nϕ(

√
2z/n2) = x.

Theorem 3.13. If the quantities rm are chosen as in Lemma 3.13, then

�(m) ≥ z(m).

Proof. We consider the functionm(�) that is defined on the range of values of�(m)
and is inverse to the latter function, i.e., m(�(m)) = m.

To prove the theorem, it suffices to show that x(�) ≥ m(�), where x(z) is the
inverse of z(x). The function m(�(m)) increases by 1 with m increasing by 1. Since
the theorem follows immediately from the definition for m = 0, to prove the theorem
completely, we need to show that

R = x(�(m+ 1))− x(�(m)) ≥ 1.

Applying Lagrange’s theorem on finite increments, we obtain

R = (
�(m+ 1)− (�(m)

)
x′(α�(m+ 1)+ (1 − α)�(m)

)
, 0 ≤ α ≤ 1.

Since x′(z) is monotonically increasing, it follows from Lemma 3.13 that

R >
(
�(m+ 1)−�(m)

)
x′(�(m))

> n
(
n− √

2�(m)
) √

2�(m)/n2

1 − √
2�(m)/n2

√
2

n2

1

2
√
�(m)

= 1,

as required. The proof of the theorem is complete. ��
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Theorem 3.13 enables us immediately to choose τ for the required lower bound
in Vinogradov’s theorem, and hence in many cases this theorem is convenient for
applications.

Suppose that we would like to obtain the lower bound for �(τ) ≥ αn2. Theo-
rem 3.13 shows that to do this it suffices to take τ to be the least integer such that
τ ≥ nϕ(

√
α). For example, if α = 1/4, then τ = [n(ln 2 − 1/2)] + 1, and if α = ε2,

then τ = [n(− ln(1 − ε)− ε)] + 1.
In conclusion, we note that, in general, the fundamental theorem can be used to

obtain results which are somewhat sharper than Theorems 3.12 and 3.13. However, in
that case both the statements and the computations involved in the proofs become more
complicated. For small values of n, one can successively choose rm in the optimal
way.

In particular, in principle, this allows one to estimate trigonometric sums by Vino-
gradov’s method more precisely than by Weyl’s method as soon as n ≥ 11.

Corollary 3.2. If in Theorem 3.11 we set r2 = r3 = · · · = rτ = n, then we obtain the
estimate

J (P ; n, k) ≤ n2�(τ)n 2� (8k)2nτP 2k−�,

where

� = n(n+ 1)

2
− n2

2

(
1 − 1

n

)τ
,

� = n2τ + n(n+ 1)

2
τ − n2(n− 1)

2

(
1 −

(
1 − 1

n

)τ)
<

3(n+ 1)2τ

2
,

i.e., we obtain the statement of Theorem 3.6.

Concluding remarks on Chapter 3. 1. The contents of this chapter was discussed
in detail in the Introduction. We only note that the new p-adic method appeared
after A. A. Karatsuba (see [72], [74], [75], [73], [76]) studied rational trigonometric
sums with denominator equal to the power of a prime. The sums considered by
A. G. Postnikov [138], where he considered the boundary of zeros of the Dirichlet
L-functions with character whose modulus is equal to the power of a prime, turned
out to be especially interesting. The class of such sums and of their generalizations
was studied in [76], where they were called the L-sums.

2. In number theory, problems modulo the power of a fixed prime were studied
by S. M. Rozin [140], Yu. V. Kashirskii [105], M. B. Barban, Yu. V. Linnik, and
N. G. Chudakov [37], V. N. Chubarikov [46], and M. M. Petechuk [132].

3. An analog of Waring’s problem for congruences described in Section 3.3 led
to a local analog of the Hardy–Littlewood hypothesis stating that G(n) = O(n) (see
[99], [101], [102]).
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Suppose that m is a natural number, m ≥ m1 > 0, Em is a complete system of
residues modulo m, A ⊆ Em, ‖A‖ is the number of elements in A, and ‖A‖ ≥ 2. A
set A is called a basis of Em of order k = k(A) if each � ∈ Em can be represented as

x1 + · · · + xk ≡ � (mod m), x1, . . . , xk ∈ A,
and there exists an �1 ∈ Em such that

x1 + · · · + xk �≡ �1 (mod m)

for any x1, . . . , xk−1 ∈ A. A set A is said to be regular (c-regular) modulo m if it is
a basis of Em of order k = k(A) and there exists an absolute constant such that

k ≤ c logm/log ‖A‖.
The function k = k(A) is precisely a local analog of the Hardy–Littlewood func-
tionG(n). If A is a regular set, then this analog has a right upper bound (the function
G(n) itself does not have such an upper bound), since the inequality

k = k(A) > logm/ log ‖A‖
holds trivially.

The following assertion can be regarded as a local analog of Waring’s problem and
the Hardy–Littlewood hypothesis on G(n): for any ε > 0 and any natural number n,
there exists an m1 = m1(ε; n) > 0 such that the number set A = {xn, 1 ≤ x ≤ mε}
is regular modulo m for any m ≥ m1.

The hypothetical estimateG(n) = O(n) readily implies a local analog of Waring’s
problem for any modulus m. In [99] a local analog of Waring’s problem was proved
for moduli equal to the powers of fixed prime numbers. In [101] regular sets with
special moduli related to ind x were considered.

4. A problem similar to the problem of the existence of regular sets, but in a more
general form, is known in the literature as Rohrbach’s problem for finite groups (see
M. B. Natanson’s paper [125]).

5. If an arbitrary set A is considered, then (as Yu. Belyi noted in his letter to
A. A. Karatsuba) for any ε > 0 and δ > 0, for each m ≥ m1 = m1(ε, δ) =
(2ε−1 + 2)(1+δ)/δ(ε−1 + 1), there exists a set A ⊆ Em, ‖A‖ ≤ mε, such that

k = k(A) ≤ (1 + δ)
logm

log ‖A‖ .

The set mentioned by Yu. Belyi consists of the so-called k-regular numbers x,
x = 1, 2, . . . , m, k = [ε−1] (a number x is said to be k-regular if the congruences
e1 ≡ · · · ≡ et (mod k) hold for this number written in the binary number system,
x = 2e1 + · · · + 2et ).

6. At the end of Section 3.4, we noted that the p-adic proof of the mean value
theorem and its further use in estimating the Weyl sums, in fact, reduces estimating
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the incomplete (short) trigonometric sums to estimating complete trigonometric sums.
This was realized by A. A. Karatsuba in [77], [78], [79], [80], [82], where he estimated
the number of solutions to systems of congruences and to incomplete systems of
equations.

7. The results obtained by thep-adic method, in particular, the asymptotic formulas
for the number of solutions to Diophantine equations of Waring type in numbers having
small prime divisors, were delivered by A. A. Karatsuba at the International Congress
of Mathematicians in Vancouver [87] (see also [88]).

8. Vinogradov’s mean value theorem found numerous applications in various
problems in analytic number theory. We mention only the monographs by K. Chan-
drasekharan [44], by S. M. Voronin and A. A. Karatsuba [166], and by A. A. Karat-
suba [98], where some applications of this theorem in the theory of the Riemann zeta
function are given, as well as some generalizations of this theorem to algebraic number
fields obtained by Y. Eda [61] and I. M. Kozlov [109].

9. Theorems 3.7 and 3.8 were proved by G. I. Arkhipov in [8].
10. Theorem 3.9 was proved by G. I. Arkhipov in [6]; this is a refined version of

the theorem proved by A. A. Karatsuba in [86].
11. The statements presented in Section 3.6 were proved by G. I. Arkhipov and

A. A. Karatsuba in [17], [18].
12. Some estimates obtained by O. V. Tyrina in [146] make the statements of

theorems in Section 3.6 more precise.



Chapter 4

Mean value theorems for multiple
trigonometric sums

In this chapter, we use the p-adic method to prove two fundamental theorems in the
theory of multiple trigonometric sums. In Theorem 4.1, the variables of summation
are equivalent. This restriction simplifies both the statement of the theorem and its
proof and allows us to concentrate our attention on the key points of the method.

4.1 The mean value theorem for the multiple trigonometric
sum with equivalent variables of summation

Precisely as in the particular (one-dimensional) case r = 1, the mean value of the 2kth
power of the modulus of an r-multiple (r ≥ 1) trigonometric sum gives the number of
solutions of a system of Diophantine equations. The system is written as follows: it is
symmetric, i.e., its left- and right-hand sides differ only in the names of the variables;
the system consists ofm = (n1 + 1) . . . (nr + 1) equations; the left-hand side of each
equation contains k terms of the form xuyv . . . zw, where u, v, . . . , w are nonnegative
integers, and the number of them does not exceed n (so the number of all possible sets
u, v, . . . , w is equal to m = (n1 + 1) . . . (nr + 1)). All terms in one equation have a
fixed set of exponents u, v, . . . , w. To avoid introducing extra letters, we reindex the
variables as follows: we shall write x1 instead of x, x2 instead of y, . . . , and xr instead
of z. To distinguish the terms in equations, we introduce the second subscript on the
variables. This subscript is just the number of the term in the equation. Moreover, we
number the terms in the left-hand side by even second subscripts and the terms in the
right-hand side by odd subscripts. We also denote the exponents u, v, . . . , w by the
letters t1, t2, . . . , tr . So our system of equations can be written as

2k∑
j=1

(−1)j xt11j . . . x
tr
rj = 0, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr . (4.1)

Now we assume that each unknown xij takes all integer values from 1 to P . If we
denote the number of solutions of this system of equations by J , then we see that J
depends on P, n1, . . . , nr , k, r , where P is the main parameter. In all our estimates,
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we assume that P → +∞, while n1, . . . , nr , k, r are constant. However, our goal
is to obtain estimates that are also uniform in n1, . . . , nr , k, r . This means that these
parameters can increase together with P , but, as we shall see later, not too fast.

Precisely as in the one-dimensional case, it is easy to see that

J = J (P ; n, k, r) =
∫

· · ·
∫

�

∣∣∣ P∑
xr=1

· · ·
P∑

xr=1

exp{2πiF (x1, . . . , xr )}
∣∣∣2k d�,

where n = (n1, . . . , nr ),

F(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
r .

Here � is an m-dimensional (m = (n1 + 1) . . . (nr + 1)) cube of the form

0 ≤ α(t1, . . . , tr ) < 1, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr .

Our goal is to obtain an estimate of the integral J (P ; n, k, r) so that this estimate
be sharp in the main parameter P for the correct order of the parameter k, (about the
exact estimate, see below).

To realize this goal, we use the same p-adic method as in Section 3.4, Chapter 3.
We note that at present we cannot obtain the desired result for the integral J (P ; n, k, r)
in any other way.

First, we outline the scheme for proving the mean value theorem for multiple
sums. A preliminary analysis shows that, using the p-adic method, we can reduce
estimating the variable J to estimating the number of solutions of some systems of
congruences and to estimating J1, where J1 is a variables of the same nature as J , but
with a fewer number of parameters. In this case, we can vary the parameters of the
system of congruences.

However, this is not sufficient for obtaining the desired estimate of J , because
the number of solutions of the system of congruences will be too large. However, it
should be noted that if not all the values of the set of variables are admitted in the
integral J , then we obtain several conditions on the unknown variables in the system
of congruences, and we hope that these conditions decrease the number of its solutions
till some admissible value. Moreover, it is also necessary to estimate the integral J
over the remaining set of values of the sets of variables. In the one-dimensional case,
the required condition can be imposed rather simply (see the partition of solutions of
the system of equations into sets of the first and second kind in Section 3.4).

The main difficulty consists precisely in finding such a condition in the multidi-
mensional case. Here the role of this condition is played by the condition that the set
of variables in the integral J is regular, which we introduce later.

The further argument significantly repeats the proof of the one-dimensional the-
orem, although, of course, the corresponding calculations are more cumbersome and
sometimes require other technical solutions.
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4.1.1 Definitions

For convenience, we introduce several new abbreviations. We arrange the terms de-
termining F(x1, . . . , xr ), i.e., the monomials

α(t1, . . . , tr )x
t1
1 . . . x

tr
r ,

in ascending order of the numbers t1+(n1+1)t2+· · ·+(n1+1) . . . (nr−1+1)tr . ByA
we denote the vector whose coordinates areα(t1, . . . , tr ) in the same order as they enter
F(x1, . . . , xr ). By S(A)we denote the multiple trigonometric sum in the integrand of
J (P ; n, k, r). We arrange the integers λ(t1, . . . , tr ) for 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr
in the same order asα(t1, . . . , tr ). By�we denote the vector composed ofλ(t1, . . . , tr )
arranged in this order.

We consider the system of equations similar to Eqs. (4.1), but with arbitrary not
necessarily zero right-hand sides:

2k∑
j=1

(−1)j xt11j . . . x
tr
rj = λ(t1, . . . tr ), 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, (4.2)

1 ≤ x1j , . . . , xrj ≤ P, j = 1, 2, . . . , 2k.

We denote the number of solutions of this system by J (P ; n, k, r;�). As pointed
out above, system (4.1) is said to be complete, while a system of equations similar
to (4.1), but without several equations, is said to be incomplete.

Definition 4.1. If x = (a1, . . . , as) and y = (b1, . . . , bs) are two vectors with integer
coordinates, then the congruence x ≡ y (mod q) means that ai ≡ bi (mod q)
(i = 1, . . . , s).

Definition 4.2. We consider the matrix

M = (x
t1
1j . . . x

tr
rj ), 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, j = 1, 2, . . . , k,

(so the matrix M has m = (n1 + 1) . . . (nr + 1) columns and k rows). We shall
say that the matrix M corresponds to the vectors x1 = (x11, . . . , xr1), . . . , xk =
(x1k, . . . , xrk) and, conversely, the vectors x1, . . . , xk are said to be corresponding to
the matrix M .

Definition 4.3. Let k be a natural number. A set of vectors x1, . . . , xk is said to be
regular modulo q if the rank (modulo q) of the matrix M corresponding to these
vectors is maximal. Otherwise, the above set is said to be singular.

We note that if k ≥ m and the vectors x1, . . . , xk are regular modulo q, then the
rank modulo q of the matrix M corresponding to these vectors is equal to m.

For brevity, the solutions of system (4.1) that are regular (singular) sets are also
said to be regular (singular).
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4.1.2 Simple lemmas

Here we state and prove two simple lemmas.

Lemma 4.1. The following relations hold:

(a) J = J (P ; n, k, r;�) =
∫
. . .

∫
�

|S(A)|2k exp{−2πiA×�} dA;

(b) J = J (P ; n, k, r;�) ≤ J (P ; n, k, r) ≤ P 2k1rJ (P ; n, k − k1, r);

(c)
∑
�

J(P ; n, k, r;�) = P 2kr ;

(d) |S(A)|2k =
∑
�

J(P ; n, k, r;�) exp{2πiA×�};

(e) J (P ; n, k, r) ≥ (2k)−mP 2kr−0.5m(n1+···+nr ).

Proof. For integer λ, we have∫ 1

0
exp{2πiαλ}d α =

{
1 if λ = 0,

0 if λ �= 0.

This relation implies assertion (a) if we raise the absolute value of the integrand to the
power 2k and integrate over �; assertion (b) follows from the fact that the absolute
value of the integral does not exceed the value of the integral of the absolute value of
the integrand; assertion (c) follows from the fact that the left-hand side of the relation
is the number of all possible sets x1, . . . , x2k of system (4.1), i.e., it is equal to P 2kr ;
to prove assertion (d) we first raise the sum S(A) to the power 2k and then collect
similar terms with exp{2πiA×A}; assertion (e) follows from assertions (b) and (c).��

Lemma 4.2. (a) If the vectors x1, . . . , x2k form a solution of system (4.1), then for
any vector a = (a1, . . . , ar ), the vectors x1 + a, . . . , x2k + a also form a solution of
system (4.1).

(b) If the vectors x1, . . . , xk form a regular (singular) set modulo q, then for any
vector a = (a1, . . . , ar ), the vectors x1 + a, . . . , x2k + a also form regular (singular)
set modulo q.

Proof. (a) Let xj = (x1j , . . . , xrj be a solution of Eqs. (4.1). Removing the
parentheses, we find

2k∑
j=1

(−1)j (x1j + a1)
t1 . . . (xrj + ar)

tr

=
2k∑
j=1

(−1)j
t1∑

v1=0

(
t1

v1

)
a
v1
1 x

t1−v1
1j · · ·

tr∑
vr=0

(
tr

vr

)
avrr x

tr−vr
rj =
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=
t1∑

v1=0

· · ·
tr∑

vr=0

(
t1

v1

)
a
v1
1 . . .

(
tr

vr

)
avrr

2k∑
j=1

(−1)j xt1−v1
1j . . . x

tr−vr
rj = 0.

The proof of assertion (a) is complete.

Remark 4.1. Assertion (a) remains valid if congruences modulo any arbitrary value
of q are considered instead of (4.1).

(b) If the vectors x1, . . . , xk form a singular set, then the rows of the matrix M
corresponding to this set are linearly dependent modulo q. Since the matrix M has a
special form, this statement is equivalent to the existence of a polynomial in r variables,
F(y) = F(y1, . . . , yr ), such that the coefficient of the highest-order (in lexicographic
order) term in this polynomial is equal to 1 and the congruence

F(xs) ≡ 0 (mod q) (4.3)

holds for any xs (s = 1, . . . , k) from the set mentioned above.
In this case, the degree of the polynomial does not exceed ni in each variable.

Obviously, the polynomial G(y) = F(y − a) has the same coefficient of the highest-
order (in lexicographic order) term as the polynomial F(y), but relation (4.3) implies

G(xs + a) ≡ 0 (mod q),

i.e., the vectors xs + a, . . . , xk + a also form a singular set.
If the original set is regular, then it remains to be regular under the shift by a, and

performing the shift by −a, we return to the original set. Assertion (b) is proved. ��

Lemma 4.3. Let q be a prime number, and let T0 be the number of solutions of the
system of congruences

2m∑
j=1

(−1)j yt11j . . . y
tr
rj ≡ 0 (mod q),

0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, m = (n1 + 1) . . . (nr + 1),

where each unknown variable yij runs through the values of the complete system of
residues modulo q. Then T0 satisfies the estimate

T0 ≤ (m− 1)!q2mr−m+1.

Proof. We write the variable T0 as

T0 = q−m∑
A

∣∣∣ q∑
y1=1

· · ·
q∑

yr=1

exp{2πiFA(y1, . . . , yr )/q}
∣∣∣2m,
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where

FA(y1, . . . , yr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

a(t1, . . . , tr )x
t1
1 . . . x

tr
r ;

here A is an integer-valued set consisting of numbers a(t1, . . . , tr );
∑
A denotes sum-

mation over all sets A that are different modulo q. We make the following change of
summation variables:

y1 = z1, y2 = z2 + z
n1+1
1 ,

y3 = z3 + z
(n1+1)(n2+1)
1 ,

...

yr = zr + z
(n1+1)(n2+1)...(nr−1+1)
1 .

If the coordinates yi of the vector (y1, . . . , yr ) run through complete systems of
residues modulo q, then the coordinates zj of the vector (z1, . . . , zr ) also run through
complete systems of residues modulo q, and conversely. Therefore, we have

T0 = q−m∑
A

∣∣∣ q∑
z1=1

· · ·
q∑

zr=1

exp{2πiFA(z1, z2 + z
n1+1
1 , . . . ,

zr + z
(n1+1)...(nr−1+1)
1 )/q)}

∣∣∣2m.
Applying Hölder’s inequality (Lemma A.1), we obtain

T0 ≤ q(r−1)(2m−1)
q∑

z2=1

· · ·
q∑

zr=1

V, (4.4)

where

V = q−m∑
A

∣∣∣ q∑
z=1

exp{2πiFA(z, z2 + zn1+1, . . . , zr + z(n1+1)...(nr−1+1))/q}
∣∣∣2m.

The variable V is equal to the number of solutions of the following system of
congruences (for fixed z2, . . . , zr ):

2m∑
j=1

(−1)j zt11j (z2 + z
n1+1
1j )t2 . . . (zr + z

(n1+1)...(nr−1+1)
1j )tr ≡ 0 (mod q), (4.5)

0 ≤ t1 ≤ n1, 0 ≤ t2 ≤ n2, . . . , 0 ≤ tr ≤ nr .

By Lemma 4.2 (a), together with the solutionxj = (x1j , . . . , xrj ) (j = 1, . . . , 2m)

of system (4.5), where x1j = z1j , x2j = z
n1+1
1j , . . . , xrj = z

(n1+1)...(nr−1+1)
1j , the set
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of vectors x1 + a, . . . , x2m + a, where a = (0,−z2, . . . ,−zr), is also a solution of
system (4.5), and conversely, i.e., system (4.5) is equivalent to the system

2m∑
j=1

(−1)j zt1+t2(n1+1)+···+tr (n1+1)...(nr−1+1)
1j ≡ 0 (mod q).

However, since for 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr , the sum

t1 + t2(n1 + 1)+ · · · + tr (n1 + 1) . . . (nr−1 + 1)

turns without repetitions through all integer values in the interval 0 ≤ t ≤ m− 1, we
can rewrite the last sum of congruences as

2m∑
j=1

(−1)j ytj ≡ 0 (mod q), 0 ≤ t ≤ m− 1. (4.6)

We prove that the number of solutions of system (4.6) does not exceed (m −
1)!qm+1. We arbitrarily fix variables with odd numbers and a variable with the num-
ber 2m. Then, for someλ1, . . . , λm−1, the remainingm−1 variablesy2, y4, . . . , y2m−2
satisfy the system

m−1∑
j=1

yt2j ≡ λt (mod q), 1 ≤ t ≤ m− 1. (4.7)

If q ≥ m, then system (4.7) has at most (m − 1)! solutions (see the proof of
Lemma 3.9 in Section 3.4, Chapter 4). But if q < m, then the number of solutions
of system (4.7) can be estimated as follows: we omit all the congruences for which
t ≥ q. Obviously, the number of solutions can only increase after this. To estimate the
number of solutions of this system, we use the last estimate of the variable V (where
the values of the parameters are changed appropriately). We find

V ≤ (q − 1)!q2m−q+1 ≤ (m− 1)!qm+1.

Substituting this estimate into (4.4), we obtain the desired estimate,

T0 ≤ (m− 1)!q2mr−m+1.

The proof of the lemma is complete. ��

4.1.3 Lemma on the number of solutions of a complete system
of congruences

In this section we prove a fundamentally important lemma on complete systems of
congruences. For simplicity, we assume that n1 = · · · = nr = n. The case of arbitrary
n1, . . . , nr will be studied in Section 4.3 in general situation.
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Lemma 4.4. Let p be a prime, and let T be the number of solutions of the system of
congruences

2m∑
j=1

(−1)j xt11j . . . x
tr
rj ≡ 0 (mod pt1+···+tr ), 0 ≤ t1, . . . , tr ≤ n, (4.8)

where B ≤ xsj < B + prn (s = 1, . . . , r; j = 1, . . . , 2m) and the vectors xj =
(x1j , . . . , xrj ) (j = 2, 4, . . . , 2m) satisfy the regularity condition modulo p. Then

T ≤ m!p2mr2n−0.5rnm.

Remark 4.2. In general, the proof of the lemma on complete systems is as follows.
First, each vector is represented p-adically in the form

xj = xj0 + pxj1 + · · · + prn−1xjr n−1.

Next, the fact that x1, . . . , x2m satisfy (4.8) is used to derive necessary conditions
on the coordinates of the vector xj written p-adically, i.e., conditions on the vectors
xjν (ν = 0, 1, . . . , rn−1). For each fixed ν ≥ 1, these conditions say that the vectors
xjν satisfy a certain system of linear congruences, where the rank of the matrix of
coefficients of the system is maximal, since the set x2, . . . , x2m is regular modulo p.

The fact that the rank of the matrix of coefficients is maximal allows us to estimate
the number Tν , i.e., the number of admissible sets x1ν, . . . , x2mν for ν ≥ 1. But if
ν = 0, then Tν can be estimated by using Lemma 4.3. Since we have the inequality

T ≤ T0T1 . . . Tr n−1,

we obtain the final result multiplying together the estimates for Tν for all ν.

Proof. The unknowns in the system of congruences (4.8) run through a complete
system of residues modulo pnr , the regularity condition modulo p is independent of
which representatives of the residue classes modulo p are taken, and the congruences
in (4.8) are taken modulo ps (s ≤ nr). Hence the number of solutions of the complete
system of congruences (4.8) is independent of precisely what the integers run through
a complete system of residues modulo pnr . So we can set B = 0. We shall further
assume that p > n. In the case p ≤ n, there are no solutions to (4.8) that satisfy the
regularity condition modulo p.

In fact, if n ≥ p, then the matrix M has a row (x12, x14, . . . , x12m) and a row
(x
p
12, x

p
14, . . . , x

p
12m); obviously, these rows are linearly dependent modulop, so thatM

has less than maximal rank modulo p.
We write each unknown in the form xsj = xsj0 + pxsj1 + · · · + prn−1xsjr n−1,

0 ≤ xsj0, . . . , xsjr n−1 ≤ p − 1 (s = 1, . . . , r , j = 1, . . . , 2m) and find necessary
conditions that are satisfied by the variables xsjν . The congruences in (4.8) for which
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t1 + · · · + tr ≥ 1 are satisfied modulo p. Since xsj ≡ xsj0 (mod p), it follows that
the unknowns xsj0 satisfy the system of congruences

2m∑
j−1

(−1)j xt11j0 . . . x
tr
rj0 ≡ 0 (mod p), (4.9)

where 0 ≤ t1, . . . , tr ≤ n, t1 + · · · + tr ≥ 1, and the unknowns x20, . . . , x2m0 form a
regular set. We let T0 denote the number of solutions of this system.

Let us estimate T0. We omit the regularity conditions on the unknowns in (4.9).
Obviously, T0 ≤ T ′, where, by Lemma 4.3, the value of T ′ does not exceed (m −
1)!p2mr−m+1, i.e.,

T0 ≤ (m− 1)!p2mr−m+1.

Let now ν ≥ 1. We set

usjν =
ν∑

µ=0

pµxsjµ.

For a fixed ν (1 ≤ ν ≤ m − 1), we consider the system of congruences (we denote
this system by the symbol Wν)

2m∑
j=1

(−1)jut11jν . . . u
tr
rjν ≡ λ(t1, . . . , tr ) (mod pν−1),

where t1 + · · · + tr ≥ ν + 1, 0 ≤ t1, . . . , tr ≤ n, and moreover, the unknowns ujν
satisfy the regularity condition modulo p. We let T (Wν) denote the number of its
solutions.

It is obvious that if the unknowns xj satisfy system (4.8), then the unknowns ujν
satisfy the systemWν . Next, we fix an arbitrary solution of the systemWν−1 and find
conditions that must be satisfied by the unknowns ujν in this case. We have

usjν = usj ν−1 + pνxsjν .

Hence

u
t1
1jν . . . u

tr
rjν ≡ u

t1
1j ν−1 . . . u

tr
rj ν−1

+ pν
r∑
s=1

tsu
t1
1j ν−1 . . . u

ts−1
s−1 j ν−1u

ts−1
sj ν−1u

ts+1
s+1 j ν−1 . . . u

tr
rj ν−1xsjν (mod pν+1),

where we have the corresponding term in the last sum to be zero for ts = 0. Conse-
quently, modulo pν , we have the system of congruences

2m∑
j=1

(−1)jut11jν . . . u
tr
rjν ≡ λ(t1, . . . , tr ) (mod pν),
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where t1 + · · · + tr ≥ ν + 1 and 0 ≤ t1, . . . , tr ≤ n. Therefore, for some fixed
λ′(t1, . . . , tr ), the system Wν is equivalent to the system of linear congruences

2m∑
j=1

(−1)j
r∑
s=1

ts

( r∏
q=1

u
tq
qj ν−1

)
u−1
sjν−1xsjν ≡ λ′(t1, . . . , tr ) (mod p),

where t1 + · · · + tr ≥ ν + 1 and 0 ≤ t1, . . . , tr ≤ n. We let Tν denote the number of
solutions to this system. Then

T (Wν) ≤ TνT (Wν−1).

Thus if we are given an estimate for T (Wν−1), then to estimate T (Ws), it suffices to
estimate Tν . To do this, we construct r subsystems of congruences from the system of
congruencesWν . The first subsystem includes those congruences for which t1 ≥ ν+1
and t2 = · · · = tr = 0. The second subsystem includes those congruences for which
t1 + t2 ≥ ν+1, t2 �= 0, and t3 = · · · = tr = 0. The (r−1)st subsystem includes those
for which t1 + t2 + · · · + tr−1 ≥ ν + 1, tr−1 �= 0, and tr = 0, and the rth subsystem
includes those for which t1 + · · · + tr ≥ ν + 1 and tr �= 0.

We letRr(ν) denote the number of solutions in integers t1, . . . , tr of the inequalities
t1 + · · · + tr ≥ ν and 0 ≤ t1, . . . , tr ≤ n.

We note that the first subsystem consists of R1(ν + 1) congruences, the second
consists of R2(ν + 1) − R1(ν + 1) congruences, the (r − 1)st subsystem consists
of Rr−1(ν + 1) − Rr−2(ν + 1) congruences, and the rth subsystem consists of
Rr(ν + 1)− Rr−1(ν + 1) congruences.

We shall estimate Tν as follows. For the first subsystem of congruences, we
estimate the number of its solutions x1jν (j = 1, . . . , 2m). Next, we fix the x1jν
and for the second subsystem, we find an estimate for the number of its solutions
x2jν (j = 1, . . . , 2m). We next fix x1jν , x2jν, . . . , xs−1 jν (j = 1, . . . , 2m) and
find the number of solutions of the sth subsystem. Let us consider the first system of
congruences

2m∑
j=1

(−1)j xt−1
1j0 x1jν ≡ λ′(t, 0, . . . , 0) (mod p), n ≥ t ≥ ν + 1.

Because of the regularity condition modulo p, the congruences of this subsystem
form a system of linearly independent congruences modulo p, i.e., the matrix of its
coefficients has maximal rank modulo p. Hence, we can find u = R1(ν + 1) indices
1 ≤ j1 < j2 < · · · < ju ≤ 2m such that the determinant of the matrix∣∣∣∣∣∣

xν+1
1j10 xν+1

1j20 . . . xν+1
1ju0

. . . . . . . . . . . . . . . . . . . . . . .

xn1j10 xn1j20 . . . xn1ju0

∣∣∣∣∣∣
is not congruent to zero modulo p. Thus, by adding certain values from a complete
system of residues modulo p to the unknowns x1jν (j �= js , s = 1, . . . , u) in the first
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subsystem, we uniquely determine x1j1ν, . . . , x1juν (j = 1, . . . , 2m). This implies
that the number of solutions of the first subsystem does not exceed p2m−R1(ν+1).

Suppose that we have found x1jν, . . . , xs−1 jν (j = 1, . . . , 2m). We estimate the
number of solutions xsjν of the sth subsystem. For some λ′′(t1, . . . , ts , 0, . . . , 0), this
subsystem is equivalent to the system of congruences

2m∑
j=1

(−1)j xt11j0 . . . x
ts−1
s−1j0x

ts−1
sj0 xsjν ≡ λ′′(t1, . . . , ts , 0, . . . , 0) (mod p),

0 ≤ t1, . . . , ts ≤ n, t1 + · · · + ts ≥ ν + 1, ts �= 0.

Because of the regularity condition modulo p, we find that the congruences in this
system form a set of linearly independent congruences modulo p. Since the number
of congruences in this system is equal to Rs(ν + 1)−Rs−1(ν + 1), it follows that the
number of its solutions does not exceed p2m−Rs(ν+1)−Rs−1(ν+1). Consequently, Tν ,
which is the number of solutions of the νth system of congruences, does not exceed

Tν ≤ p2m−R1(ν+1)p2m−R2(ν+1)+R1(ν+1) . . . p2m−Rr(ν+1)+Rr−1(ν+1)

≤ p2mr−Rr(ν+1).

Earlier, it was shown that T ≤ T0T1 . . . Tr n−1, which implies

T ≤ m!p2mr−m+1
r n−1∏
ν=1

p2mr−Rr(ν+1).

We note that Rr(1) = m− 1. Hence

T ≤ m!p2mr2n−�, � =
rn∑
ν=1

Rr(ν).

We let R∗
r (ν) denote the number of solutions of the equation t1 + · · · + tr = ν in

integers 0 ≤ t1, . . . , tr ≤ n. Then

� =
rn∑
ν=1

Rr(ν) =
rn∑
ν=1

rn∑
k=ν

R∗
r (k).

Changing the order of summation, we obtain

� =
rn∑
k=1

kR∗
r (k)

k∑
ν=1

1 =
rn∑
k=1

kR∗
r (k).

From the definition of R∗
r (k) we have

� =
rn∑
k=1

kR∗
r (k) =

n∑
t1=0

· · ·
n∑

tr=0

(t1 + · · · + tr ) = 0.5rnm.

Thus the proof of Lemma 4.3 is complete. ��
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4.1.4 The fundamental lemma

In this section we prove the fundamental lemma, which then readily implies the mean
value theorem. In the lemma, we obtain a recurrence inequality which is the basis of
the p-adic method in the class of problems under study.

Fundamental lemma. Suppose that n ≥ 2, r ≥ 1, k ≥ 2m, and P ≥ 1. Then there
exists a number p in the interval [P 1/(nr), 2P 1/(nr)] such that

J (P ; n, k, r) ≤ 2k2mp2mr2n+2rk−0.5rnm−2rmJ (P1; n, k −m, r)

+ (2r rn)2rnkP 2rk−k/8,

where P1 = Pp−1 + 1.

Before giving a formal proof of this lemma, we outline it.
1. We divide the sets of vector solutions x1, . . . , x2k of system (4.1) into two

classes. The first class includes the solutions for which the sets x1, x3, . . . , x2k−1
and the sets x2, x4, . . . , x2k satisfy the regularity condition modulo p for at least one
p = ps , where ps (s = 1, . . . , rn) are pairwise distinct prime numbers that are larger
than P 1/(rn) and do not exceed 2P 1/(rn) (these prime numbers exist if P > (2nr)2nr ;
but if P does not exceed (2nr)2nr , then the inequality in the lemma becomes trivial
because of the second term). The second class includes all of the other solutions of
(4.1). It is convenient to carry out the partition of the solutions into two classes using
the representation of J as the square of the modulus of the kth power of a multiple
trigonometric sum (see formula (4.10) below).

2. We estimate the number of solutions to (4.1) belonging to the first class. To do
this, we use successive transformations to reduce everything to estimating the number
of solutions of (4.1), but with fewer values of the parameters P and k.

The first step in the transformation consists in reducing everything to estimating
the number of solutions of (4.1) satisfying the condition that the firstm vectors among
the x1, x3, . . . , x2k−1 and the first m vectors among the x2, x4, . . . , x2k satisfy the
regularity condition modulo p. All of the other solutions in the first class are obtained
from these by permuting these m vectors among the k places possible for them. By
the same token, it suffices to estimate the number of solutions of (4.1) with the above

condition and then to multiply the resulting estimate by
(
k
m

)2
in order to obtain an

upper bound for the number of solutions of (4.1) in the first class.
The second step in the transformations is the following. If all of the remaining

k −m vectors in the left- and in the right-hand side of (4.1) have coordinates that are
multiples of p, then it is clear from (4.1) that the first m vectors x1, x3, . . . , x2m−1
and x2, x4, . . . , x2m must satisfy the system of congruences in Lemma 4.3, which
is precisely our goal. In order to obtain what we need, we partition into arithmetic
progressions with differencep the integers in the interval of variation of the coordinates
of the last k − m vectors corresponding to the left- and right-hand sides of (4.1),
i.e., we represent the vectors xj (j = 2m + 1, . . . , 2k − 1, 2k) in the form xj =
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yj +pzj , where the coordinates of the vector yj vary from 1 to p, and the coordinates
of the vector zj vary from 0 to Pp−1. Next, if we bring the summation over yj
(j = 2m+ 1, . . . , 2k − 1, 2k) outside the absolute value sign and apply Hölders’s
inequality, we find that all of the xj (j ≥ 2m+ 1) will have the form xj = a + pzj ,
where a is some fixed vector. We can now apply Lemma 4.2 (a) concerning shifts.
In this case the regularity condition modulo p for the first m vectors in the left- and
right-hand sides of (4.1) will not be disturbed, while the last k−m vectors will become
multiples of p.

The third step is rather obvious. If we move the terms in (4.1) correspond-
ing to xj − a (j = 1, . . . , 2m) to the left and the terms corresponding to pzj
(j = 2m+ 1, . . . , 2k − 1, 2k) to the right, then in the right-hand side, we obtain a
product of powers of p by terms in parentheses. Each of the terms in parentheses
has the same form as the left-hand side of (4.1) except that, instead of 2kr variables,
there are 2(k−m)r variables, and they run through the nonnegative integers up to the
number Pp−1. If each of the terms in parentheses takes all possible integer values,
then the resulting system is a system of congruences corresponding to the first 2m
vectors, i.e., the complete system of congruences given in Lemma 4.3. But for fixed
values of terms in parentheses, the maximal number of unknowns is obtained if all of
the terms in parentheses vanish (see Lemma 4.1 (b)). If we take this maximal values
outside the summation, which is over all values of the terms in parentheses, we arrive
at the product of two factors: the first factor is the number of solutions of (4.1) with
2(k −m) vectors of unknowns, where the coordinates of these vectors vary from 1 to
P1 = Pp−1 + 1; the second factor is the number of solutions to the complete system
of congruences given in Lemma 4.3.

So we can estimate the number of solutions of (4.1) which belong to the first class.
3. We estimate the number of solutions of system (4.1) which belong to the

second class. We immediately note that they will be few in number (the second term
in the fundamental lemma). By definition, the second class includes the solutions of
(4.1) for which the vectors x1, x3, . . . , x2k−1 (or x2, x4, . . . , x2k) do not satisfy the
regularity condition modulo p = ps for a single s = 1, . . . , rn. This means that for
any p = ps (1 ≤ s ≤ rn) the matrix M corresponding to the vectors y1 = x1,
y2 = x3, . . . , yk = x2k−1, has rank modulo p lower thanm. This fact, in turn, means
that the rows of this matrix are linearly dependent modulo p = ps , i.e., there exist
numbers c1, . . . , cm not all congruent to zero modulo p = ps such that the linear
combinations of the rows of M with coefficients c1, . . . , cm are congruent to zero
modulo p = ps . The numbers c1, . . . , cm themselves depend on p = ps and on the
set of vectors y1, y2, . . . , yk .

We find necessary conditions satisfied by the vectors y1(p), y2(p), . . . , yk(p) that
are congruent to the vectors y1, y2, . . . , yk modulo p = ps (s = 1, . . . , rn). We
partition all of these vectors into sets corresponding to a fixed choice of the numbers
c1, . . . , cm (this last set depends only on p = ps (1 ≤ s ≤ rn)). We put the vectors
y1(p), y2(p), . . . , yk(p) in the set B(c1, . . . , cm) if the linear combinations of the
rows of the matrix M corresponding to y1(p), y2(p), . . . , yk(p) with coefficients
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c1, . . . , cm are congruent to zero modulo p. Clearly, the sets B(c1, . . . , cm) can be
empty, and they can overlap. We find an estimate from above for the number of
elements in B(c1, . . . , cm). Multiplying our estimate by 2pm−1, which is not less
than the number of all sets c1, . . . , cm (it should be noted that we can assume that
c1 = 0 or 1 without loss of generality), we obtain an upper bound for the number of
sets of vectors y1(p), y2(p), . . . , yk(p).

The number of elements inB(c1, . . . , cm) does not exceed the number of solutions
of the following system of congruences: the linear combination of the columns of the
matrix M corresponding to y1(p), y2(p), . . . , yk(p) with coefficients c1, . . . , cm is
congruent to zero modulo p, where the variables in the congruence, i.e., the coordi-
nates yi(p), take values from a complete system of residues modulo p. Each of the
congruences in the resulting system is independent of the others, since it includes un-
knowns in the columns. By the same token, the number of solutions of the system does
not exceed the product of the numbers of solutions to all separate congruences. An
individual congruence has the following form: a polynomial in r variables of degree
that does not exceed rn, which is not identically zero modulo p = ps (the numbers
c1, . . . , cm are not all zero modulo p = ps), is congruent to zero modulo p = ps .

The number of solutions of such a congruence does not exceed nrpr−1
s , i.e., the

number of elements in B(c1, . . . , cm) does not exceed (nrpr−1
s )k , and the number

of vectors y1(p), y2(p), . . . , yk(p) does not exceed 2pm−1
s (nrpr−1

s )k (recall that we
take c1 = 0 or 1, while c1, . . . , cm are arbitrary).

Thus we have proved that the vectors y1, . . . , yk are congruent to the vectors
y1(p), . . . , yk(p) modulo p = ps (s = 1, . . . , rn) and the number of all possible
vectors y1(p), . . . , yk(p) does not exceed 2pm−1

s (nrpr−1
s )k for each p = ps . All of

these rn systems of linear vector congruences can be replaced by a single one modulo
p1, . . . , prn, where the number of right-hand sides in this single system cannot be
larger than

∏rn
s=1(2p

m−1
s (nrpr−1

s )k).
The coordinates of the left-hand sides of the resulting system of congruences do

not exceed P < p1, . . . , prn, the coordinates of the right-hand sides do not exceed
p1, . . . , prn, and the congruences themselves are considered modulo p1, . . . , prn
and have the form yi ≡ a (mod p1, . . . , prn) i = 1, . . . , k, i.e., this system of
congruences is equivalent to a system of linear vector equations. By the same token,
we find that the number of vectors y1 = x1, y2 = x3, . . . , yk = x2k−1 which satisfy
(4.1) and belong to the second class does not exceed

∏rn
s=1(2p

m−1
s (nrpr−1

s )k).

Proof of the Fundamental Lemma. The proof will be given in subsections correspond-
ing to the steps in the outline.

We first exclude the trivial cases. If P ≤ (2nr)2nr , then we obtain p = 2P 1/(nr).
In that case, the second term in the inequality in the lemma exceeds P 2rk , while the
first term is always nonnegative. Hence the lemma becomes trivial.

Thus we assume that P > (2nr)2nr .
1. If P > (2nr)2nr , the interval [P 1/(nr), 2P 1/(nr)] contains at least rn distinct

prime numbers (Lemma 3.8, Chapter 3). We take rnof such prime numbers, and denote
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them by the letters p1, . . . , prn. Recall that, for convenience, we have introduced the
following abbreviated notation: we let xj denote the vector xj = (x1j , . . . , xrj )

(j = 1, . . . , 2k). If F(x, y, . . . , z) is a polynomial in r variables x, y, . . . , z, then
F(xj ) = F(x1j , . . . , xrj ). We can write the number J (P ; n, k, r) as the integral

J = J (P ; n, k, r) =
∫

· · ·
∫

�

∣∣∣∑
x1

∑
x3

· · ·
∑
x2k−1

exp
{
2πi

(
F(x1) (4.10)

+ F(x3)+ · · · + F(x2k−1)
)}∣∣∣2 d�,

where the summation is over the vectors x1, x3, . . . , x2k−1 whose coordinates take
integer values and vary from 1 to P .

We divide all of the vectors x1, x3, . . . , x2k−1 into two classesA andB: the classA
includes those satisfying the regularity condition modulo p = ps for at least one value
of s (1 ≤ s ≤ rn), while the class B includes the remaining vectors. Recall that a
set of vectors (x1, x3, . . . , x2k−1) satisfies the regularity condition modulo p if the
corresponding matrix M (0 ≤ t1, . . . , tr ≤ n)

M = (
x
t1
11 . . . x

tr
r1, x

t1
r3 . . . x

tr
r3, . . . , x

t1
1 2k−1 . . . x

tr
r 2k−1

)
,

which consists of k columns andm = (n+ 1)r rows, has maximal rank, which in our
case is m ≤ k, modulo p. In accordance with the partition into classes, we rewrite
(4.10) as follows, where we use the obvious abbreviated notation:

J =
∫

· · ·
∫

�

∣∣∣∑
A

+
∑
B

∣∣∣2 d�.
From this we arrive at the inequality (we apply the Cauchy inequality)

J ≤ 2J1 + 2J2,

where

J1 =
∫

· · ·
∫

�

∣∣∣∑
A

∣∣∣2 d�, J2 =
∫

· · ·
∫

�

∣∣∣∑
B

∣∣∣2 d�.
2. Let us estimate J1. We partition the classA into rn disjoint classesA1, . . . , Arn

as follows: the vectors x1, x3, . . . , x2k−1 belong to the class As if they satisfy the
regularity condition modulo ps and do not belong to the classes A1, . . . , As−1. We
transform J1 as follows (applying Hölder’s inequality):

J1 =
∫

· · ·
∫

�

∣∣∣ rn∑
s=1

∑
As

∣∣∣2 d� ≤ rn

rn∑
s=1

∫
· · ·

∫
�

∣∣∣∑
As

∣∣∣2 d� ≤ (rn)2J0,

where J0 denotes the largest value attained by integrals of the form∫
· · ·

∫
�

∣∣∣∑
As

∣∣∣2 d�, 1 ≤ s ≤ rn.
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Thus, the summation in the last sum is over those vectors x1, x3, . . . , x2k−1, which
satisfy the regularity condition for some modulus p = ps and which do not belong to
the classesA1, . . . , As−1. The number J0 can only increase if we remove the assump-
tion that x1, x3, . . . , x2k−1 do not belong to A1, . . . , As−1; in addition, everywhere
below (when estimating J0) we omit the index of ps and only use the fact that p = ps
lies on the interval [P 1/(rm), 2P 1/(rn)]. Thus we must estimate J0:

J0 =
∫

· · ·
∫

�

∣∣∣∑
A

∣∣∣2 d�,
where A now denotes the class of sets of vectors (x1, x3, . . . , x2k−1) satisfying the
regularity condition modulo p.

First step. Because the vectors x1, x3, . . . , x2k−1 satisfy the regularity condition
modulo p (in other words, because the matrix M corresponding to y1 = x1, y2 =
x3, . . . , yk = x2k−1 has rank m), there exist m columns in the matrix M that are
linearly independent modulo p. To these m columns, there correspond m vectors
xj1 , . . . , xjm that, by definition, satisfy the regularity condition modulo p (we shall
say that to the vectors x1, x3, . . . , x2k−1 in A there correspond vectors xj1 , . . . , xjm
if xj1 , . . . , xjm satisfy the regularity condition modulo p). We consider the elements
of A to which the first m vectors of x1, x3, . . . , x2m−1 correspond. It is obvious that
the other elements of the class A differ from these only by the indices of the vectors
to which they correspond. Since m elements can be put in k places in

(
k
m

)
ways, we

have

J0 ≤
(
k

m

)2∫
· · ·

∫
�

∣∣∣∑
A

′∣∣∣2 d�, (4.11)

where the prime on the sum in the integrand denotes summation over the elements
ofAwhich correspond to the vectors x1, x3, . . . , x2m−1. The integral in the right-hand
side can only increase if we sum over those x1, x3, . . . , x2k−1 for which the first m
vectors satisfy the regularity condition modulo p and the other vary arbitrarily. In the
rest of the argument, we shall make this assumption.

Second step. The sum in the integral in (4.11) has the following form:∣∣∣∑
A

′∣∣∣2 =
∣∣∣∑
x1

· · ·
∑
x2m−1

∑
x2m+1

· · ·
∑
x2k−1

∣∣∣2, (4.12)

where no restrictions are placed on summation over x2m+1, . . . , x2k−1. We partition
into arithmetic progressions with difference p the intervals over which the variables
vary; these variables are the coordinates of the vectors xj (j = 2m+ 1, . . . , 2k− 1).
In other words, we represent xj (j = 2m+1, . . . , 2k−1) in the form xj = yj +pzj ,
where the coordinates of the vectors yj vary from 1 to p, and those of the vectors zj
vary from 0 to Pp−1 (below we shall also write x = y + pz).

If we assume that the coordinates of zj take on all integer values from 0 to Pp−1,
then the integral in the right-hand side in (4.11) can only increase; we make this
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assumption. If we take the summation over yj outside the absolute value sign in
(4.12) and apply Hölder’s inequality, we obtain the following inequality (with the
obvious abbreviated notation):∣∣∣∑

A

′∣∣∣2 ≤
∣∣∣∑
x1

· · ·
∑
x2m−1

∣∣∣2∣∣∣∑
y

∑
z

∣∣∣2(k−m)
≤ p2r(k−m)−r ∑

y

∣∣∣∑
x1

· · ·
∑
x2m−1

∣∣∣2∣∣∣∑
z

∣∣∣2(k−m).
We obtain the following estimate for J0:

J0 ≤
(
k

m

)2

p2r(k−m)−r ∑
y

∫
· · ·

∫
�

∣∣∣∑
x1

· · ·
∑
x2m−1

∣∣∣2∣∣∣∑
z

∣∣∣2(k−m) d�
≤
(
k

m

)2

p2r(k−m) max
y

∫
· · ·

∫
�

∣∣∣∑
x1

· · ·
∑
x2m−1

∣∣∣2∣∣∣∑
z

∣∣∣2(k−m) d�.
Suppose that this last maximum is attained for y = y(0) = (y

(0)
1 , . . . , y

(0)
r ), so

that the above integral is equal to the number of solutions of the following system of
equations:

2m∑
j=1

(−1)j xt11j . . . x
tr
rj =

2k∑
j=2m+1

(−1)j (y(0)1 + pz1j )
t1 . . . (y(0)r + pzrj )

tr ,

0 ≤ t1, . . . , tr ≤ n,

where the vectors x1, x3, . . . , x2m−1 corresponding to the left-hand side of this system
of equations satisfy the regularity condition modulop, the unknowns zij (i = 1, . . . , r;

j = 2m+ 1, . . . , 2k) take arbitrary integer values from 0 to Pp−1, and y(0)1 , . . . , y
(0)
r

are fixed integers. By Lemma 4.2 (a), we can perform a shift of the unknowns in this
system by the numbers y(0)1 , . . . , y

(0)
r . We rewrite the system as follows:

2m∑
j=1

(−1)j (x1j − y
(0)
1 )t1 . . . (xrj − y(0)r )tr (4.13)

= pt1+···+tr
2k∑

j=2m+1

(−1)j zt11j . . . z
tr
rj , 0 ≤ t1, . . . , tr ≤ n.

Third step. We let J ′(P1; n, k − m, r;�) denote the number of solutions of the
system of equations

2k∑
j=2m+1

(−1)j zt11j . . . z
tr
rj = λ(t1, . . . , tr ), 0 ≤ t1, . . . , tr ≤ n,
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where λ(t1, . . . , tr ) are certain fixed integers, � is the set of λ(t1, . . . , tr ), and the
unknowns zij vary in the range indicated above. By Lemma 4.1 (a), we have the
inequality

J ′(P1; n, k −m, r;�) ≤ J ′(P1; n, k −m, r; 0),

where 0 denotes the set� in which all the λ(t1, . . . , tr ) are zero. Using Lemma 4.2 (a),
we shift the interval of variation of the variables zij by 1 to the right; then we find that

J ′(P1; n, k −m, r; 0) = J (P1; n, k −m, r).

Next, we let J ′(�) denote the number of solutions of the system

2m∑
j=1

(−1)j (x1j − y
(0)
1 )t1 . . . (xrj − y(0)r )tr = pt1+···+tr λ(t1, . . . , tr ),

0 ≤ t1, . . . , tr ≤ n,

and we let T denote the number of solutions of the system

2m∑
j=1

(−1)j (x1j − y
(0)
1 )t1 . . . (xrj − y(0)r )tr ≡ 0 (mod pt1+···+tr ), (4.14)

0 ≤ t1, . . . , tr ≤ n,

where all terms have been defined earlier. From the definition of the congruences it
follows that

∑
� J

′(�) = T .
Furthermore, the number of solutions of (4.13) is equal to∑

�

J(P1; n, k −m, r;�) J ′(�),

and this, in turn, does not exceed J (P1; n, k −m, r)T .
By Lemma 4.2 (b), the sets of unknowns in the system of congruences (4.14)

satisfy the regularity condition modulo p, i.e., Lemma 4.4 on complete systems of
congruences can be used to estimate T . Consequently, we have

T ≤ m!p2mr2n−0.5rnm,

J0 ≤
(
k

m

)2

p2r(k−m)T J (P − 1; n, k −m, r),

J1 ≤ (rn)2J0 ≤ (rn)2

m! k2mp2mr2n−0.5rnm+2kr−2rmJ (P1; n, k −m, r)

≤ k2mp2mr2n+2rk−0.5rnm−2rmJ (P1; n, k −m, r).

3. Let us estimate J2. To do this, we estimate the number of elements in the classB,
i.e., the number of terms in the trigonometric sum the square of whose modulus is
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contained in the integral J2. The vectors x1, x3, . . . , x2k−1 belong to the class B; this
means that the matrixM corresponding to these vectors has rank modulo p = ps less
than m for any s = 1, 2, . . . , rn, i.e., the rows of M are linearly dependent modulo
p = ps (1 ≤ s ≤ rn). In other words, for any set x1, x3, . . . , x2k−1 in B and for
any p = ps (1 ≤ s ≤ rn), there exist integers c1, . . . , cm, not all congruent to zero
modulo p, such that the linear combinations of the rows of M with these numbers
c1, . . . , cm as coefficients are congruent to zero modulo p.

Note that:
(1) the numbers c1, . . . , cm can take any values in a complete set of residues

modulo p;
(2) the numbers c1, . . . , cm depend on x1, x3, . . . , x2k−1 and on p = ps ;
(3) we can assume that the number c1 takes one of two values, namely 0 or 1, since

the relations in which c1, . . . , cm appear are homogeneous in c1, . . . , cm;
(4) if we let x(p) denote the vector obtained by taking the least nonnegative

residue modulo p of the coordinates of the vector x, then regularity (or singular-
ity) of the set x1, x3, . . . , x2k−1 modulo p implies regularity (singularity) of the set
x1(p), x3(p), . . . , x2k−1(p) modulo p.

To estimate the number of elements in B, we proceed as follows.
First step. For each s (1 ≤ s ≤ rn), we estimate the number of sets

x1(ps), x3(ps), . . . , x2k−1(ps). For each set of integers c1, . . . , cm, where c1 = 0
or 1 and not all of these numbers are congruent to 0 modulo ps , we let B(c1, . . . , cm)

denote the sets x1(ps), x3(ps), . . . , x2k−1(ps) for which the linear combinations of
the rows of the corresponding matrixM having coefficients c1, . . . , cm are congruent
to zero modulo ps . Let us estimate the number of elements in B(c1, . . . , cm). If the
sets x1(ps), x3(ps), . . . , x2k−1(ps) belong to B(c1, . . . , cm), then their coordinates

xij (ps), i = 1, . . . , r, j = 1, 3, . . . , 2k − 1,

satisfy the congruences

n∑
t1=0

· · ·
n∑

tr=0

c(t1, . . . , tr )x
t1
1j (ps) . . . x

tr
rj (ps) ≡ 0 (mod ps),

j = 1, 3, . . . , 2k − 1,

where c(t1, . . . , tr ) are the same as c1, . . . , cm except with a different indexing, which
is more convenient in our argument.

Each of these k congruences is independent of the others, i.e., the unknowns in the
congruences do not overlap. The left-hand side of one of the congruences is a poly-
nomial in r variables whose coefficients are not all congruent to zero modulo ps and
whose degree does not exceed rn. Consequently, the single congruence has no more
than rnpr−1

s solutions. Hence we see that the number of elements in B(c1, . . . , cm)

does not exceed (rnpr−1
s )k and the number of sets x1(ps), x3(ps), . . . , x2k−1(ps)

does not exceed 2pm−1
s (rnpr−1

s )k .
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Second step. By definition, if the sets x1, x3, . . . , x2k−1 belong toB, then for each
s = 1, 2, . . . , rn, the vectors xj (ps) satisfy the congruences

xj ≡ xj (ps) (mod ps), j = 1, 3, . . . , 2k − 1.

If the right-hand sides of the congruences are fixed, we can replace the congruences
modulo p1, p2, . . . , prn by a single congruence modulo p1, . . . , prn having the form

xj ≡ aj (ps) (mod p1 . . . prn), j = 1, 3, . . . , 2k − 1, (4.15)

where the right-hand side aj of the resulting congruence is uniquely determined by
the right-hand sides xj (ps) (s = 1, . . . , rn) and the coordinates of aj are residues
modulo p1, . . . , prn, nonnegative and less than p1, . . . , prn. The number of possible
right-hand sides aj is no larger than

U =
rn∏
s=1

(
2pm−1

s (rnpr−1
s )k

)
.

Since ps ≤ 2P 1/(rn) (s = 1, . . . , rn), it follows that

U ≤ 2rn(m+k(r−1))(rn)rnkP kr−k+m−1.

Each coordinate of the vector xj does not exceedP < p1 . . . prn. Hence, congruences
(4.15) are equivalent to the relations

xj = aj , j = 1, 3, . . . , 2k − 1,

i.e., there are no more than U elements in B.
Consequently (recall that k ≥ 2m), we obtain the following estimate for J2:

J2 ≤ U2 ≤ 2−2mrn(2r rn)2rnkP 2kr−2k+2m−2 <
1

16
(2r rn)2rnkP 2kr−k.

The above estimates for J1 and J2 give us the statement of the fundamental lemma:

J ≤ 2k2mp2mr2n+2rk−0.5rnm−2rmJ (P1; , n, k −m, r)+ 1

8
(2r rn)2rnkP 2rk−k. ��

4.1.5 The mean value theorem

In this subsection we prove Theorem 4.1 on the mean value of the 2kth power of the
modulus of an r-fold trigonometric sum.

Theorem 4.1. Suppose that τ ≥ 0 is an integer, k ≥ mτ , and P ≥ 1. Then the
following estimate holds for J = J (P ; n, k, r):

J ≤ k2mτ4mr
2nτ (nr)2nr�(τ)P 2rk−0.5rnm+δ(τ ),

where
δ(τ ) = 0.5rnm(1 − 1/(rn))τ , �(τ) = 0.5rnm− δ(τ ).
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Proof. We show that the theorem holds for τ = 0 and τ = 1. For τ = 0 and k ≥ 0,
we have

δ(τ ) = 0.5rnm, �(τ) = 0,

and the estimate in the theorem takes the form J ≤ P 2rk , which is always the case.
For τ = 1 and k ≥ m, we have

δ(τ ) = 0.5rnm− 0.5m, �(τ) = 0.5m,

and the estimate in the theorem takes the form

J ≤ k2m4mr
2n(nr)mrn)P 2kr−0.5m.

We show that in this case J satisfies an even sharper estimate. From Lemma 4.1 (b)
(k ≥ m) we have

J (P ; n, k, r) ≤ P 2r(k−m)J (P ; , n,m, r).
We take a prime q in the interval [P, 2P ] and note that J (P ; n,m, r) does not

exceed the number of solutions of a system of congruences modulo q having the same
form as (4.1) with k = m and in which the unknowns take values in a complete set
of residues modulo q. The number of solutions of such a system of congruences does
not exceed the number T0 in Lemma 4.3, i.e.,

J (P ; n,m, r) ≤ m!q2mr−m+1 ≤ m!22mr−m+1P 2mr−m+1,

J (P ; n, k, r) ≤ m!22mr−m+1P 2kr−m+1 ≤ k2m4mr
2n(nr)mnrP 2kr−0.5m.

Thus, it remains to prove the theorem for τ ≥ 2 and k ≥ mτ .
Again from Lemma 4.1 (b) (k ≥ mτ ), we have

J (P ; n, k, r) ≤ P 2r(k−mτ)J (P ; n,mτ, r).
If we prove the theorem for J (P ; n,mτ, r), then it also follows for J (P ; n, k, r).

We assume that the statement of the theorem holds for J (P ; n,mτ, r)
(τ ≥ 1), and we prove it for J (P ; n,m(τ + 1), r). We apply the fundamental lemma
to J (P ; n,m(τ + 1), r):

J (P ; n,m(τ + 1), r) ≤ 2(m(τ + 1))2mp2mr2n+2rm(τ+1)−0.5rnm−2rm

× J (P1; n,mτ, r)+ 1

8
(2r rn)2rnm(τ+1)P 2rm(τ+1)−m(τ+1),

where P1 = Pp−1 + 1. We apply the induction assumption to J (P1; n,mτ, r):
J (P1; n,mτ, r) ≤ (mτ)2mτ4mr

2nτ (nr)2nr�(τ)P
2rmτ−0.5rnm+δ(τ )
1 .

Substituting this estimate into the previous one, we obtain

J (P ; n,m(τ + 1), r) ≤ W1 +W2,
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where

W1 = 2(m(τ + 1))2m(mτ)2mτ4mr
2nτ (nr)2nr�(τ)

× p2mr2n+2mrτ−0.5rnmP
2rmτ−0.5rnm+δ(τ )
1 ,

W2 = 1

8
(2r rn)2rmn(τ+1)P 2rm(τ+1)−m(τ+1).

It remains to show that W1 ≤ 0.5W0 and W2 ≤ 0.5W0, where

W0 = (m(τ + 1))2m(τ+1)4mr
2n(τ+1)(nr)2nr�(τ+1)p2rm(τ+1)−�(τ+1).

We first show that W1 ≤ 0.5W0. First, we can assume that P ≥ (2rmτ)2, since
otherwise the theorem is trivial. Furthermore,

P�1 < 3P�p−�,

where � = 2rmτ − 0.5rnnm+ δ(τ ), since

(P1pP
−1)� = (1 + pP−1)� < e < 3,

which holds because p < P 1/2 and � < 2rmτ ≤ P 1/2.
Consequently, setting �1 = 2mr2n+ 2rmτ − 0.5rnm, we have

p�1P� ≤ 3p�1−�P � ≤ 3 · 2�1−�P �+(�1−�)/(rn).

But � + (�1 − �)/(rn) = 2rm(τ + 1)−�(τ + 1) and 2�1−� = 4mr
2n, and hence

p�1P� ≤ 3 · 4mr
2nP 2rm(τ+1)−�(τ+1).

From this we have

W1 = 2(m(τ + 1))2m(mτ)2mτ4mr
2nτ (nr)2nr�(τ)p2mr2n+2rmτ−0.5rnm

× P
2rmτ−0.5rnm+δ(τ )
1

= 2(m(τ + 1))2m(mτ)2mτ4mr
2nτ (nr)2nr�(τ)p�1P�1

≤ 0.5(m(τ + 1))2m(τ+1)4mr
2n(τ+1)(nr)2nr�(τ+1)P 2rm(τ+1)−�(τ+1)

× 12

(
τ

τ + 1

)2mτ

= 0.5W0 · 12

(
τ

τ + 1

)2mτ

≤ 0.5W0 · 0.1875 < 0.5W0.

Thus the inequality W1 ≤ 0.5W0 has been established.
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We now show that we also have W2 ≤ 0.5W0. Indeed, we can assume that
P > (nr)2nr , since otherwise the theorem holds trivially. Furthermore, m(τ + 1) −
�(τ + 1) ≥ 0 and hence

(nr)2nr�(τ+1)P 2rm(τ+1)−�(τ+1)

= (nr)2nrm(τ+1)P 2rm(τ+1)−m(τ+1)((nr)2nrP−1)�(τ+1)−m(τ+1)

> (nr)2rm(τ+1)−m(τ+1)P 2rm(τ+1)−m(τ+1) = 8 · 4−r2nm(τ+1)W2.

From this we have

W0 = (m(τ + 1))2m(τ+1)4mr
2n(τ+1)(nr)2nr�(τ+1)P 2rm(τ+1)−�(τ+1)

> 8−1(m(τ + 1))2m(τ+1)W2 > 2W2.

The last inequality now trivially implies thatW2 < 0.5W0. Hence the proof of the
theorem is complete. ��

Remark 4.3. It is obvious that Theorem 4.1 remains true if the unknowns in (4.1) are
subjected to any additional restrictions.

As a supplement to the theorem, we now show to what extent the size of the
parameter k in this theorem is the correct one. As an example, we examine how small
k can be in order for the lower bound in the estimate of the integral to be equal to
�(rn). Recall that, to obtain such a bound, we must take k ≥ mτ = mrn from our
theorem.

Thus let k be such that J (P ; n, k, r) 
 P 2kr−�(rn) for all P > 1. Among all
the solutions of (4.1), the number of which is expressed by the integral J (P ; n, k, r),
we consider those for which xsr = 0 for all s = 1, . . . , 2k. There will obviously be
J (P ; n, k, r − 1) such solutions and

J (P ; n, k, r − 1) ≤ J (P ; n, k, r) (4.16)

for all admissible values of the parameters.
In Lemma 4.1 it was proved that

J (P ; n, k, r − 1) � P 2k(r−1)−0.5(r−1)n(n+1)r−1
.

Hence in order that (4.16) hold for all P , it is necessary that

2kr −�(rn) ≥ 2k(r − 1)− 0.5(r − 1)n(n+ 1)r−1.

We hence conclude that we must have

2k ≥ �(rn)− (r − 1)n(n+ 1)r−1

2
= rnm

2

(
1 −

(
1 − 1

rn

)rn)
− (r − 1)nm

2(n+ 1)

≥ rnm

2

(
1 − 1

e
− 1

n+ 1

)
≥ rnm

6
.
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This implies that, in order to obtain the required lower bound, the parameter kmust
in any case be chosen no less than rnm/12, as compared to rnm in our theorem. This
gives us grounds for saying that the order of k in the theorem estimating the integral
J (P ; n, k, r) is correct with respect to all parameters.

4.2 The mean value theorem for multiple trigonometric
sums of general form

Here we find an upper bound for the mean value of the 2kth power of the modulus
of a multiple trigonometric sum with the summation variables x1, . . . , xr varying in
the range 1 ≤ x1 ≤ P1, . . . , 1 ≤ xr ≤ Pr . Since the unknowns in the complete
system of equations (for the notation, see below), as well as the summation variables
in a multiple trigonometric sum, are not equivalent, we shall estimate the contribution
of each unknown taking this fact into account. In the mean value theorem, using the
main principle of the p-adic method, we reduce estimating the number of solutions
of a complete system to estimating the number of solutions of the same system in
which the unknowns vary in a smaller range as before, but the original “degree” of
nonequivalence is preserved. To realize this consideration, we must prove several
statements about the complete system of congruences and the recurrence inequality
that are more general than those in Section 4.1. The parts of the proofs that coincide
with those given in Section 4.1 we perform without detailed explanations.

The complete system of equations has the form

2k∑
j=1

(−1)j xt11j . . . x
tr
rj = 0, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, (4.17)

where the unknowns vary within the limits

1 ≤ x1j ≤ P1, 1 ≤ x2j ≤ P2, . . . , 1 ≤ xrj ≤ Pr .

In what follows, without loss of generality, we can assume that 1 < P1 =
min(P1, P2, . . . , Pr).

We let J = J (P ; n, k, r) denote the number of solutions of system (4.17)
(for brevity, we sometimes write P , which means that we have the vector
P = (P1, P2, . . . , Pr)).

If in system (4.17) some equations are omitted, such a system is said to be incom-
plete.

We let F(x1, . . . , xr ) denote a polynomial of the form

F(x1, . . . , xr ) = FA(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
r ,

where α(t1, . . . , tr ) are real numbers, the monomials α(t1, . . . , tr )x
t1
1 . . . x

tr
r are ar-

ranged in ascending order of numbers t1 + (n1 + 1)t2 + (n1 + 1)(n2 + 1)t3 + · · · +
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(n1 + 1) . . . (nr−1 + 1)tr , A is the vector whose coordinates are the coefficients of the
polynomial F(x1, . . . , xr ) in the same order as they enter F(x1, . . . , xr ).

Let

St (A) =
∑
x1≤P1

· · ·
∑
xr≤Pr

exp{2πitF (x1, . . . , xr )}, S(A) = S1(A).

In the m-dimensional Euclidean space, by � we denote the unit m-dimensional
cube (m = (n1 + 1)(n2 + 1) . . . (nr + 1)) of the form

0 ≤ α(t1, . . . , tr ) < 1, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr .

4.2.1 Lemma on the complete system of congruences

The following lemma is one of the two fundamental lemmas in the p-adic proof of
the mean value theorem for multiple trigonometric sums.

Lemma 4.5. Suppose that µ1, . . . , µr are arbitrary natural numbers, 0 ≤ t1 ≤
n1, . . . , 0 ≤ tr ≤ nr , m = (n1 + 1) . . . (nr + 1), n = n1 + · · · + nr , � =
µ1n1 + · · · + µrnr , p is a prime number, and T is the number of solutions of the
congruences

2m∑
j=1

(−1)j xt11j . . . x
tr
rj ≡ 0 (mod pµ1t1+···+µr tr ),

0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr,

where each of the unknowns x1j , . . . , xrj of the system takes p� successive values,
and Bs ≤ xsj < Bs + p� (s = 1, . . . , r , j = 1, . . . , 2m) Suppose also that the
vectors xj = (x1j , . . . , xrj ), where j = 2, 4, . . . , 2m, satisfy the regularity condition
modulo p. Then T satisfies the estimate

T ≤ m!p�(2mr−0.5m).

Proof. Using the fact that � ≥ µ1t1 + · · · + µrtr , i.e., each unknown runs through
the complete system of residues, we can set Bs = 0 (s = 1, . . . , r). Moreover, we
can assume that p > max(n1, . . . , nr ), since in the case p ≤ max(n1, . . . , nr ), there
are no solutions satisfying the regularity condition modulo p. We represent each
unknown xsj as

xsj = xsj0 + pxsj1 + · · · + p�−1xsj �−1,

where

0 ≤ xsj0, xsj1, . . . , xsj �−1 ≤ p − 1, s = 1, . . . , r; j = 1, . . . , 2m,
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and find necessary conditions which are satisfied by the variables xsjν . Considering all
the congruences in the system modulo p and using the fact that xsj ≡ xsj0 (mod p),
we find the conditions on xsj0:

2m∑
j=1

(−1)j xt11j0 . . . x
tr
rj0 ≡ 0 (mod p),

0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, µ1t1 + · · · + µrtr ≥ 1.

Let T0 be the number of solutions of this system. Then, by Lemma 4.3 with q
replaced by p, we have the estimate

T0 ≤ (m− 1)!p2mr−m+1.

The further argument completely coincides with the corresponding argument in
Section 4.1.3, but, instead of the conditions t1+· · ·+tr ≥ ν and 0 ≤ t1, . . . , tr ≤ n, one
must consider the conditionsµ1t1+· · ·+µrtr ≥ ν and 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr .

We letRr(ν) denote the number of solutions in integers t1, . . . , tr of the inequalities
µ1t1+· · ·+µrtr ≥ ν, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr . Then for T we have the estimate

T ≤ m!p2mr−m+1
�−1∏
ν=1

p2mr−Rr(ν+1).

Since Rr(1) = m− 1, we also have

T ≤ m!p2mr�−R, R =
�∑
ν=1

Rr(ν).

If R′
r (ν) is the number of solutions of the equation µ1t1 + · · · + µrtr = ν in

integers 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr , then we have the relations

R =
�∑
ν=1

Rr(ν) =
�∑
ν=1

�∑
k=ν

R′
r (k) =

�∑
k=ν

R′
r (k)

k∑
ν=1

1

=
�∑
k=1

kR′
r (k) =

n1∑
t1=0

· · ·
nr∑
tr=0

(µ1t1 + · · · + µrtr ) = 0.5m�,

which implies the statement of the lemma. ��

4.2.2 Recurrence inequality

Lemma 4.6. We consider the sets consisting of k ≥ 2n vectors (x1, x2, . . . , xk) such
that each of the vectors x in this set has r coordinates, i.e.,

x = (y1, . . . , yr ),
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where y1, . . . , yr are natural numbers, 1 ≤ y1 ≤ P1, . . . , 1 ≤ yr ≤ Pr (hence
if P1, . . . , Pr are integers, then the total number of sets is P k1 . . . P

k
r ), and P1 =

min(P1, . . . , Pr).
Suppose also that � ≥ 1 is a natural number, �γ = 1, and p1, . . . , p� are distinct

primes such that
0.5Pγ1 ≤ pj ≤ P

γ
1 , j = 1, . . . , �.

We divide all these sets into two classes A and B. Class A consists of the sets
satisfying the regularity condition modulo p = pj at least for a single value of j
(1 ≤ j ≤ �); all the other sets belong to class B. Then the number of sets in class B
does not exceed

D = nk�2kr+�(P1 . . . Pr)
k(p1 . . . p�)

−k+m−1.

Proof. We reduce estimating D to estimating (already carried out in Section 4.1) the
number of vector sets in the second class, which was defined in the same section. As
shown above, we have

x ≡ y (mod q)

(i.e., the vector x is congruent to the vector y modulo q) if their corresponding co-
ordinates are congruent modulo q. It is easy to see that if there are two vector sets
(x1, x2, . . . , xk) and (y1, y2, . . . , yk) and the vectors from the second set are congru-
ent to the corresponding vectors from the first set modulo p1, . . . , pk , then these sets
belong to the same class (either A or B). Thus

D ≤ (
P1(p1, . . . , p�)

−1 + 1
)k
. . .

(
Pr(p1, . . . , p�)

−1 + 1
)k
V ,

where V is the number of sets (y1, y2, . . . , yk) consisting of k vectors y such that
each of their coordinates is an integer strictly less than p1 . . . p� . But we have already
proved (see Section 4.1) that V satisfies the inequality

V ≤
�∏
j=1

(2pm−1
j (npr−1

j )k),

where n = n1 + · · · + nr . This implies

D ≤ nk�2kr+�(P1 . . . Pr)(p1 . . . p�)
−k+m−1,

as required. ��

Lemma 4.7. Let P1 = min(P1, P2, . . . , Pr). For P1 > 1 and each s = 1, . . . , r , we
determine natural numbers µ1 and νs from the relations

−1

2
≤ lnPs

lnP1
− µs <

1

2
, −1 <

lnPs
lnP1

− νs ≤ 0.
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We also set
� = µ1n1 + · · · + µrnr , �γ = 1,

where n1, . . . , nr are natural numbers. Let p be a real number in the interval
0.5Pγ1 ≤ p ≤ P

γ
1 . We determine numbers Qs (s = 1, . . . , r) by the relations

Qs = Psp
−µs + 1.

Then for all s = 1, . . . , r the following relations hold:

1. Q1 ≤ Qs; 2. lnQs ≤ νs lnQ1.

Proof. 1. If µs = 1 for some s (1 ≤ s ≤ r), then we obtain

Q1 = P1p
−1 + 1 ≤ Psp

−1 + 1 = Qs.

Let now µs > 1. Then it follows from the definition of µs that

lnPs/ lnP1 ≥ µs − 1/2, Ps ≥ P
µs−1/2
1 ,

and hence

Psp
−µs ≥ P

µs−1/2
1 p−µs = (P1p

−1)µsP
−1/2
1 ≥ P

3/2
1 p−2.

Since � = µ1n1 + · · · + µrnr ≥ 2, γ ≤ 1/2, we have

p ≤ P
γ
1 ≤ P

1/2
1 , P

3/2
1 p−2 ≥ P1p

−1, Psp
−µs ≥ P1p

−1,

Qs = Psp
−µs + 1 ≥ P1p

−1 + 1 = Q1.

The first assertion in the lemma is proved.
2. We first note that for x ≥ y > 1, we have the inequality

ln(x + 1)/ ln(y + 1) ≤ ln x/ ln y. (4.18)

Indeed, in this case we have the relation x = y1+α for some α ≥ 0. Therefore,
inequality (4.18) is equivalent to the inequality

ln(1 + y1+α)/ ln(1 + y) ≤ 1 + α,

which, in turn, follows from the inequality

(1 + y)1+α ≥ 1 + y1+α.

Using (4.18), we successively obtain

lnQs

lnQ1
= ln(Psp−µs + 1)

ln(P1p−1 + 1)
≤ lnPsp−µs

lnP1p−1 = lnPs − µs lnp

lnP1 − lnp
.
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Let lnPs/ lnP1 = µs + αs , where −0.5 ≤ αs < 0.5. Then

lnPs = µs lnP1 + αs lnP1,

lnQs

lnQ1
≤ µs(lnP1 − lnp)+ αs lnP1

lnP1 − lnp
= µs + αs lnP1

lnP1p−1 .

If αs ≤ 0, then µs − 1 < µs + αs ≤ µs , i.e., by definition, we have νs = µs .
Hence

lnQs

lnQ1
≤ µs + αs lnP1

lnP1p−1 ≤ νs.

If 0 < αs < 0.5, then µs < lnPs/ lnP1 = µs + αs < µs + 1 = νs . Further,

lnP1

lnP1p−1 = lnP1p
−1 + lnp

lnP1p−1 = 1 + lnp

lnP1p−1 ≤ 2.

Hence we obtain

lnQs

lnQ1
≤ µs + αs lnP1

lnP1p−1 ≤ µs + 2αs < µs + 1 = νs.

The second assertion is the lemma is also proved. ��

The following lemma is the second fundamental lemma in the p-adic proof of the
mean value theorem and is called the lemma on the recurrence inequality.

Lemma 4.8. Suppose that r > 1, n1, . . . , nr are natural numbers, k ≥ 2m, and
min(P1, . . . , Pr) = P1 > 1. For each s = 1, . . . , r , we determine natural numbersµs
and νs by the relations

−0.5 ≤ lnPs
lnP1

− µs < 0.5, −1 <
lnPs
lnP1

− νs ≤ 0.

We also set

� = µ1n1 + · · · + µrnr , γ � = 1, µ = µ1 + · · · + µr.

Then there exists a number p in the interval [0.5Pγ1 , P γ1 ] such that the following
inequality holds:

J (P ; n, k) ≤ k2m�222mr(P1 . . . Pr)
2mp2µ(k−m)−m�/2J (Q; n, k −m)

+ 2−�(4�)2k�(P1 . . . Pr)
2kP−k

1 ,

where P = (P1, . . . , Pr), Q = (Q1, . . . ,Qr), and the variables Q1, . . . ,Qr are
determined by the relations

Qs = Psp
−µs + 1, s = 1, 2, . . . , r,

and also satisfy the conditions

Q1 = min(Q1,Q2, . . . ,Qr), lnQs ≤ νs lnQ1, s = 1, . . . , r.
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Proof. We assume that P1 > (4�)2� because, otherwise, by setting p = P
γ
1 , we see

that the second term in the right-hand side in the assertion of the lemma is larger than
(P1 . . . Pr)

2k . By Lemma 3.8 (see Chapter 3), the interval [0.5Pγ1 , P γ1 ] contains at
least � prime numbers, which we denote by p1, . . . , p� . The further argument repeats
the argument in Section 4.1, and we successively obtain the estimates

J ≤ 2J1 + 2J2, J1 ≤ �2J3, J3 ≤
(
k

m

)2

J4,

J4 =
∫

· · ·
∫

�

∣∣∣∑′

x1

. . .
∑′

x2m−1

∣∣∣2∣∣∣∑
x

∣∣∣2(k−m) d�,
where the prime on the distinguished repeated sum denotes summation over the sets
x1, x3, . . . , x2m−1 satisfying the regularity condition modulo p. Now the summation
over x = (x1, . . . , xr ) in the last sum can be represented as the summation over
arithmetic progressions whose form depends on the number of the coordinate of the
vector x as follows: if xs is the sth coordinate of x, then

xs = ys + pµs zs, 0 ≤ ys < pµs , 0 ≤ zs < Psp
−µs , s = 1, . . . , r.

The rest of the argument in Section 4.1 concerning the estimate of J4 is preserved.
Applying Lemma 4.5 when necessary, we obtain the final inequality

J4 ≤ p2(µ1+···+µr)(k−m)m!(P1p
−� + 1)2m

. . . (Prp
−� + 1)2mp2mr�−0.5m�J (Q; n, k −m),

J1 ≤ �2 k
2m

m! 22mrp2(µ1+···+µr)(k−m)−0.5m�(P1 . . . Pr)
2mJ (Q; n, k −m).

We see that the estimate obtained forJ1 corresponds to the first term in the statement
of the lemma.

Let us estimate J2. The value of J2 does not exceed the squared number U of
terms from class B. But class B contains sets of vectors x1, x3, . . . , x2k−1 that are
singular modulo p for p = pj (1 ≤ j ≤ �). By Lemma 4.6, the number U does not
exceed

nk�2kr+�(P1 . . . Pr)
k(p1 . . . p�)

m−k−1.

Hence J2 satisfies the estimate

J2 ≤ U2 ≤ n2k�22kr+2�(P1 . . . Pr)
2k(p1 . . . p�)

−2k+2m−2

≤ n2k�22kr+4�+2k�−2m�(P1 . . . Pr)
2kP−2k+2m−2

1 .

Hence, for k ≥ 2m, we obtain the estimate

J2 ≤ 2−2�(4�)2k�(P1 . . . Pr)
2kP−k

1 ,
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which corresponds to the second term in the statement of the lemma. The estimates
obtained imply the desired estimate in the lemma.

The last part of the statement of the lemma, namely, the relations

Q1 = min(Q1, . . . ,Qr), lnQs ≤ νs lnQ1, s = 1, . . . , r,

follow from the definition of Qs and Lemma 4.7. ��

4.2.3 The mean value theorem

Theorem 4.2. Suppose that τ ≥ 0 is an integer and n1, . . . , nr are natural numbers.
Then for k1 ≥ k = mτ , the variable J = J (P ; n, k1) satisfies the estimate

J ≤ k2mτ�4�2�(τ)28m�τ (P1 . . . Pr)
2k1P−��(τ),

where � = n1ν1 + · · · + nrνr , γ � = 1, m = (n1 + 1) . . . (nr + 1), and

�(τ) = 0.5m(1 − (1 − γ )τ ), P = (P
n1
1 . . . P nrr )

γ .

Here ν1, . . . , νr are natural numbers such that

−1 <
lnPs
lnP1

− νs ≤ 0, s = 1, . . . , r.

Proof. It suffices to prove the theorem for k1 = k = mτ . If τ = 0, then the
statement of the theorem becomes trivial. Suppose that τ = 1 and k = m. We choose
a prime number q in the interval P1 ≤ q ≤ 2P1. Let T be the number of solutions of
the system of congruences modulo q corresponding to the system of equations (4.17)
(instead of Eqs. (4.17), we consider the system of congruences modulo q with the
same conditions on the unknowns). Obviously, we have

J ≤ T ≤ (P1q
−1 + 1)2m . . . (Prq

−1 + 1)2mT0,

where T0 is the variable estimated in Lemma 4.3. We obtain

T0 ≤ m!q2mr−m+1,

J ≤ m!24mr(P1 . . . Pr)
2mP−m+1

1 ≤ m2m28m�(P1 . . . Pr)
2mP−0.5m.

The last inequality becomes obvious if we recall that

n1 + n2
lnP2

lnP1
+ · · · + nr

lnPr
lnP1

≤ n1ν1 + · · · + nrνr = �, �γ = 1, � ≥ r.

Thus we see that the statement of the theorem holds for τ = 0 and τ = 1.
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We assume that the statement of the theorem holds for τ = s and prove it for
τ = s + 1. Since s ≥ 1, s + 1 ≥ 2, and k = m(s + 1) ≥ 2m, we can use Lemma 4.8
to estimate J = J (P ; n, k):

J ≤ k2m�222mr(P1 . . . Pr)
2mp2µ(k−m)−0.5m�J (Q; n, k −m) (4.19)

+ 2−�(4�)2k�(P1 . . . Pr)
2kP−k

1 ,

where µ = µ1 + · · · + µr and µ1, . . . , µr are natural numbers determined by the
conditions

−0.5 ≤ lnPj
lnP1

− µj < 0.5, j = 1, . . . , r,

0.5Pγ1 ≤ p ≤ P
γ
1 , Q = (Q1, . . . ,Qr), Qs = Psp

−µs + 1, s = 1, . . . , r.

We apply the induction assumption to estimate J (Q; n, k−m). For this, we note that
Q1 = min(Q1, . . . ,Qr) > 1. Next, we determine natural numbers ν′

1, . . . , ν
′
r from

the relations
−1 < lnQj/lnQ1 − ν′

j ≤ 0, j = 1, . . . , r,

and set �1 = n1ν
′
1 +· · ·+nrν′

r and �1γ1 = 1. We note that Lemma 4.7 readily implies
the estimates

lnQj/ lnQ1 ≤ νj , i.e. ν′
j ≤ νj , j = 1, . . . , r,

Hence �1 ≤ � and γ ≤ γ1.
So it follows from the induction assumption that (k −m = ms, τ = s)

J (Q; n, k −m) ≤ (ms)2ms�
4�2

1�1(s)

1 28ms�1(Q1 . . .Qr)
2msQ−�1�1(s),

where �1(s) = 0.5m(1 − (1 − γ1)
s) and Q = (Q

n1
1 . . .Q

nr
r )

γ1 .
From (4.19) and the last inequality, we find

J ≤ W1 +W2,

where

W1 = (m(s + 1))2m�222mr(ms)2ms�
4�2

1�1(s)

1 28ms�1

× (P1 . . . Pr)
2mp2µms−0.5m�(Q1 . . .Qr)

2msQ−�1�1(s+1),

W2 = 2−�(4�)2m(s+1)�(P1 . . . Pr)
2m(s+1)P−k

1 .

It remains to prove that

W1 ≤ 0.5W, W2 ≤ 0.5W,

where

W = (m(s + 1))2m(s+1)�4�2�(s+1)28m(s+1)�(P1 . . . Pr)
2m(s+1)P−��(s+1)
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(W is the right-hand side in the inequality in the statement of the theorem). As already
noted, we have

P
n1
1 . . . P nrr ≤ P�1 . (4.20)

Moreover, �(s + 1) = 0.5m(1 − (1 − γ )s+1) ≤ 0.5m(s + 1)γ . Hence

(P
n1
1 . . . P nrr )

−�(s+1) ≥ P−0.5m(s+1),

i.e., the lowering obtained in the theorem is not better than P−0.5m(s+1)
1 , and hence

if P1 ≤ (m(s + 1))4, then, taking the first factor in W into account, we obtain W >

(P1 . . . Pr)
2m(s+1). The statement of the theorem thus becomes trivial. Hence we

assume
P1 > (m(s + 1))4 ≥ (2ms)2.

Moreover, we can assume that Pn1
1 . . . P

nr
r > �4�2

. Otherwise, the estimate of J
becomes trivial because of the second factor in the statement of the theorem. Thus we
can assume that P1 ≥ �4� .

Now we estimate W1. By the definition of the variables Q1, . . . ,Qr , we obtain

(Q1 . . .Qr)
2ms ≤ (P1 . . . Pr)

2ms(1 + pP−1
1 )2ms . . . (1 + pP−1

r )2msp−2µms.

Next, γ ≤ 0.5, p ≤ √
P , and Pj ≥ P1 (j = 1, . . . , r). For µj = 1, we have the

estimates
pµj P−1

j = pP−1
j ≤ P−0.5

1 ;

for µj ≥ 2, the inequality Pj ≥ P
µj−0.5
1 implies

pµj P−1
j ≤ (pP−1

1 )µj P 0.5
1 ≤ P

−0.5µj+0.5
1 ≤ P−0.5

1 .

So we always have (because P1 ≥ (2ms)2) pµj P−1
j ≤ P−0.5

1 ≤ 1/(2ms). There-
fore, we obtain

(1 + pµj P−1
j )2ms ≤ (1 + 1/(2ms))2ms ≤ 3,

(Q1 . . .Qr)
2ms ≤ 3r (P1 . . . Pr)

2msp−2µms.

We again use the definition of Qj to obtain

Pjp
−µj < Qj ,

(Q
n1
1 . . .Qnr

r )
−�1(s) ≤ (P

n1
1 . . . P nrr )

−�1(s)p(n1µ1+···+nrµr )�1(s),

(P1 . . . Pr)
2mp2µms−0.5m�(Q1 . . .Qr)

2ms(Q
n1
1 . . .Qnr

r )
−�1(s)

≤ 3r (P1 . . . Pr)
2m(s+1)(P

n1
1 . . . P nrr )

−�1(s)p−0.5m�+(n1µ1+···+nrµr )�1(s).
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Now we show that

3r (m(s + 1))2m�222mr(ms)2ms�
4�2

1�1(s)

1 28ms�1

× (P1 . . . Pr)
2m(s+1)(P

n1
1 . . . P nrr )

−�1(s)p−0.5m�+(n1µ1+···+nrµr )�1(s)

≤ 0.5(m(s + 1))2m(s+1)�4�2�(s+1)28m(s+1)�(P1 . . . Pr)
2m(s+1)P−��(s+1).

We increase the left-hand side of the last inequality replacing �1 by �. It is easy to
see that

3r (m(s + 1))2m�222mr(ms)2ms28ms� ≤ 0.5(m(s + 1))2m(s+1)28m(s+1)� .

Indeed, after cancellation (with some roughening of the left-hand side), we obtain the
relation

3r�222mr ≤ 28m�−1,

which is always trivial (one must only have in mind that � ≥ n1 + · · · + nr ≥ r).
Now it remains to prove the inequality

�4�2�1(s)(P
n1
1 . . . P nrr )

−�1(s)p−0.5m�+(n1µ1+···+nrµr )�1(s)

≤ �4�2�(s+1)(P
n1
1 . . . P nrr )

−�(s+1),

or the equivalent inequality

(P
n1
1 . . . P nrr �

−4�2
)�(s+1)−�1(s) ≤ p0.5m�−(n1µ1+···+nrµr )�1(s). (4.21)

It follows from the definition of µj that µj ≤ νj (j = 1, . . . , r). Hence we have
� = n1ν1 + · · · + nrνr ≥ n1µ1 + · · · + nrµr . Moreover,

�1(s) = 0.5m
(
1 − (1 − γ1)

s
) ≤ 0.5m.

Hence
0.5m� − (n1µ1 + · · · + nrµr)�1(s) > 0.

Next, as noted above, we have

P
n1
1 . . . P nrr �

−4�2
> 1.

Therefore, if �(s + 1) − �1(s) ≤ 0, then inequality (4.21) holds trivially. Let
�(s + 1)−�1(s) > 0. We have the inequalities

P
n1
1 . . . P nrr ≤ P�1 , P1 ≤ 2�p�, P

n1
1 . . . P nrr �

−4�2 ≤ 2�
2
�−4�2

p�
2
< p�

2
,

p0.5m�−(n1µ1+···+nrµr )�1(s) ≥ p0.5m�−��1(s).

Now we prove the inequality

p�
2(�(s+1)−�1(s)) ≤ p0.5m�−��1(s)
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or the equivalent inequality �
(
�(s + 1)−�1(s)

) ≤ 0.5m−�1(s). We successively
obtain (�γ = 1)

0.5m�
(
(1 − γ1)

s − (1 − γ )s+1) ≤ 0.5m(1 − γ1)
s,

(1 − γ1)
s − (1 − γ )s+1 ≤ γ (1 − γ1)

s, (1 − γ1)
s(1 − γ ) ≤ (1 − γ )s+1,

γ ≤ γ1.

Thus we have proved the inequality W1 ≤ 0.5W .
The inequality W2 ≤ 0.5W can be proved much simpler. If

(4�)2m(s+1)� ≤ 28m(s+1)�P
m(s+1)
1 (P

n1
1 . . . P nrr )

−�(s+1),

then the desired relation holds trivially. But, as already noted, we have

(P
n1
1 . . . P nrr )

�(s+1) ≤ P
0.5m(s+1)
1 , P1 > �4�.

Hence we obtain the obvious inequality

24m(s+1)��2m(s+1)� ≤ 28m(s+1)��2m(s+1)� .

The proof of the theorem is complete. ��

Remark 4.4. The statement of the theorem remains valid if the unknowns in sys-
tem (4.17) are subjected to any additional restrictions.

4.2.4 On the accuracy of the estimate in the mean value theorem

We note that the estimate in Theorem 4.2 is correct in the order of magnitude of in-
creasing variablesP1, . . . , Pr . Indeed, following the argument similar to the argument
in the proof of Lemma 4.1 (e), it is possible to prove the inequality

J (P ; n, k) ≥ (2k)−m(P1 . . . Pr)
2k(P

n1
1 . . . P nrr )

−0.5m.

On the other hand, for k = cm� logm�, where c > 1 is a constant, i.e., for the k
for which the upper bound for J (P ; n, k) is usually used in applications, Theorem 4.2
implies the inequality

J (P ; n, k) ≤ exp{c1m�
2 logm�}(P1 . . . Pr)

2k(P
n1
1 . . . P nrr )

−0.5m+δ,

where c1 > 0 is a constant, δ does not exceed γ /2, and δ → 0 with increasing c.
Moreover, essentially using Theorem 4.2 for the above-mentioned values of k, we

obtain an asymptotic formula for J (P ; n, k) (see Theorems 6.1 and 6.2 in Chapter 6).
We also show that the variable k = k(τ ) = mτ in the mean value theorem has

a correct order of increase in the variables n1, . . . , nr . More precisely, we show
that it is impossible to set k(τ ) = 0.1mτ instead of k(τ ) = mτ in the statement of
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Theorem 4.2. The outline of the proof coincides, in general, with the outline of the
corresponding argument in Section 4.5.1. We assume that, for all s = 1, 2, . . . , r ,
lnPs/ lnP1 ≤ α(n, r), where α(n, r) ≥ 1 is a constant depending only on n and r .

Let k2(τ ) be the least positive integer such that the estimate

J (P ; n, k1) 
 (P1 . . . Pr)
2k1(P

n1
1 . . . P nrr )

−�(τ) (4.22)

holds for all P1, . . . , Pr and all k1 ≥ k2(τ ). Hereafter, we assume that the constant in
Vinogradov’s sign depends only on n and r . By the condition lnPs/ lnP1 ≤ α(n, r),
the variable � in the statement of Theorem 4.1 satisfies the inequality � 
 1. Hence
Theorem 4.1 implies that the estimate (4.22) holds for k1 ≥ k(τ ). Hence we have
k2 = k2(τ ) ≤ k(τ ).

Since the theorem is proved for k(τ ) = mτ , we have k2 ≤ mτ . Our goal is to
prove the inequality

k2 = k2(τ ) > 0.1k(τ ) = 0.1mτ for any τ 
 1.

Bym = mr we denote the value of (n1 + 1)(n2 + 1) . . . (nr + 1) and bymr−1 we
denote the value of (n2 + 1) . . . (nr + 1). We consider the solutions of the system

2k2∑
j=1

(−1)j xt11j . . . x
tr
rj = 0, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr,

that contain the unknowns x1j = 1, j = 1, . . . , 2k2. We denote the number of such
solutions by Jr−1. Obviously, it coincides with the number of solutions of the system

2k2∑
j=1

(−1)j xt22j . . . x
tr
rj = 0, 0 ≤ t2 ≤ n2, . . . , 0 ≤ tr ≤ nr,

where the unknowns vary in the limits 1 ≤ x2j ≤ P2, . . . , 1 ≤ xrj ≤ Pr , j =
1, . . . , 2k2.

As already noted, since k2 
 1, the variable Jr−1 has the lower bound

Jr−1 � (P2 . . . Pr)
2k2(P

n2
2 . . . P nrr )

−0.5mr−1 . (4.23)

Moreover, we have the trivial relation Jr = J (P ; n, k2) ≥ Jr−1. This and in-
equalities (4.22) and (4.23) imply

(P1 . . . Pr)
2k2(P

n1
1 . . . P nrr )

−�(τ) � J � (P2 . . . Pr)
2k2(P

n2
2 . . . P nrr )

−0.5mr−1 .

It follows from the last inequality that

2k2 ≥ �(τ)

(
n1 + lnP2

lnP1
n2 + · · · + lnPr

lnP1
nr

)

− 0.5mr−1

(
n2

lnP2

lnP1
+ · · · + nr

lnPr
lnP1

)
.



180 4 Mean value theorems for multiple trigonometric sums

We transform the right-hand side and thus obtain

2k2 ≥
(
n1 + lnP2

lnP1
n2 + · · · + lnPr

lnP1
nr

)
× (�(�)− 0.5mr−1)+ 0.5(mr −mr−1) > 0.2mr� = 0.2m�

for n1 ≥ 2 and τ = �. Hence k2 = k2(�) > 0.1m� = 0.1k(�), as required.

Concluding remark on Chapter 4. The mean value theorem for trigonometric sums
of arbitrary multiplicity was proved by G. I. Arkhipov and V. N. Chubarikov [11],
[10]. The statement of this theorem contained a new result even for the case of one-
dimensional sums, i.e., for the case of the classical Vinogradov’s mean value theorem.
The improved results in these papers were obtained by induction on the set of two
parameters one of which it the length of the summation interval and the other is the
“accuracy” of averaging [11]. Simultaneously, a less precise result was obtained by
S. B. Stechkin by the method of successive iterations [143].



Chapter 5

Estimates for multiple trigonometric sums

In this chapter we obtain a general estimate for the trigonometric sum S(A) intro-
duced in Section 4.2. We divide all points α(t1, . . . , tr ) with the condition 0 ≤
α(t1, . . . , tr ) < 1, where t1 + · · · + tr ≥ 1, into two classes depending on their ap-
proximation by fractions. We obtain a uniform, rather sharp estimate of |S(A)| for
points of the second class, which comprise the overwhelming majority of points. We
obtain an estimate which in many cases is best possible for points of the first class. In
deriving the estimate of |S(A)| for points of the first class, we shall use the estimates
obtained in Chapters 1 and 2 for multiple trigonometric integrals and complete mul-
tiple trigonometric sums. In addition, we shall also need a generalization of van der
Korput’s lemma to the multidimensional case.

In deriving the estimate of |S(A)| for points of the second class, we shall need the
theorems on the multiplicity of the intersection of regions that we prove in Section 5.1.

5.1 Theorems on the multiplicity of intersection
of multidimensional regions

The theorems in this section give an upper bound for the multiplicity of regions. We
shall use this bound to estimate the trigonometric sums of general type.

We now explain the logical interrelation of the results in this section.
In Chapter 3 we describe in detail the general scheme for reducing an estimate of

an individual trigonometric sum to an estimate of its mean value. In particular, in this
reduction a point of them-dimensional space whose coordinates are the coefficients of
the polynomial F(x) in the exponent of the multiple trigonometric sum is enclosed in
a rectangular region ω in such a way that the absolute value of the trigonometric sum
is almost the same throughout the region. If the interval of summation is shifted by a
vector y = (y1, . . . , yr ), then the coefficients of the polynomial F(x) in the exponent
of the trigonometric sum change and become themselves some polynomials in y. In
the argument below, we shall denote these polynomials by B(t) = B(t1, . . . , tr ) =
B(t; y). The condition that the regionω = �(y1) intersects with a fixed region�(y0)

essentially means that the respective coefficients of B(t; y1) and B(t; y0) are close to
one another modulo 1 for all t = (t1, . . . , tr ). In other words, if these regions intersect,
then some congruences nonlinear in y hold modulo 1.
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In order to use these congruences to obtain an upper bound for the number G
(the number of distinct vectors y1 satisfying these congruences, i.e., the number of
regions that intersect the fixed region), we use a technique of I. M. Vinogradov, which
enables us, from the above system of nonlinear congruences, to derive a system of
congruences that are linear in y1.

Unlike the one-dimensional case, this system contains several unknowns. Hence,
to realize Vinogradov’s technique for obtaining an estimate of the correct order for G
in dependence on the value of the least common multiple of the denominators in
rational approximations of the coefficients of F(x), we must use some additional
considerations.

The method by means of which a nonlinear system can be reduced to a linear system
splits into two parts. The first step consists in finding for the B(t; y1) a particular
representation in terms of the linear forms contained in the other coefficients, i.e.,
in the other polynomials B(t; y1). We think that every polynomial is the sum of a
constant term, a linear form, a quadratic form, a cubic form, and so on. At the second
step, we use this representation to derive congruences in linear forms from the system
of nonlinear congruences for the coefficients of B(t; y).

In the one-dimensional case, the first step is trivial, and the main difficulty is with
the second step. In the multidimensional case which we shall study here, both steps
are of approximately equal difficulty. The first of these steps is studied in Lemma 5.1
and the second in Lemma 5.2.

In Lemma 5.1, to obtain the required representation of the coefficients in terms of
linear forms, we construct a system of polynomials with nonnegative integer coeffi-
cients by means of generating functions; then the required representation is demon-
strated by direct transformations.

The proof of Lemma 5.2 is to a large extent similar to that in the one-dimensional
case. The multidimensionality yields new parameters; hence, one must use the multidi-
mensional induction and, in order to preserve the accuracy, once again select numerical
factors.

To estimate G, we prove the following three assertions. First, we recall some old
notions and introduce new ones.

Let F(x1, . . . , xr ) be a polynomial introduced in Section 4.2, i.e.,

F(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
r .

We define a function B = B(u1, . . . , ur ) = B(u) by the relation

F(x1 + y1, . . . , xr + yr)− F(x1 + z1, . . . , xr + zr)

=
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )
(
(x1 + y1)

t1 . . . (xr + yr)
tr − (x1 + z1)

t1 . . . (xr + zr)
tr
)
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=
n1∑
t1=0

· · ·
nr∑
tr=0

B(t1, . . . , tr )x
t1
1 . . . x

tr
r .

Hence the function B(t1, . . . , tr ) depends not only on t1, . . . , tr but also
on y1, . . . , yr , z1, . . . , zr and (by definition) can be written as

B(u1, . . . , ur ) =
n1∑

t1=u1

nr∑
tr=ur

α(t1, . . . , tr )

(
t1

u1

)
. . .

(
tr

ur

)
× (y

t1−u1
1 . . . ytr−urr − z

t1−u1
1 . . . ztr−urr ).

Next, we set u = u1 + · · · + ur , v = v1 + · · · + vr , n = n1 + · · · + nr , and
t = t1 + · · · + tr . We define a function A = A(u1, . . . , ur ; s) = A(u; s) as the sth
degree form in the polynomial B(t1, . . . , tr ); in other words,

A(u1, . . . , ur ; s) = A(u; s) =
n1∑

v1=u1

· · ·
nr∑

vr=ur
v=s+u

α(v1, . . . , vr )

(
v1

u1

)
. . .

(
vr

ur

)

× (y
v1−u1
1 . . . yvr−urr − z

v1−u1
1 . . . zvr−urr ).

It follows from the definitions of B and A that

B(u) =
n−u∑
s=0

A(u; s).

Moreover, we note that

A(u; 1) =
r∑
j=1

(uj + 1)α(u1, . . . , uj + 1, . . . , ur )(yj − zj ).

Lemma 5.1. There exist polynomials H(u; v; s) in the unknowns y1, . . . , yr , z1,

. . . , zr such that

A(u; s) 1

u1! . . . ur !s!
n1∑

v1=u1

· · ·
nr∑

vr=ur
v=s−1+u

v1! . . . vr !H(u; v; s)A(v; 1);

the sum of the coefficients of each of the polynomials H(u; v; s) does not exceed
srs−1, and the sum of powers of the variables yj , zj (j = 1, . . . , r) contained in any
monomial in the polynomial H does not exceed vj − uj (j = 1, . . . , r).
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Proof. We define a function g(w1, . . . , wr ; s) which will be the generating function
of the polynomials H(u; v; s) by the relation

g(w1, . . . , wr ; s) = w
u1
1 . . . wurr

(y1w1 + · · · + yrwr)
s − (z1w1 + · · · + zrwr)

s

(y1w1 + · · · + yrwr)− (z1w1 + · · · + zrwr)

=
+∞∑
v1=u1

· · ·
+∞∑
vr=ur

v=s−1+u

H(u; v; s)wv1
1 . . . wv

r

r . (5.1)

The definition of g(w1, . . . , wr ; s) implies

g(w1, . . . , wr ; s)

= w
u1
1 . . . wurr

s−1∑
t=0

(y1w1 + · · · + yrwr)
t (z1w1 + · · · + zrwr)

s−t−1.
(5.2)

The coefficient of the monomial wv1
1 . . . w

vr
r in the right-hand side of this relation

is the polynomial H(u; v; s) in the variables y1, . . . , yr , z1, . . . , zr . Hence it is easy
to see that the coefficients of the polynomial H(u; v; s) are integers. If we now set
w1 = · · · = wr = 1, y1 = · · · = yr = 1, and z1 = · · · = zr = 1 in (5.2), then
the right-hand side of this relation is, first, equal to the sum of all coefficients of all
monomials H(u; v; s), where v1 ≥ u1, . . . , vr ≥ ur , and, second, is equal to the
number

s−1∑
t=0

rt rs−t−1 = srs−1.

Therefore, the sum of the coefficients of each monomial H(u; v; s), v1 ≥ u1,

. . . , vr ≥ ur , does not exceed srs−1. Moreover, the sum of powers of the variables
yj , zj contained in each monomial in the polynomial H(u; v; s) is equal to vj − uj
(j = 1, . . . , r). Indeed, to this end, we set zj = yj in the right-hand side of (5.2).
Then the power of yj before w

vj
j will be the required sum. But it is easy to see that in

this case the power of yj before w
vj
j is equal to vj − uj .

We transform the product

g(w1, . . . , wr ; s)
(
(y1w1 + · · · + yrwr)− (z1w1 + · · · + zrwr)

)
, (5.3)

first using the second part of relation (5.1) and then the first part. Equating the coeffi-
cients of wv1

1 . . . w
vr
r to one another, we obtain the desired statement of the lemma.

So, from relation (5.1), we have obtained the following system of relations (here
we change the order of summation and change the summation variable):
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g(w1, . . . , wr ; s)((y1 − z1)w1 + · · · + (yr − zr)wr)

=
∑
v1≥u1

· · ·
∑
vr≥ur

v=s−1+u

H(v; u; s)wv1
1 . . . wvrr

r∑
j=1

(yj − zj )wj

=
∑
v1≥u1

· · ·
∑
vr≥ur

v=s−1+u

H(v1, . . . , vr ; u; s)

×
r∑
j=1

(yj − zj )w
v1
1 . . . w

vj−1
j−1w

vj+1
j w

vj+1
j+1 . . . w

vr
r

=
r∑
j=1

∑
v1≥u1

· · ·
∑

vj−1≥uj−1

∑
vj+1≥uj+1

∑
vj+1≥uj+1

· · ·
∑
vr≥ur

v1+···+vj−1+(vj+1)+vj+1+···+vr=s+u1+···+ur
×H

(
v1, . . . , vj−1, vj + 1 − 1, vj+1, . . . , vr ; u; s

)
× (yj − zj )w

v1
1 . . . w

vj−1
j−1w

vj+1
j w

vj+1
j+1 . . . w

vr
r

=
r∑
j=1

∑
v1≥u1

· · ·
∑

vj−1≥uj−1

∑
vj≥uj+1

∑
vj+1≥uj+1

· · ·
∑
vr≥ur

v=s+u
×H

(
v1, . . . , vj−1, vj − 1, vj+1, . . . , vr ; u; s

)
× (yj − zj )w

v1
1 . . . w

vj−1
j−1w

vj
j w

vj+1
j+1 . . . w

vr
r .

We show that the summation over vj in the last sum can start from uj . A new term
equal to (yj−zj )wv1

1 . . . w
vr
r multiplied byH(v1, . . . , vj−1, uj−1, vj+1, . . . , vr ; u; s)

appears in this sum for vj = uj . But, according to definition (5.1), the last fac-

tor is the coefficient of the monomial wv1
1 . . . w

uj−1
j . . . w

vr
r in the decomposition of

g = g(w1, . . . , wr ; s) in powers ofw�1
1 . . . w

�r
r . All the monomials contained ing have

the degree in the variable wj no less than uj , because g is the product of wu1
1 . . . w

ur
r

by some polynomial in the same variables, namely, by

(y1w1 + · · · + yrwr)
s − (z1wj + · · · + zrwr)

s

(y1w1 + · · · + yrwr)− (z1w1 + · · · + zrwr)
.

Therefore, the factor H(v1, . . . , vj−1, uj − 1, vj+1, . . . , vr ; u; s) is equal to zero.
Hence we can start the summation in the last sum from vj = uj and rewrite this sum
as

r∑
j=1

∑
v1≥u1

· · ·
∑
vj≥uj

· · ·
∑
vr≥ur

v=s+u

H
(
v1, . . . , vj − 1, . . . , vr ; u; s

)
(5.4)

× (yj − zj )w
v1
1 . . . wvrr
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=
∑
v1≥u1

· · ·
∑
vr≥ur

v=s+u

w
v1
1 . . . wvrr

×
r∑
j=1

(yj − zj )H(v1, . . . , vj − 1, . . . , vr ; u; s).

Now we use the right-hand side of (5.1) to transform product (5.2). First, by the
Newton binomial formula, we have

(y1w1 + · · · + yrwr)
s =

∑
k1+···+kr=s

s!
k1! . . . kr ! y

k1
1 . . . ykrr w

k1
1 . . . wkrr .

Therefore, after obvious transformations, we obtain

g(w1, . . . , wr ; s)((y1 − z1)w1 + · · · + (yr − zr)wr)

= w
u1
1 . . . wurr

(
(y1w1 + · · · + yrwr)

s − (z1w1 + · · · + zrwr)
s
)

= w
u1
1 . . . wurr

∑
k1+···+kr=s

s!
k1! . . . kr !

× w
k1
1 . . . wkrr (y

k1
1 . . . ykrr − z

k1
1 . . . z

kr
r )

=
∑

k1+···+kr=s

s!
k1! . . . kr !w

k1+u1
1 . . . wkr+urr (y

k1
1 . . . ykrr − z

k1
1 . . . z

kr
r )

=
∑
v1≥u1

· · ·
∑
vr≥ur

v=s+u

s!
(v1 − u1)! . . . (vr − ur)!

× w
v1
1 . . . wvrr (y

v1−u1
1 . . . yvr−urr − z

v1−u1
1 . . . zvr−urr )

(5.5)

(in the penultimate sum, we made a change of the summation variables of the form
k1 + u1 = v1, . . . , kr + ur = vr ).

Comparing the coefficients of wv1
1 . . . w

vr
r in the last sums in (5.4) and (5.5), we

obtain

s!
(v1 − u1)! . . . (vr − ur)! (y

v1−u1
1 . . . yvr−urr − z

v1−u1
1 . . . zvr−urr )

=
r∑
j=1

(yj − zj )H(v1, . . . , vj − 1, . . . , vr ; u; s),

or

y
v1−u1
1 . . . yvr−urr − z

v1−u1
1 . . . zvr−urr

= (v1 − u1)! . . . (vr − ur)!
s!

r∑
j=1

(yj − zj )H(v1, . . . , vj − 1, . . . , vr ; u; s).
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We first substitute this identity into the expression for A(u; s) and use the relation

(
v

u

)
= v!
u!(v − u)! .

Then, again using the relation H(v1, . . . , uj − 1, . . . , vr ; u; s) = 0, we change the
order of summation and apply the formula for A(u; 1). We obtain

A(u; s) =
n1∑

v1=u1

· · ·
nr∑

vr=ur
v=s+u

α(v1, . . . , vr )
v1!

u1!(v1 − u1)! . . .
vr !

ur !(vr − ur)!

× (v1 − u1)! . . . (vr − ur)!
s!

r∑
j=1

(yj − zj )H(v1, . . . , vj − 1, . . . , vr ; u; s)

= 1

u1! . . . ur !s!
n1∑

v1=u1

· · ·
nr∑

vr=ur
v=s+u

v1! . . . vr !α(v1, . . . , vr )

×
r∑
j=1

(yj − zj )H(v1, . . . , vj − 1, . . . , vr ; u; s)

= 1

u1! . . . ur !s!
n1∑

v1=u1

· · ·
nj∑

vj−1=uj−1

· · ·
nr∑

vr=ur
v1+···+(vj−1)+···+vr=s−1+u1+···+ur

× v1! . . . (vj − 1 + 1)! . . . vr !α(v1, . . . , vj − 1 + 1, . . . , vr )

×
r∑
j=1

(yj − zj )H(v1, . . . , vj − 1, . . . , vr ; u; s)

= 1

u1! . . . ur !s!
n1∑

v1=u1

· · ·
nj∑

vj=uj−1

· · ·
nr∑

vr=ur
v=s−1+u

v1! . . . (vj + 1)! . . . vr !

× α(v1, . . . , vj + 1, . . . , vr )
r∑
j=1

(yj − zj )H(v1, . . . , vj , . . . , vr ; u; s) =

= 1

u1! . . . ur !s!
n1∑

v1=u1

· · ·
nr∑

vr=ur
v=s−1+u

v1! . . . vr !(vj + 1)

× α(v1, . . . , vj + 1, . . . , vr )
r∑
j=1

(yj − zj )H(v1, . . . , vr ; u; s) =
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=
n1∑

v1=u1

· · ·
nr∑

vr=ur
v=s−1+u

H(v; u; s)
r∑
j=1

v1! . . . vr !
u1! . . . ur !s! (vj + 1)(yj − zj )

× α(v1, . . . , vj + 1, . . . , vr )

= 1

u1! . . . ur !s!
n1∑

v1=u1

· · ·
nr∑

vr=ur
v=s−1+u

v1! . . . vr !H(v; u; s)A(v; 1).

The proof of the lemma is complete. ��

Lemma 5.2. We let L1 denote the number of solutions of the system of inequalities

‖B(u1, . . . , ur )‖ ≤ P
−u1
1 . . . P−ur

r , (5.6)

u1 = 0, 1, . . . , n1; . . . ; ur = 0, 1, . . . , nr ,

n = n1 + · · · + nr, u = u1 + · · · + ur, 1 ≤ u ≤ n− 1,

under the assumption that the unknowns y1, . . . , yr run respectively through the inte-
gers in the intervals [−Y1, Y1], . . . , [−Yr, Y − r], z1, . . . , zr are fixed integers from
the same intervals, Y1 ≤ P1, . . . , Yr ≤ Pr , and L2 denotes the number of solutions
under the same conditions of the linear system∥∥∥∥ n!

(u+ 1)! · (n+ 1)!
(u+ 2)!A(u1, . . . , ur ; 1)

∥∥∥∥ (5.7)

≤ n!
(u+ 1)! · (n+ 1)!

(u+ 2)! (4rn
2)n−u−1P

−u1
1 . . . P−ur

r ,

u1 = 0, 1, . . . , n1; . . . ; ur = 0, 1, . . . , nr , 1 ≤ u ≤ n− 1.

Then the following inequality holds:

L1 ≤ L2.

Proof. We divide all inequalities in (5.7) into groups of inequalities Eµ (µ =
0, 1, . . . , n − 1). Each group Eµ contains the inequalities for which the sum u =
u1+· · ·+ur has the same value equal toµ. We show that each solution of system (5.6)
satisfies all inequalities in Eµ for any µ, which readily implies the statement of the
lemma.

We prove the last assertion as follows: at the first step, we prove that each solu-
tion of system (5.6) is also a solution of the system of inequalities consisting of the
inequalities in (5.6) and of the inequalities from the group Eµ with the maximal value
µ = u0 = n − 1. At the second step, we prove that each solution of system (5.6)
is also a solution of the system of inequalities consisting of the inequalities in (5.7),
the inequalities from the group Eu0 , and the inequalities from the group Eu0−1, etc.,
till E1. In other words, we proceed by induction on the parameter µ.
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Let µ = u0 = n − 1. For this value of the parameter µ, the group Eµ consists
of r linear inequalities. Indeed, in this case the equation

u = u1 + · · · + ur = n− 1 = n1 + · · · + nr − 1,

0 ≤ u1 ≤ n1, . . . , 0 ≤ ur ≤ nr,

has solutions u1 = n1 − 1, u2 = n2, . . . , ur = nr ; . . . ; u1 = n1, u2 = n2, . . . , ur =
nr − 1; moreover,

B(n1, . . . , nj−1, nj − 1, nj+1, . . . , nr )

= A(n1, . . . , nj−1, nj − 1, nj+1, . . . , nr ; 1) = njα(n1, . . . , nr )(yj − zj )

and the coefficients of A(n1, . . . , nj−1, nj − 1, nj+1, . . . , nr ; 1) in the inequalities
in Eu0 are equal to 1. Besides, the right-hand sides of the inequalities in Eu0 exceed
in magnitude the right-hand sides of the inequalities in system (5.6) with the corre-
sponding indices. Thus the induction assumption holds for µ = u0. Now we assume
that the desired assertion is proved for µ = k + 1 and prove it for µ = k. Let

u = u1 + · · · + ur = µ = k.

By the definition of B(u1, . . . , ur ), we have

B(u1, . . . , ur ) =
n−u∑
s=1

A(u; s).

Hence

A(u; 1) = B(u)−
n−u∑
s=1

A(u; s).

Multiplying both sides of this relation by n!
(u+1)! · (n+1)!

(u+2)! and using the expression
for A(u; s) obtained in Lemma 5.1, we arrive at

n!
(u+ 1)! · (n+ 1)!

(u+ 2)!A(u; 1) = n!
(u+ 1)! · (n+ 1)!

(u+ 2)!B(u) (5.8)

−
n−u∑
s=2

n1∑
v1=u1

· · ·
nr∑

vr=ur
v=s−1+u

v1! . . . vr !
u1! . . . ur ! · (v + 2)!

s!(u+ 1)! · (v + 1)!
(u+ 2)!

×H(v; u; s) n!
(v + 1)! · (n+ 1)!

(v + 2)!A(v; 1).

Next, for any integer y1, . . . , yr , z1, . . . , zr , the variable

v1! . . . vr !
u1! . . . ur ! · (v + 2)!

s!(u+ 1)! · (v + 1)!
(u+ 2)!H(v; u; s)
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is integer because the numbers

v1! . . . vr !
u1! . . . ur ! ,

(v + 2)!
s!(u+ 1)! ,

(v + 1)!
(u+ 2)!

are integer for s > 1, n1 ≥ v1 ≥ u1, . . . , nr ≥ vr ≥ ur , and v = v1 + · · · + vr =
s − 1 + u1 + · · · + ur = s − 1 + u and, by Lemma 5.1, H(v; u; s) is a polynomial in
y1, . . . , yr , z1, . . . , zr with integer coefficients.

Now we note that if α = β (mod 1), then ‖α‖ = ‖β‖ and for any integer d, the
inequality ‖dα‖ ≤ d‖α‖ holds.

Passing from (5.8) to a congruence modulo 1 and using this remark, we obtain the
inequality ∥∥∥∥ n!

(u+ 1)! · (n+ 1)!
(u+ 2)!A(u; 1)

∥∥∥∥ ≤ n!
(u+ 1)! · (n+ 1)!

(u+ 2)! ‖B(u)‖

+
n−u∑
s=2

n1∑
v1=u1

· · ·
nr∑

vr=ur
v=s−1+u

v1! . . . vr !
u1! . . . ur ! · (v + 2)!

s!(u+ 1)! · (v + 1)!
(u+ 2)!

×H(v; u; s)
∥∥∥∥ n!
(v + 1)! · (n+ 1)!

(v + 2)!A(v; 1)

∥∥∥∥.
(5.9)

In the last sum, we have v = v1 +· · ·+ vr = s− 1 +u = s− 1 +u1 +· · ·+ur ≥
1 + u1 + · · · + ur = 1 + u > k. Therefore, applying the induction assumption to the
variables ∥∥∥∥ n!

(v + 1)! · (n+ 1)!
(v + 2)!A(v; 1)

∥∥∥∥,
we see that they do not exceed

n!
(v + 1)! · (n+ 1)!

(v + 2)! (4rn
2)n−v−1P

−v1
1 . . . P−vr

r .

It follows from the assumptions of the lemma that the value of ‖B(u)‖ does not
exceed P−v1

1 . . . P
−vr
r . Moreover, by Lemma 5.1, the sum of the coefficients of the

polynomial H(v; u; s) does not exceed srs−1, and the sum of the powers of the
variables yj , zj in each monomial is equal to vj − uj . Hence

|H(v; u; s)| ≤ srs−1P
v1−u1
1 . . . P vr−urr .

Substituting the above estimates into inequality (5.9), we obtain∥∥∥∥ n!
(u+ 1)! · (n+ 1)!

(u+ 2)!A(u; 1)

∥∥∥∥ ≤ n!
(u+ 1)! · (n+ 1)!

(u+ 2)!P
−u1
1 . . . P−ur

r

+
n−u∑
s=2

n1∑
v1=u1

· · ·
nr∑

vr=ur
v=s−1+u

v1! . . . vr !
u1! . . . ur ! · (v + 2)!

s!(u+ 1)! · (v + 1)!
(u+ 2)!
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× srs−1P
v1−u1
1 . . . P vr−urr

n!
(v + 1)! · (n+ 1)!

(v + 2)! (4rn
2)n−v−1P

−v1
1 . . . P−vr

r

= n!
(u+ 1)! · (n+ 1)!

(u+ 2)!P
−u1
1 . . . P−ur

r (1 + �),

where

� =
n−u∑
s=2

rs−1

(s − 1)!
n1∑

v1=u1

· · ·
nr∑

vr=ur
v=s−1+u

v1! . . . vr !
u1! . . . ur ! (4rn

2)n−v−1

=
n−u∑
s=2

rs−1

(s − 1)! (4rn
2)n−v−s

n1∑
v1=u1

· · ·
nr∑

vr=ur
v=s−1+u

v1! . . . vr !
u1! . . . ur ! .

Let us find an upper bound for �. By the Newton binomial formula, we have

(y1 + · · · + yr)
s−1 =

s−1∑
k1=0

· · ·
s−1∑
kr=0

(s − 1)!
k1! . . . kr !y

k1
1 . . . ykrr ,

and hence
n1∑

v1=u1

· · ·
nr∑

vr=ur
v=s−1+u

v1! . . . vr !
u1! . . . ur ! =

n1−u1∑
k1=0

· · ·
nr−ur∑
kr=0

k1+···+kr=s−1

(k1 + u1)! . . . (kr + ur)!
u1! . . . ur !

≤
s−1∑
k1=0

· · ·
s−1∑
kr=0

k1+···+kr=s−1

n
k1
1 . . . n

kr
r ≤ (n1 + · · · + nr)

s−1 = ns−1.

Thus for � we obtain

� ≤
n−u∑
s=2

rs−1

(s − 1)! (4rn
2)n−u−sns−1 ≤ (4rn2)n−u−1

n−u∑
s=2

rs−1

(s − 1)! (4rn
2)−s+1ns−1

< (4rn2)n−u−1
+∞∑
s=2

1

(s − 1)!4s−1 = (4rn2)n−u−1( 4
√
e − 1).

Hence, recalling the formulas u = u1 + · · · + ur < u0 = n1 + · · · + nr − 1 = n− 1,
r > 1, u = u1 + · · · + ur ≥ 1, we obtain the estimate

1 + � < 1 + (4rn2)n−u−1( 4
√
e − 1) < (4rn2)n−u−1,

as required. Thus we have proved the induction assumption for µ = k, which implies
that this assumption holds for all µ. The proof of the lemma is complete. ��

Now we state and prove the following theorem on the upper bound for the multi-
plicity of intersection of multidimensional regions.
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Theorem 5.1. For all t1, . . . , tr such that 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr , the numbers
τ(t1, . . . , tr ) are determined by the relations

τ(t1, . . . , tr ) = P
t1
1 . . . P trr �, � = (P

n1
1 . . . P nrr )

−(3�)−1
.

Let the coefficients α(t1, . . . , tr ) of the polynomial F(x1, . . . , xr ) have the form

α(t1, . . . , tr ) = a(t1, . . . , tr )

q(t1, . . . , tr )
+ θ(t1, . . . , tr )

q(t1, . . . , tr )τ (t1, . . . , tr )
,

where the integers α(t1, . . . , tr ) and q(t1, . . . , tr ) satisfy the conditions(
a(t1, . . . , tr ), q(t1, . . . , tr )

) = 1, 0 < q(t1, . . . , tr ) ≤ τ(t1, . . . , tr ),

and the absolute values of the real numbers θ(t1, . . . , tr ) do not exceed 1. We let Q0
denote the least common multiple of the numbers q(t1, . . . , tr ) such that t = t1 +· · ·+
tr ≥ 2. We also determine the variables

c(t1, . . . , tr ) = c(t1, . . . , tr ; y)
by the relations

F(x1 + y1, . . . , xr + yr)− F(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

c(t1, . . . , tr )x
t1
1 . . . x

tr
r .

We determine the region � = �(y1, . . . , yr ) of points γ (t1, . . . , tr ) by the condi-
tions

‖γ (t1, . . . , tr )− c(t1, . . . , tr )‖ < 0.5P−t1
1 . . . P−tr

r ,

0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr,

1 ≤ t = t1 + · · · + tr ≤ n− 1 = n1 + · · · + nr − 1,

so that the integers y1, . . . , yr can take any values in the intervals −Y1 ≤ y1 ≤ Y1 ≤
P1, . . . ,−Yr ≤ yr ≤ Yr ≤ Pr . We choose one of the regions � = �(y1, . . . , yr ),
in other words, we consider the region �0 = �(z1, . . . , zr ) corresponding to some
of the numbers z1, . . . , zr from the above intervals. Let G be the number of regions
intersecting with �0. Then G satisfies the estimate

G ≤ (rn)4nP1 . . . Pr(�+Q−1
0 ).

Proof. First, we exclude the trivial cases of the theorem. A trivial estimate of G is
the number of all possible values of y1, . . . , yr , i.e.,

(2Y1 + 1) . . . (2Yr + 1) ≤ (2P1 + 1) . . . (2Pr + 1);
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the right-hand side is larger than P1, . . . , Pr . Therefore, in order the two estimates in
the theorem be nontrivial, it is necessary to satisfy each of the following inequalities:

P1 . . . Pr > (rn)4nP1 . . . Pr�, P1 . . . Pr > (rn)4nP1 . . . PrQ
−1
0 .

From the first inequality, we obtain the condition on P1:

�−1 > (rn)4n, P1 > (rn)12n;
from the second inequality, we obtain the condition on Q0:

Q0 > (rn)4n.

Thus, in proving the theorem, we assume that

P1 > (rn)12n, Q0 > (rn)4n.

We use Lemma 5.2 to reduce estimating G to estimating the number of solutions
of a system of linear inequalities, which, in turn, will be estimated using Lemma A.4.

If the regions � = �(y1, . . . , yr ) and �0 = �(z1, . . . , zr ) intersect, then they
have at least one common point γ with the coordinates γ (t1, . . . , tr ) (0 ≤ t1 ≤
n1, . . . , 0 ≤ tr ≤ nr , 1 ≤ t = t1 + · · · + tr ≤ n − 1 = n1 + · · · + nr − 1). This
implies that the following inequalities hold simultaneously for each of the numbers
γ (t1, . . . , tr ):

‖γ (t1, . . . , tr )− c(t1, . . . , tr ; y)‖ < 0.5P−t1
1 . . . P−tr

r ,

‖γ (t1, . . . , tr )− c(t1, . . . , tr ; z)‖ < 0.5P−t1
1 . . . P−tr

r .

Therefore, for c(t1, . . . , tr ; y) and c(t1, . . . , tr ; z), we have the inequalities

‖c(t1, . . . , tr ; y)− c(t1, . . . , tr ; z)‖ < P
−t1
1 . . . P−tr

r .

Using the notation of Lemma 5.2, we rewrite the last relations as

‖B(t1, . . . , tr )‖ < P
−t1
1 . . . P−tr

r . (5.10)

Thus we are under the assumptions of Lemma 5.2, and we must estimate the
number L1 of solutions of the system of inequalities (5.10) under the condition that
the unknowns y1, . . . ,r take values of the integers from the corresponding intervals
−Y1 ≤ y1 ≤ Y1, . . . , −Yr ≤ yr ≤ Yr and z1, . . . , zr are fixed numbers in the same
intervals. Applying Lemma 5.2, we see that L = G does not exceed L2, where L2 is
the number of solutions of the following linear system of inequalities:∥∥∥∥ n!

(t + 1)! · (n+ 1)!
(t + 2)!A(t1, . . . , tr ; 1)

∥∥∥∥ (5.11)

≤ n!
(t + 1)! · (n+ 1)!

(t + 2)! (4rn
2)n−t−1P

−t1
1 . . . P−tr

r ,
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t1 = 0, 1, . . . , n1; . . . ; tr = 0, 1, . . . , nr ,

n = n1 + · · · + nr, t = t1 + · · · + tr , 1 ≤ t ≤ n− 1.

Next, we estimate the number L2 in different ways depending on the values of
q(t1, . . . , tr ) (which are the denominators of the rational approximations to
α(t1, . . . , tr )). First, we estimateL2 under the condition that there exists a q(t1, . . . , tr )
(t1 = n1, . . . , tr = nr , u1 + · · · + ur = u ≥ 2) such that

q(u1, . . . , ur ) ≥ �−1.

Since u1 + · · · + ur ≥ 2, there exists a uk ≥ 1. We consider the inequality
in system (5.11) that corresponds to the variables t1, . . . , tr satisfying the conditions
t1 = u1, . . . , tk−1 = uk−1, tk = uk − 1, tk+1 = uk+1, . . . , tr = ur . This inequality
has the form∥∥∥∥n!u! · (n+ 1)!

(u+ 1)!
( r∑
j=1
j �=k

(uj + 1)α(u1, . . . , uj + 1, . . . , ur )(yj − zj )

+ ukα(u1, . . . , uk, . . . , ur )(yk − zk)

)∥∥∥∥
≤ n!
u! · (n+ 1)!

(u+ 1)! (4rn
2)n−uP−u1

1 . . . P−ur
r Pk.

For fixed y1, . . . , yk−1, yk+1, . . . , yr , to estimate the numberL3 of the numbers yk
satisfying this inequality, we use Lemma A.4 (first, we write the chosen α as α =
a/q + θ/(qτ)):

L3 ≤ (λYm+m+ 2V )(2Yq−1 + 1),

where

m = n!
u! · (n+ 1)!

(u+ 1)!uk, λ = τ−1(u1, . . . , ur ), Y = 2Yk + 1,

V = n!
u! · (n+ 1)!

(u+ 1)! (4rn
2)n−uP−u1

1 . . . P−ur
r Pkq, q = q(u1, . . . , ur ).

After simple calculations, from this inequality we obtain the estimate L2 ≤ L3(2Y1 +
1) . . . (2Yr + 1)(2Yk + 1)−1 ≤ (rn)4nP1 . . . Pr�, which corresponds to this case of
the statement of the lemma.

Now we estimate L2 under the assumption that each q(t1, . . . , tr ) does not ex-
ceed �−1. By Q(t1, . . . , tr ) we denote the least common multiple of the numbers
q(t1 + 1, t2, . . . , tr ), q(t1, t2 + 1, . . . , tr ), . . . , q(t1, t2, . . . , tr + 1). The following
two cases are possible:

(1) there exists a Q(t1, . . . , tr ) (t1 = u1, . . . , tr = ur ) such that

Q(u1, . . . , ur ) ≥ �−1;
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(2) for all t1, . . . , tr the following inequality holds:

Q(t1, . . . , tr ) ≥ �−1.

(1). In this case we consider the inequality in system (5.11) with the indices
t1 = u1, . . . , tr = ur . It has the form∥∥∥∥ n!

(u+ 1)! · (n+ 1)!
(u+ 2)!

r∑
j=1

(uj + 1)α(u1, . . . , uj + 1, . . . , ur )(uj − zj )

∥∥∥∥ (5.12)

≤ n!
(u+ 1)! · (n+ 1)!

(u+ 2)! (4rn
2)n−u−1P

−u1
1 . . . P−ur

r .

In this relation, we pass from the numbers α(u1, . . . , uj + 1, . . . , ur ) to their
rational approximations. By the condition of the lemma, we have

α(u1, . . . , uj + 1, . . . , ur ) = a(u1, . . . , uj + 1, . . . , ur )

q(u1, . . . , uj + 1, . . . , ur )

+ θ(u1, . . . , uj + 1, . . . , ur )

q(u1, . . . , uj + 1, . . . , ur )τ (u1, . . . , uj + 1, . . . , ur )
.

We replace each α in the left-hand side of (5.12) by the rational fraction a/q. The
absolute value of the remainder thus obtained does not exceed the number

n!
(u+ 1)! · (n+ 1)!

(u+ 2)!
r∑
j=1

(uj + 1)
4Yj

q(u1, . . . , uj+1, . . . , ur )τ (u1, . . . , uj+1, . . . , ur )

≤ 4n!
(u+ 1)! · (n+ 1)!

(u+ 2)!
r∑
j=1

(uj + 1)PjP
−u1
1 . . . P−ur

r �−1

<
8((n+ 1)!)2

(u+ 1)!(u+ 2)!P
−u1
1 . . . P−ur

r �−1.

Therefore, the number of solutions of inequality (5.12) does not exceed the number
of solutions of the inequality∥∥∥∥ n!

(u+ 1)! · (n+ 1)!
(u+ 2)!

r∑
j=1

(uj + 1)
a(u1, . . . , uj + 1, . . . , ur )

q(u1, . . . , uj + 1, . . . , ur )
(yj − zj ) (5.13)

≤ 8((n+ 1)!)2
(u+ 1)!(u+ 2)!P

−u1
1 . . . P−ur

r �−1

+ n!
(u+ 1)! · (n+ 1)!

(u+ 2)! (4rn
2)n−u−1P

−u1
1 . . . P−ur

r

<
((n+ 1)!)2

(u+ 1)!(u+ 2)! (4rn
2)n−uP−u1

1 . . . P−ur
r �−1 = A−1.
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We transform the last inequality as follows: we divide the common factors out of
the numerator and the denominator of the fractions before yj − zj and note that only
the terms

n!
(u+ 1)! · (n+ 1)!

(u+ 2)! (uj + 1) and q(u1, . . . , uj + 1, . . . , u− r)

can have common factors.
The obtained denominators qj of the irreducible fractions satisfy the inequalities

qj ≤ q(u1, . . . , uj + 1, . . . , ur ) ≤ n!
(u+ 1)! · (n+ 1)!

(u+ 2)! (uj + 1)qj .

Moreover, the common least multiple of the numbers q1, . . . , qr , which we denote
by Q1, is no less than

(u1 + 1)−1 . . . (ur + 1)−1 (u+ 1)!
n! · (u+ 2)!

(n+ 1)!Q.

We represent each yj from the interval −Yj ≤ yj ≤ Yj in the form yj = qjy
′
j+xj ,

where 0 ≤ xj < qj . Then inequality (5.13) can be written as∥∥∥∥ r∑
j=1

bjxj

qj
+ α

∥∥∥∥ ≤ A−1, (5.14)

where α is a real number and (bj , qj ) = 1 (j = 1, . . . , r). Therefore, if L4 is
the number of solutions of the last inequality for the unknowns x1, . . . , xr , then the
number of solutions of inequality (5.13) and hence G do not exceed

L4(2Y1q
−1
1 + 1) . . . (2Yrq

−1
r + 1).

Let us estimateL4. Each unknown xj takes a value 0, 1, . . . , qj−1, the numbers bj
and qj are coprimes, and the function ‖x‖ is periodic with period 1, hence we can
write xj instead of bjxj in (5.14), i.e., (5.14) can be written as∥∥∥∥x1

q1
+ · · · + xr

qr
+ α

∥∥∥∥ ≤ A−1. (5.15)

We consider one of the fractions xj /qj , which we denote by x/q. We assume
that the canonical decomposition of the number q into prime divisors has the form
q = p

α1
1 . . . p

αs
s . Then the numbers x/q and z1/p

α1
1 + · · · + zs/p

αs
s take the same

values modulo 1 when running through the complete system of residues modulo q, and
the numbers z1, . . . , zs run independently through the complete systems of residues
modulo pα1

1 , . . . , p
αs
s , respectively. Let pα be one of the factors in the canonical de-

composition of the numberQ1. SinceQ1 is the least common multiple of the numbers
q1, . . . , qr , then pα enters the canonical decomposition of one of the qj . Representing
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xj /qj as the sum of the terms z1/p
α1
1 + · · · + zs/p

αs
s , we reduce inequality (5.15) to

the inequality ∥∥∥∥ z1

p
α1
1

+ · · · + zs

p
αs
s

+ β

∥∥∥∥ ≤ A−1.

In this inequality, pα1
1 . . . p

αs
s = Q1 is the canonical decomposition of Q1 into prime

divisors and β is the sum of the remaining terms and the number α. The sum β takes
exactly q1 . . . qrQ

−1
1 values. The last inequality can be transformed once again to the

form
‖zQ−1

1 + β‖ ≤ A−1,

where z runs through the complete system of residues modulo Q1. The number of
solutions of this inequality does not exceed q1 . . . qrQ

−1
1 (1 + 2Q1A

−1). Hence, re-
calling the lower bounds forQ1 andQ and the explicit expression ofA and performing
simple calculations for G, we obtain the inequality

G ≤ q1 . . . qrQ
−1
1 (1+2Q1A

−1)(2Y1q
−1
1 +1) . . . (2Yrq

−1
r +1) ≤ (rn)4nP1 . . . Pr�,

which proves the statement of the lemma in case (1).
(2) In this case, the proof is rather similar to that in case (1), except for several

details. In all inequalities in system (5.11) we pass from the numbers α(t1, . . . , tj +
1, . . . , tr ) to their rational approximations in the same way as in case (1). Repeating
word for word the argument till formula (5.13) for each inequality in the system, we
see that G does not exceed the number L5 of solutions to the system of inequalities∥∥∥∥ r∑

j=1

b(t1, . . . , tj + 1, . . . , tr )

q1(t1, . . . , tj + 1, . . . , tr )
(yj − zj )

∥∥∥∥
≤ 4n!
(t + 1)! · (n+ 1)!

(t + 2)! P
−t1
1 . . . P−tr

r �−1
r∑
j=1

tj + 1

q(t1, . . . , tj + 1, . . . , tr )
(5.16)

+ n!
(t + 1)! · (n+ 1)!

(t + 2)! (4rn
2)n−t−1P

−t1
1 . . . P−tr

r ,

t1 = 0, 1, . . . , n1, . . . , tr = 0, 1, . . . , nr ,

n = n1 + · · · + nr, t = t1 + · · · + tr , 1 ≤ t ≤ n− 1.

The value of the right-hand side of each of these inequalities does not exceed
0.5Q−1(t1, . . . , tr ), hence the system of inequalities (5.16) is equivalent to the system
of congruences

r∑
j=1

b(t1, . . . , tj + 1, . . . , tr )

q1(t1, . . . , tj + 1, . . . , tr )
(yj − zj ) ≡ 0 (mod 1). (5.17)

Further, let Q1(t1, . . . , tr ) be the least common multiple of the numbers

q1(t1 + 1, t2, . . . , tr ), q1(t1, t2 + 1, . . . , tr ), . . . , q1(t1, t2, . . . , tr + 1),
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and let Q1j (t1, . . . , tr ) be determined by the relations

Q1(t1, . . . , tr ) = q1(t1, . . . , tj + 1, . . . , tr )Q1j (t1, . . . , tr ).

Then system (5.17) is equivalent to the system of congruences

r∑
j=1

Q1j (t1, . . . , tr )b(t1, . . . , tj + 1, . . . , tr )(yj − zj ) ≡ 0 (5.18)

(mod Q1(t1, . . . , tr )).

We note that the total set of numbers

Q11(t1, . . . , tr )b(t1 +1, . . . , tr ), . . . ,Q1r (t1, . . . , tr )b(t1, . . . , tr +1),Q1(t1, . . . , tr )

is a set of coprimes.
Let Q be the least common multiple of the numbers Q1(t1, . . . , tr ),

t1 = 0, 1, . . . , n1, . . . , tr = 0, 1, . . . , nr , t1 + · · · + tr ≥ 2, and let Q = p
α1
1 . . . p

αs
s

be the canonical decomposition of Q into prime divisors. Then for each pαkk (k =
1, . . . , s), there exists a Q1(t

(k)
1 , . . . , t

(k)
r ) (t (k)1 + · · · + t

(k)
r ≥ 2) multiple of it and

hence the following congruences are satisfied:

r∑
j=1

Q1j (t
(k)
1 , . . . , t (k)r )b(t

(k)
1 , . . . , t

(k)
j + 1, . . . , t (k)r )(yj − zj ) ≡ 0 (5.19)

(mod pαkk ), k = 1, . . . , s,

and at least for one of j (1 ≤ j ≤ r) the number

Q1j (t
(k)
1 , . . . , t (k)r )b(t

(k)
1 , . . . , t

(k)
j + 1, . . . , t (k)r ) = Q1jkbjk

is not multiple of pk (this follows from the above remark that r of such products are
coprimes modulo Q1(t1, . . . , tr )).

We consider the largest natural number µ such that

p
α1
1 . . . p

αµ
µ ≤ Y = Y1

and consider congruences (5.19) for k = 1, . . . , µ. We find the numbers Rk form the
relations

p
αk
k Rk = p

α1
1 . . . p

αµ
µ .

For each rj (0 ≤ rj < p
α1
1 . . . p

αµ
µ ) the number of solutions of the congruences

yj − zj ≡ rj (mod pα1
1 . . . p

αµ
µ )

does not exceed the number 2Yj (p
α1
1 . . . p

αµ
µ )

−1 + 1. Representing each rj as

rj ≡ R1r1j + · · · + Rµrµj (mod pα1
1 . . . p

αµ
µ ),
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where 0 ≤ rkj < p
αk
k , we pass from system (5.19) to the system

r∑
j=1

Q1jkbjk(R1r1j + · · · + Rµrµj ) ≡ 0 (mod pαkk ), k = 1, . . . , µ. (5.20)

IfL6 is the number of solutions of the last system of congruences for the unknowns
r1j , . . . , rµj , then

L5 ≤ L6

r∏
j=1

(
2Yj (p

α1
1 . . . p

αµ
µ )

−1 + 1
)
.

In turn, system (5.20) is equivalent to the system

r∑
j=1

Q1jkbjkRkrkj ≡ 0 (mod pαkk ), k = 1, . . . , µ,

because each R1, . . . , Rµ except Rk is a multiple of pαkk . The number of solutions

of each of the congruences in this system does not exceed pαk(r−1)
k (this is a linear

congruence with r unknowns running through the complete systems of residues mod-
ulo pαkk , and the coefficient of at least one of the unknowns and its absolute value are
coprimes). Hence

L6 ≤
µ∏
k=1

p
αk(r−1)
k = (p

α1
1 . . . p

αµ
µ )

r−1.

Combining the estimates L6 and L5 for G, we obtain the inequality

G ≤ L5 ≤ (p
α1
1 . . . p

αµ
µ )

r−1
r∏
j=1

(
2Yj (p

α1
1 . . . p

αµ
µ )

−1 + 1
)

≤ 3rY1 . . . Yr (p
α1
1 . . . p

αµ
µ )

−1.

If µ = s, then

p
α1
1 . . . p

αµ
µ = Q, Q ≥ Q0

n!(n+ 1)!
and

G ≤ 3rY1 . . . Yrn!(n+ 1)!Q−1
0 ≤ 3rn!(n+ 1)!P1 . . . PrQ

−1
0 .

If µ < s, then, by the definition of µ, we have

Y < p
α1
1 . . . p

αµ
µ p

αµ+1
µ+1 .

Since each p
αj
j divides one of the numbers q(t1, . . . , qr ) that does not exceed�−1

in the situation under study, we have

p
αµ+1
µ+1 ≤ �−1, p

α1
1 . . . p

αµ
µ ≥ Y�
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and hence
G ≤ 3rY2 . . . Yr� < 3rP1 . . . Pr�.

Combining the two estimates for G, we also obtain the statement of the theorem in
case (2). The proof of the theorem is now complete. ��

5.2 Estimates for multiple trigonometric sums

As already noted in the Introduction, multiple trigonometric sums have several distinc-
tive features that form a significant distinction between multiple trigonometric sums
and one-dimensional sums. One of such distinctions is the variety of regions in which
both the principal and nonprincipal parameters can vary. Now we consider trigono-
metric sums whose summation variables belong to an r-dimensional parallelepiped of
the form 1 ≤ x1 ≤ P1, . . . , 1 ≤ xr ≤ Pr .

We divide the points of the cube � (for the definition of � and the sum S(A),
see Section 4.2) into two classes �1 and �2. To this end, we first determine the
region �(a, q) in the following way: the region �(a, q) contains a point A with
coordinates α(t1, . . . , tr ) if

α(t1, . . . , tr ) = a(t1, . . . , tr )

q(t1, . . . , tr )
+ β(t1, . . . , tr ),

where

0 ≤ a(t1, . . . , tr ) < q(t1, . . . , tr ),
(
a(t1, . . . , tr ), q(t1, . . . , tr )

) = 1,

and

|β(t1, . . . , tr )| ≤ P
−t1
1 . . . P−tr

r P 0.1, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr .

By Q we denote the least common multiple of the numbers q(t1, . . . , tr ). Thus
to each region �(a, q), there corresponds its own Q. The first class �1 contains the
regions�(a, q) for whichQ < P 0.1. The second class�2 contains all other points of
the cube �. We estimate the sum S(A) depending on what class the point A belongs.

Lemma 5.3. Let
τ(t1, . . . , tr ) = P

t1
1 . . . P trr P

−1/3,

and let the coordinates α(t1, . . . , tr ) of a point A ∈ � be written as

α(t1, . . . , tr ) = a(t1, . . . , tr )

q(t1, . . . , tr )
+ θ(t1, . . . , tr )

q(t1, . . . , tr ) τ (t1, . . . , tr )
,(

a(t1, . . . , tr ), q(t1, . . . , tr )
) = 1 1 ≤ q(t1, . . . , tr ) ≤ τ(t1, . . . , tr ),

|θ(t1, . . . , tr )| ≤ 1, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr .
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ByQ0 we denote the least common multiple of the numbers q(t1, . . . , tr ) such that
t1 + · · · + tr ≥ 2. Then the following estimate holds for Q0 ≥ P 1/6:

|S(A)| ≤ 232�P1 . . . PrP
−ρ,

where ρ = (32m� log 8m�)−1.

Proof. We take the numbers Y1 = [P1P
−ρ], . . . , Yr = [PrP−ρ]; in the sum S(A)

we shift the summation variables x1, . . . , xr by y1 ≤ Y1, . . . , yr ≤ Yr and sum over
all natural numbers y1, . . . , yr within these limits. We obtain the inequality

|S(A)| ≤ W + r2rP1 . . . PrP
−ρ,

where

W = (Y1 . . . Yr )
−1

Y1∑
y1=1

· · ·
Yr∑
yr=1

∣∣∣∣ P1∑
x1=1

· · ·
Pr∑
xr=1

exp{2πiFA(x1 + y1, . . . , xr + yr)}
∣∣∣∣.

We also take τ = [� log 6m�], k = mτ , raise W to the power 2k, and then apply
Hölder’s inequality. We obtain

W 2k ≤ (Y1 . . . Yr )
−1

Y1∑
y1=1

· · ·
Yr∑
yr=1

|S|2k, (5.21)

where

S =
P1∑
x1=1

· · ·
Pr∑
xr=1

exp{2πiFA(x1 + y1, . . . , xr + yr)}.

We write the polynomial FA(x1 + y1, . . . , xr + yr) in powers of the unknowns
x1, . . . , xr . Then, applying the above notation, we obtain

FA(x1 + y1, . . . , xr + yr) = FB(x1, . . . , xr ),

where the set of coefficients B depends on y1, . . . , yr (these coefficients themselves
are polynomials in y1, . . . , yr ). As previously, we consider the set of coefficients B
as a point with coordinates B(t1, . . . , tr ) in the m-dimensional space. By ω =
ω(y1, . . . , yr ) we denote the region of points β with coordinates β(t1, . . . , tr ) in the
m-dimensional space satisfying the conditions

‖β(t1, . . . , tr )− B(t1, . . . , tr )‖ < 0.5P−t1
1 . . . P−tr

r P−ρ,
0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr .

For any point β ∈ ω, we have the chain of relations

S =
P1∑
x1=1

· · ·
Pr∑
xr=1

exp{2πiFB(x1, . . . , xr )} =
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=
P1∑
x1=1

· · ·
Pr∑
xr=1

exp{2πiFβ(x1, . . . , xr )} + R,

|R| ≤
P1∑
x1=1

· · ·
Pr∑
xr=1

∣∣ exp{2πiFB(x1, . . . , xr )} − exp{2πiFβ(x1, . . . , xr )}
∣∣

≤ 2πmP1 . . . PrP
−ρ,

|S|2k ≤ 22k(|Sβ |2k + (2πmP1 . . . PrP
−ρ)2k

)
.

Substituting the last estimate into (5.21) and integrating both sides of the obtained
inequality over the regionω (note that only the first term in the right-hand side depends
on β over which we integrate), we obtain

W 2k ≤ 22k(Y1, . . . , Yr )
−1P 0.5m�+mρI + (4πmP1 . . . PrP

−ρ)2k,

where

I =
Y1∑
y1=1

· · ·
Yr∑
yr=1

∫
· · ·

∫
ω

|Sβ |2k dβ.

LetG be the maximal multiplicity of intersection of the regionsω = ω(y1, . . . , yr )

with a fixed region ω(z1, . . . , zr ). Then

I ≤ GJ, J =
∫

· · ·
∫

�

|S(A)|2k dA.

By Theorem 4.2 in Chapter 4, we have the estimate

J ≤ k2mτ�4�2�(τ)28m�τ (P1 . . . Pr)
2k(P

n1
1 . . . P nrr )

−�(τ).

Next, by Theorem 5.1, G satisfies the estimate

G ≤ (rn)4nP1 . . . Pr(P
−1/3 +Q−1

0 ).

From the above estimates, we obtain

W 2k ≤ 22k(Y1, . . . , Yr )
−1P 0.5m�+mρGJ + (4πmP1 . . . PrP

−ρ)2k

≤ 2 · 22k(Y1, . . . , Yr )
−1(rn)4nk2mτ�4�2�(τ)28m�τ (P1 . . . Pr)

2k+1

× P−1/6+0.5m�+mρ−��(τ) + (4πmP1 . . . PrP
−ρ)2k.

Since τ = [� log 6m�] and k = mτ , we have

(Y1, . . . , Yr )
−1P1 . . . PrP

−1/6+0.5m�+mρ−��(τ)

≤ 2rP−1/6+(m+r)ρ+0.5m�−��(τ) ≤ 2rP−1/16,
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because

Y1 ≥ 0.5P1P
−ρ, . . . , Yr ≥ 0.5PrP

−ρ,
0.5m� − ��(τ) = 0.5m�(1 − γ )τ ≤ 0.5m�(1 − γ )� log 6m�−1

≤ 0.5m� exp

{
−
(

1

�
+ 1

2�2

)
(� log 6m� − 1)

}
= 1

12
exp

{
− log 6m�

2�
+ 1

�
+ 1

2�2

}
<

1

12
,

− log 6m�

2�
+ 1

�
+ 1

2�2 < 0,

(m+ r)ρ = m+ r

32m� log 8m�
≤ 1

16� log 8m�
<

1

96
.

Extracting the 2kth root, we obtain

|W | ≤ 23+0.5(r+1)k−1+2nk−1 log2(rn)+2 log2 k+2�2k−1�(τ) log2 �+4�

× P1 . . . PrP
−2(32mτ)−1 ≤ 219�P1 . . . PrP

−ρ,
ρ = (32m� log 8m�)−1,

because

�(τ) = 0.5m(1 − (1 − γ )τ ) ≤ 0.5m, � ≤ 2�,

m = (n1 + 1) . . . (nr + 1) ≤ 2n ≤ 2�, m+ � + 1 ≤ 22�,

2�2k−1�(τ) log2 � ≤ 2�
3 log2 �

log 8m�
≤ 4�,

2 log2 k ≤ 2 log2(m� log 8m�) ≤ 2 log2m+ 2 log2 � + 2 log2 log 8m� ≤ 8�,

log2(log 8 + logm+ log �) ≤ log2(m+ � + 1) ≤ 2�,

3 + r + 1 + 4n log2(rn)

2k
≤ 3 + 6n log2(rn)

m� log 8m�
≤ 3 log2(rn)

4 log 8m�
+ 3 ≤ 5.

The proof of the lemma is complete. ��

Lemma 5.4. Suppose thatF(x1, . . . , xr ) is a real differentiable function for 0 ≤ xj ≤
Pj , Pj ≤ P (j = 1, . . . , r), inside the interval of variation of the variables, the
function ∂F (x1, . . . , xr )/∂xj is piecewise monotone and of constant sign in each of
the variables xj (j = 1, . . . , r) for any fixed values of the other variables, and the
number of intervals of monotonicity and constant sign does not exceed s. Next, let the
inequalities ∣∣∣∣∂F (x1, . . . , xr )

∂xj

∣∣∣∣ ≤ δ, j = 1, . . . , r,
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hold for 0 < δ < 1. Then

P1∑
x1=0

· · ·
Pr∑
xr=0

exp{2πiF (x1, . . . , xr )}

=
∫ P1

0
· · ·

∫ Pr

0
exp{2πiF (x1, . . . , xr )} dx1 . . . dxr

+ θ1rsP
r−1(3 + 2δ/(1 − δ)

)
, |θ1| ≤ 1.

Proof. To prove this lemma, we successively apply Lemma A.2. For fixed values of
the variables x1, . . . , xr , by Lemma A.2, we have

P1∑
x1=0

exp{2πiF (x1, . . . , xr )} =
∫ P1

0
exp{2πiF (x1, . . . , xr )} dx1

+ θs
(
3 + 2δ/(1 − δ)

)
.

We sum over the other variables both sides of the relation

P1∑
x1=0

· · ·
Pr∑
xr=0

exp{2πiF (x1, . . . , xr )}

=
P2∑
x2=0

· · ·
Pr∑
xr=0

∫ P1

0
exp{2πiF (x1, . . . , xr )} dx1 + θP r−1s

(
3 + 2δ/(1 − δ)

)
.

We again apply Lemma A.2 to

P3∑
x3=0

· · ·
Pr∑
xr=0

∫ P1

0

( P2∑
x2=0

exp{2πiF (x1, . . . , xr )}
)
dx1

over the variable x2 for fixed other variables x1, x3, . . . , xr .
Precisely in the same way, we deal with the remaining variables x3, . . . , xr . Col-

lecting together all relations obtained, we arrive at the statement of the lemma. The
proof of Lemma 5.4 is complete. ��

Now we can prove the lemma on the estimates of the trigonometric sums S(A)
for A belonging to the class �1.

Lemma 5.5. The following estimate holds for the points A of the first class �1:

|S(A)| ≤ 2(5n2n)rν(Q)(τ (Q))r−1P1 . . . PrQ
−ν .

Moreover, if we set

δ(t1, . . . , tr ) = P
t1
1 . . . P trr β(t1, . . . , tr ), δ = max

t1,...,tr
|δ(t1, . . . , tr )|,
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then for δ > 1, the following estimate holds:

|S(A)| ≤ 26r (5n2n)rν(Q)(τ (Q))r−1P1 . . . Pr(δQ)
−ν( ln(δ + 2)

)r−1
.

Proof. In the sum S(A), we make a change of summation variables of the form

xj = Qξj + ηj , 1 ≤ ηj ≤ Q,

−ηjQ−1 < ξj ≤ (Pj − ηj )Q
−1, j = 1, . . . , r.

Then the sum S(A) will have the form

S(A) =
Q∑

η1=1

· · ·
Q∑
ηr=1

exp{2πiFa(η1, . . . , ηr )}W(η1, . . . , ηr ),

where

Fa(η1, . . . , ηr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

a(t1, . . . , tr )

q(t1, . . . , tr )
η
t1
1 . . . η

tr
r ,

W(η1, . . . , ηr ) =
∑
ξ1

· · ·
∑
ξr

exp{2πiFβ(Qξ1 + η1, . . . ,Qξr + ηr)},

Fβ(Qξ1 + η1, . . . ,Qξr + ηr)

=
n1∑
t1=0

· · ·
nr∑
tr=0

β(t1, . . . , tr )(Qξ1 + η1)
t1 . . . (Qξr + ηr)

tr .

For any j (1 ≤ j ≤ r), we have∣∣∣∣∂Fβ∂ξj

∣∣∣∣ =
∣∣∣∣ n1∑
t1=0

· · ·
nr∑
tr=0

β(t1, . . . , tr )tjQ(Qξ1 + η1)
t1 . . .

. . . (Qξj + ηj )
tj−1 . . . (Qξr + ηr)

tr

∣∣∣∣
≤

n1∑
t1=0

· · ·
nr∑
tr=0

P
−t1
1 . . . P−tr

r P 0.1tjQP
t1
1 . . . P

tj−1
j . . . P trr

= 0.5njmP
−1
j P 0.1Q ≤ 0.5.

Therefore, we can apply Lemma 5.4 to the sum W(η1, . . . , ηr ). Hence

W(η1, . . . , ηr )

=
∫ (P1−η1)Q

−1

−η1Q−1
. . .

∫ (Pr−ηr )Q−1

−ηrQ−1
exp{2πiFβ(Qξ1 + η1, . . . ,Qξr + ηr)} dξ1 . . . dξr +
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+ 2θ2rnP2 . . . PrQ
−r+1

= Q−r
∫ P1

0
· · ·

∫ Pr

0
exp{2πiFβ(x1, . . . , xr )} dx1 . . . dxr

+ 2θ2rnP2 . . . PrQ
−r+1, |θ2| ≤ 1.

In the last integral we make a change of integration variables of the form xj →
Pjxj . Recalling the definition of the variables δ(t1, . . . , tr ), we obtain the relation

W(η1, . . . , ηr ) = P1 . . . PrQ
−r

∫ 1

0
· · ·

∫ 1

0
exp{2πiFδ(x1, . . . , xr )} dx1 . . . dxr

+ 2θ2rnP2 . . . PrQ
−r+1,

where

Fδ(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

δ(t1, . . . , tr )x
t1
1 . . . x

tr
r .

For the sum S(A), we find

S(A) = P1 . . . PrUV + 2θ3rnP2 . . . PrQ,

where

U = Q−r
Q∑

η1=1

· · ·
Q∑
ηr=1

exp{2πiFa(η1, . . . , ηr )},

V =
∫ 1

0
· · ·

∫ 1

0
exp{2πiFδ(x1, . . . , xr )} dx1 . . . dxr .

To estimate U , we apply Theorem 2.2 in Chapter 2 and, to estimate V , we apply
Theorem 1.6 in Chapter 1:

|U | ≤ (5n2n)rν(Q)(τ (Q))r−1Q−ν, |V | ≤ min
(
1, 32r δ−ν lnr−1(δ + 2)

)
.

Substituting these estimates into the formula for S(A), we obtain the statement of the
lemma. ��

Lemma 5.6. Let a point A belong to the second class �2, and let Q0 < P 1/6. Then
the following estimate holds for S(A):

|S(A)| ≤ (5n2n)rν(Q0)(τ (Q0))
r−1P1 . . . PrP

−ν/10

+ 28r (rν−1)r−1P1 . . . PrP
−ν/16,

where ν(Q) is the number of distinct prime divisors of Q, τ(Q) is the number of
divisors of Q, and νmax(n1, . . . , nr ) = 1.
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Proof. We divide the intervals of summation over x1, . . . , xr into arithmetic progres-
sions with difference Q0 and transform the sum S(A) as in Lemma 5.5. We obtain
the relation

S(A) = Q−r
0 P1 . . . PrW + 16θ4nrP2 . . . PrQ0,

where

W =
Q0∑
η1=1

· · ·
Q0∑
ηr=1

exp

{
2πi

( n1∑
t1=0

· · ·
nr∑
tr=0

t1+···+tr≥2

a(t1, . . . , tr )

q(t1, . . . , tr )
η
t1
1 . . . η

tr
r

)}

×
∫ 1

0
· · ·

∫ 1

0
exp{2πi�(x1, . . . , xr )} dx1 . . . dxr ,

�(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

t1+···+tr≥2

δ(t1, . . . , tr )x
t1 . . . xtr

+
r∑
j=1

((
a′(0, . . . , 1, . . . , 0)

q(0, . . . , 1, . . . , 0)
+Q0β(0, . . . , 1, . . . , 0)

)
Pjxj − ηj

Q0

+ ηjβ(0, . . . , 1, . . . , 0)

)
, δ(t1, . . . , tr ) = P

t1
1 . . . P trr β(t1, . . . , tr );

the symbol (0, . . . , 1, . . . , 0) means that 1 stands in the j th place and 0 stand in all
other places. The variable a′(0, . . . , 1, . . . , 0) is determined by the congruence

a(0, . . . , 1, . . . , 0)Q0 ≡ a′(0, . . . , 1, . . . , 0) (mod q(0, . . . , 1, . . . , 0))

with the condition that |a′(0, . . . , 1, . . . , 0)| ≤ 0.5q(0, . . . , 1, . . . , 0).
Let nowQ0 �= Q, and hence letQ0 < Q. Then there exists a j (1 ≤ j ≤ r) such

that the relation

a′(0, . . . , 1, . . . , 0) �≡ 0 (mod q(0, . . . , 1, . . . , 0))

holds, i.e., |a′(0, . . . , 1, . . . , 0)| ≥ 1. Hence the absolute value of the coefficient of xj
in the polynomial �(x1, . . . , xr ) is no less than

Pj

Q0

(
1

q(0, . . . , 1, . . . , 0)
− Q0

q(0, . . . , 1, . . . , 0)τ (0, . . . , 1, . . . , 0)

)
≥ Pj

2Q0q(0, . . . , 1, . . . , 0)
≥ 0.5P 1/6.

Applying Theorem 1.6 in Chapter 1 to the integral in the sum W , we obtain the
estimate

|W | ≤ Qr
025r+1(0.5P 1/6)−ν(lnP)r−1.
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Since lnP ≤ 12ν−1(r − 1)P ν/(12(r−1)) for any P ≥ 1, we have

|W | ≤ 25r+2(ν−1r)r−1Qr
0P

−ν/12.

So in the case under study, we obtain the estimate

|S(A)| ≤ 25r+2(ν−1r)r−1P1 . . . PrP
−ν/12 + 16nrP2 . . . PrQ0

< 28r (rν−1)r−1P1 . . . PrP
−ν/12.

Let Q0 = Q, then S(A) can be written as

S(A) = P1 . . . PrUV + 16θ4nrP2 . . . PrQ0,

where, as in Lemma 5.5,

U = Q−r
Q∑
x1=1

· · ·
Q∑
xr=1

exp{2πiFa(x1, . . . , xr )},

V =
∫ 1

0
· · ·

∫ 1

0
exp{2πiFδ(x1, . . . , xr )} dx1 . . . dxr .

Since the point A belongs to the second class �2, we have either Q ≥ P 0.1 or
δ ≥ P 0.1. If Q ≥ P 0.1, then by Theorem 2.6 in Chapter 2, U satisfies the estimate

|U | ≤ (5n2n)rν(Q0)(τ (Q0))
r−1Q−ν

0 ≤ (5n2n)rν(Q0)(τ (Q0))
r−1P−ν/10.

If δ ≥ P 0.1, then by Theorem 1.6, for V we have the estimate

|V | ≤ 25rP 0.1ν( ln(P 0.1 + 2)
)r−1 ≤ 28r−3(rν−1)P−ν/16.

These two estimates imply the statement of the lemma. The proof of the lemma is
complete. ��

In the following theorem we give an estimate for the trigonometric sum S(A) on
the entire unit cube �.

Theorem 5.2. Suppose that A is a point of the first class �1. Then the following
estimate holds:

|S(A)| ≤ 2(5n2n)rν(Q)(τ (Q))r−1P1 . . . PrQ
−ν, νmax(n1, . . . , nr ) = 1.

Moreover, if

δ(t1, . . . , tr ) = P
t1
1 . . . P trr β(t1, . . . , tr ), δ = max

t1,...,tr
|δ(t1, . . . , tr )|,
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then the following estimate holds for δ > 1:

|S(A)| ≤ 26r (5n2n)rν(Q)(τ (Q))r−1P1 . . . Pr(δQ)
−ν( ln(δ + 2)

)r−1
.

Suppose that A is a point of the second class �2. We set

τ(t1, . . . , tr ) = P
t1
1 . . . P trr P

−1/3

and write the coordinates α(t1, . . . , tr ) of the point A as

α(t1, . . . , tr ) = a(t1, . . . , tr )

q(t1, . . . , tr )
+ θ(t1, . . . , tr )

q(t1, . . . , tr )τ (t1, . . . , tr )
,

(a(t1, . . . , tr ), q(t1, . . . , tr )) = 1, 1 ≤ q(t1, . . . , tr ) ≤ τ(t1, . . . , tr ),

|θ(t1, . . . , tr )| ≤ 1, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr .

Let Q0 denote the least common multiple of the numbers q(t1, . . . , tr ) under the
condition that t1 + · · · + tr ≥ 2. Then the following estimate holds for Q0 ≥ P 1/6:

|S(A)| ≤ 232�P1 . . . PrP
−ρ,

where ρ = (32m� log 8m�)−1.
But if Q0 ≤ P 1/6, then S(A) satisfies the estimate

|S(A)| ≤ (5n2n)rν(Q0)(τ (Q0))
r−1P1 . . . PrP

−0.1ν

+ 28r (rν−1)r−1P1 . . . PrP
−ν/16.

Proof. This assertion follows from Lemmas 5.3, 5.5, and 5.6. ��

Concluding remark on Chapter 5. The results considered in Section 5.1 were
obtained by G. I. Arkhipov in [2], [3], [4] for polynomials in two variables. In the
general case, this result was obtained by G. I. Arkhipov and V. N. Chubarikov [11],
[10].



Chapter 6

Several applications

In this chapter we apply the estimates obtained for multiple trigonometric sums to
several problems in number theory. These problems can be divided into two groups:
the first group deals with asymptotic formulas for the number of solutions of com-
plicated systems of Diophantine equations; the second group deals with distributions
of fractional parts of polynomials or sets of polynomials (joint distributions). Multi-
dimensional problems, in contrast to one-dimensional problems, have many specific
characteristics.

One of such specific properties is the existence of a variety of domains in which
the variable parameters can vary. We mean both the principal parameters such as
x1, . . . , xr (for example, x1, . . . , xr belong to a parallelepiped, ellipsoid, generalized
ball, etc.) and the nonprincipal parameters such as t1, . . . , tr . For example, it is
possible to consider F(x1, . . . , xr ) of the form

F(x1, . . . , xr ) =
∑

· · ·
∑

t1+···+tr≤n
α(t1, . . . , tr ) x

t1
1 . . . x

tr
r .

6.1 Systems of Diophantine equations

In this section we obtain asymptotic formulas for the mean value of a power of the
modulus of a multiple trigonometric sum, which, as mentioned above, give the number
of solutions of a complicated system of Diophantine equations. The main problem
here is to derive such formulas for the least possible power to which we raise the
moduli of the sums. The solution of this problem is the main result of this section.

In the case of one-dimensional trigonometric sums, this problem is called Tarry’s
problem.

6.1.1 An asymptotic formula for the mean value
of a multiple trigonometric sum

In the problem studied here, we derive an asymptotic formula using the mean value the-
orem for multiple trigonometric sums (Section 4.2, Chapter 4) and the estimates from
above for the modulus of multiple trigonometric sums (Section 5.2, Chapter 5), for
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the multiple trigonometric integral, and for multiple complete rational trigonometric
sums (Chapters 1 and 2).

We shall use the notation introduced in Section 5.2, Chapter 5.

Lemma 6.1. Suppose that A is a point of the first class �1. Then the sum S(A)

satisfies the relation

S(A) = P1 . . . PrUV +O(P2 . . . PrQ),

where

U = Q−r
Q∑
x1=1

· · ·
Q∑
xr=1

exp{2πiFa(x1, . . . , xr )},

Fa(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

a(t1, . . . , tr )

q(t1, . . . , tr )
x
t1
1 . . . x

tr
r ,

V =
∫ 1

0
· · ·

∫ 1

0
exp{2πiFβ(x1, . . . , xr )} dx1 . . . dxr ,

Fβ(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

β(t1, . . . , tr )P
t1
1 . . . P trr x

t1
1 . . . x

tr
r .

Proof. This formula was obtained in Chapter 5 in the proof of Lemma 5.5 in estimating
the trigonometric sum S(A) at points of the first class �1. ��

Lemma 6.2. Suppose that k > 2ν−1m and

J1 =
∫

· · ·
∫

�1

|S(A)|2k dA.

Then the variable J1 satisfies the asymptotic formula

J1 = σθ(P1 . . . Pr)
2kP−0.5m� +O

(
(P1 . . . Pr)

2kP−0.5m�−0.1),
where

θ =
∫ +∞

−∞
· · ·

∫ +∞

−∞

∣∣∣∣∫ 1

0
· · ·

∫ 1

0
exp{2πiFA(x1, . . . , xr )} dx1 . . . dxr

∣∣∣∣2k dA,
σ =

+∞∑
q(0,...,1)=1

. . .

+∞∑
q(n1,...,nr )=1

q(0,...,1)∑
a(0,...,1)=1

(a(0,...,1),q(0,...,1))=1

· · ·
q(n1,...,nr )∑
a(n1,...,nr )=1

(a(n1,...,nr ),q(n1,...,nr ))=1

|U(a, q)|2k,

U(a, q) = q−r
q∑

x1=1

· · ·
q∑

xr=1

exp{2πiFa(x1, . . . , xr )},
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q = q(0, . . . , 1) . . . q(n1, . . . , nr ).

Proof. The domain �1 consists of nonintersecting domains �(a, q) for which the
least common multiple of the numbers q(0, . . . , 1), . . . , q(n1, . . . , nr ), equal to Q,
does not exceed P 0.1. Therefore, the variable J1 can be written as

J1 =
∑

Q≤P 0.1

∑
q(0,...,1)≥1

· · ·
∑

q(n1,...,nr )≥1
[q(0,...,1),...,q(n1,...,nr )]=Q

q(0,...,1)∑
a(0,...,1)=1

(a(0,...,1),q(0,...,1))=1

. . .

q(n1,...,nr )∑
a(n1,...,nr )=1

(a(n1,...,nr ),q(n1,...,nr ))=1

J3,

where

J3 =
∫

· · ·
∫

�(a,q)

|S(A)|2k dA.

By ω we denote the domain of sets β whose coordinates β(t1, . . . , tr ) satisfy the
inequalities

|β(t1, . . . , tr )| ≤ P
−t1
1 . . . P−tr

r P 0.1, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr .

By Lemma 6.1, we can write the integral J3 as

J3 = (P1 . . . Pr)
2k|U(a, q)|2k

∫
· · ·

∫
ω

|V |2k dβ

+O
(
(P2 . . . Pr)

2kQ2kP−0.5m�+0.1m)
+O

(
P 2k−1

1 (P2 . . . Pr)
2kQ|U(a, q)|2k−1

∫
· · ·

∫
ω

|V |2k−1 dβ

)
.

We perform the change of integration variables

γ (t1, . . . , tr ) = P
t1
1 . . . P trr β(t1, . . . , tr ), 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr .

After this change, the domainω becomes the domainω1 determined by the inequalities

|γ (t1, . . . , tr )| ≤ P 0.1, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr,

and the integral J3 takes the form

J3 = (P1 . . . Pr)
2kP−0.5m� |U(a, q)|2k

∫
· · ·

∫
ω1

|V1(γ )|2k dγ

+O
(
(P2 . . . Pr)

2kQ2kP−0.5m�+0.1m)
+O

(
P 2k−1

1 (P2 . . . Pr)
2kQP−0.5m� |U(a, q)|2k−1

∫
· · ·

∫
ω1

|V1(γ )|2k−1 dγ

)
,
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where V1(γ ) = V .
Next, by Theorem 1.6 (Chapter 1), the integral∫ +∞

−∞
· · ·

∫ +∞

−∞
|V1(γ )|2k dγ

converges for k > 0.5ν−1m. Therefore, if we trivially bound |V1(γ )| above by unity,
then we find the following expression for J3:

J3 = (P1 . . . Pr)
2kP−0.5m� |U(a, q)|2k

∫ +∞

−∞
· · ·

∫ +∞

−∞
|V1(γ )|2k dγ

− (P1 . . . Pr)
2kP−0.5m� |U(a, q)|2k

∫
· · ·

∫
Rm\ω1

|V1(γ )|2k dγ

+O
(
(P2 . . . Pr)

2kQ2kP−0.5m�+0.1m)
+O

(
(P1 . . . Pr)

2kP−1
1 P−0.5m�Q|U(a, q)|2k−1

)
.

To estimate the integral of |V1(γ )|2k over the points that do not belong to ω1, we
rewrite the estimate of the trigonometric integral V1(γ ) obtained in Theorem 1.6 in
the more convenient form

|V1(γ )| 
 min
(
1, |γ (0, . . . , 1)|−ν+ε, . . . , |γ (n1, . . . , nr )|−ν+ε

)

 min

(
1, |γ (0, . . . , 1)|(−ν+ε)/m) . . .min

(
1, |γ (n1, . . . , nr )|(−ν+ε)/m

)
,

where ε > 0 is an arbitrary small constant, the constant in 
 depends only on n
and r , and νmax(n1, . . . , nr ) = 1. Since for the points γ that do not belong to ω1,
the absolute value of at least one of the coordinates γ (t1, . . . , tr ) is larger than P 0.1,
we have ∫

· · ·
∫

Rm\ω1

|V1(γ )|2k dγ ≤
n1∑
t1=0

· · ·
nr∑
tr=0

t1+···+tr≥1

R(t1, . . . , tr ),

where

R(t1, . . . , tr ) =
∫ +∞

−∞
dγ (0, . . . , 1) . . .

∫
|γ (t1,...,tr )|>P 0.1

dγ (t1, . . . , tr ) . . .

· · ·
∫ +∞

−∞
|V1(γ )|2k dγ (n1, . . . , nr ).

Applying the above estimate of V1(γ ), we obtain

R(t1, . . . , tr ) 

∫

|γ |>P 0.1
min(1, |γ |2k(−ν+ε)/m) dγ 
 P 0.1(1+2k(−ν+ε)/m),
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where, as before, the constant in 
 depends only on n1, . . . , nr and r . Hence,∫
· · ·

∫
Rm\ω1

|V1(γ )|2k dγ 
 P 0.1(1+2k(−ν+ε)/m).

This and the estimate for multiple rational trigonometric sums (Theorem 2.6) imply
the following formula for J3:

J3 = θ(P1 . . . Pr)
2kP−0.5m� |U(a, q)|2k

+O
(
(P1 . . . Pr)

2kP−0.5m�(P−2k
1 P 0.1m

1 Q2k

+ P−1
1 Q1−(2k−1)ν+(2k−1)ε +Q2k(−ν+ε)P 0.1(1+2k(−ν+ε)/m))

)
.

Substituting this formula for J3 into the expression for J1, we obtain

J1 = θ(P1 . . . Pr)
2kP−0.5m�

∑
Q≤P 0.1

∑
q(0,...,1)≥1

· · ·
∑

q(n1,...,nr )≥1
[q(0,...,1),...,q(n1,...,nr )]=Q

×
q(0,...,1)∑
a(0,...,1)=1

(a(0,...,1),q(0,...,1))=1

· · ·
q(n1,...,nr )∑
a(n1,...,nr )=1

(a(n1,...,nr ),q(n1,...,nr ))=1

|U(a, q)|2k

+O
(
(P1 . . . Pr)

2kP−0.5m�
∑

Q≤P 0.1

(
P−2k

1 P 0.1m
1 Q2k+m+mε

+ P−1
1 Qm+1−ν(2k−1)+mε+2kε +Qm+2k(−ν+ε)+mεP 0.1(1+2k(−ν+ε)/m))).

It follows from the estimate for the trigonometric sum U(a, q) (see Theorem 2.6)
that the singular series σ converges for k > 0.5mν−1. Hence for the integral J1, we
have

J1 = σθ(P1 . . . Pr)
2kP−0.5m� − θ(P1 . . . Pr)

2kP−0.5m�

×
∑

Q>P 0.1

∑
q(0,...,1)≥1

· · ·
∑

q(n1,...,nr )≥1
[q(0,...,1),...,q(n1,...,nr )]=Q

×
q(0,...,1)∑
a(0,...,1)=1

(a(0,...,1),q(0,...,1))=1

· · ·
q(n1,...,nr )∑
a(n1,...,nr )=1

(a(n1,...,nr ),q(n1,...,nr ))=1

|U(a, q)|2k + R,

where

|R| 
 (P1 . . . Pr)
2kP−0.5m�(P−2k

1 P 0.2m+0.2k+0.1mε+0.1

+ P−1
1 + P 0.1(2+m−2kν−2kνm−1+ε(m+2k+2km−1))

)
.



6.1 Systems of Diophantine equations 215

Hence, for k ≥ 2mν−1, the value of |R| does not exceed


 (P1 . . . Pr)
2kP−0.5m�−0.1.

Next, we use the fact that the numbers q(t1, . . . , tr ) are divisors of Q. Hence
the number of sets (q(0, . . . , 1), . . . , q(n1, . . . , nr )) for which their least common
multiple is equal to Q does not exceed (τ (Q))m 
 Qmε. By Theorem 2.6, this fact
and the estimate of |U(a, q)| imply (for k > 2mν−1)

J1 = σθ(P1 . . . Pr)
2kP−0.5m�

+O
(
(P1 . . . Pr)

2kP−0.5m�
∑

Q>P 0.1

Qm+mε−2kν+2kε
)

+O
(
(P1 . . . Pr)

2kP−0.5m�−0.1).
Since ∑

Q>P 0.1

Qm−2kν+ε(m+2k)) 
 P 0.1(1+m−2kν+ε(m+2k)) 
 P−0.1,

the preceding relation yields the desired asymptotic formula for J1. The proof of the
lemma is complete. ��

Lemma 6.3. Let

J2 =
∫

· · ·
∫

�2

|S(A)|2k dA.

Then the following estimate holds for k ≥ 4m� log 16m�:

J2 
 ea(P1 . . . Pr)
2kP−0.5m�−ρ1 ,

where

ρ1 = (32� log 8m�)−1, a = 64m�2 log 16m� + 32m� log2 16m�.

Proof. We set k1 = m, k2 = mτ , and τ = [� log 16m�2 + � log log 8m�] + 1.
Obviously, it suffices to prove the statement of the lemma for k = k1 + k2. We have
the inequality

J2 ≤ DJ, (6.1)

where

D = max
A∈�2

|S(A)|2k1 , J = J (P ; n, k2) =
∫

· · ·
∫

�

|S(A)|2k dA.

Let us estimate J from above. Theorem 4.2 (Chapter 4) implies the inequality

J ≤ k2mτ
2 �4�2�(τ)28m�τ (P1 . . . Pr)

2k2P−0.5m�+δ,
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where

δ = 0.5m�(1 − γ )τ ≤ 0.5m� exp{− log 16m�2 − log log 8m�}
= (32� log 8m�)−1 = ρ1.

Further, we have

J = exp{16m� log2 16m� + 36m�2 log 16m�}(P1 . . . Pr)
2k2P−0.5m�+ρ1 ,

because

k2mτ
2 �4�2�(τ)29m�τ ≤ exp{4m� log(16m�2) log(2m� log 16m�2)}

× exp{2�2m log �} exp{16m�2 log 16m�2}
≤ exp{16m� log2 16m� + 36m�2 log 16m�}.

Theorem 5.2 estimating the trigonometric sum S(A) for Q ≥ P 1/6 implies the
estimate

|S(A)|2k1 ≤ 264m�(P1 . . . Pr)
2mP−2ρ1

and, for Q < P 1/6, the estimate

|S(A)|2k1 
 (P1 . . . Pr)
2mP−0.1νm,

where the constant in 
 depends only on n and r . Hence for D we have the estimate

D 
 264m�(P1 . . . Pr)
2mP−2ρ1 .

Substituting the estimates of J andD into inequality (6.1), we obtain the estimate
for J2 stated in the lemma. The proof of the lemma is complete. ��

Theorem 6.1. Let k ≥ 4m� log 16m�, and let

J =
∫

· · ·
∫

�

|S(A)|2k dA.

Then the following asymptotic formula holds:

J = σθ(P1 . . . Pr)
2kP−0.5m� +O

(
ea(P1 . . . Pr)

2kP−0.5m�−ρ1
)
,

where

ρ1 = (32� logm�)−1, a = 64m�2 log 16m� + 32m� log2 16m�,

and the constant in the sign O depends only on n and r .
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Proof. This assertion follows from Lemmas 6.2 and 6.3. ��

In Chapter 8 we shall need Theorem 6.2, which is close in content to Theorem 6.1.
Here we only state this theorem because their proofs coincide word for word.

Theorem 6.2. Let k ≥ 8m� log 16m�, and let

J =
∫

· · ·
∫

�

Sk(A) exp{−2πi(A×N)} dA,

where

(A×N) =
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr ) N(t1, . . . , tr );

here N(t1, . . . , tr ) are arbitrary natural numbers. Then the following asymptotic
formula holds:

J = σθ(P1 . . . Pr)
kP−0.5m� +O

(
ea(P1 . . . Pr)

kP−0.5m�−ρ1
)
,

where

σ =
+∞∑

q(0,...,1)=1

· · ·
+∞∑

q(n1,...,nr )=1

×
q(0,...,1)∑
a(0,...,1)=1

(a(0,...,1),q(0,...,1))=1

. . .

q(n1,...,nr )∑
a(n1,...,nr )=1

(a(n1,...,nr ),q(n1,...,nr ))=1

(U(a, q))k exp

{
−2πi

(
a

q
×N

)}
,

(
a

q
×N

)
=

n1∑
t1=0

· · ·
nr∑
tr=0

a(t1, . . . , tr )

q(t1, . . . , tr )
N(t1, . . . , tr ),

θ =
∫ +∞

−∞
· · ·

∫ +∞

−∞

(∫ 1

0
· · ·

∫ 1

0
exp{2πiFA(x1, . . . , xr )} dx1 . . . dxr

)k
× exp{−2πi(A×M)} dA,

(A×M) =
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )M(t1, . . . , tr ),

M(t1, . . . , tr ) = N(t1, . . . , tr )P
−t1
1 . . . P−tr

r ,

ρ1 = (32� log 8m�)−1, a = 64m�2 log 16m� + 32m� log2 16m�,

and the constant in the sign O depends only on n and r .
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6.1.2 Multiple trigonometric sums with summation
domains of special form

Now we consider a summation domain somewhat more complicated than the paral-
lelepiped and show how multiple sums can be estimated in this case, what asymptotic
formulas for the number of solutions of the complete system of equations can be ob-
tained, etc. Since the proofs of the theorems mainly coincide with those performed
above, we shall concentrate only on the parts of argument that characterize the case
under study. We shall deal with the domain Er that has the form

e1x
s1
1 + · · · + erx

sr
r ≤ P0, 1 ≤ x1 ≤ P1, . . . , 1 ≤ xr ≤ Pr,

where e1, . . . , er are equal to either 0 or 1, s1, . . . , sr are natural numbers such that
s1 ≤ n1, . . . , sr ≤ nr , and the numbers P1, . . . , Pr satisfy the condition: if ej = 1,
then P

sj
j = P0.

Let χ(x1, . . . , xr ) be the characteristic function of the domain Er , i.e.,

χ(x1, . . . , xr ) =
{

1 if (x1, . . . , xr ) ∈ Er,
0 if (x1, . . . , xr ) /∈ Er.

We shall prove two auxiliary lemmas.

Lemma 6.4. Let 1 ≤ y1 ≤ P1, . . . , 1 ≤ yr ≤ Pr . Then the sum

R =
P1+y1∑
x1=1

· · ·
Pr+yr∑
xr=1

|χ(x1, . . . , xr )− χ(x1 − y1, . . . , xr − yr)|

satisfies the estimate

R ≤ 2r (y1P2 . . . Pr + · · · + P1 . . . Pr−1 yr).

Proof. Since we have the inequality

R ≤
P1+y1∑
x1=1

· · ·
Pr+yr∑
xr=1

(|χ(x1, . . . , xr )− χ(x1 − y1, x2, . . . , xr )|

+ |χ(x1 − y1, x2, x3, . . . , xr )− χ(x1 − y1, x2 − y2, x3, . . . , xr )| + · · ·
+ |χ(x1 − y1, . . . , xr−1 − yr−1, xr )− χ(x1 − y1, . . . , xr−1 − yr−1, xr − yr)|

)
,

it suffices, for fixed z1, . . . , zq−1, zq+1, . . . , zr , to estimate from above the numberRq
of zq such that χq = |χ(z1, . . . , zq−1, zq, zq+1, . . . , zr ) − χ(z1, . . . , zq−1, zq − yq,

zq+1, . . . , zr )| = 1. Obviously, χq = 1 for 1 ≤ zq ≤ yq and for zq such that
χ(z1, . . . , zq−1, zq, zq+1, . . . , zr )= 0 andχ(z1, . . . , zq−1, zq−yq, zq+1, . . . , zr )=1.
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In the case eq = 0, the last conditions holds for Pq + 1 ≤ zq ≤ Pq + yq . But if
eq = 1, then zq is determined by the inequalities

e1z
s1
1 + · · · + eqz

sq
q + · · · + erz

sr
r > P0,

e1z
s1
1 + · · · + eq(zq − yq)

sq + · · · + erz
sr
r ≤ P0.

Hence we have A < zq ≤ A+ yq , where

A = (P0 − e1z
s1
1 − · · · − eq−1z

sq−1
q−1 − eq+1z

sq+1
q+1 − · · · − erz

sr
r )

1/sq .

Hence Rq ≤ 2yq . This implies the inequality

R ≤ 2y1(P2 + y2) . . . (Pr + yr)+ · · · + (P1 + y1) . . . (Pr−1 + yr−1)2yr
≤ 2r (y1P2 . . . Pr + · · · + P1 . . . Pr−1 yr).

The proof of the lemma is complete. ��

Lemma 6.5. Suppose that the function χ1(x1, . . . , xr ) is determined by the relations

χ1(x1, . . . , xr ) =
{

1 if e1x
s1
1 + · · · + erx

sr
r ≤ 1, x1 > 0, . . . , xr > 0,

0 otherwise,

where e1, . . . , er are equal either to 0 or to 1, s1, . . . , sr are natural numbers satisfying
the conditions that s1 ≤ n1, . . . , sr ≤ nr , and ν−1 is equal to the largest of the numbers
n1, . . . , nr . Then the integral

V =
∫ 1

0
· · ·

∫ 1

0
χ1(x1, . . . , xr ) exp{2πiF (x1, . . . , xr )} dx1 . . . dxr ,

where, as above,

F(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr ) x
t1
1 . . . x

tr
r ,

α = max
t1,...,tr

|α(t1, . . . , tr )|, α(0, . . . , 0) = 0,

satisfies the estimate

|V | ≤ min(1, 212rα−ν(ln(α + 2))r ).

Proof. If e1 = · · · = er = 0, then we obtain the desired statement by setting
n = ν−1 in Theorem 1.6 (Chapter 1). Therefore, we assume that ej = 1 for some j

(1 ≤ j ≤ r). If the value of α is small, α ≤ 212rν−1
, then the estimate in the lemma

becomes trivial. We assume that α > 212rν−1
. Now we set r = 1 and � = α−1
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in Lemma A.3 and take the function ψ(x) from this lemma. Then, according to the
properties of the function ψ(x), we obtain the relations

ψ(x) = 1 if � < x ≤ 1 −� (mod 1),

0 ≤ ψ(x) ≤ 1 if 0 ≤ x ≤ � (mod 1) or 1 −� ≤ x ≤ 1 (mod 1),

ψ(x) = 1 −�+
+∞∑
m=1

gm exp{2πimx} + hm exp{−2πimx},

and moreover,

max(|gm|, |hm|) < (πm)−1 if 1 ≤ m ≤ �−1,

max(|gm|, |hm|) < (π2�m2)−1 if m > �−1.

We use the properties of the function ψ(x) to write the integral V as

V = V0 + θ1(V1 + V2),

where

V0 =
∫ 1

0
· · ·

∫ 1

0
ψ(e1x

s1
1 + · · · + erx

sr
r ) exp{2πiF (x1, . . . , xr )} dx1 . . . dxr ,

V1 =
∫ 1

0
· · ·

∫ 1

0
e1x

s1
1 +···+erxsrr ≤�

dx1 . . . dxr , V2 =
∫ 1

0
· · ·

∫ 1

0
1−�≤e1x

s1
1 +···+erxsrr ≤1

dx1 . . . dxr ,

|θ1| ≤ 1.

Now we estimate V1 and V2. For this, we consider the integral V3 = V3(�),

V3 =
∫ 1

0
· · ·

∫ 1

0
xa+···+yb+···+zd≤�

dx . . . dy . . . dz,

where a, . . . , b, . . . , d are natural numbers and 0 < � ≤ 1. A change of integration
variables implies

V3 = 1

a . . . b . . . d
�a

−1+···+b−1+···+d−1

×
∫ �−1

0
· · ·

∫ �−1

0
u+···+v+···+w≤1

u−1+a−1
. . . v−1+b−1

. . . w−1+d−1
du . . . dv . . . dw

= (a . . . b . . . d)−1�a
−1+···+b−1+···+d−1

×
∫ 1

0
· · ·

∫ 1

0
u+···+v+···+w≤1

u−1+a−1
. . . v−1+b−1

. . . w−1+d−1
du . . . dv . . . dw.
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The last integral is the well-known Dirichlet integral (e.g., see [90], p. 58) and is
equal to

�(a−1) . . . �(b−1) . . . �(d−1)

�(a−1 + · · · + b−1 + · · · + d−1)
· 1

a−1 + · · · + b−1 + · · · + d−1 .

Thus we have
V3 = c �a

−1+···+b−1+···+d−1
,

where

c = 1

a . . . b . . . d
· 1

a−1+. . .+b−1+. . .+d−1 · �(a
−1) . . . �(b−1) . . . �(d−1)

�(a−1+. . .+b−1+. . .+d−1)
≤ 2.

Now we let the letters a, . . . , b, . . . , d denote the sj for which ej = 1. Then we
obtain the relations

V1 = V3(�), V2 = V3(1)− V3(1 −�) = c
(
1 − (1 −�)a

−1+···+b−1+···+d−1)
= c�(a−1 + · · · + b−1 + · · · + d−1) ξa

−1+···+b−1+···+d−1−1,

where 1 −� ≤ ξ ≤ 1. Thus (recall that � = α−1 and α > 212r ) we have

V1 ≤ c�ν, V2 ≤ 2cr�.

Now we shall estimate V0. For this, we expand the function ψ(x) in the Fourier
series and pass to the inequalities

|V0| ≤ (1 −�)|Ir | +
+∞∑
m=1

(|gm| |�1(m)| + |hm| |�2(m)|
)
,

where

Ir =
∫ 1

0
· · ·

∫ 1

0
exp{2πiF (x1, . . . , xr )} dx1 . . . dxr ,

�1(m) =
∫ 1

0
· · ·

∫ 1

0
exp{2πi(F (x1, . . . , xr )

+m(e1x
s1
1 +. . .+ erx

sr
r ))} dx1 . . . dxr ,

�2(m) =
∫ 1

0
· · ·

∫ 1

0
exp{2πi(F (x1, . . . , xr )

−m(e1x
s1
1 +. . .+ erx

sr
r ))} dx1 . . . dxr .

By Theorem 1.6 in Chapter 1, we have

|Ir | ≤ 32rα−ν lnr−1(α + 2).
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Further, if m ≥ 2�−1 = 2α, then the coefficient largest in absolute value in the
polynomials contained in the exponential in the integrals �1(m) and �2(m) is larger
than or equal tom/2, because the coefficient largest in absolute value ofF(x1, . . . , xr )

does not exceed α ≤ m/2 and ej = 1.
Now we apply the estimate in Theorem 1.6. For m ≥ 2�−1, we obtain

|�1(m)| ≤ 32r (m/2)−ν lnr−1(m+ 2), i = 1, 2;

|gm| |�1(m)| + |hm| |�2(m)| ≤ 2 · 32r

π2�m2

(
m

2

)−ν
lnr−1(m+ 2).

Now let 1 ≤ m ≤ 2�−1. In this case the largest coefficient of the polynomials
under study is no less than |m − �−1| = |m − α| and does not exceed m + α. We
again apply Theorem 1.6 for m ≤ �−1 − 1 and m ≥ �−1 + 2 and find

|�i(m)| ≤ 32r |m−�−1|−ν( log(m+�−1 + 2)
)r−1

, i = 1, 2;
|gm| |�1(m)| + |hm| |�2(m)| ≤ 2 · 32r

πm
logr−1(2α + 2) |m−�−1|−ν .

Substituting the obtained estimates into the inequality for V0 and, in the case
�−1 − 1 < m < �−1 + 2, estimating �i(m) trivially, we obtain the estimate

|V0| ≤ 32rα−ν lnr−1(α + 2)

+
∑

1≤m≤�−1−1

2 · 32r

πm
|m−�−1|−ν logr−1(2α + 2)

+
∑

�−1−1<m<�−1+2

2

πm
+

∑
m≥�−1+2

2 · 32r

π�m2

(
m

2

)−ν
logr−1(m+ 2)

≤ 210rα−ν logr (α + 2).

This and the estimates for the integrals V1 and V2 imply the statement of the lemma.
The proof is complete. ��

Now we let T (A) denote the trigonometric sum where the summation variables
belong to the domain Er . If, as before, χ(x1, . . . , xr ) denotes the characteristic
function of the domain Er , then the sum T (A) can be written as

T (A) =
P1∑
x1=1

· · ·
Pr∑
xr=1

χ(x1, . . . , xr ) exp{2πiFA(x1, . . . , xr )}.

Recall that the domain Er is given by the inequalities

e1x
s1
1 + · · · + erx

sr
r ≤ P0, 1 ≤ x1 ≤ P1, . . . , 1 ≤ xr ≤ Pr,
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where e1, . . . , er are equal either to 0 or 1, s1, . . . , sr are natural numbers (s1 ≤
n1, . . . , sr ≤ nr ), and the numbers P1, . . . , Pr satisfy the condition that if ej = 1,
then P

sj
j = P0.

We shall prove the following theorem on the estimate of the sum T (A) for pointsA
from the cube �.

Theorem 6.3. Suppose that a point A belongs to the class �1. Then the estimate
|T (A)| ≤ 2(5n2n)rν(Q) (τ (Q))r−1 P1 . . . PrQ

−ν holds. Moreover, if we set

δ(t1, . . . , tr ) = P
t1
1 . . . P trr β(t1, . . . , tr ), δ = max

t1,...,tr
|δ(t1, . . . , tr )|,

then for δ > 1 the following estimate holds:

|T (A)| ≤ 216r (5n2n)rν(Q)(τ (Q))r−1P1 . . . Pr(δQ)
−ν(ln(δ + 2))r .

Suppose that a point A belongs to the second class �2. As above, we set

τ(t1, . . . , tr ) = P
t1
1 . . . P trr P

−1/3

and represent the coordinates α(t1, . . . , tr ) of the point A as

α(t1, . . . , tr ) = a(t1, . . . , tr )

q(t1, . . . , tr )
+ θ(t1, . . . , tr )

q(t1, . . . , tr ) τ (t1, . . . , tr )
,

(a(t1, . . . , tr ), q(t1, . . . , tr )) = 1, 1 ≤ q(t1, . . . , tr ) ≤ τ(t1, . . . , tr ),

|θ(t1, . . . , tr )| ≤ 1, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr .

ByQ0 we denote the least common multiple of the numbers q(t1, . . . , tr ) satisfying
the condition t1 + · · · + tr ≥ 2. Then for Q0 ≥ P 1/6 the following estimate holds:

|T (A)| ≤ 232�P1 . . . PrP
−ρ, ρ = (32m� log(8m�))−1.

But if Q0 < P 1/6, then for T (A) the following estimate holds:

|T (A)| ≤ (5n2n)rν(Q0)(τ (Q0))
r−1P1 . . . PrP

−ν/10

+ 216r (rν−1)r−1P1 . . . PrP
−ν/16.

Proof. Suppose that a point A belongs to �1. Then, repeating the argument of
Lemma 5.5 in Chapter 5, we obtain

T (A) =
Q∑

η1=1

· · ·
Q∑
ηr=1

exp{2πiFa(η1, . . . , ηr )}W1(η1, . . . , ηr ),

where

Fa(η1, . . . , ηr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

a(t1, . . . , tr )

q(t1, . . . , tr )
η
t1
1 . . . η

tr
r ,
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W1 = W1(η1, . . . , ηr ) =
∑
ξ1

· · ·
∑
ξr

χ(Qξ1 + η1, . . . ,Qξr + ηr)

× exp{2πiFβ(Qξ1 + η1, . . . ,Qξr + ηr)},
Fβ(Qξ1 + η1, . . . ,Qξr + ηr)

=
n1∑
t1=0

· · ·
nr∑
tr=0

β(t1, . . . , tr )(Qξ1 + η1)
t1 . . . (Qξr + ηr)

tr .

Moreover, the summation is performed over ξ1, . . . , ξr such that the point (Qξ1 +
η1, . . . ,Qξr + ηr) belongs to Er .

Now we show that, with high accuracy, it is possible to replace the sum
W1(η1, . . . , ηr ) by an integral. For this, we first consider the sum

G =
∑
ξr

χ(Qξ1 + η1, . . . ,Qξr + ηr) exp{2πiFβ(Qξ1 + η1, . . . ,Qξr + ηr)},

where the summation variable ξr varies in the interval [Ar, Br ]. In the case er = 0,
the variables Ar and Br are determined by the relations Ar = −ηrQ−1 and Br =
(Pr − ηr)Q

−1. But if er = 1, then Ar is determined as the least number and Br is
determined as the largest number that satisfy the inequalities

e1(Qξ1 + η1)
s1 + · · · + er(QAr + ηr)

sr ≥ 1, QAr + ηr > 0,

e1(Qξ1 + η1)
s1 + · · · + er(QBr + ηr)

sr ≤ P0, QBr + ηr ≤ Pr .

We note that Ar ≥ −ηrQ−1 and Br ≤ (Pr − ηr)Q
−1 both in the first and in the

second case. Further, as already shown,∣∣∣∣∂Fβ(Qξ1 + η1, . . . ,Qξr + ηr)

∂ξr

∣∣∣∣ ≤ 0.5,

and the number of intervals on which the function

F1(ξr ) = ∂Fβ(Qξ1 + η1, . . . ,Qξr + ηr)

∂ξr

is monotone and of constant sign does not exceed 2nr . Hence to the sum G1, it is
possible to apply Lemma 5.4 (Chapter 5) with r = 1.

We obtain the relation

G1 =
∑

Ar≤ξr≤Br
exp{2πiFβ(Qξ1 + η1, . . . ,Qξr + ηr)}

=
∫ Br

Ar

exp{2πiFβ(Qξ1 + η1, . . . ,Qξr + ηr)} dξr + 16θ1nr .
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By the definition of χ(x1, . . . , xr ) and by the inequalities −ηrQ−1 ≤ Ar ≤ ξr ≤
Br ≤ (Pr − ηr)Q

−1, we can rewrite the last integral as

G1 =
∫ (Pr−ηr )Q−1

−ηrQ−1
χ(Qξ1 + η1, . . . ,Qξr + ηr)

× exp{2πiFβ(Qξ1 + η1, . . . ,Qξr + ηr)} dξr + 16θ1nr .

Substituting G1 into the sum W1 and changing the order of integration and sum-
mation, we obtain

W1 =
∑
ξ1

· · ·
∑
ξr−2

∫ (Pr−ηr )Q−1

−ηrQ−1
G2 dξr + 16θ2nrP1 . . . Pr−1Q

−r+1,

where

G2 =
∑
ξr−1

χ(Qξ1 + η1, . . . ,Qξr + ηr) exp{2πiFβ(Qξ1 + η1, . . . ,Qξr + ηr)}

and the summation is taken over integer ξr−1 from the interval [Ar−1, Br−1]. HereAr−1
is the least number and Br−1 is the largest number that satisfy the inequalities

e1(Qξ1 + η1)
s1 + · · · + er−1(QAr−1 + ηr−1)

sr−1 + er(Qξr + ηr)
sr ≥ 1,

QAr−1 + ηr−1 > 0,

e1(Qξ1 + η1)
s1 + · · · + er−1(QBr−1 + ηr−1)

sr−1 + er(Qξr + ηr)
sr ≤ P0,

QBr−1 + ηr−1 ≤ Pr−1.

Performing the argument similarly to that for the sumG1, we can replace the sumG2
by an integral so that the error does not exceed 16nr−1. Therefore, for W1 we have
the relation

W1 =
∑
ξ1

· · ·
∑
ξr−2

∫ (Pr−1−ηr−1)Q
−1

−ηr−1Q−1
dξr−1

∫ (Pr−ηr )Q−1

−ηrQ−1
χ(Qξ1 + η1, . . . ,Qξr + ηr)

× exp{2πiFβ(Qξ1 + η1, . . . ,Qξr + ηr)} dξr
+ 16θ3(nr−1Q

−r+1P1 . . . Pr−2Pr + nrQ
−r+1P1 . . . Pr−1).

Continuing the argument similarly to that for the variables ξr and ξr−1, we obtain
the expression

W1(η1, . . . , ηr ) =
∫ (P1−η1)Q

−1

−η1Q−1
. . .

∫ (Pr−ηr )Q−1

−ηrQ−1
χ(Qξ1 + η1, . . . ,Qξr + ηr)

× exp{2πiFβ(Qξ1 + η1, . . . ,Qξr + ηr)} dξ1 . . . dξr

+ 16θ4nP2 . . . PrQ
−r+1.
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We set χ1(x1, . . . , xr ) = χ(P1x1, . . . , Prxr). Then we have

χ1(x1, . . . , xr ) =


1 if e1x

s1
1 + · · · + erx

sr
r ≤ 1,

0 ≤ x1 ≤ 1, . . . , 0 ≤ xr ≤ 1,

0 otherwise,

In the integral for W1(η1, . . . , ηr ), we perform the change of variables

P1x1 = Qξ1 + η1, . . . , Prxr = Qξr + ηr,

and thus obtain

W1(η1, . . . , ηr ) = P1 . . . PrQ
−rV + 16θ4nP2 . . . PrQ

−r+1,

where

V =
∫ 1

0
· · ·

∫ 1

0
χ1(x1, . . . , xr ) exp{2πiFδ(x1, . . . , xr )} dx1 . . . dxr .

After these transformations, the sum T (A) takes the form

T (A) = P1 . . . PrUV + 16θ4nP2 . . . PrQ,

where

U = Q−r
Q∑

η1=1

· · ·
Q∑
ηr=1

exp{2πiFa(η1, . . . , ηr )}.

To estimate the sum U , as above, we apply Theorem 2.6 (Chapter 2). To estimate
the integral V , we use Lemma 6.5. This readily implies the statement of the theorem
for points A of the first class �1.

Suppose that A belongs to the second class �2. We first consider the case Q0 ≥
P 1/6. We shift the domain of summation over x1, . . . , xr in the sum T (A) by integer
numbers y1, . . . , yr such that 1 ≤ y1 ≤ P1, . . . , 1 ≤ yr ≤ Pr . We obtain

T (A) =
P1+y1∑
x1=y1+1

· · ·
Pr+yr∑
xr=yr+1

χ(x1 − y1, . . . , xr − yr) exp{2πiFA(x1, . . . , xr )}

+
P1+y1∑
x1=1

· · ·
Pr+yr∑
xr=1

(
χ(x1, . . . , xr )− χ(x1 − y1, . . . , xr − yr)

)
× exp{2πiFA(x1, . . . , xr )}.

Using Lemma 6.4 and summing over y1 ≤ Y1, . . . , yr ≤ Yr , where Y1 =
[P1P

−ρ], . . . , Yr = [PrP−ρ], we obtain

|T (A)| ≤ W + r2rP1 . . . PrP
−ρ,
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W ≤ (Y1 . . . Yr )
−1

Y1∑
y1=1

· · ·
Yr∑
yr=1

×
∣∣∣∣ P1∑
x1=1

· · ·
Pr∑
xr=1

χ(x1, . . . , xr ) exp{2πiFA(x1 + y1, . . . , xr + yr)}
∣∣∣∣.

Next, repeating the argument of Lemma 5.3 in Chapter 5 word for word, we obtain
the inequality

W 2k ≤ 22k(Y1 . . . Yr )
−1P 0.5m�+mρI0 + (4πmP1 . . . PrP

−ρ)2k,

where

I0 =
Y1∑
y1=1

· · ·
Yr∑
yr=1

∫
· · ·

∫
ω

|Tβ |2kdβ,

Tβ =
P1∑
x1=1

· · ·
Pr∑
xr=1

χ(x1, . . . , xr ) exp{2πiFβ(x1, . . . , xr )}.

If, as before, G is the minimal multiplicity of the intersection of the domains ω
with a chosen domain ω(z1, . . . , zr ), then

I0 ≤ GI, I =
∫

· · ·
∫

�

|T (A)|2k dA.

The inequality I ≤ J follows from the remark to Theorem 4.2 (Chapter 4). Hence
we have I0 ≤ GJ . Therefore, in the case under study, performing the same argument
as in Lemma 5.3 (Chapter 5) for the sum S(A), for T (A) we obtain the same estimate
as for S(A).

In the remaining caseQ0 ≤ P 1/6, the sum T (A) can be estimated similarly to the
sum S(A) in Lemma 5.6 (Chapter 5) by replacing, if necessary, the estimates for the
integral ∫ 1

0
· · ·

∫ 1

0
exp{2πiFδ(x1, . . . , xr )} dx1 . . . dxr

by the estimates for the integral in Lemma 6.5. The proof of the theorem is complete.
��

We use Theorem 4.2 (Chapter 4) and the estimates in Theorem 6.3 to obtain an
asymptotic formula for the mean value of a power of the modulus of the multiple
trigonometric sum T (A).

Theorem 6.4. Let k ≥ 4m� log 16m�, and let

I0 =
∫

· · ·
∫

�

|T (A)|2k dA.
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Then the following asymptotic formula holds:

J0 = σθ0(P1 . . . Pr)
2kP−0.5m� +O

(
ea(P1 . . . Pr)

2kP−0.5m�−ρ1
)
,

where

ρ1 = (32� log 8m�)−1, a = 64m�2 log 16m� + 32m� log2 16m�,

θ0 =
∫ +∞

−∞
· · ·

∫ +∞

−∞

∣∣∣∣∫ 1

0
· · ·

∫ 1

0
χ1(x1, . . . , xr )

× exp{2πiFA(x1, . . . , xr )} dx1 . . . dxr

∣∣∣∣2k dA
and the singular series σ is the same as in Theorem 6.2.

Proof. The proof is similar to that of Theorem 6.2. We divide the points of the cube�
into two classes: �1 and�2. For the sum T (A) in the case in whichA belongs to�1,
a formula similar to that obtained in Lemma 6.1 was proved in Theorem 6.3. Next,
we can derive an asymptotic formula for the integral over the points of the first class
repeating the argument in Lemma 6.2 word for word, but replacing the estimates for the
trigonometric integral in Theorem 1.6 by the estimates for the integral in Lemma 6.5.
The integral over the points of the second class can be obtained similarly to the proof
of Lemma 6.3, but in this case the estimates in Theorem 5.2 (Chapter 5) are replaced
by the estimates in Theorem 6.3. ��

6.2 Fractional parts of polynomials

Theorems on the uniform distribution of the fractional parts of polynomials in several
variables also give an application of estimates for multiple trigonometric sums. We
note that a necessary condition for the joint distribution of the fractional parts of
several polynomials is the condition that they be linearly independent over a set of
integers, provided that these numbers vary in intervals of a sufficiently small length
as compared with the intervals in which the variables of the polynomial vary. This
fact is taken into account in the statements of theorems (about the partition of sets of
polynomials into classes see below).

6.2.1 Joint distributions

We introduce the following notation. Let fj (x1, . . . , xr ) be polynomials in r variables
with real coefficients,

fj (x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

αj (t1, . . . , tr ) x
t1
1 . . . x

tr
r .
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Further, we assume that m = (n1 + 1) . . . (nr + 1), P1, . . . , Pr are positive num-
bers, 1 < P1 = min(P1, . . . , Pr) = P , � = P−2ρ , ρ = (32m� log 8m�)−1, �
is introduced in Theorem 5.2 in Chapter 5, d1, . . . , ds are integers, and |dj | ≤ �−1

(j = 1, . . . , s).
We define real numbers B by the relations

B = B(t1, . . . , tr ; d1, . . . , ds) = d1α1(t1, . . . , tr )+ · · · + dsαs(t1, . . . , tr ).

Let a and q be integers, and let

B = a

q
+ z, q ≥ 1, (a, q) = 1, |z| ≤ (qτ)−1,

τ = τ(t1, . . . , tr ) = P
t1
1 . . . P trr P

−1/3.

We assume that, for fixed d1, . . . , ds , the number Q = Q(d1, . . . , ds) is the least
common multiple of the numbers q = q(t1, . . . , tr ), t1 + · · · + tr ≥ 1, 0 ≤ t1 ≤
n1, . . . , 0 ≤ tr ≤ nr . We set

Q0 = min
d1,...,ds

Q(d1, . . . , ds),

δ = δ(d1, . . . , ds) = max
t1,...,tr

P
t1
1 . . . P trr |z(t1, . . . , tr )|,

where t1 + · · · + tr ≥ 1, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr , and

δ0 = min
d1,...,ds

δ(d1, . . . , ds).

We divide the sets of polynomials (f1, . . . , ds) with coefficients

0 ≤ αj (t1, . . . , tr ) < 1, j = 1, . . . , s, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr,

into two classesE1 andE2. The first classE1 contains sets of polynomials (f1, . . . , fs)

for which Q0 ≤ P 0.5. The second class E2 contains all other sets of polynomials
(f1, . . . , fs).

Theorem 6.5. Suppose that D(σ1, . . . , σs) is the number of integer-valued sets
x1, . . . , xr satisfying the conditions

{f1(x1, . . . , xr )} < σ1, . . . , {fs(x1, . . . , xr )} < σs,

1 ≤ x1 ≤ P1, . . . , 1 ≤ xr ≤ Pr .

We represent D(σ1, . . . , σs) as

D(σ1, . . . , σs) = P1 . . . Prσ1 . . . σs + λ(σ1, . . . , σs).

Then
λ(σ1, . . . , σs) 
 P1 . . . Pr�1,
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where �1 is determined as

�1 = exp{32�}P−ρ1 , ρ1 = (32m� log 8m�)−1

for a set of polynomials of the second class and as �1 = (Q0δ0)
−ν+ε for a set of

polynomials (f1, . . . , fs) of the first class.

Proof. Let S(d1, . . . , ds) be a multiple trigonometric sum, and let

S(d1, . . . , ds) =
P1∑
x1=1

· · ·
Pr∑
xr=1

exp

{
2πi

s∑
j=1

djfj (x1, . . . , xr )

}
.

In view of the partition of sets of polynomials into two classes E1 and E2, by
Theorem 5.2 (Chapter 5), we have

|S(d1, . . . , ds)| 
 P1 . . . Pr�0,

where |d1|, . . . , |ds | < �−1, and the quantity �0 for the sets of the second class is
determined as

�0 = exp{32�}P−ρ0 , ρ0 = (32m� log 8m�)−1,

and for the sets of the first class as

�0 = (Q0δ0)
−1/n+ε3 .

Without loss of generality, we assume that �0 ≤ 0.1. We consider the periodic
function ψj (x) with period 1 introduced in Lemma A.3. Let αj and βj be arbitrary
real numbers such that �0 ≤ βj − αj ≤ 1 −�0 (1 ≤ j ≤ s). In this lemma, we set
r = 1. Then we have

ψj (fj (x1, . . . , xr )) = 1

if αj + 0.5�0 ≤ fj (x1, . . . , xr ) < βj − 0.5�0 (mod 1),

0 ≤ ψj (fj (x1, . . . , xr )) ≤ 1

if αj − 0.5�0 < fj (x1, . . . , xr ) < αj + 0.5�0 (mod 1)

or βj − 0.5�0 < fj (x1, . . . , xr ) < βj + 0.5�0 (mod 1),

ψj (fj (x1, . . . , xr )) = 0

if βj + 0.5�0 < fj (x1, . . . , xr ) < 1 + αj − 0.5�0 (mod 1),

ψj (fj (x1, . . . , xr )) = βj − αj +
+∞∑
d=1

(
gd exp{2πidfj (x1, . . . , xr )}

+ hd exp{−2πidfj (x1, . . . , xr )}
)
,

max(|gd |, |hd |) ≤ (πd)−1 if 1 ≤ d ≤ �−1
0 ,
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max(|gd |, |hd |) ≤ (π2�0d
2)−1 if d > �−1

0 .

We set

U=U(α1, β1, . . . , αs, βs)=
P1∑
x1=1

. . .

Pr∑
xr=1

ψ1(f1(x1, . . . , xr )). . .ψs(fs(x1, . . . , xr )).

Then we have the relation

U = P1 . . . Pr(β1 − α1) . . . (βs − αs)+H,

where

H 

∑

0≤|d1|≤�−1
0

. . .
∑′

0≤|ds |≤�−1
0

|S(d1, . . . , ds)|
d1 . . . ds

+
s∑
k=1

∑
0≤|d1|≤�−1

0

· · ·
∑

�−1
0 <|dk |≤�−1

· · ·
∑

0≤|ds |≤�−1
0

|S(d1, . . . , ds)|
�2

0d
2
k d1 . . . dk−1dk+1 . . . ds

+
s∑
k=1

∑
0≤|d1|<�−1

· · ·
∑

|dk |>�−1

· · ·
∑

0≤|ds |≤�−1

P1 . . . Pr

�2
0d

2
k d1 . . . dk−1dk+1 . . . ds

and d = max(1, |d|); here the prime on the summation sign means that the summation
is taken over all da, . . . , ds mentioned above except for d1 = · · · = ds = 0.

Since, for |d1|, . . . , |ds | < �−1, the sum S(d1, . . . , ds) satisfies the estimate

|S(d1, . . . , ds)| 
 P1 . . . Pr�0,

we have

H 

∑

0≤|d1|≤�−1
0

. . .
∑′

0≤|ds |≤�−1
0

P1 . . . Pr�0

d1 . . . ds

+
s∑
k=1

∑
0≤|d1|≤�−1

0

· · ·
∑

�−1
0 ≤|dk |≤�−1

· · ·
∑

0≤|ds |≤�−1
0

P1 . . . Pr�0

�2
0d

2
k d1 . . . dk

+
s∑
k=1

∑
|d1|≤�−1

· · ·
∑

|dk |>�−1

· · ·
∑

|ds |≤�−1

P1 . . . Pr

�0d
2
k d1 . . . dk−1dk+1 . . . ds

,

which implies H 
 P1 . . . Pr�1. Hence D(σ1, . . . , σs) satisfies the above formula,
and λ(σ1, . . . , σs) satisfies the estimate

|λ(σ1, . . . , σs)| 
 P1 . . . Pr�1.

The proof of the theorem is complete. ��

We consider an example illustrating Theorem 6.5.
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Example 6.1. Let F1(x, y) and F2(x, y) be two polynomials with real coefficients
in which the powers of each of the variables do not exceed n (n ≥ 4). Suppose
that 0 ≤ s, t ≤ n, s + t ≥ 1, P � 1, and the coefficient of the expression xsyt in
the first polynomial is equal to

√
2, while the corresponding coefficient in the second

polynomial is equal to
√

3. Further, let D(σ1, σ2) be the number of sets of integers x
and y such that the inequalities

{F1(x, y)} < σ1, {F2(x, y)} < σ2, 1 ≤ x, y ≤ P,

are satisfied simultaneously. Then we have the asymptotic formula

D(σ1, σ2) = P 2σ1σ2 +O(P 2�),

where � = P−ρ , ρ = γ (n3 ln n)−1, and γ > 0 is an absolute constant.
Indeed, it follows from the partition of points of the unit (n + 1)2-dimensional

cube into points of the first and second classes (see the definition of the partition
of points into classes at the beginning of this section (Theorem 6.5)) that any point
corresponding to the polynomials F1(x, y) and F2(x, y) belongs to the second class.
Let us prove this assertion.

To this end, we consider the number α = m1
√

2 + m2
√

3 �= 0. We set τ =
P t+s−1/4. It is known that there exist integer coprimes a and q such that∣∣∣∣α − a

q

∣∣∣∣ ≤ 1

qτ
, q ≤ τ. (6.2)

Since α is an irrational algebraic number of degree no larger than 4, it follows
from the Liouville theorem that for all a and q, (a, q) = 1, we have∣∣∣∣α − a

q

∣∣∣∣ > 1

c(α)q4 ,

where c(α) = max|ξ−α|≤1 |f ′(ξ)| and f (ξ) is a polynomial that is irreducible over the
field of rational numbers and has a root α = m1

√
2 +m2

√
3. (Ifm1 �= 0 andm2 �= 0,

then f (ξ) = (ξ −m1
√

2 −m2
√

3)(ξ −m1
√

2 +m2
√

3)(ξ +m1
√

2 −m2
√

3)(ξ +
m1

√
2 +m2

√
3).)

For integers m1 and m2 whose absolute values do not exceed P 2/(n+1)2 , the con-
stant c(α) can be bounded above as follows: c(α) ≤ 1000P 6/(n+1)2 . Then the num-
ber q in (6.2) is larger than

0.1P (t+s)/3−1/12−2/(n+1)−2
> P 2/(n+1)−2

.

Hence the point corresponding to F1(x, y) and F2(x, y) belongs to the second class,
and the above asymptotic formula holds for D(σ1, σ2).
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Theorem 6.6. Let D1(σ1, . . . , σs) be the number of sets of integers x1, . . . , xr satis-
fying the conditions

{f1(x1, . . . , xr )} < σ1, . . . , {fs(x1, . . . , xr )} < σs, (x1, . . . , xr ) ∈ Er
(Er is determined as in Theorem 6.3). Represent D1(σ1, . . . , σs) in the form

D1(σ1, . . . , σs) = V (P0)σ1 . . . σs + λ(σ1, . . . , σs),

where V (P0) is the volume of the domain Er . Then

|λ(σ1, . . . , σs)| 
 P1 . . . Pr�1.

where �1 is the same as in Theorem 6.5.

Proof. The proof is the same as that of Theorem 6.5. We only use the estimates from
Theorem 6.3 where it is necessary. ��

6.2.2 Distribution of the fractional parts of polynomials

We only formulate three theorems on the fractional parts of polynomials in several
variables. Their proofs are based on Theorem 5.2 in Chapter 5, Theorem 6.2, and
Lemma A.3 and do not differ from the proof of Theorem 6.5.

Theorem 6.7. Let D(σ) be the number of sets of integers x1, . . . , xr satisfying the
conditions

{F(x1, . . . , xr )} < σ, 1 ≤ x1 ≤ P1, . . . , 1 ≤ xr ≤ Pr .

Represent D(σ) in the form

D(σ) = P1 . . . Pr σ + λ(σ).

Then

λ(σ) 
 P1 . . . Pr�1,

where �1 for the polynomial of the second class �2 is determined as

�1 = exp{32�}P−ρ1 , ρ1 = (32m� log 8m�)−1,

and for the polynomial of the first class as

�1 = (Qδ)−ν+ε.
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Theorem 6.8. Let D1(σ ) be the number of sets of integers x1, . . . , xr satisfying the
conditions

{F(x1, . . . , xr )} < σ, (x1, . . . , xr ) ∈ Er
(Er is determined as in Theorem 6.3). Represent D1(σ ) in the form

D1(σ ) = V (P0)σ + λ(σ),

where V (P0) is the volume of the domain Er . Then

λ(σ) 
 P1 . . . Pr�1,

where �1 is the same as in Theorem 6.5.

Theorem 6.9. The following relation holds:

P1∑
x1=1

· · ·
Pr∑
xr=1

{F(x1, . . . , xr )} = 0.5P1 . . . Pr +O(P1 . . . Pr�1),

where �1 is the same as in Theorem 6.7 and the constant in the sign O depends only
on n1, . . . , nr and r .

Concluding remarks on Chapter 6. The results considered in this chapter were
obtained by the authors and published in [25], [26], [30], [31] and [32].



Chapter 7

Special cases of the theory of multiple
trigonometric sums

In this chapter we obtain estimates for multiple trigonometric sums for which the
ranges of variation of the principal parameters are essentially different. In fact, such
sums are sums of lesser multiplicity. In deriving the main results, we use the esti-
mates for trigonometric sums obtained in Chapter 5 and the estimates for multiple
trigonometric integrals obtained in Chapter 1. Finally, special cases of the theory are
based on the mean value theorem for multiple trigonometric sums (see Chapter 4).
This once again confirms the conjecture that the main case of the theory of multiple
trigonometric sums is the case of sums with equivalent variables of summation.

In Section 7.1, we prove a theorem on the estimate for a double trigonometric sum,
and in Section 7.2, we prove a theorem on the estimate for an r-fold trigonometric
sum (r ≥ 2). We prove these theorem by induction on the number of variables, and
the results of Section 7.1 form the base of induction.

In Section 7.3, we derive an asymptotic formula for the number of solutions of
the complete system of Diophantine equations with unknowns for which the ranges
of variation are essentially different.

7.1 Double trigonometric sums

7.1.1 Main notions and auxiliary lemmas

We introduce the main notions and state auxiliary lemmas necessary for further studies.
Let n and P be natural numbers, and let τ(t) = P t−1/6 (t = 1, . . . , n). By �

we denote the unit cube in the n-dimensional Euclidean space with coordinates α(t)
determined by the conditions

−τ−1(t) ≤ α(t) < 1 − τ−1(t), t = 1, . . . , n.

Let f (t) be a polynomial with real coefficients α(t). By S we denote the trigono-
metric sum

S = S(A) =
p∑
x=1

exp{2πif (x)},
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where A is a point in the cube � whose coordinates are the numbers α(t), i.e., the
coefficients of the polynomial f (x).

We divide all the points of the cube� into two classes. A pointAwith coordinates
α(t) (1 ≤ t ≤ n) belongs to the first class if α(t) can be represented as

α(t) = a(t)

q(t)
+ β(t),

(
a(t), q(t)

) = 1, 0 ≤ a(t) < q(t),

|β(t)| ≤ P−t+0.1, t = q, . . . , n,

and, moreover, the least common multiple of the numbers q(1), . . . , q(n), i.e., Q =
[q(1), . . . , q(n)], does not exceed P 0.1. The other points of the cube � belong to the
second class �2.

In what follows, we shall often apply the well-known Dirichlet theorem on the
approximation of a real number by a rational fraction in the following statement.

Theorem 7.1 (Dirichlet). For any real number τ ≥ 1 and any real number α, there
exists a natural number q (1 ≤ q ≤ τ) and a natural number α coprime to q such
that

α = a

q
+ β, where |β| ≤ (qτ)−1. (7.1)

A representation of the number α in the form (7.1) is called the D-approximation
of α corresponding to τ .

Lemma 7.1. (a) Let a pointA belong to the first class�1. Then the following estimate
holds:

|S(A)| 
 PQ−1/n+ε; (7.2)

moreover, if we set
δ(t) = P tβ(t), δ = max

1≤t≤n |δ(t)|,

then for δ > 1, the following estimate holds:

|S(A)| 
 PQ−1/n+ε; (7.3)

the constant in 
 depends only on n and ε.
Suppose that a point A belongs to the second class �2. Then the following in-

equality holds:
|S(A)| 
 P 1−ρ1 , (7.4)

where ρ1 = c1(n
2 ln n)−1 and the constant in 
 depends only on n.

(b) Suppose that n ≥ 2, P ≥ 1, f (x) is a polynomial with real coefficients α(t),
and

f (x) = α(1)x + · · · + α(n)xn.
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Consider theD-approximation of the number α(t) (1 ≤ t ≤ n) corresponding to
τ(t) = P t−1/6, i.e., consider the relations

α(t) = a(t)

q(t)
+ β(t), l ≤ q(t) ≤ τ(t),(

a(t), q(t)
) = 1, |β(t)| ≤ (

q(t), τ (t)
)−1

.

Let Q be the least common multiple of the numbers q(1), . . . , q(n). Then for
Q > P 0.1 the following estimate holds:

|S(A)| =
∣∣∣∣ P∑
x=1

exp{2πif (x)}
∣∣∣∣ 
 P 1−ρ1 , ρ1 = c1(n

2 ln n)−1.

where the constant in 
 depends only on n.

Proof. Assertion (a) is a consequence of Theorem 5.2 in Chapter 5 for r = 1.
Let us prove assertion (b). If A = (α(1), . . . , α(n)) is a point of the second class

in Lemma 7.1 (a), then the above estimate holds for |S(A)|. Let A be a point of first
class in Lemma 7.1 (a). Then, by the definition of points of the first class, we can
represent each α(t) as

α(t) = a0(t)

q0(t)
+ β0(t),

(
a0(t), q0(t)

) = 1, |β0(t)| ≤ P−t+0.1,

Q0 = [q0(1), . . . , q0(n)] ≤ P 0.1.

There exists a t such that the denominator q(t) in the D-approximation of α(t)
is not equal to q0(t) (otherwise, the least common multiples of the numbers q(t)
and q0(t) would coincide, which is not the case). We show that q0(t) and hence the
least common multiple Q0 is larger than 0.5P 1/15. Indeed, we have the inequalities

1

q(t)q0(t)
≤
∣∣∣∣a(t)q(t)

− a0(t)

q0(t)

∣∣∣∣ ≤ |β(t)| + |β0(t)| ≤ P−t+0.1 + P−1+1/6q−1(t),

1

q0(t)
≤ q(t)P−t+0.1 + P−t+1/6 ≤ P−1/15 + P−5/6 ≤ 2P−1/15,

q0(t) ≥ 0.5P 1/15.

Now, to estimate |S(A)|, we apply Lemma 7.1 (a) (note that A belongs to the
class �1 and Q0 ≥ 0.5P 1/15) and obtain

|S(A)| 
 P 1−1/(30n) 
 P 1−ρ1 ,

as required. ��
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Lemma 7.2. Suppose that σ is an arbitrary number such that 0 < σ ≤ 1 and the
number D(σ) of values of the variable x contained in the interval 1 ≤ x ≤ P under
the condition that {f (x)} < σ can be represented as

D(σ) = Pσ + λ(σ).

Then
(1) if the point A belongs to the second class �2 in Lemma 7.1 (a), then

λ(σ) 
 P 1−ρ1;
(2) if the point A belongs to the first class �1 in Lemma 7.1 (a), then

λ(σ) 
 PQ−1/n+ε,

and for δ > 1
λ(σ) 
 P(Qδ)−1/n+ε;

(3) if the point A satisfies the conditions of Lemma 7.1 (b), then

λ(σ) 
 P 1−ρ1 .

The constants in 
 depend only on n and ε.

Proof. This lemma is a simple consequence of Theorem 6.5 (Chapter 6) for s = r = 1
and of Lemma 7.1 (a). ��

In the preceding lemmas on the estimates of one-dimensional trigonometric sums,
we introduced notions such as the cube �, the domain �1 of points of the first class,
and domain �2 of points of the second class. To study multiple trigonometric sums,
we must introduce similar notions. For them, we shall use the same notation, and it
will be clear from the context in what sense these notions are used.

Now we introduce the notation. Let n1, n2, P1, and P2 be natural numbers,

P1 ≤ P2; m = (n1 + 1)(n2 + 1); n = max(n1, n2), n ≥ 2;
τ(t1, t2) = P

t1−1/6
1 P

t2
2 ,

where 0 ≤ t1 ≤ n1, 0 ≤ t2 ≤ n2, t1 + t2 ≥ 1. By � we denote the unit cube in the
m-dimensional Euclidean space with coordinates α(t1, t2) that is determined by the
conditions

−τ−1(t1, t2) ≤ α(t1, t2) < 1 − τ−1(t1, t2), α(0, 0) = 0,

0 ≤ t1 ≤ n1, 0 ≤ t2 ≤ n2, t1 + t2 ≥ 1.

A multiple (more precisely, a double) trigonometric sum is defined to be the sum

S = S(A) =
p1∑
x1=1

p2∑
x2=1

exp{2πiF (x1, x2)},
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where F(x1, x2) is a polynomial with real coefficients α(t1, t2),

F(x1, x2) =
n1∑
t1=0

n2∑
t2=0

α(t1, t2)x
t1
1 x

t2
2 .

In this case we assume that a pointA from them-dimensional space belongs to the
cube � and its coordinates are the coefficients α(t1, t2) of the polynomial F(t1, t2).

We divide the cub� into classes�1 and�2. The first class contains pointsAwith
coordinates α(t1, t2) that satisfy the relations

α(t1, t2) = a(t1, t2)

q(t1, t2)
+ β(t1, t2),

(
a(t1, t2), q(t1, t2)

) = 1,

0 ≤ a(t1, t2) < q(t1, t2), |β(t1, t2)| ≤ P
−t1+0.1
1 P

−t2
2 ,

and for which the least common multiple Q of all the numbers q(t1, t2) does not
exceed P 0.1

1 . All other points of the cube � belong to the second class �2.

Lemma 7.3. The points of the first class satisfy the estimate

|S(A)| 
 P1P2Q
−1/n+ε;

if, moreover, we set

δ(t1, t2) = P
t1
1 P

t1
2 (t1, t2), δ = max

t1,t2
|δ(t1, t2)|,

then for δ > 1 the estimate

|S(A)| 
 P1P2Q
−1/n+ε

also holds; the constants in 
 depend only on n and ε.

Proof. The statement of the lemma readily follows from Lemma 5.5 in Chapter 5. ��

Lemma 7.4. Suppose that a pointA belongs to the second class�2 and ν is a natural
number from the interval

−1 <
lnP2

lnP1
− ν ≤ 0.

Further, we set � = n1 + νn2. Then we have

|S(A)| 
 exp{32�}P1P2P
−ρ2
1 , ρ2 = (32m� ln 8m�)−1,

where the constant in 
 depends only on n.

Proof. This assertion follows from Theorem 5.2 in Chapter 5. ��
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7.1.2 Lemmas

In proving the first main lemma, we shall use the auxiliary Lemmas 7.5–7.7 from this
section. Prior to stating these lemmas, we introduce several necessary notions.

Suppose that g(x) is an nth degree polynomial with real coefficients
αn, αn−1, . . . , α1, α0,

g(x) = αnx
n + αn−1x

n−1 + · · · + α1x + α0.

For each ν (1 ≤ ν ≤ n), setting τν = P
ν−1/6
2 , we consider theD-approximations

of the coefficients αν corresponding to τν :

αν = aν

qν
+ βν,

where (aν, qν) = 1, 1 ≤ qν ≤ τν , |βν | ≤ (qντν)
−1. These approximations are called

the first D-approximation of the numbers αν (ν = 1, . . . , n).
Let Q be the least common multiple of the denominators qν of the rational ap-

proximations of αν , i.e., let Q = [qn, qn−1, . . . , q1].
Further, we consider some other approximations of the same numbers αν (1 ≤

ν ≤ n). For this, we set
τ ∗
ν = P

s−1/6
1 P ν2 ,

where s is a fixed natural number that does not exceed n. Then, by the Dirichlet
theorem, we have

αν = a∗
ν

q∗
ν

+ β∗
ν ,

where (a∗
ν , q

∗
ν ) = 1, 1 ≤ q∗

ν ≤ τ ∗
ν , |β∗

ν | ≤ (q∗
ν τ

∗
ν )

−1, and 1 ≤ ν ≤ n. These
approximations are said to be the second D-approximation of the numbers αν (ν =
n, . . . , 1).

Now, using the introduced notation, we state the following lemma.

Lemma 7.5. Suppose that the value of Q does not exceed H2 = P
10n2p
1 and, more-

over, there exists a natural number t that does not exceed n and satisfies the condition

τt < q∗
t ≤ τ ∗

t .

Setting � = P
−s+2ρn
1 , we consider all intervals of the form[

A

B
−�,

A

B
+�

]
, (7.5)

where A and B are natural numbers, 1 ≤ B ≤ P
2ρn
1 = H1, and (A,B) = 1.

Denote by Y the number of y (1 ≤ y ≤ P2) for which the fractional part of the
polynomial g(y) lies at least in one of these intervals. Then under the conditions

1 ≤ c1(n) ≤ P1, lnP2 ≥ 1.2(n+ 1) lnP, ρ ≤ 0.02n−2,
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the variable Y satisfies the inequality

Y ≤ c1(n)P2P
−ρ
1 .

Proof. Without loss of generality, we assume that H1 is an integer. Then the number
of intervals (7.5) is equal to

�(H1) =
H1∑
r=1

ϕ(r) ≤ H 2
1 .

We define a periodic function χ(x) with period 1 by the relations

χ(x) =


1 if |x| ≤ �,

(2�− |x|)�−1 if � < |x| ≤ 2�,

0 if 2� < |x| ≤ 0.5.

The Fourier series of the function χ(x) has the form

χ(x) = �+
+∞∑′

m=−∞
c(m) exp{2πimx}, (7.6)

where the prime on the summation sign means that c(0) = 0; moreover,

|c(m)| ≤ min
(
�, (�m2)−1), m = ±1,±2, . . . .

Suppose that sµ (µ = 1, . . . , �(H1)) are the centers of the intervals (7.5), i.e., let
sµ = AB−1. We define new functions χµ(x) by the relations

χµ(x) = χ(x + sµ) = χ(x + AB−1).

Then for Y we find the estimate

Y ≤ Z =
∑

µ≤�(H1)

∑
y≤P2

χµ(g(y)).

We use expansion (7.6) to obtain

Z = P2�(H1)�+ Z1,

where

Z1 =
∑

µ≤�(H1)

+∞∑′

m=−∞
c(m)

∑
y≤P2

exp{2πi(g(y)+ sµ)}.

We let M and M1 denote

M = �−1, M1 = �−1H 2
1P

ρ
1 .
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Then, applying the corresponding estimate of |c(m)|, we obtain the inequality

|Z| ≤ �(H1)�
∑

1≤m<M

∣∣∣∣ ∑
y≤P2

exp{2πimg(y)}
∣∣∣∣ (7.7)

+�(H1)�
−1

∑
M≤m<M1

m−2
∣∣∣∣ ∑
y≤P2

exp{2πimg(y)}
∣∣∣∣ + P2P

−ρ
1 .

To prove the lemma, it remains to estimate the modulus of the trigonometric sum

T (m) =
∑
y≤P2

exp{2πimg(y)}.

Recall that by Q we denoted the least common multiple of the denominators of
the rational fractions approximating the numbers αν (ν = n, . . . , 1) in the first of the

D-approximations and, by the assumptions of the lemma,Q does not exceed P 10n2ρ
1 .

We represent each natural number y ≤ P2 in the form

y = Qu+ v, 1 ≤ v ≤ Q, (1 − v)Q−1 ≤ u ≤ (P2 − v)Q−1,

and note that the polynomial g(y) satisfies the relation

g(Qu+ v) ≡ F(v)+G(Qu+ v)+ α0 (mod 1),

where

F(v) =
n∑
ν=1

aν

qν
vν, G(y) =

n∑
ν=1

βνy
ν.

Hence for |T (m)| we obtain the inequality

|T (m)| ≤ Q|T1(m)|, (7.8)

where T1(m) denotes a trigonometric sum over u of the form

T1(m) =
∑

1≤Qu+v≤P2

exp{2πimG(Qu+ v)};

here v is a fixed natural number (1 ≤ v ≤ Q).
We show that for any m from the interval 1 ≤ m ≤ M , it is possible to replace

the trigonometric sum T1(m) by an integral with an appropriate accuracy. For this,
we give an estimate from above for the absolute value of the derivative with respect
to u of the polynomial mG(Qu+ v). We use the fact that P2 is much larger than P1
(more precisely, lnP2 ≥ 1.2(n+ 1) lnP1) to obtain∣∣∣∣m d

du
G(Qu+ v)

∣∣∣∣ =
∣∣∣∣m n∑

ν=1

νβν(Qu+ v)ν−1Q

∣∣∣∣
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≤ M1

n∑
ν=1

ντ−1
ν P ν−1

1 Q ≤ n2M1P
−5/6
1 ≤ 0.5.

This implies that Lemma A.2 can be applied to T1(m), i.e.,

T1(m) =
∫ (P2−v)Q−1

−vQ−1
exp{2πimG(Qu+ v)} du+O(1)

= Q−1
∫ P2

0
exp{2πimG(u)} du+O(1).

Substituting this formula into (7.8), we obtain

|T (m)| ≤
∣∣∣∣ ∫ P2

0
exp{2πimG(u)} du

∣∣∣∣ + c1Q. (7.9)

We denote the last integral by J , perform a change of the variable of integration
of the form u = P2z, and find

J = P2

∫ 1

0
exp{2πimh(z)} dz,

where

h(z) = G(P2z) =
n∑
ν=1

βνP
ν
2 z
ν =

n∑
ν=1

δνz
ν.

Let us bound δ = max1≤ν≤n |δν | from below. For this, we use the second condition
of the lemma stating that there exists a natural number t that does not exceed n and
satisfies the condition τt < q∗

t ≤ τ ∗
t . We consider the first and the second D-

approximation of the number αt :

αt = at

qt
+ βt , αt = a∗

t

q∗
t

+ β∗
t .

Then we have q∗
t > τt ≥ qt ; hence qy �= q∗

t and

|βt | =
∣∣∣∣atqt − a∗

t

q∗
t

− β∗
t

∣∣∣∣ ≥ 1

qtq
∗
t

− |β∗
t | ≥ (Qτ ∗

t )
−1 − (q∗

t τ
∗
t )

−1 ≥ 0.5(Qτ ∗
t )

−1.

Therefore,
δ ≥ 0.5(Qτ ∗

t )
−1P t2 ≥ 0.5H−1

2 P
−s+1/6
1 .

Applying Theorem 1.6 (Chapter 1) to J , we obtain

|J | ≤ c2P2m
−1/nH

1/n
2 P

s/n−1/(6n)
1 .
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It follows from this estimate and relations (7.7) and (7.9) that

|Z1| ≤ c3

{
H 2

1�
∑

1≤m<M
(P2m

−1/nH
1/n
2 P

s/n−1/(6n)
1 +H2)

+H 2
1�

−1
∑

M≤m<M1

(P2m
−2−1/nH

1/n
2 P

s/n−1/(6n)
1 +H2m

−2)+ P2P
−ρ
1

}
≤ c4P2P

−ρ
1 .

This and the formula for Z imply the statement of the lemma. ��

Now we consider n polynomials gν(y) of the form

gν(y) = aν

qν
+

n∑
s=0

βν(s)y
s, ν = 1, 2, . . . , n,

where

(aν, qν) = 1, 1 ≤ qν ≤ τν, τν = P ν2 P
−1/6
1 ,

|βν(s)| ≤ τ−1
ν (s), τν(s) = P

s−1/6
1 P ν2 , 0 ≤ s ≤ n.

Let Q1 be the least common multiple of the numbers q1, . . . , qn, i.e., let

Q1 = [q1, . . . , qn]. (7.10)

For each natural number y that does not exceed P1, we consider the D-approxi-
mations of real numbers gν(y) corresponding to τν = P

ν=1/6
2 , in other words, we

consider the relations

gν(y) = aν(y)

qν(y)
+ βν(y),

where
(
aν(y), qν(y)

) = 1, 1 ≤ qν(y) ≤ τν , and |βν(y)| ≤ (
qν(y)τν

)−1.
By Q1(y) we denote the least common multiple of the numbers qν(y) (ν =

1, . . . , n).

Lemma 7.6. Suppose that the number Q1 is larger than P 0.05−5n3ρ
1 . Let Y be the

number of natural numbers y (1 ≤ y ≤ P1) for which the relations

|βν(y)| ≤ �ν = P−ν
2 P

2ρn
1 , Q1(y) ≤ H = P

20ρn4

1 , ν = 1, . . . , n,

are satisfied. Then the variable Y satisfies the estimate

Y 
 P
1−ρ
1 , ρ = c(n4 ln n)−1,

where the constant in 
 depends only on n.
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Proof. In the n-dimensional space, we consider the set �0 of points g(y) =
(g1(y), . . . , gn(y)) (y = 1, 2, . . . , P1) whose coordinates gν(y) satisfy the assump-
tions of the lemma. We show that, first, the set �0 can intersect only the domain �1
of the first class. Indeed, by the definition of the domain �1 of the first class, each of
its points α = (α1, . . . , αn) has the form

αν = bν

hν
+ zν, 1 ≤ hν ≤ τν, (bν, hν) = 1,

|zν | ≤ (hντν)
−1, ν = 1, . . . , n, [h1, . . . , hn] ≤ H.

Therefore, the distance between the corresponding coordinates of the centers of two
domains �1 and �2 of the first class is no less than H−2 and hence the distance
between the corresponding coordinates of the domains is no less than

H−2 − 2τ−1
ν ≥ 0.5H−2, ν = 1, . . . , n.

The difference between any coordinate of a point in the set �0, say, the νth coor-
dinate, and the νth coordinate of the point (a1/q1, . . . , aν/qν, . . . , an/qn) is no less
than

ζ =
n∑
s=0

|βν(s)|P s1 ≤ (n+ 1)τ−1
ν (0).

This implies that if �n intersects any domain of the first class, then this can be only a
single domain. Therefore, if Y �= 0, then

aν(y)

qν(y)
= bν

hν
,

∣∣∣∣gν(y)− bν

hν

∣∣∣∣ ≤ �ν, ν = 1, . . . , n,

for all y satisfying the assumptions of the lemma.
We let Bν(y) denote the polynomial

Bν(y) =
n∑
s=0

βν(s)y
s.

Then we can rewrite the last relations as∣∣∣∣Bν(y)− bν

hν
+ aν

qν

∣∣∣∣ ≤ �ν, ν = 1, . . . , n.

SinceQ ≥ P
0.05−5n3ρ
1 , there exists a qµ such that qµ ≥ P 0.02n−1

1 > H ; therefore,
aµ/qµ �= bµ/hµ.

We give an estimate from above for the number Y1 of y satisfying the inequality∣∣∣∣Bν(y)− bν

hν
+ aν

qν

∣∣∣∣ ≤ �µ. (7.11)
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We proceed as in Lemma 7.5 and introduce the function

ψ(x) = χ

(
x + aν

qν
− bν

hν

)
,

where χ(x) is the function defined in Lemma 7.5. Then

Y1 ≤
∑

1≤y≤P2

ψ
(
Bµ(y)

) = Y2.

Expanding the function ψ(x) into the Fourier series and passing to inequalities,
we obtain

Y2 ≤ c2

(
P1�+

∑
1≤m<M

�|T (m)| +
∑

M≤m<M1

�−1m−2|T (m)| + P
1−ρ
1

)
, (7.12)

where

T (m) =
∑

1≤y≤P2

exp{2πimBµ(y)}, � = �µ, M = �−1, M1 = MP
ρ
1 .

The further argument is similar to that in Lemma 7.5. From the sum T (m) we
pass to an integral and use Theorem 1.6 in Chapter 1 to estimate this integral (first, we
bound δ from below).

First, we estimate the modulus of the derivative of the polynomial mBµ(y). We
have ∣∣∣∣m d

dy
Bµ(y)

∣∣∣∣ ≤ |m|
n∑
s=1

sτ−1
µ (s)P s−1

1 < n2P
9ρn3−5/6
1 ≤ 0.5.

Applying Lemma A.2, we find

T (m) =
∫ P1

0
exp{2πimBµ(y)} dy +O(1).

In the last integral we perform a change of the variable of integration of the form
P1x = y and pass to estimates. We obtain

|T (m)| ≤ P1

∣∣∣∣ ∫ 1

0
exp{2πimAµ(x)} dx

∣∣∣∣ + c3,

where Aµ(x) = ∑n
s=1 δsx

s and δs = βµ(s)P
s
1 .

Now we bound δ = max1≤ν≤n |δν | from below. First, we successively obtain the
inequalities∣∣∣∣aµqµ − bµ

hµ
+

n∑
s=0

βµ(s)

∣∣∣∣ ≥
∣∣∣∣aµqµ − bµ

hµ

∣∣∣∣ − n∑
s=0

|βµ(s)|
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≥ (qµhµ)
−1 − (qµτµ(0))

−1 −
n∑
s=1

τ−1(s) ≥ (4Hτµ(0))
−1.

For some y, this and (7.11) imply∣∣∣∣ n∑
s=0

βµ(s)(y
s − 1)

∣∣∣∣ ≥
∣∣∣∣aµqµ − bµ

hµ
+

n∑
s=0

βµ(s)

∣∣∣∣ − ∣∣∣∣aµqµ − bµ

hµ
+

n∑
s=0

βµ(s)y
s

∣∣∣∣
≥ (4Hτµ(0))

−1 −�µ ≥ (8Hτµ(0))
−1.

Therefore, we have

(8Hτµ(0))
−1 ≤

∣∣∣∣ n∑
s=0

βµ(s)(y
s − 1)

∣∣∣∣ ≤
n∑
s=1

|δs |y
s − 1

P s1
≤ nδ,

δ ≥ (8nHτµ(0))
−1.

We apply Theorem 1.6 (Chapter 1) to the trigonometric integral and find the fol-
lowing estimate for the sum T (m):

|T (m)| ≤ c4P1 min
(
1, |m|−1/nH 1/nτ 1/n

µ (0)
) + c4. (7.13)

It follows from (7.12) and (7.13) that

Y2 ≤ c5

(
P1�+�

∑
1≤m<M

m−1/nH 1/nτ 1/n
µ (0)

+�−1
∑

M≤m<M1

m−2−1/nH 1/nτ 1/n
µ (0)+ P

1−ρ
1

)
≤ c6P

1−ρ
1 ,

Y ≤ Y1 ≤ Y2 ≤ c6P
1−ρ
1 ,

as required. ��

To prove the first main lemma, we need one more lemma, namely, Lemma 7.7,
whose statement, in fact, differs from that of Lemma 7.6 only in the values of several
parameters. But nevertheless, to prove this lemma, we must introduce several new
definitions. Since the proof of this lemma does not differ from that of Lemma 7.6
except for the notation, we omit it here.

Let n polynomials gν(y) be given,

gν(y) = aν

qν
+

n∑
s=0

βν(s)y
s, ν = 1, 2, . . . , n,

where (aν, qν) = 1, 1 ≤ qν ≤ τν = P
ν−1/6
1 , |βν(s)| ≤ τ−1

ν (s), and τν(s) =
P
ν−1/6
1 P s2 .
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We denote the least common multiple of the numbers q1, . . . , qn byQ2. For each
natural number y ≤ P2, we consider the D-approximations of the numbers gν(y)
corresponding to τν = P

ν−1/6
1 , i.e., we consider the relations

gν(y) = aν(y)

qν(y)
+ βν(y),

where
(
aν(y), qν(y)

) = 1, 1 ≤ qν(y) ≤ τν , and |βν(y)| ≤ (qν(y)τν)
−1.

We set Q2(y) = [q1(y), q2(y), . . . , qn(y)].

Lemma 7.7. Suppose thatQ2 is larger thanP 0.05−5ρn3
andY is the number of natural

numbers y from the interval 1 ≤ y ≤ P2 for which the following conditions hold:

|βν(y)| ≤ �ν = P
−ν+2ρn
1 , Q2(y) ≤ H = P

20ρn4

1 , ν = 1, . . . , n.

Then Y satisfies the estimate

Y 
 P2P
−ρ
1 , ρ = c(n4 ln n)−1,

where the constant in 
 depends only on n.

In Lemma 7.9, from an estimate for the trigonometric sum S(A), we derive an
estimate for the sum Sq(A) in which the summation variable x takes values from an
arithmetic progression modulo q ≤ P 0.05/n, where P is the length of the summation
interval in S(A). To this end, we need the following lemma.

Lemma 7.8. Suppose that the coordinates α(t) of a point A can be represented as

α(t) = a(t)

q(t)
+ β(t), δ(t) = P tβ(t), δ = max

1≤t≤n |δ(t)|, 0 ≤ t ≤ n,

where a(t)/q(t) is an irreducible fraction and the polynomial f (x) has the form

f (x) = α(n)xn + · · · + α(1)x + α(0).

Consider the polynomial g(x) defined by the relation

g(x) = f (x + y) =
n∑
t=0

α0(t)x
t ,

where y is an integer such that |y| 
 P ; we set Q = [q(1), . . . , q(n)] and Q0 =
[q0(1), . . . , q0(n)]. Then for 0 ≤ t ≤ n, the coefficients α0(t) of the polynomial g(x)
can be represented as

α0(t) = a0(t)

q0(t)
+ β0(t)

and, moreover, Q = Q0 and δ 
 δ0 
 δ, where δ0 is determined similarly to δ,
but the numbers β0(t) are taken instead of the numbers β(t), and the constants in 

depend only on n.
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Proof. We represent the polynomial f (x) as the sum

f (x) = f1(x)+ f2(x),

where f1(x) has coefficients a(t)/q(t) and f2(x) has numbers β(t) as the coefficients.
By setting

g1(x) = f1(x + y), g2(x) = f2(x + y),

we obtain
g(x) = g1(x)+ g2(x).

For a0(t)/q0(t), we take the coefficients of the polynomial g1(x). For the numbers
β0(t), we take the coefficients of g2(x). In the polynomials f1(x) and g1(x), the
coefficients of all powers except the constant term will have the common denominator.
Then we obtain

f1(x) = Q−1f3(x)+ a(0)q−1(0), g1(x) = Q−1
0 g3(x)+ a0(0)q

−1
0 (0),

where f3(x) and g3(x) are polynomials with integer coefficients without constant
terms. Let

g4(x) = g1(x)− a0(0)g
−1
0 (0) = Q−1f3(x + y)+ R, (7.14)

where R is a rational number. The polynomial g4(x) has rational coefficients, and
the least common multiple of their denominators is equal to Q0, while the constant
term in g4(x) is zero. On the other hand, since y is an integer, the coefficients of the
polynomial g5(x), where

g5(x) = f3(x + y),

are integers. This implies that the least common multiple of all coefficients in the
polynomial Q−1g5(x) divides the number Q0.

If we set x = 0 in (7.14), then we see that the constant term in the polynomial
Q−1g5(x) is equal toR, and the polynomialg4(x) can be obtained from the polynomial
Q−1g5(x) by omitting the constant term. In this case, the least common multiple of
the denominators of all coefficients in the polynomialQ−1g5(x) can only be decreased
only by an integer factor. Hence the number Q0 is a divisor of the number Q. If in
this argument we replace the polynomial f3(x) by g3(x) and the polynomial g1(x)

by f1(x), then we prove thatQ also dividesQ0. HenceQ = Q0 and the first statement
of the lemma is proved.

Now let us prove the second statement of the lemma. We set

f6(x/P ) = f2(x), g6(x/P ) = g2(x).

Obviously, the coefficients of the polynomials f6(x) and g6(x) are respectively the
numbers δ(t) and δ0(t) (t = 0, 1, . . . , n). Moreover, the relation g2(x) = f2(x + y)

implies g6(z) = f6(z+ y/P ). Hence we have

g6(z) =
n∑
t=0

δ0(t)z
t =

n∑
t=0

δ(t)(z+ yP−1)t .
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Opening the brackets in the right-hand side of the last relation and taking the inequality
|yP−1| 
 1 into account, we obtain δ0 
 δ. Interchanging the polynomials g2(x)

and f2(x) in this argument, we see that δ 
 δ0 and hence δ 
 δ0 
 δ. The proof of
Lemma 7.8 is thereby complete. ��

By Sq(A) we denote a trigonometric sum of the form

Sq(A) =
P∑′

x=1

exp{2πif (x)},

where, as before, f (x) is a polynomial with coefficients α(t) that simultaneously are
the coordinates of a point A ∈ � and the prime on the summation sign means that
the summation is taken not over the entire interval, but over a progression of the form
x = zq − y, where q is a natural number and y satisfies the inequality 0 ≤ y < q.

Lemma 7.9. Suppose that q satisfies the inequality

qnm ≤ P 0.05.

Then in the notation of Lemma 7.1 (a) we have the following estimates:
(1) If A is a point of the second class, then

|Sq(A)| 
 P 1−0.5ρ1q−1.

(2) If A is a point of the first class, δ ≤ P 0.04, and Q ≤ P 0.07, then
(a) |Sq(A)| 
 Pq−1Q

−1/n+ε
1 ,

and for δ ≥ 1,
(b) |Sq(A)| 
 Pq−1(Q1δ)

−1/n+ε
1 ,

where Q1 = Q/(Q, qn).
The constants in 
 depend only on n and ε.
(3) For the remaining points A of the first class, the estimate in item (1) holds.

Proof. Without loss of generality, we can assume that P ≡ 0 (mod q).
1. First, we consider the case y = 0. Then, obviously, for all t = 1, . . . , n we

have
qtα(t) = α0(t), (7.15)

where α0(t) are coefficients of the polynomial f0(x) = f (qx).
Now we note that the partition of the points of the cube� into classes �1 and �2

depends on the value of the parameter P .
We consider the point A with coordinates (α0(1), . . . , α0(n)) and the correspond-

ing trigonometric sum

S0(A0) =
P0∑
x=1

exp{2πif0(x)},
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where P0 = Pq−1. In the above notation, we have

Sq(A) = S0(A0).

We shall estimate the sum S0(A0) depending on the class to which the point A0
belongs with respect to the parameter P0 and the point A belongs with respect to the
parameter P . If the point A belongs to the second class, then the point A0 can belong
both to the second and to the first class. In the first case, which is the most simple, the
desired estimate for S0(A0) readily follows from Lemma 7.1 (a) because P0 > P 0.5.
Now we assume that the point A belongs to the second class and the point A0 belongs
to the first class. In this case, the coordinates of the point A0 can be represented as

α0(t) = a0(t)

q0(t)
+ β0(t),

where (a0(t), q0(t)) = 1, 0 ≤ a0(t) < q0(t), |β0(t)| ≤ P−t+0.1, and Q0 =
[q0(1), . . . , q0(n)] does not exceedP 0.1

0 . If this representation containedQ0 ≤ P 0.05,
then, by (7.15) and the inequalities

qt ≤ qn ≤ P 0.05, |β0(t)|q−1 ≤ P−t+0.1
0 q−1 ≤ P−t+0.1,

the point A would belong to the first class, which is impossible. Hence we have
Q0 > P 0.05 and Lemma 7.1 (a) implies the desired estimate for the sum S0(A0).
Thus, if the point A belongs to the second class, then the statement of the lemma is
proved for y = 0.

Now let the point A belong to the first class. If in this case we have Q ≤ P 0.07

and δ ≤ P 0.05, then again using relation (7.15) to estimate Q0 and δ0 in terms of Q
and β(t), we prove that the pointA0 also belongs to the first class. To estimate the sum
S0(A0), we use Lemma 7.1 (a) and obtain the inequalities in item (2) of the statement
of the lemma. Moreover, in the case Q ≤ P 0.07 and P 0.04 ≤ δ ≤ P 0.05, we obtain a
stronger estimate. But if either Q > P 0.07 or δ > P 0.05, then again the point A0 can
belong both to the first and to the second class. In the first of these cases, we estimate
S0(A0) by Lemma 7.1 (a) using (7.2) for Q > P 0.07 and (7.3) for δ > P 0.05. The
second case is studied similarly to the case considered at the beginning of the proof
whereA andA0 belong to the second class. Thus the statement of the lemma is proved
for Y = 0.

2. We use Lemma 7.8 to reduce the case of progressions with constant term y �= 0
to the case y = 0. We change the variable of summation in the sum Sq(A) by setting
x = z − y and define the polynomial f1(z) by the relation f1(z) = f (z − y). Then
the sum Sq(y) satisfies the relation

|Sq(A)| = |Sq(A1)|,
where

Sq(A1) =
P∑′

z=1

exp
{
2πi

(
f1(z)− f1(0)

)};
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the prime on the summation sign means that the summation is taken over integer z
that are multiples of q, while the coordinates of the point A are the coefficients of the
polynomial f1(z)− f1(0).

The sumSq(A1) is a sum of the same form asSq(A), but it is generated by a different
point of the n-dimensional space. The progression over which the summations is
performed in Sq(A1) satisfies the assumption of item (1) in this lemma. Hence all
the results obtained above can be applied to Sq(A1). It is only necessary to study all
possibilities for the pointsA andA1 to belong to the first and second classes. We shall
consider these cases.

(a) The points A and A1 belong to the second class. In this case, the desired
estimate follows from the results in item (1).

(b) The points A and A1 belong to different classes. In this case, it follows from
Lemma 7.8 that

δ � P 0.1

for a point of the first class, and the process of estimating the sum Sq(A) is reduced
to item (1).

(c) Both pointsA andA1 belong to the first class. Then it follows from Lemma 7.8
that the value of the parameterQ is the same for both points and the ratio of values of
the parameter δ is bounded above and below by some constants. If we have

Q < P 0.07, δ ≤ P 0.04

for the point A, then the point A1 satisfies the inequalities

Q < P 0.07, δ 
 P 0.04 < P 0.05,

and the desired estimate can be obtained from item (1). But if we have eitherQ > P 0.07

or δ > P 0.04 for the point A, then the point A1 satisfies either

Q > P 0.07 or δ � P 0.04;
this last case can again be reduced to item (1). The proof of Lemma 7.9 is complete.

��

7.1.3 The first main lemma

In this section we prove the first main lemma on estimating the double trigonometric
sum on points of the second class.

In fact, this lemma contains all characteristic features of the theory in question.

The first main lemma. Let F(x1, x2) be a polynomial with real coefficients α(t1, t2)
of the form

F(x1, x2) =
n1∑
t1=0

n2∑
t2=0

α(t1, t2)x
t1
1 x

t2
2 , α(0, 0) = 0,
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let P1 and P2 be natural numbers, P1 ≤ P2, and let P1 → +∞. Consider the
D-approximations of the numbers α(t1, t2) corresponding to P t1−1/6

1 P
t2
2 :

α(t1, t2) = a(t1, t2)

q(t1, t2)
+ β(t1, t2),

(
a(t1, t2), q(t1, t2)

) = 1,

1 ≤ q(t1, t2) ≤ τ(t1, t2), |β(t1, t2)| ≤ (
q(t1, t2)τ (t1, t2)

)−1
,

0 ≤ t1 ≤ n1, 0 ≤ t2 ≤ n2.

Denote by Q the least common multiple of the numbers q(t1, t2). Then for Q > P 0.1
1

the trigonometric sum

S = S(A) =
P1∑
x1=1

P2∑
x2=1

exp{2πiF (x1, x2)}

satisfies the estimate
|S| ≤ cP1P2P

−ρ
1 ,

where c = c(n1, n2) > 0, ρ = γ (n4 ln n)−1, and γ > 0 is an absolute constant.

Outline of the proof of the first main lemma. We can rewrite our sum S as

S = S(A) =
P2∑
x2=1

P1∑
x1=1

exp{2πi(A0 + A1x1 + · · · + An1x
n1
1 )},

where

As = fs(x2) =
n2∑
t=0

α(s, t)xt2.

If the point (A1, . . . , An1) belongs to the second class �2 in Lemma 7.1 (a) with
respect to the parameter P1, then this lemma can be applies to the sum over x1.
Suppose that the point (A1, . . . , An) belongs to the first class�1. If the least common
multipleQ or the value of δ in Lemma 7.1 (a) is “large,” then we again can apply this
lemma. However, if both Q and δ are “small,” but the fractional parts of fs(x2) are
uniformly distributed at least for a single s (1 ≤ s ≤ n2), then the number of points x2
possessing this property is “small” and the corresponding part of the sum S can be
estimated trivially by the number of terms. But if the fractional parts of fs(x2) are not
uniformly distributed, then here (using the fact that P1 and P2 are essentially distinct)
we again can show that the number of such x2 is “not large.” If P1 and P2 do not differ
significantly, then the desired estimate for |S| follows from Theorem 5.2 in Chapter 5.

The main points in the proof are the following.
1. First, we note that the desired statement contains two essentially different cases.

The first of these cases is conditionally said to be “two-dimensional,” and the second
is said to be “one-dimensional.”
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On the plane, we consider points with integer coordinates (t1, t2) which are the
indices of the coefficients α(t1, t2) of the polynomial F(x1, x2) contained in the ex-
ponential. These points lie in a rectangular of the form 0 ≤ t1 ≤ n1, 0 ≤ t2 ≤ n2.
We divide the points of this rectangular into three classes E0, E1, and E2. The
class E1 contains all the points (t1, t2) lying on the ordinate axis (the 0t2-axis); the
class E2 contains all the points (t1, t2) lying on the abscissa axis (the 0t1-axis); and
the class E0 contains all other points of the rectangular. By Qj (j = 0, 1, 2) we
denote the least common multiple of the denominators of the rational fractions in the
D-approximations of the coefficients α(t1, t2) corresponding to τ(t1, t2) provided that
(t1, t2) ∈ Ej , i.e., Qj = l.c.m.(q(t1, t2)), where (t1, t2) ∈ Ej (j = 0, 1, 2) and

α(t1, t2) = a(t1, t2)

q(t1, t2)
+ β(t1, t2),

(
a(t1, t2), q(t1, t2)

) = 1,

q(t1, t2) ≤ τ(t1, t2) = P
t1−1/6
1 P

t2
2 , |β(t1, t2)| ≤ (

q(t1, t2)τ (t1, t2)
)−1

.

Clearly, we have Q = [Q0,Q1,Q2].
2. Let Q0 > P

10ρn3

1 . We shall conditionally say that this case is “two-dimensio-
nal.” Then we can estimate the sum as follows. We write the polynomial F(x1, x2)

as

F(x1, x2) =
n1∑
s=0

fs(x2)x
s
1 =

n1∑
s=0

A(s)xs1.

Next, there exists a polynomial fs(x2) for which the value Q(s) of the least com-
mon multiple of the denominators of the rational fractions in theD-approximations of
the coefficients α(s, t), corresponding to τ(s, t) = P

s−1/6
1 P t2 (1 ≤ t ≤ n2), is larger

than P 10ρn
1 . The fractional parts of the polynomial fs(x2) (1 ≤ x2 ≤ P2) can be

either uniformly distributed or not uniformly distributed. Let us consider the possible
cases.

3. If all denominators of the fractions in theD-approximations of the coefficients
α(s, t) (1 ≤ t ≤ n2), corresponding to τ(s, t), do not exceed τ2(s) = P

s−1/6
2

(s = 1, . . . , n2), then the fractional parts of the polynomial fs(x2) are uniformly
distributed.

For each x2 (1 ≤ x2 ≤ P2), we consider the points (A(1), . . . , A(n1)) and the
D-approximations of the coordinates A(ν) (1 ≤ ν ≤ n1) corresponding to τ1(s) =
P
s−1/6
1 . By Q(x2) we denote the least common multiple of the denominators of the

fractions in this D-approximation. If Q(x2) is sufficiently large, then the part of the
double sum corresponding to this x2 can be estimated rather well as a one-dimensional
sum with respect to x1. But ifQ(x2) is small, then the estimate for the one-dimensional
sum can be rather bad. But the number Y of values of the variable x2 for whichQ(x2)

is small is also small, since the fractional parts of the polynomial fs(x2) are uniformly
distributed. Hence the part of the two-dimensional sum corresponding to all such
values of x2 can be estimated rather well. This already implies the desired estimate
for S.



7.1 Double trigonometric sums 255

4. Now we assume that in some coefficientsα(s, t) (1 ≤ t ≤ n2) in the polynomial
fs(x2), the denominators of the fractions in theirD-approximations corresponding to
τ(s, t) are larger than τ2(t). Then we take newD-approximations of these coefficients
which already correspond to τ2(t). If the least common multiple of the rational
fractions in the new D-approximations of the coefficients α(s, t) (1 ≤ t ≤ n2) is
larger than some value (we choose it in the course of the proof), then the fractional
parts of fs(x2) (1 ≤ x2 ≤ P2) are uniformly distributed and to estimate the sum S in
this case, we must repeat the argument of item 3.

5. We assume that the least common multiple of the fractions in the new D-
approximations of the coefficients of the nonzero powers of the variable x2 in the
polynomial fs(x2) does not exceed H . In this case, we consider the point M(x2) =
({f1(x2)}, . . . , {fn1(x2)}) and, for each fixed x2, we take the D-approximations of
its coordinates {fν(x2)} (ν = 1, . . . , n2) corresponding to the numbers τ1(ν) =
P
ν−1/6
1 . If the least common multiple of the denominators of the fractions in these

last approximations is sufficiently large, then the inner sum over x1 in the double
sum S can be estimated rather well. Otherwise, we can obtain both good and bad
estimates for the sum over x1. The values of the variable x2 for which the sum over x1
is estimated badly are conditionally said to be “bad.” The number of such variables
will be denoted by Y . It turns out that a good estimate can be obtained for Y (in fact,
obtaining this estimate is the contents of Lemma 7.5). Hence the desired estimate for
the sum S can be obtained. Thus we have completely discussed item 5 and, together
with it, the entire “two-dimensional” case.

It should be noted that the main difficulty in the “two-dimensional” case is con-
tained in estimating the variable Y . This estimate is significantly based on the use of
the inequality

lnP2 ≥ 1.2(n+ 1) lnP1

(see Lemma 7.5).

6. Now letQ0 < P
10ρn3

1 . Then eitherQ1 orQ2 is large. This case is conditionally
said to be “one-dimensional.” Now we consider only the case of large Q1, because
if Q2 is large, then the outline of the argument coincides with that in the case of
large Q1, only instead of Lemma 7.6, we use Lemma 7.7 in the appropriate places.
We partition the summation over x2 into arithmetic progressions with difference Q0.
After simple transformations, we obtain the estimate

|S| ≤
P1∑
x1=1

Q0∑
z2=1

∣∣∣∣∑
y2

exp{2πi�(x1,Q0y2 + z2)}
∣∣∣∣ = T1,

where the inner sum is taken over the variable y2 satisfying the conditions 1 ≤ Q0y2 +
z2 ≤ P2, the polynomial �(x1, x2) has the form

�(x1, x2) =
n2∑
ν=1

gν(x1)x
ν
2 , gν(x1) = a(0, ν)

q(0, ν)
+

n1∑
t=0

β(t, ν)xt1,
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and the variables a(0, ν), q(0, ν), and β(t, ν) (1 ≤ ν ≤ n2) are defined in item 1.
We take the D-approximations of the coordinates gν(x1) of the point

({g1(x1)}, . . . , {gn2(x1)})
corresponding to τ2(ν) = P

ν−1/6
2 . If the least common multiple of the denominators

of the fractions in these D-approximations is sufficiently large, then we can apply
Lemma 7.9 to the inner sum over y2. Otherwise, the sum S is estimated according to
the scheme given in item 5, only we use Lemma 7.6 instead of Lemma 7.5. Thus the
“one-dimensional” case has been discussed completely.

Proof. We shall follows the above plan.
1. Suppose thatQ0 is the least common multiple of the numbers q(t1, t2) satisfying

the conditions t1 ≥ 1 and t2 ≥ 1, Q1 is the least common multiple of the numbers
q(0, t2) (t2 ≥ 1), and Q2 is the least common multiple of the numbers q(t1, 0)
(t1 ≥ 1). By the assumptions of the lemma, we have Q = [Q0,Q1,Q2] ≥ P 0.1

1 We
shall separately consider the two cases: the case of largeQ0 and the case of smallQ0.

2. Let Q0 ≥ P
10ρn3

1 . For each s (1 ≤ s ≤ n1), by Q(s) we denote the least
common multiple of the numbers q(s, t) (1 ≤ t ≤ n2). By the definitions of Q(s)
and Q0, we have

Q0 = [Q(1), . . . ,Q(n1)],
and hence there exists an s (1 ≤ s ≤ n1) for which

Q(s) ≥ Q
1/n
0 ≥ P

10ρn2

1 .

Depending on the value of Q(s), we consider the following three subcases of
item 2.

(a) P
10ρn2

1 ≤ Q(s) < P 0.1
2 ;

(b) P 0.1
2 ≤ Q(s) and the inequality

q(s, t) ≤ P
t−1/6
2

holds for 1 ≤ t ≤ n2;
(c) P 0.1

2 ≤ Q(s) and there exists a t (1 ≤ r ≤ n2) such that

P
t−1/6
2 < q(s, t).

Before studying these subcases, we write the polynomial F(x1, x2) as

F(x1, x2) =
n1∑
t1=0

n2∑
t2=0

α(t1, t2)x
t1
1 x

t2
2 =

n2∑
s=0

fs(x2)x
s
1,

where

fs(x2) =
n2∑
t=0

α(s, t)xt2.
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For a given s, we take the number

τ1(s) = P s−1/6

and consider the D-approximations of the fractional parts of the polynomial fs(x2)

(1 ≤ x2 ≤ P2) corresponding to τ1(s), i.e., we consider relations of the form

{fs(x2)} = b

r
+ θ

rτ1(s)
, (7.16)

where (b, r) = 1, 1 ≤ r ≤ τ1(s), and |θ | ≤ 1.

3. (a) We represent the sum S = S(A) as three terms:

S = S1 + S2 + S3,

where

Sj =
∑(j)

x2≤P2

P1∑
x1=1

exp{2πiF (x1, x2)}, j = 1, 2, 3,

and the domain of summation over the variable x2 in each of the sums Sj is its own
and is determined as follows. We consider the inner sum over x1:

S(x2) =
P1∑
x1=1

exp{2πiF (x1, x2)} (7.17)

=
P2∑
x1=1

exp{2πi(A0 + A1x1 + · · · + An1x
n1)},

where the numbers a0, A1, . . . , An1 depend on x2 and As = {fs(x2)}.
If the point (A1, . . . , An1) = ({f1(x2)}, . . . , {fn1(x2)}) of the n1-dimensional

space is a point of the second class with respect to the parameter P1 defined in
Lemma 7.1 (a), then the corresponding x2 belongs to the sum S1. But if this point is
a point of the first class and its sth coordinate As = {fs(x2)} satisfies relation (7.16)
with r > H = P

2ρn
1 , then the corresponding x2 belongs to the sum S2. All other x2

belong to the sum S3.
For the values of x2 contained in the sum S1, the point (A1, . . . , An1) is a point of

the second class, and hence Lemma 7.1 (a) implies the estimate

|S(x2)| 
 P
1−ρ1
1 
 P

1−ρ
1 , ρ1 = c(n2 ln n)−1.

But for the values of x2 contained in the sum S2, the least common multiple of the
denominators of the rational fractions in representation (7.16) is larger than H , and
hence, by Lemma 7.1 (a), we have

|S(x2)| 
 P1H
−1/n+ε 
 P

1−ρ
1 , ρ1 = c(n4 ln n)−1.
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Now we give an estimate from above for the number Y of values of x2 contained in
the sum S3. By Lemma 7.2 on the distribution of the fractional parts of the polynomial
fs(x2), the number � of values of x2 for which {fs(x2)} belongs to the interval [b/r−
1/(rτ1(s)), b/r + 1/(rτ1(s))] can be estimated as

� 
 P2
(
(rτ1(s))

−1 + P
−5ρn
1

)
.

Indeed, the polynomial fs(x2) has the form

fs(x2) =
n2∑
t=0

α(s, t)xt2,

where, by the assumptions of the lemma, the coefficients α(s, t) can be written as

α(s, t) = a(s, t)

q(s, t)
+ β(s, t),

|β(s, t)| ≤ (
q(s, t)τ (s, t)

)−1 ≤ P
−s+1/6
1 P−t

2 ≤ P−t
2 ,

and the least common multipleQ(s) of the denominators q(s, t) does not exceedP 0.1
2 ,

i.e., the point (α(s, 1), . . . , α(s, n2)) belongs, with respect to the parameter P2, to the
first class defined in Lemma 7.1 (a). Hence to estimate the number of the fractional
parts of the polynomial fs(x2) contained in this interval, we can use Lemma 7.2,

item (2), with Q = Q(s) > P
10ρn2

1 . The number of such intervals with r ≤ H does
not exceed

∑
r≤H ϕ(r) ≤ H 2. Hence,

Y ≤ P2H
2((τ1(s))

−1 + P
−5ρn
1

) 
 P2P
−ρn
1 
 P2P

−ρ
1 .

We substitute the estimates obtained for |S(x2)| into the sums S1 and S2 and
trivially estimate the sum S3 by the number of terms. We obtain

|S| ≤ |S1| + |S2| + |S3| 
 P1P2P
−ρ
1 .

(b) We shall proceed as in case (a). We represent the sum S as

S = S4 + S5 + S6,

where

Sj =
∑(j)

x2≤P2

P1∑
x1=1

exp{2πiF (x1, x2)}, j = 4, 5, 6,

and the domain of summation over the variable x2 in each of the sums is its own and is
determined as follows. We consider representation (7.17) of the inner sum over x1. If
the point (A1, . . . , An1) is a point of the second class with respect to the parameter P1
defined in Lemma 7.1 (a), then the corresponding x2 belongs to the sumS4. If this point
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is a point of the first class, but its sth coordinateAs = {fs(x2)} satisfies relation (7.16)
with r ≥ H = P

0.25ρ1
2 , then the corresponding x2 belongs to the sum S5. All other x2

belong to the sum S6.
If the value of x2 belongs to the sum S4, then, by Lemma 7.1 (a), for the sum S(x2)

we have
|S(x2)| 
 P

1−ρ1
1 
 P

1−ρ
1 ,

where ρ1 = c1(n
2 ln n)−1 and ρ = c(n4 ln n)−1.

Now we estimate |S(x2)| for the values of x2 contained in S5. Relation (7.16)
implies

As = b

r
+ θ

rτ1(s)
.

If r ≥ P 0.1
1 , then we can use Lemma 7.1 (b) to estimate |S(x2)| and thus obtain

|S(x2)| 
 P
1−ρ1
1 .

Now let r < P 0.1
1 (we also assume that H1 = P

0.25ρ1
2 < P 0.1

1 , since, otherwise,
r ≥ H1 ≥ P 0.1

1 , and this case we have just studied). Since the point (A1, . . . , An1)

belongs to the first class, we have

Aν = aν

qν
+ βν, |βν | ≤ P−ν+0.1

1 , ν = 1, . . . , n1,

and q = [q1, . . . , qn1 ] ≤ P 0.1
1 . Let us prove that as/qs = b/r .

Indeed, otherwise, we would have the inequalities

1

rqs
≤
∣∣∣∣br − as

qs

∣∣∣∣ ≤ |βs | + r−1τ−1
1 (s) ≤ 2P−5/6

1 , r < P 0.1
1 , qs ≤ q ≤ P 0.1

1 ,

which contradict each other. Hence we have qs = r and q ≥ qs = r > H1.
We use Lemma 7.1 (a) to estimate |S(x2)| and thus find

|S(x2)| 
 P1H
−1/n+ε
1 
 P

1−ρ
1 .

Next, as in case (a), by Lemma 7.2, the number of numbers x2 contained in the
sum S6 does not exceed

� 
 P2H
2
1

(
τ−1

1 (s)+ P
−ρ1
2

)
, ρ1 = c1(n

2 ln n)−1.

Indeed, the polynomial fs(x2) has the form

fs(x2) =
n2∑
t=0

α(s, t)xt2,

where the coefficients α(s, t) can be represented as

α(s, t) = a(a, t)

q(s, t)
+ β(s, t),
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|β(s, t)| ≤ (
q(s, t)τ (s, t)

)−1 ≤ (
q(s, t)τ2(t)

)−1
, q(s, t) ≤ τ2(t) = P

t−1/6
2 ;

and moreover, Q(s) = [q(s, 1), . . . , q(s, n2)] ≥ P 0.1
2 . Therefore, by Lemma 7.2,

item (3), the number of the fractional parts of fs(x2) contained in the interval[
b

r
− 1

rτ1(s)
,
b

r
+ 1

rτ1(s)

]
,

does not exceed �1 
 P2
(
(rτ1(s))

−1 +P−ρ1
2

)
, and the number of such intervals does

not exceed H 2
1 .

Thus we have
|S| ≤ |S4| + |S5| + |S6| 
 P1P2P

−ρ
1 .

4. Now we consider case (c). In this case we have Q(s) ≥ P 0.1
2 , and there

exists a t0 (1 ≤ t0 ≤ n2) such that the denominator q(s, t0) of the fraction in the D-
approximation of the number α(s, t0), corresponding to τ(s, t0), satisfies the condition

τ2(t0) = P
t0−1/6
2 < q(s, t0) ≤ τ(s, t0).

Now let us consider new D-approximations of the numbers α(s, t) for all t (1 ≤
t ≤ n2) corresponding to τ2(t) = P

t−1/6
2 , i.e., the relations

α(s, t) = d(t)

h(t)
+ θ

h(t)τ2(t)
, (7.18)(

d(t), h(t)
) = 1, 1 ≤ h(t) ≤ τ2(t), |θ | ≤ 1.

If in this approximation of the numbers α(s, t), it turns out that the least common
multiple of the numbers h(t) is larger than P 0.1

2 , then the sum S is, in fact, estimated
in the same way as in case (b). We represent the sum S as

S = S7 + S8 + S9,

where

Sj =
∑(j)

x2≤P2

P1∑
x1=1

exp{2πiF (x1, x2)}, j = 7, 8, 9,

and the domain of summation over the variable x2 in each of the sums is its own and is
determined as follows. We consider representation (7.17) of the inner sum over x1. If
the point (A1, . . . , An1) is a point of the second class with respect to the parameter P1
defined in Lemma 7.1 (a), then the corresponding x2 belongs to the sumS7. If this point
is a point of the first class, but its sth coordinateAs = {fs(x2)} satisfies relation (7.16)
with r ≥ H1 = P

0.25ρ1
2 , then the corresponding x2 belongs to the sum S8. All other x2

belong to the sum S9. The sums S7 and S8 are estimated precisely in the same way as
the sums S4 and S5, respectively.
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We give an estimate from above for the number Y of values of x2 contained in
the sum S9. For this, we consider the D-approximations of the coefficients α(s, t)
(1 ≤ t ≤ n2) of the polynomial fs(x2) corresponding to τ2(t) = P

t−1/6
2 , i.e., rela-

tions (7.18). Since the least common multiple of the numbers h(t) is larger than P 0.1
2 ,

by Lemma 7.2, item (3), the number of the fractional parts of fs(x2) in the interval[
b

r
− 1

rτ1(s)
,
b

r
+ 1

rτ1(s)

]
does not exceed �1 
 P2

(
(rτ1(s))

−1 + P
−ρ1
2

)
, while the number of such intervals

does not exceed H 2
1 . Hence for the variable Y , we have the estimate

Y 
 P2H
2
1

(
τ−1

1 (s)+ P
−ρ1
2

) 
 P2P
−ρ
1 .

Thus
|S| 
 P1P2P

−ρ
1 .

Now we assume that in the new D-approximation the least common multiple of
the numbers h(t) does not exceed P 0.1

2 . We denote this least common multiple by

Q1(s). Here the following two cases are possible: P 0.1
2 ≥ Q1(s) > H2 = P

10n2ρ
1 and

Q1(s) ≤ H2. First, we consider the case Q1(s) > H2. We represent the fractional
parts of the polynomial fs(x2) as

{fs(x2)} = b

r
+ θ

rτ1(s)
, (7.19)

(b, r) = 1, 1 ≤ r ≤ τ1(s) = P
s−1/6
1 , |θ | ≤ 1.

In other words, we consider the D-approximations of the numbers {fs(x2)} corre-
sponding to τ1(s) = P

s−1/6
1 for each x2 (1 ≤ x2 ≤ P2). We divide the sum S into

three sums:
S = S10 + S11 + S12,

where

Sj =
∑(j)

x2≤P2

P1∑
x1=1

exp{2πiF (x1, x2)}, j = 10, 11, 12,

and the domain of summation over the variable x2 in each of the sums is its own
and is determined as follows. We consider representation (7.17) of the inner sum
over x1. If the point (A1, . . . , An1) = ({f1(x2)}, . . . , {fn1(x2)}) is not a point of
the second class with respect to the parameter P1 defined in Lemma 7.1 (a), then the
correspondingx2 belongs to the sumS10. If this point is a point of the first class, defined
in Lemma 7.1 (a), and moreover, r > K = P

2ρn
1 in representation (7.19), then the

corresponding x2 belongs to the sum S11. All other x2 belong to the sum S12. In other
words, the sumS12 contains allx2 for which the denominators r in representation (7.19)
do not exceed K .
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We use Lemma 7.1 (a) and representation (7.17) to estimate the sum S10 as

|S(x2)| 
 P
1−ρ1
1 
 P

1−ρ
1 , |S10| 
 P1P2P

−ρ
1 .

For S11, we estimate the inner sum as follows. If r ≥ P 0.1
1 , then, by Lemma 7.4,

we have
|S(x2)| 
 P

1−ρ1
1 .

But if r < P 0.1
1 , then |S(x2)| can be estimated in the same way as in the sum S5

for r < P 0.1
1 , i.e., for the coordinates of the point (A1, . . . , An1), we consider the

relations

Aν = aν

qν
+ βν, (aν, qν) = 1, |βν | 
 P−ν+0.1

1 , ν = 1, . . . , n1,

q = [q1, . . . , qn1 ] < P 0.1
1 ,

which hold because this point belongs to the first class with respect to the parameterP1.
We show that as/qs = b/r . This implies that q ≥ qs = r > K . Next, we apply
Lemma 7.1 (a) to the sum S(x2) and find

|S(x2)| 
 P1K
−1/n+ε 
 P

1−ρ
1 .

Thus we have
|S11| 
 P1P2P

−ρ
1 .

Now we consider the sum S12. Estimating this sum by the number of terms, we
obtain

|S12| ≤ YP1,

where Y is the number of values of x2 for which the fractional part of the polynomial
fs(x2) belongs at least to one of the intervals of the form[

b

r
− 1

rτ1(s)
,
b

r
+ 1

rτ1(s)

]
, (b, r) = 1, r ≤ K. (7.20)

A point (α(s, 1), . . . , α(s, n2)) from then2-dimensional cube� is generated by the
coefficients α(s, t) of the polynomial fs(x2). We first assume that this point belongs
to the second class with respect to the parameter P2. Then, by Lemma 7.2, item (1),
the number � of the fractional parts of the polynomial fs(x2) in the interval (7.20)
does not exceed

�1 
 P2
(
(rτ1(s))

−1 + P
−ρ1
2

)
, ρ1 = c1(n

2 ln n)−1.

Now we assume that this point belongs to the first class. This means that for the
numbers α(s, t) (1 ≤ t ≤ n2), we have the representations

α(s, t) = at

qt
+ βt , |βt | 
 P−t+0.1

1 , (at , qt ) = 1,
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q = [q1, . . . , qn2 ] < P 0.1
2 .

At the same time, for the numbers α(s, t) (1 ≤ t ≤ n2), we have relations (7.18)
for H2 < Q1(s) < P 0.1

2 , i.e.,

α(s, t) = d(t)

h(t)
+ θ

h(t)τ2(t)
, τ2(t) = P

t−1/6
2 ,

Q1(s) = [h(1), . . . , h(n2)], H2 < Q1(s) ≤ P 0.1
2 .

This implies that the relations at/qt = d(t)/h(t) hold for all t (1 ≤ t ≤ n2).
Indeed, let the relation

at/qt �= d(t)/h(t)

hold for some t (1 ≤ t ≤ n2). Then, on the one hand, we have∣∣∣∣atqt − d(t)

h(t)

∣∣∣∣ ≥ 1

qth(t)
≥ P−0.2

2 ,

since qt and h(t) satisfy the inequalities qt ≤ q ≤ P 0.1
2 and h(t) < Q1(s) ≤ P 0.1

2 .
On the other hand, we have∣∣∣∣atqt − d(t)

h(t)

∣∣∣∣ ≤ |βt | + 1

h(t)τ2(t)
≤ P−t+0.1

2 + P
−t+1/6
2 ≤ 2P−t+1/6

2 ,

since |βt | ≤ P−t+0.1
2 and 1 ≤ h(t) ≤ τ2(t) = P

t−1/6
2 .

The estimates obtained for |at/qt − d(t)/h(t)| contradict each other. Hence we
have at/qt = d(t)/h(t) for all t (1 ≤ t ≤ n2). This implies q = Q1(s) and hence
q < H2. Now we estimate � by using Lemma 7.2, item (2), as

�1 
 P2
(
(rτ1(s))

−1 +H
−1/n+ε
2

)
.

So, for � in both cases, we have the estimate

�1 
 P2
(
(rτ1(s))

−1 + P
−ρ1
2 +H

−1/n+r
2

) 
 P2H
−1/(2n)
2 .

Since the number of intervals (7.20) does not exceed K2, we have

Y 
 K2� 
 P2K
2H

−1/(2n)
2 
 P2P

−ρ
1 .

Hence, for Q1(s) > H2, we have

|S| ≤ |S10| + |S11| + |S12| 
 P1P2P
−ρ
1 .

5. Now we consider the case Q1(s) ≤ H2. First, we estimate the sum S = S(A)

under the assumption that lnP2 ≤ 1.2(n + 1) lnP1. If the point A with coordinates
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α(t1, t2) (0 ≤ t1 ≤ n1, 0 ≤ t2 ≤ n2, t1 + t2 ≥ 1) that are the coefficients of the
polynomial

F(x1, x2) =
n1∑
t1=0

n2∑
t2=0

α(t1, t2)x
t1
1 x

t2
2

belongs to the second class �2, then, by Lemma 7.4, since � < c2n
2, the sum S =

S(A),

S =
P1∑
x1=1

P2∑
x2=1

exp{2πiF (x1, x2)},

can be estimated as follows: |S| 
 P1P2P
−ρ
1 , where ρ = c(n4 ln n)−1.

But if the point A belongs to the first class, then the definition of points of the first
class implies the relations

α(t1, t2) = a0(t1, t2)

q0(t1, t2)
+ β0(t1, t2),(

a0(t1, t2), q0(t1, t2)
) = 1, |β0(t1, t2)| ≤ P

−t1+0.1
1 P

−t2
2 ,

and the number q0, which is the least common multiple of q0(t1, t2) (0 ≤ t1 ≤ n1,
0 ≤ t2 ≤ n2, t1 + t2 ≥ 1), is less thanP 0.1

1 . Recall thatQ is the least common multiple
of the denominators q(t1, t2) of the fractions in the D-approximations of α(t1, t2)
(0 ≤ t1 ≤ n1, 0 ≤ t2 ≤ n2, t1 + t2 ≥ 1) corresponding to τ(t1, t2) = P

t1−1/6
1 P

t2
2 . By

the assumptions of the lemma, Q is larger than P 0.1
1 . Hence there exists a set (t1, t2)

such that q(t1, t2) �= q0(t1, t2).
We show that q0 ≥ 0.5P 1/15

1 . Indeed, we have the system of inequalities

1

q(t1, t2)q0(t1, t2)
≤
∣∣∣∣a(t1, t2)q(t1, t2)

− a0(t1, t2)

q0(t1, t2)

∣∣∣∣ ≤ |β(t1, t2)| + |β0(t1, t2)|

≤ P
−t1+0.1
1 P

−t2
2 + P

−t1+1/6
1 P

−t2
2 q−1(t1, t2),

q−1
0 (t1, t2) ≤ q(t1, t2)P

−t1+0.1
1 P

−t2
2 + P

−t1+1/6
1 P

−t2
2 ≤ 2P−1/(15)

1 ,

q0 ≥ q0(t1, t2) ≥ 0.5P 1/(15)
1 .

Applying Lemma 7.3, we find

|S(A)| 
 P1P2P
−1/(30n)
1 
 P1P2P

−ρ
1 .

We have estimated the sum S in the case lnP2 ≤ 1.2(n+ 1) lnP1. Therefore, we
assume that lnP2 > 1.2(n+ 1) lnP1.

We introduce the notation

{fs(x2)} = b

r
+ β, (b, r) = 1, 1 ≤ r ≤ τ1(s), (7.21)
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τ1(s) = P
s−1/6
1 , |β| ≤ (

rτ1(s)
)−1

, δ = P s1 |β|.
We divide the sum S into three sums:

S = S13 + S14 + S15,

where
Sj =

∑(j)

x2≤P2

∑
x1≤P1

exp{2πiF (x1, x2)}, j = 13, 14, 15,

and the domain of summation over the variable x2 in each of the sums is its own
and is determined as follows. We consider representation (7.17) of the inner sum
over x1. If the point (A1, . . . , An1) = ({f1(x2)}, . . . , {fn1(x2)}) is a point of the
second class with respect to the parameter P1 defined in Lemma 7.1 (a), then the
corresponding x2 belongs to the sum S13. If this point is a point of the first class, and
moreover, r > K = P

2nρ
1 or δ > K in representation (7.21), then the corresponding x2

belongs to the sum S14. Finally, all the other x2 belong to the sum S15. In other
words, the sum S15 contains all x2 for which the denominator r and the value of δ in
representation (7.21) do not exceed K .

For the sums S(x2) contained in S13, by Lemma 7.1 (a), we have the estimate

|S(x2)| 
 P
1−ρ1
1 , ρ1 = c1(n

2 ln n)−1;
this implies

|S13| 
 P1P2P
−ρ
1 .

Now we consider the sum S14. If r is larger than P 0.1
1 , then the least common

multiple of the denominators of the fractions in the D-approximations of the coordi-
nates Aν of the point (A1, . . . , An1) corresponding to τ1(ν) is larger than P 0.1

1 and,
for the sums S(x2) contained in S14, by Lemma 7.1 (b), we have the estimate

|S(x2)| 
 P
1−ρ1
1 .

Now we assume that r does not exceed P 0.1
1 . For the sums S(x2) contained in S14,

the point (A1, . . . , An1) = ({f1(x2)}, . . . , {fn1(x2)}) belongs to the first class. This
means that

Aν = aν

qν
+ βν, |βν | ≤ P−ν+0.1

1 , (aν, qν) = 1,

1 ≤ ν ≤ n1, q = [q1, . . . , qn1 ] < P 0.1
1 .

Thus, as in the case of the sum S5, we obtain as/qs = b/r and hence q ≥ qs = r and
βs = β. Therefore, by the definition of the sum S14, we have q > K or |βs |P s1 = δ >

K .
To estimate the sum S(x2) contained in S14, we use Lemma 7.1 (a) and obtain

|S(x2)| 
 P1K
−1/n+ε 
 P

1−ρ
1 .
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Thus for all sums S(x2) in S14, we have the estimate |S(x2)| 
 P
1−ρ
1 and hence

|S14| 
 P1P2P
−ρ
1 .

Now we consider the sum S15. We trivially estimate each of the sums S(x2)

contained in S15 and obtain |S15| ≤ YP1, where Y is the number of values of x2
(1 ≤ x2 ≤ P2) for which the fractional part of the polynomial fs(x2) belongs to
at least one of the intervals of the form [b/r − P

−s+2ρn
1 , b/r + P

−s+2ρn
1 ], where

(b, r) = 1 and r ≤ K = P
2ρn
1 .

Since lnP2 ≥ 1.2(n + 1) lnP1 and ρ ≤ 0.02n−2, by Lemma 7.5, we have Y 

P2P

−ρ
1 . Hence |S15| 
 P1P2P

−ρ
1 .

Hence for Q1(s) < H2, we obtain

|S| ≤ |S13| + |S14| + |S15| 
 P1P2P
−ρ
1 ;

thus the statement of the lemma is proved for Q0 > P
10n3ρ
1 .

6. Now we consider the case Q0 ≤ P
10n3ρ
1 . Since Q = [Q0,Q1,Q2] > P 0.1

1 ,

we have either Q1 > P
0.05−5n3ρ
1 or Q2 > P

0.05−5n3ρ
1 .

First, we assume that Q1 > P
0.05−5n3ρ
1 . Then we represent x1 and x2 as

x1 = Q0y1 + z1, 0 < z1 ≤ Q0, (1 − z1)Q
−1
0 < y1 ≤ (P1 − z1)Q

−1
0 ,

x2 = Q0y2 + z2, 0 < z2 ≤ Q0, (1 − z2)Q
−1
0 < y2 ≤ (P2 − z2)Q

−1
0 .

We write the D-approximations of the coefficients α(t1, t2) of the polynomial
F(x1, x2) corresponding to τ(t1, t2) = P

t1−1/6
1 P

t2
2 :

α(t1, t2) = a(t1, t2)

q(t1, t2)
+ β(t1, t2),

(
a(t1, t2), q(t1, t2)

) = 1,

1 ≤ q(t1, t2) ≤ τ(t1, t2), |β(t1, t2)| ≤ (
q(t1, t2)τ (t1, t2)

)−1
.

Hence the polynomial F(x1, x2) can be represented as

F(Q0y1 + z1,Q0y2 + z2) =
n1∑
t1=0

n2∑
t2=0

α(t1, t2)(Q0y1 + z1)
t1(Q0y2 + z2)

t2

≡ �(z1, z2)+�1(Q0y1 + z1)+�(Q0y1 + z1,Q0y2 + z2) (mod 1),

where

�(z1, z2) =
n1∑
t1=0

n2∑
t2=0

a(t1, t2)

q(t1, t2)
z
t1
1 z

t2
2 , �1(x) =

n1∑
t1=0

α(t1, 0)xt1 ,

�(x1, x2) =
n2∑
t2=0

x
t2
2

(
a(0, t2)

q(0, t2)
+

n1∑
t1=0

β(t1, t2)x
t1
1

)
.
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We transform the trigonometric sum S as follows:

S =
P1∑
x1=1

P2∑
x2=1

exp{2πiF (x1, x2)}

=
Q0∑
z1=1

∑
y1

Q0∑
z2=1

exp{2πi(�(z1, z2)+�1(z1, z2))}

×
∑
y2

exp{2πi�(Q0y1 + z1,Q0y2 + z2)}.

The summation over y1 is performed in the limits −z1Q
−1
0 < y1 ≤ (P1 − z1)Q

−1
0

and over y2 in the limits −z2Q
−1
0 < y2 ≤ (P2 − z2)Q

−1
0 . It follows from the last

relation that

|S| ≤
Q0∑
z1=1

∑
y1

Q0∑
z2=1

∣∣∣∣∑
y2

exp{2πi�(Q0y1 + z1,Q0y2 + z2)}
∣∣∣∣

=
P1∑
x1=1

Q0∑
z2=1

∣∣∣∣∑
y2

exp{2πi�(x1,Q0y2 + z2)}
∣∣∣∣ = T1.

Next, we shall estimate the sum T1. We write the polynomial �(x1, x2) as

�(x1, x2) =
n2∑
ν=1

gν(x1)x
ν
2 =

n2∑
ν=1

Bν(x1)x
ν
2 ,

gν(x1) = a(0, ν)

q(0, ν)
+

n1∑
t1=0

β(t1, ν)x
t1
1 = Bν.

We consider theD-approximations of the fractional parts of the polynomialsgν(x1)

(ν = 1, . . . , n2) corresponding to τ2(ν) = P
ν−1/6
2 :

{gν(x1)} = aν(x1)

qν(x1)
+ βν(x1),

(
aν(x1), qν(x1)

) = 1,

1 ≤ qν(x1) ≤ τ2(ν), |βν(x1)| ≤ (
qν(x1)τ2(ν)

)−1
.

ByQ1(x1) we denote the least common multiple of q1(x1), . . . , qn2(x1) and by δ
the largest of |βν(x1)|P ν2 (1 ≤ ν ≤ n2). We divide the sum T1 into three sums:

T1 = S16 + S17 + S18,

where

Sj =
∑′

x1≤P1

Q0∑
z2=1

|S(x1, z2)|, j = 16, 17, 18,
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S(x1, z2) =
∑
y2

exp{2πi�(x1,Q0y2 + z2)},

the summation over the variable y2 is performed within the limits −z2Q
−1
0 < y2 ≤

(P2 − z2)Q
−1
0 , and the domain of summation over the variable x1 in each of the

sums S16, S17, S18 is its own and is determined as follows. If the point (B1, . . . , Bn2)

is a point of the second class with respect to the parameterP2, then the correspondingx1
belongs to the sum S16. If this point is a point of the first class, and Q1(x1) ≥ H =
P

20n4ρ
1 or δ > P

2nρ
1 , then the corresponding x1 belongs to the sum S14. Finally, all

the other x1 belong to the sum S18. In other words, the sum S18 contains all x1 for

which Q1(x1) < H = P
20n4ρ
1 and the inequality |βν(x1)|P ν2 ≤ P

2nρ
1 holds for all ν

(1 ≤ ν ≤ n2).
For the sums S(x1, z2) contained in S16, by Lemma 7.9, item (1), we have the

estimate
|S(x1, z2)| 
 P

1−0.5ρ1
2 Q−1

0 
 P2Q
−1
0 P

−ρ
1 .

Hence
|S16| 
 P1P2P

−ρ
1 .

Now we pass to estimating the sum S17. Since the point (B1, . . . , Bn2) belongs to
the first class, we can represent its coordinates Bν as

Bν = bν

rν
+ βν, (bν, rν) = 1, |βν | ≤ P−ν+0.1

2 , ν = 1, . . . , n2, (7.22)

r = [r1, . . . , rn2 ] ≤ P 0.1
2 .

We first consider the case Q1(x1) ≤ P 0.1
2 . Here we have qν(x1) �= rν for some ν

(1 ≤ ν ≤ n2). This implies the inequalities

1

qν(x1)rν
≤
∣∣∣∣aν(x1)

qν(x1)
− bν

rν

∣∣∣∣ ≤ |βν | + |βν(x1)| ≤ P−ν+0.1
2 + q−1

ν (x1)P
−ν+1/6
2 ,

r−1
ν ≤ qν(x1)P

−ν+0.1
2 + P

−ν+1/6
2 ≤ 2P−1/15

2 .

Hence we have r ≥ rν ≥ 0.5P 1/15
2 . But if the inequalities 0.5P 1/15

2 ≤ r ≤ P 0.07
2

hold for r , then, by Lemma 7.9, item (2), (a), we obtain

|S(x1, z2)| 
 P2Q
−1
0 R−1/n+ε, R = r/(r,Qn

0).

Since
(r,Qn

0) ≤ P
10n4ρ
1 ≤ P 0.01

1 , r ≥ P 0.05
2 ,

we can estimate our sum as

|S(x1, z2)| 
 P2Q
−1
0 P

−ρ
1 .
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But if the inequality r > P 0.07
2 holds for r , then, by Lemma 7.9, item (3), we

obtain the following estimate for the same sum:

S(x1, z2)| 
 P
1−0.5ρ1
2 Q−1

0 
 P2Q
−1
0 P

−ρ
1 .

Now we consider the case Q1(x1) < P 0.1
2 . Since the point (B1, . . . , Bn) belongs

to the first class, relations (7.22) holds for this point. Then, as in the case of the
sum S12, the relations aν(x1)/qν(x1) = bν/rν hold for all ν (1 ≤ ν ≤ n2). Hence we
have

Q1(x1) = r, βν(x1) = βν, δν = βνP
ν
2 .

If P 0.07
2 ≥ r = Q1(x1) ≥ H = P

20n4ρ
1 , then, by Lemma 7.9, item (2), (a), the

sum S(x1, z2) satisfies the estimate

|S(x1, z2)| 
 P2Q
−1
0 R−1/n+ε, R = r/(r,Qn

0).

Since
(r,Qn

0) ≤ Qn
0 ≤ P

10n4ρ
1 , r ≥ P

20n4ρ
1 ,

then R > P
10n4ρ
2 and hence

|S(x1, z2)| 
 P2Q
−1
0 P

−ρ
1 .

If r > P 0.07
2 or δ > P 0.04

2 , then, by Lemma 7.9, item (3), we have

|S(x1, z2)| 
 P
1−0.5ρ1
2 Q−1

0 
 P2Q
−1
0 P

−ρ
1 .

If P 2nρ
1 ≤ δ ≤ P 0.04

2 , then, by Lemma 7.9, item (2), (b), we have the estimate

|S(x1, z2)| 
 P2Q
−1
0 δ−1/n+ε 
 P2Q

−1
0 P

−ρ
1 .

Thus if Q1(x1) ≥ H or the value |βs(x2)| is larger than P−s
1 P

2nρ
1 for some s

(1 ≤ s ≤ n2), then we have the estimate

|S(x1, z2)| 
 P2Q
−1
0 P

−ρ
1 ,

which implies
|S17| 
 P1P2P

−ρ
1 .

Now we estimate the sum S18. We trivially estimate each of the sums S(x1, z2)

contained in S18 and obtain |S18| ≤ YP2, where Y is the number of values of x1
(1 ≤ x1 ≤ P1) for which

|βν(x1)| ≤ �ν = P−ν
1 P

2nρ
1 , 1 ≤ ν ≤ n2, Q1(x1) ≤ H = P

20n4ρ
1 ,
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and the point (B1, . . . , Bn2) belongs to the first class. By Lemma 7.6, we have Y 

P

1−ρ
1 . Hence,

|S18| 
 P1P2P
−ρ
1 , |S| ≤ |S16| + |S17| + |S18| 
 P1P2P

−ρ
1 .

Thus the statement of the lemma is proved in the case Q1 > P
0.05−5n3ρ
1 .

Now let Q2 > P
0.05−5n3ρ
1 . As in the preceding case, we partition the variables of

summation into arithmetic progressions with difference Q0 and obtain

|S| ≤
P2∑
x2=1

Q0∑
z1=1

∣∣∣∣∑
y1

exp{2πi�1(Q0y1 + z1, x2)}
∣∣∣∣ = T2,

where

|�1(x1, x2) =
n1∑
t1=1

x
t1
1

(
a(t1, 0)

q(t1, 0)
+

n2∑
t2=0

β(t1, t2)x
t2
2

)
.

We write the polynomial �1(x1, x2) in the form

�1(x1, x2) =
n1∑
ν=1

gν(x2)x
ν
1 =

n1∑
ν=1

Bνx
ν
1 ,

Bν = gν(x2) = a(ν, 0)

q(ν, 0)
+

n2∑
t2=0

β(ν, t2)x
t2
2 ,

and take the D-approximations of the fractional parts of gν(x2) (ν = 1, . . . , n)
corresponding to τ1(ν) = P

ν−1/6
1 :

{gν(x2)} = aν(x2)

qν(x2)
+ βν(x2),

(
aν(x2), qν(x2)

) = 1,

1 ≤ qν(x2) ≤ τ1(ν), |βν(x2)| ≤ (
qν(x2)τ1(ν)

) = 1.

By Q2(x2) we denote the least common multiple of the numbers q1(x2), . . . ,
qn1(x2) and by δ the largest value of

δν = |βν(x2)|P ν1 , ν = 1, . . . , n1.

We divide the sum T2 into three sums:

T2 = S19 + S20 + S21, (7.23)

where

Sj =
∑(j)

x2

Q0∑
z1=1

|S(z1, x2)|, j = 19, 20, 21,
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S(z1, x2) =
∑
y1

exp{2πi�(Q0y1 + z1, x2)},

the summation over the variable y1 is performed within the limits (1 − z1)Q
−1
0 <

y1 ≤ (P1 − z1)Q
−1
0 , and the domain of summation over the variable x2 in each of the

sums S19, S20, S21 is its own and is determined as follows. If the point (B1, . . . , Bn1) is
a point of the second class with respect to the parameter P1, then the corresponding x2
belongs to the sum S19. If this point is a point of the first class, and Q2(x2) ≥ H =
P

20n4ρ
1 or δ > P

2nρ
1 , then the corresponding x2 belongs to the sum S20. Finally, all

the other x2 belong to the sum S21. In other words, the sum S21 contains all x2 for

which Q2(x2) < H = P
20n4ρ
1 and the inequality

|βs(x2)|P s1 < P
2nρ
1

holds for all s (1 ≤ s ≤ n1).
Each of the sums in expression (7.23) can be estimated in the same way as the

corresponding sum in the preceding case, only in estimating the sum S21 we apply
Lemma 7.7 instead of Lemma 7.6 used to estimate S17. The proof of the main lemma
is complete. ��

7.1.4 Estimate for the double trigonometric sum

In this section we estimate the double trigonometric sum S(A) for all points A of the
unit m-dimensional cube �.

Theorem 7.2. Suppose that a pointA belongs to the first class�1. Then the following
estimate holds:

|S(A)| 
 P1P2Q
−1/n+ε.

Moreover, if we set

δ(t1, t2) = P
t1
1 P

t2
2 β(t1, t2), δ = max

t1,t2
|δ(t1, t2)|,

then the estimate
|S(A)| 
 P1P2(Qδ)

−1/n+ε

holds for δ > 1.
Suppose that a pointA belongs to the second class�2. Then the following estimate

holds:

|S(A)| 
 P1P2P
−ρ
1 , ρ = c(n4 ln n)−1.

The constants in 
 depend only on n and ε.
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Proof. For points A of the first class �1, the statement of the theorem follows from
Lemma 7.3. We prove this theorem for points of the second class�2. We consider the
D-approximations of coefficients α(t1, t2) of the polynomial F(x1, x2) corresponding
to τ(t1, t2) = P

t1−1/6
1 P

t2
2 , i.e., we consider the relations

α(t1, t2) = a0(t1, t2)

q0(t1, t2)
+ β(t1, t2),

(
a0(t1, t2), q0(t1, t2)

) = 1,

1 ≤ q0(t1, t2) ≤ τ(t1, t2), |β0(t1, t2)| ≤ (
q0(t1, t2)τ (t1, t2)

)−1
,

0 ≤ t1 ≤ n1, 0 ≤ t2 ≤ n2, t1 + t2 ≥ 1.

By q0 we denote the least common multiple of the numbers q0(t1, t2) (0 ≤ t1 ≤ n1,
0 ≤ t2 ≤ n2, t1 + t2 ≥ 1) and by δ0 the value

δ0 = max
t1,t2

|β0(t1, t2)|P t11 P
t2
2 .

By condition, A is a point of the second class. This means that either q0 or δ0 are
large; more precisely, the following two cases are possible:

(a) q0 ≥ P 0.1
1 ;

(b) q0 < P 0.1
1 and δ0 ≥ P 0.1

1 .
First, we consider case (a). Since q0 ≥ P 0.1

1 , the first main lemma implies the
following estimate for the sums S = S(A):

|S| 
 P1P2P
−ρ
1 , ρ = c(n4 ln n)−1.

Now we consider case (b). In this case, the sum S(A) can be estimated similarly to
the sum S(A) for pointsA of the first class (see the proof of Lemma 5.5 in Chapter 5).

To this end, we partition the summation over the variables x1 and x2 in the trigono-
metric sum S(A) into arithmetic progressions with difference q0.

It turns out that, with a good accuracy, the parts of the sum S(A) corresponding to
the same progressions can be replaced by trigonometric integrals. Next, after simpler
transformations, we see that the sum S(A) can be approximated well by the product
of the trigonometric series by a double complete rational trigonometric sum with
denominator q0. Now to obtain the desired estimate of the sum S(A), it suffices to
estimate the trigonometric integral. Let us follow the above reasoning.

We partition the full summation over x1 and x2 into progressions with difference q0,
i.e., we perform a change of the summation variables of the form

xj = q0yj + zj , 0 < zhj ≤ q0,

−zj q−1
0 < yj ≤ (Pj − zj )q

−1
0 , j = 1, 2.

Then we can write the sum S = S(A) as

S(A) =
q0∑
z1=1

q0∑
z2=1

exp{2πi�(z1, z2)}W(z1, z2),
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where

�(z1, z2) =
n1∑
t1=0

n2∑
t2=0

a0(t1, t2)

q0(t1, t2)
z
t1
1 z

t2
2 ,

W(z1, z2) =
∑
y1

∑
y2

exp{2πiFβ(q0y1 + z1, q0y2 + z2)},

Fβ(x1, x2) =
n1∑
t1=0

n2∑
t2=0

β0(t1, t2)x
t1
1 x

t2
2 .

We replace the sum W(z1, z2) by the trigonometric integral. For this, we first
estimate from above the partial derivatives of the polynomialFβ(q0y1 +z1, q0y2 +z2)

with respect to the variables y1 and y2. We obtain∣∣∣∣∂Fβ(q0y1 + z1, q0y2 + z2)

∂y1

∣∣∣∣
=
∣∣∣∣ n1∑
t1=1

n2∑
t2=0

β0(t1, t2)t1q0(q0y1 + z1)
t1−1(q0y2 + z2)

t2

∣∣∣∣
≤

n1∑
t1=1

n2∑
t2=0

q−1
0 (t1, t2)P

−t1+1/6
1 P

−t2
2 t1q0P

t1−1
1 P

t2
2

≤ (n+ 1)3q0P
−5/6
1 ≤ 0.5,

∣∣∣∣∂Fβ∂y2

∣∣∣∣ ≤ 0.5.

Next, applying Lemma 5.4 (Chapter 5) to the sum W(z1, z2), we obtain

W(z1, z2) =
∫ (P1−z1)q

−1
0

−z1q
−1
0

∫ (P2−z2)q
−1
0

−z2q
−1
0

exp{2πiFβ(q0y1 + z1, q0y2 + z2)} dy1dy2

+O(P2q
−1
0 ) = q−2

0

∫ P1

0

∫ P2

0
exp{2πiFβ(x1, x2)} dx1dx2 +O(P2q

−1
0 )

= P1P2q
−2
0

∫ 1

0

∫ 1

0
exp{2πiFδ(x1, x2)} dx1dx2 +O(P2q

−1
0 ),

Fβ(x1, x2) =
n1∑
t1=0

n2∑
t2=0

δ0(t1, t2)x
t1
1 x

t2
2 , δ(t1, t2) = P

t1
1 P

t2
2 β0(t1, t2).

Now, estimating the trigonometric integral

I =
∫ 1

0

∫ 1

0
exp{2πiFδ(x1, x2)} dx1dx2

by Theorem 1.6 (Chapter 1), we obtain |I | ≤ 32r δ−1/n
0 lnr−1(δ0 + 2) 
 P

−1/(20n)
1

because we have δ0 ≥ P 0.1
1 in case (b). Hence

|W(z1, z2)| 
 P1P2q
−2
0 P

−1/(20n)
1 .
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This implies the estimate

|S| ≤
q0∑
z1=1

q0∑
z2=1

|W(z1, z2)| 
 P1P2P
−ρ
1

for the sum S. The proof of the theorem is complete. ��

7.2 r-fold trigonometric sums

In the preceding section, we estimated the double trigonometric sum for all points of
the unit cube �. Our further goal is to derive a similar estimate for the r-fold sum
for any natural number r . For this, we need several auxiliary lemmas generalizing the
statements of Sections 7.1.1 and 7.1.2 to the case of sums of arbitrary multiplicity. It
should be noted that many points in the proofs of the lemmas coincide for multiple and
double sums. To avoid repetitions, we here, if possible, will refer to the corresponding
argument in the proofs of similar statements in Sections 7.1.1 and 7.1.2.

7.2.1 Auxiliary lemmas

We introduce new notions and notation. Let n1, . . . , nr , P1, . . . , Pr be natural num-
bers: P1 ≤ P2 ≤ · · · ≤ Pr , m = (n1 + 1) . . . (nr + 1), n = max(n1, . . . , nr ), n ≥ 2;
let

τ(t1, . . . , tt ) = P
t1−1/6
1 P

t2
2 . . . P trr ,

where 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr , t1 + · · · + tr ≥ 1.
Now by � = �(r) we denote the unit cube in the m-dimensional Euclidean

space, m = mr . Suppose that the coordinates α(t1, . . . , tr ) of points A of this cube
are determined by the conditions

0 ≤ α(0, . . . , 0) < 1, −τ−1(t1, . . . , tr ) ≤ α(t1, . . . , tr ) < 1 − τ−1(t1, . . . , tr ),

0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, t1 + · · · + tr ≥ 1.

A multiple or r-fold trigonometric sum is defined to be the sum

S = S(A) =
P1∑
x1=1

· · ·
Pr∑
xr=1

exp{2πiF (x1, . . . , xr )},

where

F(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
r ;

the coordinates of A are the coefficients of the polynomial F(x1, . . . , xr ). Since
the modulus of the sum S = S(A) is independent of the value of the constant term
α(0, . . . , 0) in the polynomial F(x1, . . . , xr ), we set it to be zero in what follows.
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We divide the points of the cube� into two classes�1 and�2. The first class�1
contains points A whose coordinates satisfy the conditions:

(a) α(t1, . . . , tr ) = a(t1, . . . , tr )

q(t1, . . . , tr )
+ β(t1, . . . , tr ),(

α(t1, . . . , tr ), q(t1, . . . , tr )
) = 1, 0 ≤ α(t1, . . . , tr ) < q(t1, . . . , tr ),

|β(t1, . . . , tr )| ≤ P
−t1+0.1
1 P

−t2
2 . . . P

−tr
r ;

(b) the least common multiple Q of all q(t1, . . . , t2) does not exceed P 0.1
1 .

The second class �2 contains the other points of the cube �. In what follows, we
obtain a uniform estimate for the trigonometric sum S(A) on points of the second class.
We note that the derivation of this estimate splits into two significantly different cases
depending on the D-approximations of the coordinates of the point A. According to
this, the class �2 splits into two domains ω1 and ω2. Let us determine them.

We consider theD-approximations of the coordinates α(t1, . . . , tr ) of a pointA ∈
�2 corresponding to τ(t1, . . . , tr ), i.e.,

α(t1, . . . , tr ) = a(t1, . . . , tr )

q(t1, . . . , tr )
+ β(t1, . . . , tr )(

α(t1, . . . , tr ), q(t1, . . . , tr )
) = 1,

0 ≤ α(t1, . . . , tr ) < q(t1, . . . , tr ) ≤ τ(t1, . . . , tr ),

|β(t1, . . . , tr )| ≤ (
q(t1, . . . , tr ), τ (t1, . . . , tr )

)−1
,

0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, t1 + · · · + tr ≥ 1.

Let Q be the least common multiple of all the numbers q(t1, . . . , tr ) and let

δ(t1, . . . , tr ) = β(t1, . . . , tr )P
t1
1 . . . P trr .

We set δ = maxt1,...,tr |δ(t1, . . . , tr )|. A point A belongs to the domain ω2 if
Q ≥ P 0.1

1 and to the domain ω1 if Q < P 0.1
1 , but δ ≥ P 0.1

1 . We note that the other
points of the cube � form exactly the first class �1.

Lemma 7.10. The points A of the first class satisfy the estimates:
(a) |S(A)| 
 P1 . . . PrQ

−1/n+ε;
(b) |S(A)| 
 P1 . . . Pr(Qδ)

−1/n+ε for δ ≥ 1;
the constants in 
 depend only on n, r , and ε.

Proof. This lemma in a somewhat more precise statement was proved in Chapter 5
(Lemma 5.5). ��

Lemma 7.11. The points A from the domain ω1 satisfy the estimate

|S(A)| 
 P1 . . . Prδ
−1/n+ε 
 P1 . . . PrP

−0.05n−1

1 ;
the constant in 
 depends only on n, r , and ε.
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Proof. This lemma is, in fact, similar to that in item (b) of the preceding Lemma 7.10.
Its proof is a word for word repetition of the argument in Lemma 5.5 (Chapter 5). ��

Lemma 7.12. Suppose that a point A belongs to the domain ω2. For s = 2, . . . , r ,
by νs we denote the natural number from the interval

−1 <
lnPs
lnP1

− νs ≤ 0.

Let � = n1 + ν2n2 + · · · + νrnr . Then the sum S(A) satisfies the estimate

|S(A)| 
 exp{32�}P1 . . . PrP
−ρ
1 , ρ = c(m� logmvk)−1;

the constant in 
 depends only on n and r .

Proof. This statement follows from Theorem 5.2 in Chapter 5. ��

Lemma 7.13. Let D(σ) be the number of integer-valued sets (x1, . . . , xr ) satisfying
the conditions

{F(x1, . . . , xr )} < σ, 1 ≤ x1 ≤ P1, . . . , 1 ≤ xr ≤ Pr .

We represent D(σ) in the form

D(σ) = σP1 . . . Pr + λ(σ).

Then in the notation of Lemmas 7.10 and 7.12, the following estimates hold:
(1) If the point A belongs to the first class �1, then

(a) |λ(σ)| 
 P1 . . . PrQ
−1/n+ε;

(b) |S(A)| 
 P1 . . . Pr(Qδ)
−1/n+ε for δ > 1.

(2) If the point A belongs to the domain ω1 from �1, then

|λ(σ)| 
 P1 . . . PrQ
−1/n+ε 
 P1 . . . PrP

−0.05n−1

1 .

(3) If the point A belongs to the domain ω2 from �2, then

|λ(σ)| 
 P1 . . . PrP
−ρ
1 exp{32�}.

The constants in 
 depend only on n, r , and ε.

Proof. The statement of the lemma follows from Theorem 6.5 in Chapter 6 for s = 1.
��

Lemmas 7.14–7.18 given below generalize the lemmas given in Section 7.1.2 to
the case of polynomials in arbitrarily many variables.
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We introduce the notation. Let s be a natural number, s < r . We set

F(x1, . . . , xr ) =
n1∑
t1=0

· · ·
ns∑
ts=0

gt1,...,ts (xs+1, . . . , xr )x
t1
1 . . . x

ts
s .

Hence, for 0 ≤ t1 ≤ n1, . . . , 0 ≤ ts ≤ ns , we have

gt1,...,ts (xs+1, . . . , xr ) =
ns+1∑
ts+1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )x
ts+1
s+1 . . . x

tr
r .

Suppose that the number s is determined by the relations

P
5/6
r ≤ P

n1+1
1 . . . P

nr−1
r−1 ,

...

P
5/6
s+2 ≤ P

n1+1
1 . . . P

ns+1
s+1 ,

P
5/6
s+1 ≤ P

n1+1
1 . . . P nss .

(7.24)

We have already found the numbers

τ = τ(t1, . . . , tr ) = P
t1−1/6
1 P

t1
2 . . . P trr .

Now we determine the numbers

η = η(ts+1, . . . , tr ) = P
ts+1−1/6
s+1 P

ts+2
s+2 . . . P

tr
r .

and consider twoD-approximations for each of the numbers α(t1, . . . , tr ) respectively
corresponding to τ(t1, . . . , tr ) and η(ts+1, . . . , tr ):

α(t1, . . . , tr ) = a(t1, . . . , tr )

q(t1, . . . , tr )
+ β(t1, . . . , tr ) = a0(t1, . . . , tr )

q0(t1, . . . , tr )
+ β0(t1, . . . , tr )

where

|β(t1, . . . , tr )| ≤ (
q(t1, . . . , tr )τ (t1, . . . , tr )

)−1 = (qτ)−1,

|β0(t1, . . . , tr )| ≤ (
q0(t1, . . . , tr )η(ts+1, . . . , tr )

)−1 = (q0η)
−1.

Let Q0 = Q0(t1, . . . , tr ) be the least common multiple of the numbers q0 =
q0(t1, . . . , tr ) under the conditions 0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr , ts+1 + · · · +
tr ≥ 1.

Lemma 7.14. Suppose that, for some set (t1, . . . , ts), the value ofQ0 does not exceed

H0 = P
10n2ρ
1 and, for the same set, there is a set (t1, . . . , ts , ts+1, . . . , tr ) such that

η < q ≤ τ .
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We set � = P
−t1
1 . . . P

−ts
s P

2nρ
1 and consider all intervals of the form[
A

B
−�,

A

B
+�

]
, (7.25)

where A and B are integers,

0 ≤ A, 1 ≤ B ≤ H1 = P
2nρ
1 , (A,B) = 1.

Let Y denote the number of sets (xs+1, . . . , xr ) for which the fractional parts of
the polynomial g belong to one of the intervals (7.25) for 1 ≤ xs+1 ≤ Ps+1, . . . , 1 ≤
xr ≤ Pr . Then for ρ ≤ 0.02n−2 we have

Y 
 Ps+1 . . . PrP
−ρ
1 .

Proof. Repeating the beginning of the proof of Lemma 7.5 word for word, we obtain
the inequality

Y ≤ Z =
∑

µ≤�(H1)

∑
xs+1≤Ps+1

· · ·
∑
xr≤Pr

χµ
(
g(xs+1, . . . , xr )

)
.

From expansion (7.6) of the function χ(x) into the Fourier series, we have

Z = Ps+1 . . . Pr�(H1)�+ Z1,

where

Z1 =
∑

µ≤�(H1)

+∞∑′

m=−∞
c(m)

×
∑

xs+1≤Ps+1

· · ·
∑
xr≤Pr

exp{2πimsµ} exp{2πimg(xs+1, . . . , xr )}.

Suppose that, as in Lemma 7.5, M = �−1, M1 = �−1H 2
1P

ρ
1 , and T (m) is a

multiple trigonometric sum,

T (m) =
∑

xs+1≤Ps+1

· · ·
∑
xr≤Pr

exp{2πimg(xs+1, . . . , xr )}.

Then, using the estimates for the Fourier coefficients c(m), we obtain

|Z1| ≤ �(H1)�
∑

1≤m<M
|T (m)| +�(H1)�

−1
∑

M≤m<M1

m−2|T (m)| (7.26)

+ Ps+1 . . . PrP
−ρ
1 .
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Now we estimate the sum T (m). By the assumptions of the lemma, the value ofQ0
does not exceedH0. We divide the summation interval for each variable xs+1, . . . , xr
into arithmetic progressions with difference Q0. We obtain

xν = Q0uν + vν, 1 ≤ vν ≤ Q0,

(1 − vν)Q
−1
0 ≤ uν ≤ (Pν − vν)Q

−1
0 , s < ν ≤ r.

(7.27)

The polynomial g(xs+1, . . . , xr ) = gt1,...,ts (xs+1, . . . , xr ) satisfies the relation

g(Q0us+1 + vs+1, . . . ,Q0ur + vr) ≡ F(vs+1, . . . , vr )

+G(Q0us+1 + vs+1, . . . ,Q0ur + vr)+ α(t1, . . . , ts , 0, . . . , 0) (mod 1),

F (vs+1, . . . , vr ) =
ns+1∑
ts+1=0

· · ·
nr∑
tr=0

ts+1+···+tr≥1

a0(ts+1, . . . , tr )

q0(ts+1, . . . , tr )
v
ts+1
s+1 . . . v

tr
r ,

G(ys+1, . . . , yr ) =
ns+1∑
ts+1=0

· · ·
nr∑
tr=0

ts+1+···+tr≥1

β0(ts+1, . . . , tr )y
ts+1
s+1 . . . y

tr
r .

Hence we have the estimate |T (m)| ≤ Qr−s |T1(m)|, where

T1(m) =
∑
us+1

· · ·
∑
ur

exp{2πimG(Q0us+1 + vs+1, . . . ,Q0ur + vr)};

here the summation over us+1, . . . , ur is taken within the limits given in (7.27).
We estimate from above the absolute value of the partial derivatives of the poly-

nomial mG(Q0us+1 + vs+1, . . . ,Q0ur + vr) with respect to uν (s < ν ≤ r) for
m ≤ M . Using inequalities (7.24), we obtain∣∣∣∣m ∂

∂uν
G(Q0us+1 + vs+1, . . . ,Q0ur + vr)

∣∣∣∣
=
∣∣∣∣m ns+1∑

ts+1=0

· · ·
nν∑
tν=1

· · ·
nr∑
tr=0

tνβ0(ts+1, . . . , tr )

× (Q0us+1 + vs+1)
ts+1 . . . (Q0uν + vν)

tν−1 . . . (Q0ur + vr)
trQ0

∣∣∣∣
≤ M1

ns+1∑
ts+1=0

· · ·
nν∑
tν=1

· · ·
nr∑
tr=0

tνη
−1(ts+1, . . . , tr )P

ts+1
s+1 . . . P

tν−1
ν Q0

≤ mrnν

2ms
M1P

1/6
s+1P

−1
ν Q0 ≤ 0.5.
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Hence, following Lemma 5.4 (Chapter 5), we can replace the sumT1(m) by the integral
as follows:

T1(m) =
∫ (Ps+1−vs+1)Q

−1
0

−vs+1Q
−1
0

. . .

∫ (Pr−vr )Q−1
0

−vrQ−1
0

exp{2πimG(Q0us+1 + vs+1, . . . ,

. . . ,Q0ur + vr)} dus+1 . . . dur +O(Ps+2Q
−1
0 . . . PrQ

−1
0 )

= Q−r+s
0

∫ Ps+1

0
. . .

∫ Pr

0
exp{2πimG(us+1, . . . , ur )} dus+1 . . . dur

+O(Ps+2 . . . PrQ
−r+s+1
0 ).

Thus we obtain the estimate

|T (m)| ≤
∣∣∣∣ ∫ Ps+1

0
. . .

∫ Pr

0
exp{2πimG(us+1, . . . , ur )} dus+1 . . . dur

∣∣∣∣
+ c1Ps+1 . . . PrQ0.

We perform a change of variables. By setting us+1 = Ps+1zs+1, . . . , ur = Przr ,
we obtain

J = Ps+1 . . . Pr

∫ 1

0
· · ·

∫ 1

0
exp{2πimH(zs+1, . . . , zr )} dzs+1 . . . dzr ,

where

H(zs+1, . . . , zr ) = G(Ps+1zs+1, . . . , Przr )

=
ns+1∑
ts+1=0

· · ·
nr∑
tr=0

ts+1+···+tr≥1

β0(ts+1, . . . , tr )P
ts+1
s+1 . . . P

tr
r z

ts+1
s+1 . . . z

tr
r

=
ns+1∑
ts+1=0

· · ·
nr∑
tr=0

ts+1+···+tr≥1

δ0(ts+1, . . . , tr )z
ts+1
s+1 . . . z

tr
r .

To estimate the integral J , it is necessary to give an estimate from below for

δ0 = max
ts+1,...,tr

|δ0(ts+1, . . . , tr )|.

By the assumptions of the lemma, there exists a set (t1, . . . , tr ) for which η <
q ≤ τ . For the variable α(t1, . . . , tr ) corresponding to this set, we consider the
D-approximations corresponding to the parameters τ and η. We obtain

α(t1, . . . , tr ) = a

q
+ β = a0

q0
+ β0, q0 ≤ η < q ≤ τ,
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and hence q �= q0.
Now we give an estimate from below for β0:

|β0| =
∣∣∣∣a0

q0
− a

q
− β

∣∣∣∣ ≥ 1

qq0
− |β| ≥ 1

Q0τ
− 1

qτ
≥ 0.5(Q0τ)

−1.

The last inequality implies the following estimate for δ0:

δ0 > |β0|P ts+1
s+1 . . . P

tr
r ≥ 0.5(Q0τ)

−1P
ts+1
s+1 . . . P

tr
r

≥ 0.5H−1
0 P

−t1+1/6
1 P

−t2
2 . . . P−ts

s .

Now, to estimate J for 1 ≤ m ≤ M , we apply Theorem 1.6 (Chapter 1):

|J | 
 Ps+1 . . . Prm
−1/(2n)H

1/(2n)
0 P

t1/(2n)−1/(12n)
1 P

t2/(2n)
2 . . . P

ts/(2n)
s .

Successively substituting this estimate first into the sum T (m) and then into for-
mula (7.26), we obtain

|Z1| 
 �(H1)�
∑

1≤m≤M

(
Ps+1 . . . Pr(m

−1H0P
t1−1/6P

t2
2 . . . P tss )

1/(2n)

+ Ps+2 . . . PrH0
)

+�(H1)
−1�

∑
1≤m≤M

(
Ps+1 . . . Prm

−2(m−1H0P
t1−1/6P

t2
2 . . . P tss )

1/(2n)

+ Ps+2 . . . PrH0m
−2) + Ps+1 . . . PrP

−ρ
1


 Ps+1 . . . PrP
−ρ
1 .

This implies the estimate forY given in the lemma. The proof of the lemma is complete.
��

Let 1 ≤ s < r . We consider the polynomial

�(x1, . . . , xr ) =
ns+1∑
ts+1=0

· · ·
nr∑
tr=0

ts+1+···+tr≥1

G(ts+1, . . . , tr )x
ts+1
s+1 . . . x

tr
r .

In this formula the variablesG = G(ts+1, . . . , tr ) are polynomials in the variables
x1, . . . , xr of the form

G = gts+1,...,tr (x1, . . . , xs)

= a(0, . . . , 0, ts+1, . . . , tr )

q(0, . . . , 0, ts+1, . . . , tr )
+

n1∑
t1=0

· · ·
ns∑
ts=0

β(t1, . . . , tr )x
t1
1 . . . x

ts
s ,
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and moreover,(
a(0, . . . , 0, ts+1, . . . , tr ), q(0, . . . , 0, ts+1, . . . , tr )

) = 1,

1 ≤ q(0, . . . , 0, ts+1, . . . , tr ) ≤ τ(0, . . . , 0, ts+1, . . . , tr ),

|β(0, . . . , 0, ts+1, . . . , tr )| ≤ (
q(0, . . . , 0, ts+1, . . . , tr )τ (0, . . . , 0, ts+1, . . . , tr )

)−1
,

|β(t1, . . . , tr )| ≤ τ−1(t1, . . . , tr ), τ (t1, . . . , tr ) = P
t1−1/6
1 P

t2
2 . . . P trr ,

0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, ts+1 + · · · + tr ≥ 1.

LetQ1 be the least common multiple of the numbers q(0, . . . , 0, ts+1, . . . , tr ) for
0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr , ts+1 + · · · + tr ≥ 1. For each set (x1, . . . , xs)

such that 1 ≤ x1 ≤ P1, . . . , 1 ≤ xs ≤ Ps , the D-approximations of the fractional
parts of the polynomial g = gts+1,...,tr (x1, . . . , xs) corresponding to η(ts+1, . . . , tr ) =
P
ts+1−1/6
s+1 P

ts+2
s+2 . . . P

tr
r are considered. In other words, we consider the relations

{g} = a1(ts+1, . . . , tr )

q1(ts+1, . . . , tr )
+ β1(ts+1, . . . , tr ),

where(
a1(ts+1, . . . , tr ), q1(ts+1, . . . , tr )

) = 1, 1 ≤ q1(ts+1, . . . , tr ) ≤ η(ts+1, . . . , tr ),

|β(ts+1, . . . , tr )| ≤ (
q1(ts+1, . . . , tr )η(ts+1, . . . , tr )

)−1
.

By Q5 = Q5(x1, . . . , xs) we denote the least common multiple of the numbers
q1(ts+1, . . . , tr ) for 0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr , ts+1 + · · · + tr ≥ 1;
ms = (n1 + 1) . . . (ns + 1).

Lemma 7.15. Suppose that Q1 is larger than P 0.04
1 . By Y we denote the number of

sets (x1, . . . , xs) satisfying the conditions

Q5 ≤ H = Pa1 , a = 20(r − s)msn
3ρr, ρr = c

(2n)2r log n
,

|β1(ts+1, . . . , tr )| ≤ �(ts+1, . . . , tr ) = P
−ts+1
s+1 . . . P−tr

r P
2nρr
1 ,

1 ≤ x1 ≤ P1, . . . , 1 ≤ xs ≤ Ps.

Then the variable Y satisfies the estimate Y 
 P1 . . . PsP
−ρ
1 ; the constant in 


depends only on n and r .

Proof. The proof of the lemma is similar to that of Lemma 7.6. In thems-dimensional
space, we consider the set �0 of points g with coordinates

{gts+1,...,tr (x1, . . . , xs)},
0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr, ts+1 + · · · + tr ≥ 1,
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under the condition that 1 ≤ x1 ≤ P1, . . . , 1 ≤ xs ≤ Ps . We also assume that the
coordinates of points from �0 satisfy the assumptions of the lemma. We show that
the set �0 can intersect only one domain �1 = �1(b, h) of the first class, which
is determined as follows. A point α belongs to the domain �1 if its coordinates
α(t1, . . . , tr ) can be represented as

α(t1, . . . , tr ) = b(ts+1, . . . , tr )

h(ts+1, . . . , tr )
+ z(ts+1, . . . , tr ) = b

h
+ z,

(b, h) = 1, 1 ≤ h ≤ τ(0, . . . , 0, ts+1, . . . , tr ),

|z| ≤ (
hτ(0, . . . , 0, ts+1, . . . , tr )

)−1
,

0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr, ts+1 + · · · + tr ≥ 1,

and the least common multiple of the numbers h(ts+1, . . . , tr ) does not exceedH . The
modulus of the difference between the corresponding coordinates of the centers of the
domain �1 and any other domain �2 of the first class is no less than H−2. Hence the
modulus of the difference between the corresponding coordinates of points of these
domains is no less than

H−2 − 2τ−1(0, . . . , 0, ts+1, . . . , tr ) ≥ 0.5H−2,

0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr, ts+1 + · · · + tr ≥ 1.

Each coordinate {gts+1,...,tr (x1, . . . , xs)} of a pointG from the set �0 and the cor-
responding coordinate α(0, . . . , 0, ts+1, . . . , tr )q

−1(0, . . . , 0, ts+1, . . . , tr ) of a fixed
point differ by a value that does not exceed

n1∑
t1=0

· · ·
ns∑
ts=0

|β(t1, . . . , tr )|P t11 . . . P trr ≤ msτ
−1(0, . . . , 0, ts+1, . . . , tr ).

Hence we see that if �0 intersects a domain �1 of the first class, then �0 intersects
only one domain. Obviously, if�0 and�1 do not intersect, then Y = 0. We consider
the case in which �0 and �1 do intersect. Then for all y satisfying the assumptions
of the lemma, we have

a1(ts+1, . . . , tr )

q1(ts+1, . . . , tr )
= b(ts+1, . . . , tr )

h(ts+1, . . . , tr )
,∣∣∣∣gts+1,...,tr (x1, . . . , xs)− b(ts+1, . . . , tr )

h(ts+1, . . . , tr )

∣∣∣∣ ≤ �(ts+1, . . . , tr ), (7.28)

0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr, ts+1 + · · · + tr ≥ 1.

SinceQ1 ≥ P 0.04
1 , there exists a q(0, . . . , 0, ts+1, . . . , tr ) satisfying the inequality

q(0, . . . , 0, ts+1, . . . , tr ) ≥ Pu1 > H,
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where u = 0.04m−1
r ms . Hence for the set (ts+1, . . . , tr ) we have

a(0, . . . , 0, ts+1, . . . , tr )

q(0, . . . , 0, ts+1, . . . , tr )
�= b(ts+1, . . . , tr )

h(ts+1, . . . , tr )
.

For brevity, in what follows, we denote these fractions by a/q and b/h. Moreover,
we introduce the new notation

B(x1, . . . , xs) = G− a

q
=

n1∑
t1=0

· · ·
ns∑
ts=0

β(t1, . . . , ts , . . . , tr )x
t1
1 . . . x

ts
s .

We rewrite the inequality in (7.28) corresponding to the set (ts+1, . . . , tr ) as∣∣∣∣B(x1, . . . , xs)− b

h
+ a

q

∣∣∣∣ ≤ � = �(ts+1, . . . , tr ). (7.29)

By Y1 we denote the number of sets (x1, . . . , xs) corresponding to (7.29) under
the condition 1 ≤ x1 ≤ P1, . . . , 1 ≤ xs ≤ Ps . We introduce the function ψ(x) =
χ(x + a/q − b/h), where χ(x) is the function in Lemma 7.5. Then

Y ≤ Y1 ≤
P1∑
x1=1

· · ·
Ps∑
xs=1

ψ
(
B(x1, . . . , xs)

) = Y2.

Expanding the function ψ(x) in the Fourier series and passing to inequalities, we
obtain

Y2 
 P1 . . . Ps�+
∑

1≤ν<M
�|T (ν)| +

∑
M≤ν<M1

�−1ν−2|T (ν)| (7.30)

+ P1 . . . PsP
−ρr
1 ,

where

T (ν) =
P1∑
x1=1

· · ·
Ps∑
xs=1

exp{2πiνB(x1, . . . , xs)}, M = �−1, M1 = MP
ρr
1 .

For 1 ≤ ν ≤ M , we give an estimate from above for the modulus of the partial
derivatives of the polynomial νB(x1, . . . , xs). We have∣∣∣∣ν ∂B(x1, . . . , xs)

∂xµ

∣∣∣∣ ≤ ν

n1∑
t1=0

. . .

nµ∑
tµ=1

. . .

ns∑
ts=0

tµτ
−1(t1, . . . , tr )P

t1
1 . . . P

tµ−1
µ . . . P tss

≤ 0.5nµmsP
1/6−2nρr
1 P−1

µ ≤ 0.5.

This implies that Lemma 5.4 (Chapter 5) can be applied to the sum T (ν). Therefore,

T (ν) =
∫ P1

0
· · ·

∫ Ps

0
exp{2πiνA(y1, . . . , ys)} dy1 . . . dys +O(P2 . . . Ps),
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In the last integral we perform a change of the variables of integration of the form
yµ = Pµxµ (µ = 1, . . . , s) and pass to estimates. We obtain

T (ν) 
 P1 . . . Ps

∣∣∣∣ ∫ 1

0
· · ·

∫ 1

0
exp{2πiνA(y1, . . . , ys)} dy1 . . . dys

∣∣∣∣ (7.31)

+ P2 . . . Ps,

where

A(y1, . . . , ys) =
n1∑
t1=0

· · ·
ns∑
ts=0

t1+···+ts≥1

δ(t1, . . . , ts)y
t1
1 . . . x

ts
s ,

δ(t1, . . . , ts) = β(t1, . . . , ts , . . . , tr )P
t1
1 . . . P tss .

Now we give an estimate from below for δ = maxt1,...,ts |δ(t1, . . . , ts)|. First, we
have∣∣∣∣aq − b

h
+

n1∑
t1=0

· · ·
ns∑
ts=0

β(t1, . . . , ts , . . . , tr )

∣∣∣∣ ≥
∣∣∣∣aq − b

h

∣∣∣∣ − n1∑
t1=0

. . .

ns∑
ts=0

|β(t1, . . . , tr )|

≥ 1

qh
− 1

qτ(0, . . . , 0, ts+1, . . . , tr )
−

n1∑
t1=0

· · ·
ns∑
ts=0

t1+···+ts≥1

|β(t1, . . . , tr )|

≥ 0.25
(
Hτ(0, . . . , 0, ts+1, . . . , tr )

)−1
.

Hence, for any set (x1, . . . , xs) satisfying inequality (7.29), we obtain∣∣∣∣ n1∑
t1=0

· · ·
ns∑
ts=0

t1+···+ts≥1

β(t1, . . . , tr )(x
t1
1 . . . x

ts
s − 1)

∣∣∣∣
≥
∣∣∣∣aq − b

h
+

n1∑
t1=0

· · ·
ns∑
ts=0

β(t1, . . . , ts , . . . , tr )

∣∣∣∣
−
∣∣∣∣aq − b

h
+

n1∑
t1=0

· · ·
ns∑
ts=0

β(t1, . . . , ts , . . . , tr )x
t1
1 . . . x

ts
s

∣∣∣∣
≥ 0.25

(
Hτ(0, . . . , 0, ts+1, . . . , tr )

)−1 −�(ts+1, . . . , tr )

≥ (
8Hτ(0, . . . , 0, ts+1, . . . , tr )

)−1
.

Hence (
8Hτ(0, . . . , 0, ts+1, . . . , tr )

)−1

≤
∣∣∣∣ n1∑
t1=0

· · ·
ns∑
ts=0

t1+···+ts≥1

β(t1, . . . , tr )(x
t1
1 . . . x

ts
s − 1)

∣∣∣∣ ≤ δms,
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δ ≥ (
8msHτ(0, . . . , 0, ts+1, . . . , tr )

)−1 = (8msHτ)
−1.

Applying Theorem 1.6 (Chapter 1) to the integral in (7.31), we obtain the following
estimate for the sum T (ν):

|T (ν)| 
 P1 . . . Ps min
(
1, (ν−1Hτ)1/(2n)

) + P2 . . . Ps.

Substituting this estimate into (7.30), we have

Y2 
 P1 . . . Ps�+�
∑

1≤ν<M
(ν−1Hτ)1/(2n) +�−1

∑
M≤ν<M1

ν−2(ν−1Hτ)1/(2n)

+ P1 . . . PsP
−ρr
1 
 P1 . . . PsP

−ρr
1 .

It follows from (7.30) and (7.31) that

Y ≤ Y1 ≤ Y2 
 P1 . . . PsP
−ρr
1 .

The proof of the lemma is complete. ��

Next, we consider the polynomial

ψ1(x1, . . . , xs, . . . , xr ) =
n1∑
t1=0

· · ·
ns∑
ts=0

t1+···+ts≥1

G(t1, . . . , ts)x
t1
1 . . . x

ts
s ,

G(t1, . . . , ts) = a(t1, . . . , ts , 0, . . . , 0)

q(t1, . . . , ts , 0, . . . , 0)
+

ns+1∑
ts+1=0

· · ·
nr∑
tr=0

β(t1, . . . , tr )x
ts+1
s+1 . . . x

tr
r ,

where (
a(t1, . . . , ts , 0, . . . , 0), q(t1, . . . , ts , 0, . . . , 0)

) = 1,

1 ≤ q(t1, . . . , ts , 0, . . . , 0) ≤ τ(t1, . . . , ts , 0, . . . , 0),

|β(t1, . . . , ts , 0, . . . , 0)| ≤ (
q(t1, . . . , ts , 0, . . . , 0)τ (t1, . . . , ts , 0, . . . , 0)

)−1 = 1,

|β(t1, . . . , tr )| ≤ τ−1(t1, . . . , tr ),

τ (t1, . . . , tr ) = P
t1−1/6
1 P

t2
2 . . . P trr ,

0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, t1 + · · · + ts ≥ 1.

By Q2 we denote the least common multiple of q(t1, . . . , ts , 0, . . . , 0) (0 ≤ t1 ≤
n1, . . . , 0 ≤ ts ≤ ns , t1 + · · · + ts ≥ 1). For each set (xs+1, . . . , xr ) (1 ≤ xs+1 ≤
Ps+1, . . . , 1 ≤ xr ≤ Pr ), we consider theD-approximations of the fractional parts of
the polynomials G = G(t1, . . . , ts) corresponding to τ(t1, . . . , ts)

τ (t1, . . . , ts) = P
t1−1/6
1 P

t2
2 . . . P tss .
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In other words, we consider relations of the form

{G} = a2(t1, . . . , ts)

q2(t1, . . . , ts)
+ β2(t1, . . . , ts),

where(
a2(t1, . . . , ts), q2(t1, . . . , ts)

) = 1, 1 ≤ q2(t1, . . . , ts) ≤ τ(t1, . . . , ts),

|β2(t1, . . . , ts)| ≤ (
q2(t1, . . . , ts)τ (t1, . . . , ts)

)−1
.

By Q2(xs+1, . . . , xr ) we denote the least common multiple of the numbers
q2(t1, . . . , ts) (0 ≤ t1 ≤ n1, . . . , 0 ≤ ts ≤ ns , t1 + · · · + ts ≥ 1); ks = mrm

−1
s =

(ns+1 + 1) . . . (nr + 1).

Lemma 7.16. Suppose that Q2 is larger than P 0.04
1 and Y is the number of sets

(xs+1, . . . , xr ) satisfying the conditions

Q2(xs+1, . . . , xr ) ≤ H = Pu1 , u = 20ksn
3spr ,

|β(t1, . . . , ts)| ≤ �(t1, . . . , ts) = P
−t1
1 . . . P−ts

s P
2nρr
1 ,

1 ≤ xs+1 ≤ Ps+1, . . . , 1 ≤ xr ≤ Pr .

Then the variable Y satisfies the estimate

Y 
 Ps+1 . . . PrP
−ρr
1 , ρr = c

(2n)2r log n
;

the constant in 
 depends only on n and r .

Proof. The proof of this lemma is similar to that of Lemma 7.15, and we omit it here.
��

Now we formulate two more lemmas.
We assume that the coefficients of the polynomial

f (x1, . . . , xk) =
n1∑
t1=0

· · ·
nk∑
tk=0

α(t1, . . . , tk)x
t1
1 . . . x

tk
k ,

can be represented as

α(t1, . . . , tk) = α = a

q
+ β,

where β is a real number and a and q are integers (a ≥ 0, q ≥ 1, (a, q) = 1). We
also assume that

Q = l.c.m.
t1+···+tk≥1

(q), δ = P
t1
1 . . . P trr β,
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� = max
t1+···+tk≥1

|δ|, 1 ≤ P1 ≤ · · · ≤ Pk.

We introduce a polynomial g(x1, . . . , xk) = f (x1 + y1, . . . , xk + yk), where
y1, . . . , yk are integers, |ys | ≤ Ps (s = 1, . . . , k). By α0 = α0(t1, . . . , tk) we denote
the coefficients of the polynomial g(x1, . . . , xk).

Lemma 7.17. It is possible to choose integer numbers a0, q0 and real numbers β0
such that for all t1, . . . , tk , the following relations hold:

α0 = a0

q0
+ β0,

and moreover,Q0 = Q,� 
 �0 
 �, and the numbersQ0 and�0 are determined
similarly to Q and �, but with α, a, q, β replaced by α0, a0, q0, β0. The constants
in 
 depend only on n and k.

Let us consider the polynomial

G(x1, . . . , xk) = G =
l1∑
t1=0

· · ·
lk∑
tk=0

α(t1, . . . , tk)x
t1
1 . . . x

tk
k .

The set A0 of coefficients α0(t1, . . . , tk) of this polynomial is a point in the mk-
dimensional Euclidean space, mk = (l1 + 1) . . . (lk + 1).

Suppose that q is a natural number, y1, . . . , yk are nonnegative integers each of
which does not exceed q. By Sq(A0) we denote the trigonometric sum

Sq(A0) =
∑′

x1≤R1

. . .
∑′

xk≤Rk
exp{2πiG}, 1 ≤ R1 ≤ · · · ≤ Rk,

where the prime on each of the summation signs means that the variables of summation
x1, . . . , xk belong to progressions of the form

x1 + y1 ≡ 0 (mod q), . . . , xk + yk ≡ 0 (mod q).

Suppose that �1 and �2 are domains of points A of the first and second classes
with respect to the parameters R1, . . . , Rk . Suppose that the variables Q0 and δ0 are
defined for a point A of the first class similarly to the variables Q and δ for a point A
in Lemma 7.10, but with the parameters P1, . . . , Pr replaced by R1, . . . , Rk .

Lemma 7.18. Suppose that the number q satisfies the inequality

qL ≤ P 0.05
1 , L = l1 + · · · + lk.

Suppose also that, for points of the second class, the sum

S(A0) =
R1∑
x1=1

· · ·
Rk∑
xk=1

exp{2πiG}
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can be estimates as
|S(A0)| 
 R1 . . . RkR

−ρk
1 ,

where ρk is a positive number such that ρk ≤ 0.02l−2, l = max(l1, . . . , lk). Then the
sum Sq(A0) satisfies the following estimates:

(1) If a point A0 belongs to the second class, then

|Sq(A0)| 
 R1 . . . Rkq
−kR−0.5ρk

1 .

(2) If a pointA0 belongs to the first class, and moreover,Q ≤ R0.07
1 and δ ≤ R0.04

1 ,
then

(a) |Sq(A0)| 
 R1 . . . Rkq
−kQ−1/n+ε

1 ;
(b) |Sq(A0)| 
 R1 . . . Rkq

−k(Q1δ)
−1/n+ε for δ ≥ 1,

where Q1 = Q/(Q, qL) and the constants in 
 depend only on k, l, and ε.
(3) The estimate given in item (1) holds for the remaining points A0 of the first

class.

In fact, the proofs of Lemmas 7.17 and 7.18 do not differ from those of Lemmas 7.8
and 7.9. Only in the proof of Lemma 7.18 we must use the result of Lemma 7.17,
while in the proof of Lemma 7.9 we applied Lemma 7.8.

7.2.2 The second main lemma

The second main lemma. Suppose that F(x1, . . . , xr ) is a polynomial with real
coefficients α(t1, . . . , tr ) of the form

F(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
r , α(0, . . . , 0) = 0;

here P1, . . . , Pr are natural numbers, P1 ≤ · · · ≤ Pr , P1 → +∞.
Consider the D-approximations of the numbers α(t1, . . . , tr ) corresponding to

τ(t1, . . . , tr ) = P
t1−1/6
1 P

t2
2 . . . P

tr
r :

α(t1, . . . , tr ) = a(t1, . . . , tr )

q(t1, . . . , tr )
+ β(t1, . . . , tr ),

1 ≤ q(t1, . . . , tr ) ≤ τ(t1, . . . , tr ),
(
a(t1, . . . , tr ), q(t1, . . . , tr )

) = 1,

|β(t1, . . . , tr )| ≤ (
q(t1, . . . , tr )τ (t1, . . . , tr )

)−1
,

0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr .

Let Q be the least common multiple of the numbers q(t1, . . . , tr ). Then for Q >

P 0.1
1 the trigonometric sum

S = S(A) =
P1∑
x1=1

· · ·
Pr∑
xr=1

exp{2πiF (x1, . . . , xr )}
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satisfies the estimate
|S| ≤ cP1 . . . PrP

−ρ
1 ,

where c = c(n1, . . . , nr ) > 0, ρ = ρr = γ /((2n)2r log n), γ > 0 is an absolute
constant.

Prior to proving the second main lemma, we dwell upon some of its characteristic
features. It should be noted that the main case of the lemma, i.e., the case in which
the intervals of summation in the trigonometric sum are essentially different, can be
proved by an induction approach to sums with a fewer number of variables. Recall that,
in the first main lemma, we reduce estimating double trigonometric sums to estimating
one-dimensional “inner” sums and to estimating the number of the fractional parts of
a polynomial in a single variable contained in intervals of some special form. We
shall use a similar approach to estimate sums of larger multiplicity. However, the
situation is more complicated because in this case, in general, it is possible to pass to
sums of lesser multiplicity in several different ways and the number of cases which
we must study may depend on the number of variables r and the powers n1, . . . , nr
in the polynomial in the exponent of the r-fold sum. We overcome this difficulty by
choosing a special method for passing from sums of larger multiplicity to sums of
lesser multiplicity. Moreover, in fact, we establish an almost perfect correspondence
between the scheme for deriving an estimate for the double sum and a similar scheme
for the r-fold sum. To stress this fact, whenever possible, we consciously use the same
or closely related terminology and argument.

The correspondence mentioned above can be established as follows. First, we
exclude the case of sums whose intervals of summation P1, . . . , Pr do not differ very
much, i.e., the case of sums that with an appropriate accuracy can be estimated by the
corresponding theorems from Chapter 5. Next, starting from the assumption that the
parameters P1, . . . , Pr are significantly different and using a special method, we find
the index s that is less than r . Then we associate the group of variables x1, . . . , xs
with the variable x1 in the two-fold case, and the group of variables xs+1, . . . , xr with
the variable x2 in the same case. Moreover, we can write the sum S as

S=
P1∑

xs+1=1

. . .

Pr∑
xr=1

( P1∑
x1=1

. . .

Ps∑
xs=1

exp

{
2πi

( n1∑
t1=0

. . .

ns∑
ts=0

A(t1, . . . , ts)x
t1
1 . . . x

ts
s

)})
,

where
A(t1, . . . , ts) = gt1,...,ts (xs+1, . . . , xr ).

Here A(t1, . . . , ts) plays the same role as A at the beginning of the proof of the first
main lemma, while the role of the inner sum over x1 is played by the sum in parentheses
in the above formula for the sum S. After this, the general scheme of reasoning in
the r-fold case resembles the two-fold case very much. In particular, it is possible
to establish a correspondence between the sets of indices E0, E1, E2 and a sets of
indices in the multiple case.
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Because of this similarity, we do not further describe the scheme of the proof of
the second main lemma. We only note that, in principle, it is possible to start the
induction from r = 1 rather than from r = 2, as it is done here. However, this leads to
significant additional technical difficulties, in particular, we must almost everywhere
consider the case r = 2 as an exceptional case.

Proof. We assume that r ≥ 3, since, for r = 1, the statement of the lemma follows
from Lemma 7.1 (a) and for r = 2, from the first main lemma. First, we estimate the
sum S = S(A) under the condition that the following inequalities hold:

P
5/6
2 ≤ P

n1+1
1 ,

...

P
5/6
s+1 ≤ P

n1+1
1 P

n2
2 . . . P nss , (7.32)

...

P
5/6
r ≤ P

n1+1
1 P

n2
2 . . . P

nr−1
r−1 .

If a point A with coordinates α(t1, . . . , tr ) (0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr ,
t1 + · · · + tr ≥ 1) that are the coefficients of the polynomial

F(x1, . . . , xr ) =
n1∑
t1=0

· · ·
ns∑
ts=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
r ,

is a point of the second class �2, then, by Lemma 7.12, the sum

S(A) =
P1∑
x1=1

· · ·
Pr∑
xr=1

exp{2πiF (x1, . . . , xr )}

satisfies the estimate

|S(A)| 
 exp{32�}P1 . . . PrP
−ρ
1 , (7.33)

where
ρ = c(m� logm�)−1, � = n1 + ν2n2 + · · · + νrnr ,

and the natural numbers νs (s = 2, . . . , r) are determined by the inequalities

−1 < lnPs/lnP1 − νs ≤ 0.

We show that in the case under study the statement of the lemma follows from the
estimate (7.33). Obviously, it suffices to prove that

ρ = c

m� logm�
≥ γ

(2n)2r log n
= ρr .
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By definition, the numbers νs (s = 2, . . . , r) satisfy the inequalities νs =
lnPs/ lnP1 + 1. We set

1 = lnP1/ lnP1 = z1, lnP2/ lnP1 = z2, . . . lnPr/ lnP1 = zr .

Then we have

νs ≤ zs + 1, s = 2, . . . , r, 1 ≤ z1 ≤ · · · ≤ zr ,

� ≤ n2 + · · · + nr + n1z1 + · · · + nrzr ≤ n

(
r − 1 +

r∑
s=1

zs

)
.

Taking the logarithm of inequality (7.32), for s = 1, . . . , r − 1, we obtain

lnPs+1 ≤ 1.2
(
(n1 + 1) lnP1 + n2 lnP2 + · · · + ns lnPs

)
.

This implies that the numbers z1, . . . , zr satisfy the relations

z1 = 1, z2 ≤ 1.2nz1 + 1.2,

z3 ≤ 1.2n(z1 + z2)1.2,

...

zr ≤ 1.2n(z1 + · · · + zr−1)+ 1.2.

To estimate �, we successively apply these inequalities, starting from the last, and
obtain

� ≤ n

(
r − 1 +

r∑
s=1

zs

)
=
(
r − 1 + zr +

r−1∑
s=1

zs

)

≤ n

(
r − 1 + 1.2 + (1.2n+ 1)

r−1∑
s=1

zs

)

≤ n

(
r − 1 + 2 · 1.2 + (1.2n+ 1)2

r−2∑
s=1

zs

)
≤ . . .

≤ n
(
r − 1 + 1.2(r − 1)+ (1.2n+ 1)r−1) ≤ 2(1.2n+ 1)r ,

because 2.2n(r − 1) < (1.2n+ 1)r .
Recall that m = (n1 + 1) . . . (nr + 1). Since r ≥ 3 and n ≥ 2, we obtain

m ≤ (n+ 1)′, m� ≤ (n+ 1)r (1.2n+ 1)r < 2(1.6n)2r ,

lnm� < r ln 2(n+ 1)(1.2n+ 1) < 5r ln n.

Hence, for γ ≤ c/20, we have

ρ = c

m� logm�
>

c

10r(1.6n)2r ln n
>

c

20(2n)2r ln n
≥ γ

(2n)2r ln n
.
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So we have obtained the desired estimate of the sum S(A) for points of the second
class under condition (7.32).

But if a point A belongs to �1, then, by the definition of points of the first class,
we have

α(t1, . . . , tr ) = a0(t1, . . . , tr )

q0(t1, . . . , tr )
+ β0(t1, . . . , tr ),(

a0(t1, . . . , tr ), q0(t1, . . . , tr )
) = 1,

|β0(t1, . . . , tr )| ≤ P
−t1+0.1
1 P

−t2
2 . . . P−tr

r ,

and the least common multiple q0 of the numbers q0(t1, . . . , tr ) (0 ≤ t1 ≤ n1, . . . , 0 ≤
tr ≤ nr , t1 + · · · + tr ≥ 1) is less than P 0.1

1 . By the assumptions of the lemma, Q
is the least common multiple of the numbers q(t1, . . . , tr ) in the D-approximations
of α(t1, . . . , tr ) (0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr , t1 + · · · + tr ≥ 1) corresponding
to τ(t1, . . . , tr ) = P

t1−1/6
1 P

t2
2 . . . P

tr
r , and this number Q exceed P 0.1

1 . Hence there
is a set (t1, . . . , tr ) such that q(t1, . . . , tr ) �= q0(t1, . . . , tr ). We will show that q0 ≥
0.5P 1/15

1 . Indeed, we have

1

q(t1, . . . , tr )q0(t1, . . . , tr )

≤
∣∣∣∣a(t1, . . . , tr )q(t1, . . . , tr )

− a0(t1, . . . , tr )

q0(t1, . . . , tr )

∣∣∣∣ ≤ |β(t1, . . . , tr )| + |β0(t1, . . . , tr )|

≤ P
−t1+0.1
1 P

−t2
2 . . . P−tr

r + P
−t1+1/6
1 P

−t2
2 . . . P−tr

r q−1(t1, . . . , tr ),

q0 ≥ q0(t1, . . . , tr ) ≥ 0.5P 1/15
1 .

Now, to estimate the sum S, we apply Lemma 7.10. We obtain

|S| 
 P1 . . . PrP
−1/(30n)
1 
 P1 . . . PrP

−ρ
1 .

So we have proved the statement of the lemma for the parameters P1, . . . , Pr
satisfying condition (7.32). If this condition is not satisfied, then there exists an s
(1 ≤ s ≤ r − 1) for which the following inequalities hold:

P
5/6
r ≤ P

n1+1
1 P

n2
2 . . . P

nr−1
r−1 ,

...

P
5/6
s+2 ≤ P

n1+1
1 P

n2
2 . . . P

ns+1
s+1 ,

P
5/6
s+1 > P

n1+1
1 P

n2
2 . . . P nss .

(7.34)

In this case we prove the lemma by induction on the parameter r . By the induction
hypothesis, the statement of the lemma holds for all r that are less than some natural
number r0. Starting from this, we prove that the statement of the lemma holds for
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r = r0. In what follows, for simplicity, instead of r0, we write r . If we need to
estimate the sum S(A) where the number of variables is less than r , then, as if it were
already proved, we use the statement of the lemma with an appropriate change of the
parameter r by a smaller value.

We write the polynomial F(x1, . . . , xr ) in the form

F(x1, . . . , xr ) =
n1∑
t1=0

· · ·
ns∑
ts=0

gt1,...,ts (xs+1, . . . , xr )x
t1
1 . . . x

ts
s . (7.35)

Recall thatQ denotes the least common multiple of q(t1, . . . , tr ) in theD-approxi-
mations of α(t1, . . . , tr ) corresponding to τ(t1, . . . , tr ) (0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤
nr , t1 + · · · + tr ≥ 1). By Q0 we denote the least common multiple of the numbers
q(t1, . . . , tr ) satisfying the conditions t1 + · · · + ts ≥ 1, ts+1 + · · · + tr ≥ 1, 0 ≤
t1 ≤ n1, . . . , 0 ≤ tr ≤ nr , and by Q1 we denote the least common multiple of the
numbers q(t1, . . . , tr ) satisfying the conditions t1 = · · · = ts = 0, ts+1 +· · ·+ tr ≥ 1,
0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr . Finally, by Q2 we denote the least common
multiple of the numbers q(t1, . . . , tr ) satisfying the conditions t1 + · · · + ts ≥ 1,
ts+1 = · · · = tr = 0, 0 ≤ t1 ≤ n1, . . . , 0 ≤ ts ≤ ns .

By the assumptions of the lemma, we have Q = [Q0,Q1,Q2]. As in the case of
double sums S, we separately consider the two cases: the case of large Q0 and the
case of small Q0.

Let Q0 ≥ P
10n2msρr
1 . For each set (t1, . . . , ts) (0 ≤ t1 ≤ n1, . . . , 0 ≤ ts ≤ ns ,

t1+· · ·+ts ≥ 1), byQ(t1, . . . , ts)we denote the least common multiple of the numbers
q(t1, . . . , ts , . . . , tr ) satisfying the conditions 0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr ,
ts+1 +· · ·+ tr ≥ 1. It follows from the definition of the numbersQ0 andQ(t1, . . . , ts)
thatQ0 is equal to the least common multiple of the numbersQ(t1, . . . , ts) (0 ≤ t1 ≤
n1, . . . , 0 ≤ ts ≤ ns , t1 + · · · + ts ≥ 1). Therefore, there exists a set (t1, . . . , ts) = N

such that the following inequalities hold:

Q(t1, . . . , ts) ≥ Q
1/ms
0 ≥ P

10n2ρr
1 .

For this set, we assume that Q3 = Q(t1, . . . , t3).
Depending on the value of Q3, we consider the following three cases:

(a) P 10n2ρr
1 ≤ Q3 < P 0.1

s+1;

(b) P 0.1
s+1 ≤ Q3 and the inequalities

q(t1, . . . , ts , . . . , tr ) ≤ P
ts+1−1/6
s+1 P

ts+2
s+2 . . . P

tr
r

hold for 0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr , ts+1 + · · · + tr ≥ 1;
(c) P 0.1

s+1 ≤ Q3 and there exists a set (ts+1, . . . , tr ) such that

q(t1, . . . , ts , . . . , tr ) ≥ P
ts+1−1/6
s+1 P

ts+2
s+2 . . . P

tr
r .
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For the set (t1, . . . , ts) = N mentioned above, we set

g(xs+1, . . . , xr ) = gt1,...,ts (xs+1, . . . , xr )

in (7.35), and moreover, we have

τ1 = τ1(t1, . . . , ts) = P
t1−1/6
1 P

t2
2 . . . P tss .

We consider the D-approximations of the fractional parts of the polynomial
g(xs+1, . . . , xr ) corresponding to τ1, i.e., we consider the relations

{g(xs+1, . . . , xr )} = b

l
+ θ

lτ1
, (7.36)

where (b, l) = 1, 1 ≤ l ≤ τ , and |θ | ≤ 1.
We consider case (a). We represent the sum S in the form

S = S1 + S2 + S3,

where

Sj =
∑

· · ·
∑

(xs+1,...,xr )∈Tj

P1∑
x1=1

· · ·
Ps∑
xs=1

exp{2πiF (x1, . . . , xs, xs+1, . . . , xr )},

j = 1, 2, 3,

and the domain of summation Tj over the variables xs+1, . . . , xr in each of the sums Sj
is its own and is determined as follows. We consider the inner sum over x1, . . . , xs :

S(xs+1, . . . , xr ) =
P1∑
x1=1

· · ·
Ps∑
xs=1

exp{2πiF (x1, . . . , xs, . . . , xr )} (7.37)

=
P1∑
x1=1

· · ·
Ps∑
xs=1

exp

{
2πi

( n1∑
t1=0

· · ·
ns∑
ts=0

G(t1, . . . , ts)x
t1
1 . . . x

ts
s

)}
,

where the numbers G(t1, . . . , ts) depend on xs+1, . . . , xr and

G(t1, . . . , ts) = gt1,...,ts (xs+1, . . . , xr ) = g(xs+1, . . . , xr ).

If a point G with coordinates G(t1, . . . , ts) (0 ≤ t1 ≤ n1, . . . , 0 ≤ ts ≤ ns ,
t1 + · · · + ts ≥ 1) in the ms-dimensional space is a point of the second class with
respect to the parameters P1, . . . , Ps , then the corresponding set xs+1, . . . , xr belongs
to the set T1. If this point is a point of the first class, but its coordinateG(t1, . . . , ts) =
g(xs+1, . . . , xr ) satisfies relation (7.36) with l > H = P

2nρr
1 , then the corresponding

set (xs+1, . . . , xr ) belongs to the set T2. All other sets belong to the set T3.
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For (xs+1, . . . , xr ) contained in the set T1, the pointG is a point of the second class
and hence it belongs to the domain ω1 or to the domain ω2 introduced in Lemma 7.11.
If the point G belongs to ω2, then in this case the least common multiple Q∗ of the
denominators in the D-approximations of the numbers g(t1, . . . , ts), corresponding
to τ(t1, . . . , ts), is no less than P 0.1

1 . Hence, by the induction assumption, we have
the estimate

|S(xs+1, . . . , xr )| 
 P1 . . . PsP
−ρs
1 , ρs = γ

(2n)2s log n
.

But if the point G belongs to ω1, then, by the definition of the domain ω1 and by
Lemma 7.11, we obtain

|S(xs+1, . . . , xr )| 
 P1 . . . PsP
−1/(20n)
1 
 P1 . . . PsP

−ρr
1 .

For the values contained in T2, the least common multiple of the denominators of
rational fractions in representation (7.36) is larger than H . Hence, by Lemma 7.10,
the sum S(xs+1, . . . , xr ) satisfies the estimate

|S(xs+1, . . . , xr )| 
 P1 . . . PsH
−1/(2n) 
 P1 . . . PsP

−ρr
1 .

Now we given an estimate from above for Y , i.e., for the number of the sets
(xs+1, . . . , xr ) contained in T3. In this case, the fractional parts of the polynomial
g(xs+1, . . . , xr ) are contained at least in one of the intervals of the form [b/l −
1/(lτ1), b/ l + 1/(lτ1)] and l ≤ H . The number � of the fractional parts of the
polynomial g(xs+1, . . . , xr ) contained in one of these intervals does not exceed

�1 
 Ps+1 . . . Pr
(
(lτ1)

−1 + P
−5nρr
1

)
.

Indeed, the polynomial g(xs+1, . . . , xr ) has the form

g(xs+1, . . . , xr ) =
ns+1∑
ts+1=0

· · ·
nr∑
tr=0

α(t1, . . . , ts , . . . , tr )x
ts+1
s+1 . . . x

tr
r

and, by the assumption of the lemma, its coefficients satisfy the relation

α(t1, . . . , tr ) = a(t1, . . . , tr )

q(t1, . . . , tr )
+ β(t1, . . . , tr ),

where

|β(t1, . . . , tr )| ≤ (
q(t1, . . . , tr )τ (t1, . . . , tr )

)−1

≤ P
−t1+1/6
1 P

−t2
2 . . . P−tr

r ≤ P
−ts+1
s+1 . . . P−tr

r ,

and the least common multiple of the denominators q(t1, . . . , tr ), equal to Q3, does
not exceed P 0.1

s+1, i.e., the point with coordinates α(t1, . . . , ts , . . . , tr ) (0 ≤ ts+1 ≤
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ns+1, . . . , 0 ≤ tr ≤ nr , ts+1 + · · · + tr ≥ 1) belongs to the first class with respect to
the parameters Ps+1, . . . , Pr . Therefore, applying Lemma 7.13, item (1), (a), with Q

equal toQ3 > P
10n3ρr
1 to estimate �1, we obtain the estimate written above. Hence Y

satisfies the estimate

Y 
 H 2�1 
 Ps+1 . . . Pr(τ
−1
1 + P

−5nρr
1 ) 
 Ps+1 . . . PrP

−ρr
1 .

We substitute the obtained estimates for S(xs+1, . . . , xr ) into the sums S1 and S2
and estimate the sum S3 trivially by the number of terms. We obtain

|S| ≤ |S1| + |S2| + |S3| 
 P1 . . . PrP
−ρr
1 .

Now we consider case (b). We represent the sum S as

S = S4 + S5 + S6,

where

Sj =
∑

· · ·
∑

(xs+1,...,xr )∈Tj

P1∑
x1=1

· · ·
Ps∑
xs=1

exp{2πiF (x1, . . . , xr )}, j = 4, 5, 6,

and the domain of summation Tj over the variables xs+1, . . . , xr in each of the sums
is its own and is determined as follows. We consider representation (7.37) of the
inner sum over x1, . . . , xs . If a point G with coordinates G(t1, . . . , ts) (0 ≤ t1 ≤
n1, . . . , 0 ≤ ts ≤ ns , t1 + · · · + ts ≥ 1) is a point of the second class with respect
to the parameters P1, . . . , Ps , then the corresponding set (xs+1, . . . , xr ) belongs to
the set T4. If this point is a point of the first class, but its coordinate G(t1, . . . , ts) =
g(xs+1, . . . , xr ) satisfies relation (7.36) with l ≥ H1 = P

0.25ρr−s
s+1 , then the correspond-

ing set (xs+1, . . . , xr ) belongs to the set T5. All other sets (xs+1, . . . , xr ) belong to
the set T6.

If the set (xs+1, . . . , xr ) belongs to the set T4, the point G either belongs to the
domain ω1 (in this case we use Lemma 7.11) or to the domain ω2 (in this case we use
the induction hypothesis). We obtain

|S(xs+1, . . . , xr )| 
 P1 . . . PsP
−ρr
1 .

Now we estimate the sum S(xs+1, . . . , xr ) for the sets (xs+1, . . . , xr ) contained
in T5. By relation (7.36), we have

G(t1, . . . , ts) = b

l
+ θ

lτ1
.

If l ≥ P 0.1
1 , then, by the induction hypothesis we have

|S(xs+1, . . . , xr )| 
 P1 . . . PsP
−ρs
1 .
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Let l < P 0.1
1 . Since the point G belongs to the first class, acting similarly to the

case of the sum S5 for the double sum S, we see that the least common multiple of the
denominators of the fractions determining the first class is larger than H1. Hence we
have

|S(xs+1, . . . , xr )| 
 P1 . . . PsH
−1/n+ε
1 
 P1 . . . PsP

−ρr
1 .

Now we estimate the number of the sets (xs+1, . . . , xr ) contained in T6. As in the
case of the set T3, for these sets (xs+1, . . . , xr ), the fractional parts of the polynomial
g(xs+1, . . . , xr ) are contained at least in one of the intervals of the form[

b

l
− 1

lτ1
,
b

l
+ 1

lτ1

]
, l ≤ H1.

By Lemma 7.13, item (3), the number � of the sets (xs+1, . . . , xr ) contained in
one of the above intervals does not exceed

�1 
 Ps+1 . . . Pr
(
(lτ1)

−1 + P
−ρ
s+1

)
, (7.38)

where the variable ρ is defined in Lemma 7.12 and is equal to

ρ = c(ks� log ks�)
−1, � = ns+1 + νs+2ns+2 + · · · + νrnr ,

−1 ≤ logPt
logPs+1

− νt ≤ 0, t = s + 2, . . . , r, ks = mrm
−1
s .

We show that

ρ = c

ks� log ks�
≥ γ

(2n)2(r−s) log n
= ρr−s .

We set

Ps+1

logPs+1
= zs+1 = 1,

Ps+2

logPs+1
= zs+2 = 1, . . . ,

Pr

logPs+1
= zr = 1.

Since νt ≤ zt + 1 (t = s + 2, . . . , r), we have the following upper bound for �:

� ≤ n

(
r − s − 1 +

r∑
t=s+1

zt

)
.

Relations (7.34) imply the inequalities

P
5/6
r ≤ P

ns+1+5/6
s+1 P

ns+2
s+2 . . . P

nr−1
r−1 ,

...

P
5/6
s+3 ≤ P

ns+1+5/6
s+1 P

ns+2
s+2 ,

P
5/6
s+2 ≤ P

ns+1+5/6
s+1 .
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Taking logarithms of these inequalities, we obtain

zs+1 = 1, zs+2 ≤ 1.2nzs+1 + 1,

zs+3 ≤ 1.2n(zs+1 + zs+2)+ 1,

...

zr ≤ 1.2n(zs+1 + · · · + zr−1)+ 1.

We use the above inequalities to estimate �. We obtain

� ≤ n

(
r − s − 1 +

n∑
t=s+1

zt

)
= n

(
r − s − 1 + zr +

r−1∑
t=s+1

zt

)

≤
(
r − s − 1 + 1 + (1.2n+ 1)

r−1∑
t=s+1

zt

)
≤ . . .

≤ (
r − s − 1 + r − s − 1 + (1.2n+ 1)r−s−1) ≤ 2(1.2n+ 1)r−s .

Hence for r ≥ 3 and n ≥ 2, we have

ks ≤ (n+ 1)r−s , ks� ≤ 2(n+ 1)r−s(1.2n+ 1)r−s ≤ 2(1.6n)2(r−s)

log ks� ≤ (r − s) log 2(n+ 1)(1.2n+ 1) ≤ 5(r − s) log n.

Hence for γ < c/20, we obtain

ρ = c

ks� log ks�
>

c

20(2n)2(r−s) log n
≥ ρr−s .

Thus it follows from (7.38) that

�1 
 Ps+1 . . . Pr
(
(lτ1)

−1 + P
−ρr−s
s+1

)
and the number of sets Y contained in T6 does not exceed H 2

1�1,

Y 
 H 2
1�1 
 Ps+1 . . . PrP

−0.5ρr−s
s+1 
 Ps+1 . . . PrP

−ρr
1 .

In case (b), we finally obtain

|S| ≤ |S4| + |S5| + |S6| 
 P1 . . . PrP
−ρr
1 .

Now we study case (c). Here we have Q3 ≥ P 0.1
s+1, and there exists a set

(ts+1, . . . , tr ) for which the denominator q = q(t1, . . . , ts , . . . , tr ) of the fraction
in the D-approximation of the number α(t1, . . . , ts , . . . , tr ), corresponding to τ =
τ(t1, . . . , ts , . . . , tr ), satisfies the condition

η = P
ts+1−1/6
s+1

P
ts+2
s+2 . . . P

tr
r < q ≤ τ.
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We consider new D-approximations of the numbers α(t1, . . . , ts , . . . , tr ) for all
the sets (ts+1, . . . , tr ) (0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr , ts+1 + · · · + tr ≥ 1)
corresponding to

η(ts+1, . . . , tr ) = P
ts+1−1/6
s+1

P
ts+2
s+2 . . . P

tr
r ;

in other words, we consider the representations

α(t1, . . . , ts , . . . , tr ) = d(ts+1, . . . , tr )

h(ts+1, . . . , tr )
+ θ

h(ts+1, . . . , tr )τ (ts+1, . . . , tr )
,(

d(ts+1, . . . , tr ), h(ts+1, . . . , tr )
) = 1, (7.39)

1 ≤ h(ts+1, . . . , tr ) ≤ η(ts+1, . . . , tr ), |θ | = |θ(ts+1, . . . , tr )| ≤ 1.

First, we assume that the least common multiple Q4 of h(ts+1, . . . , tr ) (0 ≤
ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr , ts+1 + · · · + tr ≥ 1) is larger than P 0.1

s+1. Then, in fact,
the sum S can be estimated as in case (b). We represent the sum S as

S = S7 + S8 + S9,

where

Sj =
∑

· · ·
∑

(xs+1,...,xr )∈Tj

P1∑
x1=1

· · ·
Ps∑
xs=1

exp{2πiF (x1, . . . , xr )}, j = 7, 8, 9,

and the domain of summation Tj over the variables xs+1, . . . , xr in each of the sums
is its own and is determined as follows. We consider representation (7.37) of the inner
sum over x1, . . . , xs . IfG is a point of the second class with respect to the parameters
P1, . . . , Ps , then the corresponding set (xs+1, . . . , xr ) belongs to T7. If this point is
a point of the first class, but its coordinate G(t1, . . . , ts) = g(xs+1, . . . , xr ) satisfies
relation (7.36) with l ≥ H1 = P

0.25ρr−s
1 , then the corresponding set (xs+1, . . . , xr )

belongs to the set T8. All other sets (xs+1, . . . , xr ) belong to the set T9.
The sums S7 and S8 are estimated precisely as the sums S4 and S5. The sum S9

can be estimated similarly to the sum S6; in this case the estimates are the same, but
the coefficients of the polynomial g(xs+1, . . . , xr ) for the sum S9 have a somewhat
different representation.

Now we assume that, in the newD-approximation (7.39), the least common mul-
tiple Q4 of the numbers h(ts+1, . . . , tr ) does not exceed P 0.1

s+1. Then the following
two cases are possible:

P 0.1
s+1 ≥ Q4 > H2 = P

10n2ρr
1 and Q4 ≤ H2.

First, we consider the caseQ4 > H2. Here the sum S is estimated similarly to the
sum S in case (a) considered above. We again divide the sum S into three sums:

S = S10 + S11 + S12,
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where

Sj =
∑

· · ·
∑

(xs+1,...,xr )∈Tj

P1∑
x1=1

· · ·
Ps∑
xs=1

exp{2πiF (x1, . . . , xr )}, j = 10, 11, 12,

and the domain of summation Tj over the variables (xs+1, . . . , xr ) in each of the sums
is its own and is determined as follows. We consider representation (7.37) of the inner
sum over x1, . . . , xs . If G is a point of the second class, then the corresponding set
(xs+1, . . . , xr ) belongs to the set T10. If this point is a point of the first class, but its
coordinate G(t1, . . . , ts) = g(xs+1, . . . , xr ) satisfies relation (7.36) with l > H =
P

2nρr
1 , then the corresponding set belongs to the set T11. All other sets (xs+1, . . . , xr )

belong to the set T12.
Let us estimate the sum S(xs+1, . . . , xr ) contained in S10. In the case of pointsG

from the set ω1, we use Lemma 7.11, and in the case of points G from the set ω2, we
apply the induction hypothesis to the sum S(xs+1, . . . , xr ). We obtain

|S(xs+1, . . . , xr )| 
 P1 . . . PsP
−ρs
1 , |S10| 
 P1 . . . PrP

−ρr
1 .

Now we estimate the sum S11. If l ≥ P 0.1
1 , then, by the induction hypothesis, we

obtain the estimate
|S(xs+1, . . . , xr )| 
 P1 . . . PsP

−ρs
1 .

Let l < P 0.1
1 . We shall use the fact that G is a point of the first class, i.e., the

relations

G(t1, . . . , ts) = a(t1, . . . , ts)

q(t1, . . . , ts)
+ β(t1, . . . , ts),(

a(t1, . . . , ts), q(t1, . . . , ts)
) = 1,

|β(t1, . . . , ts)| ≤ P
−t1+0.1
1 P

−t2
2 . . . P−ts

s ,

t1 + · · · + ts ≥ 1, 0 ≤ t1 ≤ n1, . . . , 0 ≤ ts ≤ ns,

hold and the least common multiple q of all the numbers q(t1, . . . , ts) does not exceed
P 0.1

1 . As before, in estimating the double sums in the case of S5, we show that

a(t1, . . . , ts)

q(t1, . . . , ts)
= b

l

and therefore q ≥ q(t1, . . . , ts) = l > H . We now apply Lemma 7.10 to the sum
S(xs+1, . . . , xr ) and obtain

|S(xs+1, . . . , xr )| 
 P1 . . . PsH
−1/n+ε 
 P1 . . . PsP

−ρr
1 .

We trivially estimate the sum S12 by the number of terms:

|S12| ≤ P1 . . . PsY,
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where Y is the number of sets (xs+1, . . . , xr ) for which the fractional parts of the
polynomial g(xs+1, . . . , xr ) are contained at least in one of the intervals of the form[

b

l
− 1

lτ1
,
b

l
+ 1

lτ1

]
, (b, l) = 1, l ≤ H. (7.40)

The coefficients of the polynomial g(xs+1, . . . , xr ) generate a point A1 with co-
ordinates α(t1, . . . , ts , ts+1, . . . , tr ) (0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr , ts+1 +· · ·+
tr ≥ 1).

First, we assume that the pointA1 belongs to the second class�2. The domain�2
consists of domains ω1 and ω2. If the point A1 belongs to the domain ω1, then, by
Lemma 7.13, item (2), the number � of sets (xs+1, . . . , xr ) contained in one of the
intervals of the form (7.40) does not exceed

�1 
 Ps+1 . . . Pr
(
(lτ1)

−1 + P
−1/(20n)
s+1

)
.

If the point A1 belongs to the domain ω2, then, by Lemma 7.13, item (3), we have

�1 
 Ps+1 . . . Pr
(
(lτ1)

−1 + exp{32�}P−ρ
s+1

)
,

where

ρ = c(ks� log ks�)
−1, ks = mrm

−1
s ,

� = ns+1 + ns+2νs+2 + · · · + nrνr ,

−1 ≤ logPt/logPs+1 − νt ≤ 0, t = s + 2, . . . , r.

Repeating the argument used in estimating the sum S6 word for word, we obtain
the inequality ρ ≥ ρr−s . Hence

� 
 �1 
 Ps+1 . . . Pr
(
(lτ1)

−1 + P
−ρr−s
s+1

)
.

Now let A1 be a point of the first class. Then we can represent the coordinates
α(t1, . . . , ts , ts+1, . . . , tr ) of the point A1 as

α(t1, . . . , ts , ts+1, . . . , tr ) = a(ts+1, . . . , tr )

q(ts+1, . . . , tr )
+ β(ts+1, . . . , tr ),

|β(ts+1, . . . , tr )| ≤ P
−ts+1+0.1
s+1 P

−ts+2
s+2 . . . P−tr

r ,

0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr, ts+1 + · · · + tr ≥ 1,

and the least common multiple q of the numbers q(ts+1, . . . , tr ) (0 ≤ ts+1 ≤
ns+1, . . . , 0 ≤ tr ≤ nr , ts+1 + · · · + tr ≥ 1) does not exceed P 0.1

s+1. Moreover, for the
coordinates α(t1, . . . , tr ) of the point A1, relations (7.39) hold for H2 < Q ≤ P 0.1

s+1,
namely,

α(t1, . . . , ts , ts+1, . . . , tr ) = d(ts+1, . . . , tr )

h(ts+1, . . . , tr )
+ θ

h(ts+1, . . . , tr )η(ts+1, . . . , tr )
,
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η(ts+1, . . . , tr ) = P
ts+1−1/6
s+1 P

ts+2
s+2 . . . P

tr
r , |θ | ≤ 1,

0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr, ts+1 + · · · + tr ≥ 1,

Q4 = l.c.m.
ts+1,...,tr

(
h(ts+1, . . . , tr )

)
.

We show that the following relations hold for all the sets (ts+1, . . . , tr ):

a(ts+1, . . . , tr )

q(ts+1, . . . , tr )
= d(ts+1, . . . , tr )

h(ts+1, . . . , tr )
.

Assume the contrary, i.e., assume that there is a set (ts+1, . . . , tr ) such that

a(ts+1, . . . , tr )

q(ts+1, . . . , tr )
�= d(ts+1, . . . , tr )

h(ts+1, . . . , tr )
;

then, on the one hand,∣∣∣∣a(ts+1, . . . , tr )

q(ts+1, . . . , tr )
− d(ts+1, . . . , tr )

h(ts+1, . . . , tr )

∣∣∣∣ ≥ 1

q(ts+1, . . . , tr )h(ts+1, . . . , tr )
≥ P−0.2

s+1 ,

since q(ts+1, . . . , tr ) ≤ q < P 0.1
s+1 and h(ts+1, . . . , tr ) ≤ Q4 ≤ P 0.1

s+1; on the other
hand, we have∣∣∣∣a(ts+1, . . . , tr )

q(ts+1, . . . , tr )
− d(ts+1, . . . , tr )

h(ts+1, . . . , tr )

∣∣∣∣
≤ |β(t1, . . . , tr )| + 1

h(ts+1, . . . , tr )η(ts+1, . . . , tr )

≤ P
−ts+1+0.1
s+1 P

−ts+2
s+2 . . . P−tr

r + P
−ts+1+1/6
s+1 P

−ts+2
s+2 . . . P−tr

r ≤ 2P−5/6
s+1 ,

since

|β(ts+1, . . . , tr )| ≤ P
−ts+1+0.1
s+1 P

−ts+2
s+2 . . . P−tr

r , h(ts+1, . . . , tr ) ≥ 1,

η(ts+1, . . . , tr ) = P
ts+1−1/6
s+1 P

ts+2
s+2 . . . P

tr
r .

The estimates obtained for∣∣∣∣a(ts+1, . . . , tr )

q(ts+1, . . . , tr )
− d(ts+1, . . . , tr )

h(ts+1, . . . , tr )

∣∣∣∣
contradict each other. So for all the sets (ts+1, . . . , tr ) (0 ≤ ts+1 ≤ ns+1, . . . ,
0 ≤ tr ≤ nr , ts+1 + · · · + tr ≥ 1) we have

a(ts+1, . . . , tr )

q(ts+1, . . . , tr )
= d(ts+1, . . . , tr )

h(ts+1, . . . , tr )
.

This implies q = Q4 > H2.
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Now we estimate � by Lemma 7.13, item (1), as follows:

� 
 Ps+1 . . . Pr
(
(lτ1)

−1 +H
−1/n+ε
2

)
.

So the number � of sets (xs+1, . . . , xr ) contained in one of the intervals of the
form (7.40) does not exceed

� 
 Ps+1 . . . Pr
(
(lτ1)

−1 + P
−ρr−s
s+1 + P

−1/(20n)
s+1 +H

−1/(2n)
2

)
.

Since the number of intervals of the form (7.40) does not exceed H 2, we have

Y ≤ H 2� 
 Ps+1 . . . PrH
2H

−1/(2n)
2 
 Ps+1 . . . PrP

−ρr
1 .

Hence
|S| ≤ |S10| + |S11| + |S12| 
 P1 . . . PrP

−ρr
1 .

Now we consider the case Q4 ≤ H2. We represent the sum S in the form

S = S13 + S14 + S15,

where

Sj =
∑

· · ·
∑

(xs+1,...,xr )∈Tj

P1∑
x1=1

· · ·
Ps∑
xs=1

exp{2πiF (x1, . . . , xr )}, j = 13, 14, 15,

and the domain of summation Tj over the variables xs+1, . . . , xr in each of the sums
is its own and is determined as follows. We consider representation (7.37) of the inner
sum over x1, . . . , xs . If G is a point of the second class, then the corresponding set
(xs+1, . . . , xr ) belongs to the set T13. If this point is a point of the first class, and more-
over, in theD-representation of the fractional parts of the polynomial g(xs+1, . . . , xr )

of the form

{g(xs+1, . . . , xr )} = b

l
+ β, (b, l) = 1, 1 ≤ l ≤ τ1,

τ1 = P
t1−1/6
1 P

t2
2 . . . P tss , |β| ≤ (lτ1)

−1, δ = P
t1
1 . . . P tss |β|,

(7.41)

the variables l and δ satisfy the inequalities l > H = P
2nρr
1 and δ > H , then the

corresponding set (xs+1, . . . , xr ) belongs to the set T14. Finally, all the other sets
(xs+1, . . . , xr ) belong to the set T15.

We estimate each of the sums S(xs+1, . . . , xr ) contained in S13. The second class
�2 consists of two sets ω1 and ω2. If a point G belongs to ω1, then, by Lemma 7.11,
we have

|S(xs+1, . . . , xr )| 
 P1 . . . PsP
−1/(20n)
1 .

But if a point G belongs to ω2, then, by the induction hypothesis, we obtain

|S(xs+1, . . . , xr )| 
 P1 . . . PsP
−ρs
1 ,
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and hence
|S13| 
 P1 . . . PrP

−ρr
1 .

Now we consider the sum S14. If in representation (7.41), the variable l is larger
than P 0.1

1 , then, by the induction hypothesis, we obtain

|S(xs+1, . . . , xr )| 
 P1 . . . PsP
−ρs
1 .

Now we assume that l does not exceed P 0.1
1 . The pointG belongs to the first class,

i.e., its coordinates satisfy the relations

G(t1, . . . , ts) = a(t1, . . . , ts)

q(t1, . . . , ts)
+ β(t1, . . . , ts),(

a(t1, . . . , ts), q(t1, . . . , ts)
) = 1, |β(t1, . . . , ts)| ≤ P

−t1+0.1
1 P

−t2
2 . . . P−ts

s ,

0 ≤ t1 ≤ n1, . . . , 0 ≤ ts ≤ ns, t1 + · · · + ts ≥ 1,

and the least common multiple q of all the numbers q(t1, . . . , ts) is less than P 0.1
1 .

Similarly to the case of the sum S12, this implies

a(t1, . . . , ts)

q(t1, . . . , ts)
= b

l

and hence q ≥ q(t1, . . . , ts) = l and β(t1, . . . , ts) = β.
By the definition of the sum S14, we have either q > H or δ > H . Hence, by

Lemma 7.10, item (b), we obtain

|S(xs+1, . . . , xr )| 
 P1 . . . PsH
−1/n+ε 
 P1 . . . PsP

−ρr
1 .

Thus we have
|S14| 
 P1 . . . PsP

−ρr
1 .

Now we consider the sum S15. We trivially estimate this sum by the number of
terms as follows:

|S15| 
 P1 . . . PsY,

where Y is the number of sets (xs+1, . . . , xr ) (1 ≤ xs+1 ≤ Ps+1, . . . , 1 ≤ xr ≤ Pr )
for which the fractional parts of the polynomial g(xs+1, . . . , xr ) are contained at least
in one of the intervals [b/l −�, b/l +�], where

(b, l) = 1, l ≤ H = P
2nρr
1 , � = P

−t1
1 . . . P−ts

s P
2nρr
1 .

Here the variable Y is defined as in Lemma 7.14. Hence, by this lemma, we have
Y 
 Ps+1 . . . PrP

−ρr
1 . This implies

|S15| 
 P1 . . . PsP
−ρr
1 ,
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and hence
|S| = |S13| + |S14| + |S15| 
 P1 . . . PrP

−ρr
1 .

Thus we have estimated the sum S for Q0 > P
10msn2ρr
1 .

Now we consider the case Q0 ≤ P
10msn2ρr
1 . Since Q = [Q0,Q1,Q2] and Q is

larger than P 0.1
1 , we have either Q1 ≥ P

0.05−5msn2ρr
1 or Q1 ≤ P

0.05−5msn2ρr
1 .

First, let Q1 ≥ P
0.05−5msn2ρr
1 . We write the variables xj (1 ≤ j ≤ r) as follows:

xj = Q0yj + zj , 0 ≤ zj ≤ Q0, −zjQ−1
0 < yj ≤ (Pj − zj )Q

−1
0 .

Recall that the D-approximations of the coefficients α(t1, . . . , tr ) of the polyno-
mial F(x1, . . . , xr ) corresponding to τ(t1, . . . , tr ) have the form

α(t1, . . . , tr ) = a(t1, . . . , tr )

q(t1, . . . , tr )
+ β(t1, . . . , tr ),(

a(t1, . . . , tr ), q(t1, . . . , tr )
) = 1, 1 ≤ q(t1, . . . , tr ) ≤ τ(t1, . . . , tr ),

|β(t1, . . . , tr )| ≤ (
q(t1, . . . , tr )τ (t1, . . . , tr )

)−1
,

0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, t1 + · · · + tr ≥ 1.

It follows from these relations that the polynomial F(x1, . . . , xr ) can be written
as

F(Q0y1 + z1, . . . ,Q0ys + zs, . . . ,Q0yr + zr)

≡ �(z1, . . . , zr )+�1(Q0y1 + z1, . . . ,Q0ys + zs)

+�(Q0y1 + z1, . . . ,Q0yr + zr) (mod 1),

where

�(z1, . . . , zs) =
n1∑
t1=0

· · ·
ns∑
ts=0

t1+···+ts≥1

ns+1∑
ts+1=0

· · ·
nr∑
tr=0

ts+1+···+tr≥1

a(t1, . . . , tr )

q(t1, . . . , tr )
z
t1
1 . . . z

tr
r ,

�1(x1, . . . , xs) =
n1∑
t1=0

· · ·
ns∑
ts=0

t1+···+ts≥1

α(t1, . . . , ts , 0, . . . , 0)xt11 . . . x
ts
s ,

�(x1, . . . , xr ) =
ns+1∑
ts+1=0

· · ·
nr∑
tr=0

ts+1+···+tr≥1

x
ts+1
s+1 . . . x

tr
r

(
a(0, . . . , 0, ts+1, . . . , tr )

q(0, . . . , 0, ts+1, . . . , tr )

+
n1∑
t1=0

· · ·
ns∑
ts=0

t1+···+ts≥1

β(t1, . . . , ts , ts+1, . . . , tr )x
t1
1 . . . x

ts
s

)
.
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We use the above representation of the polynomial F(x1, . . . , xr ) to transform the
sum S as follows:

S =
P1∑
x1=1

· · ·
Pr∑
xr=1

exp{2πiF (x1, . . . , xr )}

=
Q0∑
z1=1

· · ·
Q0∑
zr=1

∑
y1

· · ·
∑
ys

exp
{
2πi

(
�(z1, . . . , zr )

+�1(Q0y1 + z1, . . . ,Q0ys + zs)
)}

×
∑
ys+1

· · ·
∑
yr

exp
{
2πi�(Q0y1 + z1, . . . ,Q0ys + zs)

};
here the summation is taken over the variables yj (1 ≤ j ≤ r) within the limits
−zjQ−1

0 ≤ yj ≤ (Pj − zj )Q
−1
0 . Hence we obtain the following estimate for the

sum S:

|S| = T1 +
P1∑
x1=1

· · ·
Ps∑
xs=1

Q0∑
zs+1=1

· · ·
Q0∑
zr=1

T2,

T2 =
∣∣∣∣∑
ys+1

· · ·
∑
yr

exp
{
2πi�(x1, . . . , xs,Q0ys+1 + zs+1, . . . ,Q0yr + zr)

}∣∣∣∣.
Therefore, to estimate the sum S, it suffices to obtain the estimate for T1 given in the
lemma. We represent the polynomial �(x1, . . . , xr ) as

�(x1, . . . , xr ) =
ns+1∑
ts+1=0

· · ·
nr∑
tr=0

ts+1+···+tr≥1

gts+1,...,tr (x1, . . . , xs)x
ts+1
s+1 . . . x

tr
r

=
ns+1∑
ts+1=0

· · ·
nr∑
tr=0

ts+1+···+tr≥1

B(ts+1, . . . , tr )x
ts+1
s+1 . . . x

tr
r ,

where

gts+1,...,tr (x1, . . . , xs) = B(ts+1, . . . , tr ) = a(0, . . . , 0, ts+1, . . . , tr )

q(0, . . . , 0, ts+1, . . . , tr )

+
n1∑
t1=0

· · ·
ns∑
ts=0

β(t1, . . . , ts , . . . , tr )x
t1
1 . . . x

ts
s .

We consider the D-approximations of the fractional parts of the polynomials
gts+1,...,tr (x1, . . . , xs) = B(ts+1, . . . , tr ) corresponding to η(ts+1, . . . , tr ),

η(ts+1, . . . , tr ) = P
ts+1−1/6
s+1 P

ts+2
s+2 . . . P

tr
r ,
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{B(ts+1, . . . , ts)} = a(ts+1, . . . , tr )

q(ts+1, . . . , tr )
+ β(ts+1, . . . , tr ),(

a(ts+1, . . . , tr ), q(ts+1, . . . , tr )
) = 1, 1 ≤ q(ts+1, . . . , tr ) ≤ τ(ts+1, . . . , tr ),

|β(ts+1, . . . , tr )| ≤ (
q(ts+1, . . . , tr )τ (ts+1, . . . , tr )

)−1
,

0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr, ts+1 + · · · + tr ≥ 1.

ByQ5 we denote the least common multiple of q(ts+1, . . . , tr ), and by δwe denote
the largest of the values

|β(ts+1, . . . , tr )| ≤ P
ts+1
s+1 . . . P

tr
r ,

0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr, ts+1 + · · · + tr ≥ 1.

We write the sum T1 in the form

T1 = S16 + S17 + S18,

where

Sj =
∑

· · ·
∑

(xs+1,...,xs )∈Tj

Q0∑
zs+1=1

· · ·
Q0∑
zr=1

|S(x1, . . . , xs, zs+1, . . . , zr )|, j = 16, 17, 18,

S(x1, . . . , xs, zs+1, . . . , zr )

=
∑
ys+1

· · ·
∑
yr

exp
{
2πi�(x1, . . . , xs,Q0ys+1 + zs+1, . . . ,Q0yr + zr)

}
,

the summation over yj (s + 1 ≤ j ≤ r) is performed within the limits −zjQ−1
0 <

yj ≤ (Pj −zj )Q−1
0 , and the domain of summation Tj over the variables x1, . . . , xs in

each of the sums is its own and is determined as follows. If a pointB with coordinates
B(ts+1, . . . , tr ) (0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr , ts+1 + · · ·+ tr ≥ 1) is a point of
the second class with respect to the parameters Ps+1, . . . , Pr , then the corresponding
set (x1, . . . , xs) belongs to the sum T16. If this point is a point of the first class and
eitherQ5 ≥ H3 = Pa1 with a = 20(r−s)n3msρr or δ ≥ P

2nρ
1 , then the corresponding

set (x1, . . . , xs) belongs to the set T17. All other sets (x1, . . . , xs) belong to the set T18.
We consider the sum S16. In this case, B is a point of the second class �2. All

points of the second class are divided into two domains ω1 and ω2. If the point B
belongs to the domain ω1, then the sum

S(B) =
Ps+1∑
xs+1=1

· · ·
Pr∑
xr=1

exp{2πiF1(xs+1, . . . , xr )},

F1(xs+1, . . . , xr ) =
ns+1∑
ts+1=0

· · ·
nr∑
tr=0

B(xs+1, . . . , xr )x
ts+1
s+1 . . . x

tr
r ,
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can be estimated, by Lemma 7.11, as

|S(B)| 
 Ps+1 . . . PrP
−1/(20n)
s+1 . (7.42)

Hence, by Lemma 7.18, item (1), we have the estimate

|S(x1, . . . , xs, zs+1, . . . , zr )| 
 Ps+1 . . . PrP
−1/(40n)
s+1 Q−r+s

0 .

If the point B belongs to the domain ω2, then, by the induction assumption, the
sum S(B) satisfies the estimate

|S(B)| 
 Ps+1 . . . PrP
−ρr−s
s+1 . (7.43)

Thus, by Lemma 7.18, item (1), we have

|S(x1, . . . , xs, zs+1, . . . , zr )| 
 Ps+1 . . . PrP
−0.5ρr−s
s+1 Q−r+s

0 .

Therefore, for the sum S17, we obtain the estimate

|S16| 
 P1 . . . PrP
−ρr
1 .

Now we consider the sum S17. In this case, B is a point of the first class, i.e.,

B(ts+1, . . . , tr ) = b(ts+1, . . . , tr )

l(ts+1, . . . , tr )
+ β1(ts+1, . . . , tr ),(

b(ts+1, . . . , tr ), l(ts+1, . . . , tr )
) = 1, (7.44)

|β1(ts+1, . . . , tr )| ≤ P
−ts+1+1/6
s+1 P

−ts+2
s+2 . . . P−tr

r ,

0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr, ts+1 + · · · + tr ≥ 1,

and the least common multiple l of all the numbers l(ts+1, . . . , tr ) does not exceed
P 0.1
s+1.

First, let Q5 ≥ P 0.1
s+1. Then we have q(ts+1, . . . , tr ) �= l(ts+1, . . . , tr ) for some

set (ts+1, . . . , tr ). As before, we obtain the inequalities

1

q(ts+1, . . . , tr ) l(ts+1, . . . , tr )

≤
∣∣∣∣a(ts+1, . . . , tr )

q(ts+1, . . . , tr )
− b(ts+1, . . . , tr )

l(ts+1, . . . , tr )

∣∣∣∣
≤ P

−ts+1+0.1
s+1 P

−ts+2
s+2 . . . P−tr

r + q−1(ts+1, . . . , tr )P
−ts+1+1/6
s+1 P

−ts+2
s+2 . . . P−tr

r ,

l−1(ts+1, . . . , tr ) ≤ q(ts+1, . . . , tr )P
−ts+1+0.1
s+1 P

−ts+2
s+2 . . . P−tr

r

+ P
−ts+1+1/6
s+1 P

−ts+2
s+2 . . . P−tr

r ≤ 2P−1/15
s+1 .
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Hence l ≥ l(ts+1, . . . , tr ) ≥ 0.5P 1/15
s+1 . If l satisfies the inequalities 0.5P 1/15

s+1 ≤ l ≤
P 0.07
s+1 , then, by Lemma 7.18, item (a), we have

|S(x1, . . . , xs, zs+1, . . . , zr )| 
 Ps+1 . . . PrL
−1/n+εQ−r+s

0 ,

L = l/(l,Q
f
0 ), f = ns+1 + · · · + nr ≤ (r − s)n.

Since

(l,Q
f
b ) ≤ Pb1 , b = 10msn

2fρr, P b1 ≤ P 0.01
1 , l ≥ P 0.05

s+1 ,

our sum satisfies the estimate

|S(x1, . . . , xs, zs+1, . . . , zr )| 
 Ps+1 . . . PrP
−ρr
1 Q−r+s

0 .

Now we assume that the variable l satisfies the inequality l > P 0.07
s+1 . Then, by

Lemma 7.18, item (3), and the estimates (7.42) and (7.43), we obtain

|S(x1, . . . , xs, zs+1, . . . , zr )| 
 Ps+1 . . . PrP
−0.5ρr−s
s+1 Q−r+s

0 .

Thus we have obtained the desired estimate of the sum S17 for Q5 ≥ P 0.1
s+1.

Now we consider the case Q5 < P 0.1
s+1. The point B belongs to the first class and

satisfies relations (7.44). As before, we can show that

a(ts+1, . . . , tr )

q(ts+1, . . . , tr )
= b(ts+1, . . . , tr )

l(ts+1, . . . , tr )
.

Hence we have Q5 = l and β(ts+1, . . . , tr ) = β1(ts+1, . . . , tr ).
We set

δ1(ts+1, . . . , tr ) = P
ts+1
s+1 . . . P

tr
r β1(ts+1, . . . , tr ).

If P 0.07
s+1 ≥ l ≥ H3 = P

q
1 and q = 20(r − s)n3msρr , then, estimating the sum

S(x1, . . . , xs, zs+1, . . . , zr ) by Lemma 7.18, item (2), (a), we obtain

|S(x1, . . . , xs, zs+1, . . . , zr )| 
 Ps+1 . . . PrL
−1/n+εQ−r+s

0 ,

L = l/(l,Q
f
0 ), f = ns+1 + · · · + nr .

Since (l,Qf
0 ) ≤ Q

f
0 ≤ P

10msf n2ρr
1 ≤ P

10ms(r−s)n3ρr
1 = P

0.5q
1 and l ≥ P

0.5q
1 , we

have L ≥ P
0.5q
1 . Hence

|S(x1, . . . , xs, zs+1, . . . , zr )| 
 Ps+1 . . . PrP
−ρr
1 Q−r+s

0 .

If l > P 0.07
s+1 or δ > P 0.04

s+1 , then, by Lemma 7.18, item (3), and by formulas (7.42)
and (7.43), we obtain

|S(x1, . . . , xs, zs+1, . . . , zr )| 
 Ps+1 . . . PrP
−0.5ρr−s
s+1 Q−r+s

0 .



7.2 r-fold trigonometric sums 311

If P 2nρr
1 ≤ δ ≤ P 0.04

s+1 , then, by Lemma 7.18, item (2), (b), we obtain

|S(x1, . . . , xs, zs+1, . . . , zr )| 
 Ps+1 . . . Prδ
−1/n+εQ−r+s

0 .

So if Q5 ≥ H3 or δ > P
2nρr
1 , then we have the estimate

|S(x1, . . . , xs, zs+1, . . . , zr )| 
 Ps+1 . . . PrP
−ρr
1 Q−r+s

0 .

Thus we obtain
|S17| 
 P1 . . . PrP

−ρr
1 .

Now let us estimate the sum S18. We trivially estimate this sum by the number of
terms as

|S18| 
 YPs+1 . . . Pr ,

where Y is the number of sets (x1, . . . , xs) (1 ≤ x1 ≤ P1, . . . , 1 ≤ xs ≤ Ps) for
which we have the relations

|β(ts+1, . . . , tr )| ≤ �(ts+1, . . . , tr ) = P
−ts+1
s+1 . . . P−tr

r P
2nρr
1 ,

0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr, ts+1 + · · · + tr ≥ 1,

Q5 ≤ H3 = P
q
1 , q = 20(r − s)n3msρr,

and B is a point of the first class. To estimate Y , we use Lemma 7.15 and obtain

Y 
 P1 . . . PsP
−ρr
1 .

Hence

|S18| 
 P1 . . . PrP
−ρr
1 ,

|S| ≤ |S16| + |S17| + |S18| 
 P1 . . . PrP
−ρr
1 .

Thus we have estimated the sum S for Q1 > Pd1 , where d = 0.05 − 5n3msρr .
The case Q2 > Pd1 can be studied similarly to the preceding case Q1 > Pd1 .

The distinction is that the groups of variables (x1, . . . , xs) and (xs+1, . . . , xr ) are
interchanged, and hence Lemma 7.16 must be used instead of Lemma 7.15. The proof
of the second main lemma is complete. ��

7.2.3 Estimate for the multiple trigonometric sum

Here we state and prove a theorem about estimating a multiple trigonometric sum S(A)
for all points A of the unit m-dimensional cube �.

Theorem 7.3. Suppose that a pointA belongs to the first class�1. Then the following
estimate holds:

|S(A)| 
 P1 . . . PrQ
−1/n+ε.
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If, in addition, we set

δ = max
t1,...,tr

P
t1
1 . . . P trr |β(t1, . . . , tr )|,

then, for δ > 1, the following estimate also holds:

|S(A)| 
 P1 . . . Pr(Qδ)
−1/n+ε.

Suppose that the point A belongs to the second class �2. Then the following
estimate holds:

|S(A)| 
 P1 . . . PrP
−ρr
1 , ρr = γ (2n)−2r log−1 n;

here γ > 0 is an absolute constant.
The constants in 
 depend only on r , n, and ε.

Proof. The proof of this theorem repeats, in fact, the proof of Theorem 7.2. The only
distinction is that estimates for multiple sums are used instead of estimates for double
sums and Lemmas 7.10 and 7.11 and the second main lemma are applied instead of
Lemma 7.3 and the first main lemma. ��

7.3 An asymptotic formula

In this section we derive an asymptotic formula for the multiple integral

J = J (r) =
∫

· · ·
∫

�

|S(A)|2K dA.

Its value is equal to the number of solutions of the system of Diophantine equations

2K∑
j=1

(−1)j xt11j . . . x
tr
rj = 0, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr,

where the unknowns x1j , . . . , xrj vary within the limits

1 ≤ x1j ≤ P1, . . . , 1 ≤ xrj ≤ Pr (j = 1, 2, . . . , 2K).

According to the partition of the points of the cube into the classes�1 and�2 (see
the notation in Section 7.1.1), we represent J in the form

J = J1 + J2,

where

J1 =
∫

· · ·
∫

�1

|S(A)|2K dA, J2 =
∫

· · ·
∫

�2

|S(A)|2K dA.

We have the following assertion.
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Lemma 7.19. Suppose that K > 2nm. Then the variable J1 satisfies the asymptotic
formula

J1 = θσ (P1, . . . , Pr)
2K(P

n1
1 . . . P nrr )

−0.5m (7.45)

+O
(
(P1 . . . Pr)

2K(P
n1
1 . . . P nrr )

−0.5mP
−1/6
1

)
,

where

θ =
∫ +∞

−∞
· · ·

∫ +∞

−∞

∣∣∣∣ ∫ 1

0
· · ·

∫ 1

0
exp{2πiFA(x1, . . . , xr )} dx1 . . . dxr

∣∣∣∣2K dA,
FA(x1, . . . , xr ) =

n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
1 , α(0, . . . , 0) = 0,

σ =
+∞∑

q(0,...,1)=1

. . .

+∞∑
q(n1,...,nr )=1

q(0,...,1)∑
a(0,...,1)=1

(a(0,...,1),q(0,...,1))=1

. . .

q(n1,...,nr )∑
a(n1,...,nr )=1

(a(n1,...,nr ),q(n1,...,nr ))=1

|U(a, q)|2K,

U(a, q) = q−r
q∑

x1=1

· · ·
q∑

xr=1

exp{2πi�(x1, . . . , xr )},

�(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

t1+···+tr≥1

a(t1, . . . , tr )

q(t1, . . . , tr )
x
t1
1 . . . x

tr
r ,

q = q(0, . . . , 1) . . . q(n1, . . . , nr ).

For the proof of this lemma, see Section 6.1 in Chapter 6.

Theorem 7.4. Suppose that P1 → +∞ and P1 ≤ · · · ≤ Pr . Then there exists an
absolute constant c > 0 such that, for K ≥ c(2n)2r rnm log n(logPr/ logP1), the
following asymptotic formula holds:

J = θσ (P1 . . . Pr)
2K(P

n1
1 . . . P nrr )

−0.5m (7.46)

+O
(
(P1 . . . Pr)

2K(P
n1
1 . . . P nrr )

−0.5mP
−1/6
1

)
,

where θ and σ are defined in Lemma 7.19.

Proof. From Lemma 17.19, for c ≥ 1, we have an asymptotic formula for J1 with
the desired remainder. Therefore, to prove the theorem, it suffices to estimate the
integral J2 with desired accuracy. For this, we apply Theorem 7.3 to estimate |S(A)|
in this integral. Since A is a point of the second class �2, this theorem implies the
estimate

|S(A)| 
 P1 . . . PrP
−ρr
1 , ρr = γ (2n)−2r log−1 n;
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here γ > 0 is an absolute constant. Thus we obtain the following inequalities for J2:

J2 
 (P1 . . . PrP
−ρr
1 )2K = (P1 . . . Pr)

2KP
−2Kρr
1


 (P1 . . . Pr)
2K(P

n1
1 . . . P nrr )

−0.5mP 0.5rnm
r P

−2Kρ1
1 .

But, by the assumptions of the theorem, we have

K ≥ c(2n)2r rnm log n
logPr
logP1

.

Thus, for c ≥ γ−1, we have

P 0.5rnm
r P

−2Kρ1
1 = exp{0.5rnm logPr − 2Kρr logP1}

≤ exp{0.5rnm logPr − 2c(2n)2r log n logPrγ (2n)
−2r log−1 n}

≤ P−rnm
r < P

−1/6
1 .

Hence we can estimate the integral J2 as follows:

J2 
 (P1 . . . Pr)
2K(P

n1
1 . . . P nrr )

−0.5mP
−1/6
1 ,

i.e., J2 is contained in the remainder term in formula (7.46).
So we have obtained an asymptotic formula for J . The proof of the theorem is

complete. ��

We show that the asymptotic formula (7.46) in Theorem 7.4 cannot be obtained
for K satisfying the conditions 2mn < K ≤ (m/12) · (logPr/ logP1).

Suppose thatm = mr = (n1+1) . . . (nr+1),mr−1 = (n1+1)−1mr , and J (r−1)
is the number of solutions of the systems of equations

2K∑
j=1

(−1)j xt22j . . . x
tr
rj = 0, 0 ≤ t2 ≤ n2, . . . , 0 ≤ tr ≤ nr,

where the unknowns x2j , . . . , xrj vary within the limits 1 ≤ x2j ≤ P2, . . . , 1 ≤ xrj ≤
Pr (j = 1, 2, . . . , 2K).

Obviously, J (r − 1) ≤ J (r) = J for all possible values of the parameters
P1, P2, . . . , Pr . Precisely as in Section 4.2.4, we obtain

J (r − 1) ≥ (2K)−mr−1(P2 . . . Pr)
2K(P

n2
2 . . . P nrr )

−0.5mr−1 .

Suppose that the asymptotic formula (7.42) holds for some K > 2nm and
P1, . . . , Pr satisfying the conditions P1 ≤ · · · ≤ Pr as P1 → +∞. Then we have

J 
 (P1 . . . Pr)
2K(P

n1
1 . . . P nrr )

−0.5m.
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In the last inequality, the constant in 
 depends only on n and r , because, obviously,
the singular integral θ and the singular series σ decrease with increasing parameterK .

Thus, for a sufficiently large P1, we have

(2K)−mr−1(P2 . . . Pr)
2K(P

n2
2 . . . P nrr )

−0.5mr−1

≤ J (r − 1) ≤ J 
 (P1 . . . Pr)
2K(P

n1
2 . . . P nrr )

−0.5m.

Taking the logarithm and passing to the limit as P1 → +∞, we obtain

−mr−1 log(2K)+ 2K(logP2 + · · · + logPr)

− 0.5mr−1(n2 logP2 + · · · + nr logPr) ≤ 2K(logP1 + · · · + logPr)

− 0.5m(n1 logP1 + n2 logP2 + · · · + nr logPr).

We assume that logP1 > mr−1. Then, taking into account that mr−1 =
m(n1 + 1)−1 ≤ 0.5m and log 2K < K , we obtain the inequalities

2K logP1 > −mr−1 log 2K + 0.5(m−mr−1)(logP1 + · · · + logPr),

K >
m

12
· logPr

logP1
,

as was stated above. Thus, the variableK in Theorem 7.4 has a regular order of growth
with respect to the principal parameters P1, . . . , Pr .

Concluding remarks on Chapter 7. The results considered in this chapter were
obtained by the authors and published in [33], [34] and [35].



Chapter 8

The Hilbert–Kamke problem and its
generalizations

In this chapter we present the solution of one of the classical additive problems in
number theory, namely, of the Hilbert–Kamke problem, and consider some of its gen-
eralizations the most important of which is the generalization to the multidimensional
case. In the Hilbert–Kamke problem it is required to represent several increasing
natural numbers simultaneously as sums of the first, second, third, etc., nth powers of
natural numbers. More precisely, the problem is to prove the solvability of the system
of equations in the Hilbert–Kamke problem

x1 + · · · + xk = N1,

...

xn1 + · · · + xnk = Nn

in natural numbers x1, . . . , xk in the case where the number of the unknowns x is
bounded and the increasing parameters N1, . . . , Nn satisfy several additional natural
conditions.

It is a very interesting problem to obtain the best possible estimates for the vari-
able r(n), i.e., for the lower bound of the number k of terms for which this system is
solvable. We deal with the Hilbert–Kamke problem in Sections 8.1 and 8.2, where we
obtain an asymptotic approximation of the logarithm of r(n).

In Section 8.3, we study the multidimensional additive problem. In this problem,
instead of numbers of the form x, x2, . . . , xn as it was in the Hilbert–Kamke problem,
monomials of the form x

t1
1 x

t2
2 . . . x

tr
r , where the exponents t1, . . . , tr run independently

through all integer values in the intervals 0 ≤ t1 ≤ n, . . . , 0 ≤ tr ≤ nr except the
values t1 = · · · = tr = 0, are taken to be the terms in the sums.

To each set (t1, . . . , tr ), there corresponds its own equation with a right-hand
side that is assumed to be a natural increasing parameter N(t1, . . . , tr ). Here we have
problems of whether the number set {N(t1, . . . , tr )} can be simultaneously represented
as the sum of a bounded number of terms of the form mentioned above; we consider the
natural conditions to which the numbers from the set {N(t1, . . . , tr )} must satisfy; and
we look for a function r0(n1, . . . , nr ) similar to the variable r(n) in the Hilbert–Kamke
problem.
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8.1 Study of the singular series
in the Hilbert–Kamke problem

In Chapter 3, an asymptotic formula was obtained for the number of solutions of the
system of Diophantine equations in the Hilbert–Kamke problem (Theorem 3.7). This
formula is nontrivial if and only if the singular series σ and the singular integral γ
in the Hilbert–Kamke problem are positive. Moreover, it turns out that for σ = 0,
this system of equations does not have any solutions at all, and for γ = 0 the number
of its solutions remains bounded when the numbers N1, . . . , Nn increase. Thus the
problem of the existence of r(n) and of estimating r(n) can be reduced to studying the
singular series σ and the singular integral γ . In this section we consider the singular
series σ . The next section deals with the singular integral γ .

By W(d; k) we denote the number of solutions of the system of congruences

xs1 + · · · + xsk ≡ Ns (mod d), s = 1, . . . , n, (8.1)

for the unknowns x1, . . . , xk . By the letter p we denote a prime number.

Lemma 8.1. Suppose that M and m are natural numbers, M = m!, and
k > 0.5n(n+ 1)+ 1. The following relation holds:

σ = lim
m→∞W(M; k)Mn−k,

where σ is the singular series in Theorem 3.7 in Chapter 3.

Proof. It follows from Theorem 3.7 (Chapter 3) that the series converges absolutely
for k > 0.5n(n+ 1)+ 1. Therefore, for a fixed natural number d, we have

σ =
∑

1
(d)+

∑
2
(d),

where

∑
1
(d) =

∑
q1,...,qn
Q|d

q1∑′

a1

. . .

qn∑′

an

(
q−1

q∑
x=1

exp

{
2πi

(
a1

q1
x + · · · + an

qn
xn
)})k

× exp

{
−2πi

(
a1

q1
N1 + · · · + an

qn
Nn

)}
,

∑
2
(d) =

∑
1≤q1,...,qn<+∞

Q � d

q1∑′

a1

. . .

qn∑′

an

(
q−1

q∑
x=1

exp

{
2πi

(
a1

q1
x + · · · + an

qn
xn
)})k

× exp

{
−2πi

(
a1

q1
N1 + · · · + an

qn
Nn

)}
,
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where, as above, Q = [q1, . . . , qn] and q = q1, . . . , qn.
We set d = M . Since the series σ converges absolutely, the sum

∑
2(M) tends

to zero as m → ∞. Hence we have

σ = lim
m→∞

∑
1
(M).

Now we prove that
∑

1(d) = W(d; k)dn−k . For this, we write W(M; k) as a
trigonometric sum. We obtain

W(M; k) = M−n
M∑
b1=1

· · ·
M∑
bn=1

( M∑
x=1

exp{2πi(b1x + · · · + bnx
n)/M}

)k
(8.2)

× exp{−2πi(b1N1 + · · · + bnNn)/M}.

We note that, for each s = 1, . . . , n, the sum
∑M
bs=1 can be replaced by a double

sum of the form
∑
qs |M

∑′qs
as

. For this, we must set qs = (bs,M)
−1M and as =

(bs,M)
−1bs . In this notation, we also have Q |M and, moreover,

( M∑
x=1

exp{2πi(b1x + · · · + bnx
n)/M}

)k
exp{−2πi(b1N1 + · · · + bnNn)/M}

=
( M∑
x=1

exp

{
2πi

(
a1

q1
x + · · · + an

qn
xn
)})k

× exp

{
−2πi

(
a1

q1
N1 + · · · + an

qn
Nn

)}
,

M∑
x=1

exp

{
2πi

(
a1

q1
x + · · · + an

qn
xn
)}

= MQ−1
Q∑
x=1

exp

{
2πi

(
a1

q1
x + · · · + an

qn
xn
)}

= Mq−1
q∑
x=1

exp

{
2πi

(
a1

q1
x + · · · + an

qn
xn
)}
.

Therefore, W(M; k) = Mk−n∑
1(M) and hence∑

1
(M) = Mn−kW(M; k).

Passing to the limit in this relation, we obtain the statement of the lemma. The proof
of the lemma is complete. ��
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Lemma 8.2. The relation

σ =
∏
p

σp, σp = lim
α→+∞W(p

α; k)pα(n−k),

holds. The product
∏
p σp is taken over all primes p.

Proof. First, we note that, by the well-known theorem in the elementary number
theory, the number W(d; k) of solutions of congruences (8.1) is multiplicative with
respect to d, i.e.,

W(d; k) = W(d1; k) W(d2; k)
if only d1d2 = d as well as (d1, d2) = 1. Therefore, by setting

M = m! =
∏
p≤m

pαp ,

where αp is the exponent of the prime p in the decomposition of the number M into
prime factors, we obtain

W(M; k) =
∏
p≤m

W(pαp ; k).

Hence, by Lemma 8.1, we have

σ = lim
m→∞W(M; k)Mn−k = lim

m→∞
∏
p≤m

W(pα; k)pαp(n−k). (8.3)

Let

H(d) = d−k
d∑
b1

· · ·
d∑
bn

(b1,...,bn,d)=1

( d∑
x=1

exp{2πi(b1x + · · · + bnx
n)/d}

)k
× exp{−2πi(b1N1 + · · · + bnNn)/d}.

It follows from (8.2) that

dnW(d; k) =
∑
r|d
H(r)rk;

hence we have (here µ(r) is the Möbius function)

dkH(d) =
∑
r|d
µ(r)W(dr−1; k)(dr−1)n.
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Since W(d; k) is a multiplicative function of d, it follows from the last relation
that the functionH(d) is also multiplicative. Therefore, expressingW(pα; k) in terms
of H(d), we obtain

∏
p≤m

W(pαp ; k)pαp(n−k) =
∏(∑

H(pβ)

)
=

∏
p≤m

(+∞∑
β=0

H(pβ)−
∑
β>αp

H(pβ)

)
=

∏
p≤m

σp −
∑′

q

H(q);

here the symbol
∑′

q denotes summation over all numbers q that are not divisible

by m! and whose prime divisors do not exceed m. Obviously, the series
∑′

q H(q)

consists of a part of the terms contained in the sum
∑

2(M) studied in the proof
of Lemma 8.1. Since the series σ converges absolutely, the series

∑′
q H(q) also

converges absolutely, and moreover, as m → ∞ we have∑′

q

H(q) → 0. (8.4)

Thus the product
∏
p≤m σp makes sense and from (8.3) and (8.4) we obtain

σ = lim
m→∞

∏
p≤m

W(pαp ; k)pαp(n−k) = lim
m→∞

∏
p≤m

σp + lim
m→∞

∑′

q

H(q) =
∏
p

σp,

as required. ��

Now we assume that the natural numbersN1, . . . , Nn (n ≥ 3) satisfy the condition
that the system of linear equations

n∑
r=1

tr r
s = Ns, s = 1, . . . , n, (8.5)

can have a solution for integer numbers t1, . . . , tn. This condition was first formulated
in a somewhat different form by K. K. Mardzhanishvili (see [115], [119]). This
is a necessary condition for the solvability of systems of Hilbert–Kamke equations
because, for any integer x, the system

n∑
r=1

tr r
s = xs, s = 1, . . . , n,

has an integer-valued solution of the form

tr =
(
x − 1

r − 1

)(
n− x

n− r

)
, r = 1, . . . , n,
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where
(
x
a

)
is determined for any natural number a by the relation(

x

a

)
= x(x − 1) . . . (x − a + 1)

a!
and is equal to unity for a = 0.

Lemma 8.3. Suppose thatp ≤ n and k ≥ n222n−1 = k1. Then the variableW(pk; k)
satisfies the estimate

W(ph; k) ≥ cph(k−n) > 0,

where c = p(2�+2δ+1)(n−k1), � is the integer determined by the condition

p� ≤ n < p�+1,

and δ is the exponent of p contained in the decomposition of the number (n− 1)! into
factors.

Proof. For s = 1, . . . , n, we set

Ms = Ns − 1s − 2s − · · · − ns;
obviously, the set of the numbers Ms satisfies condition (8.1), i.e., the system

n∑
r=1

tr r
s = Ms, s = 1, . . . , n, (8.6)

can be solved for the integers t1, . . . , tn.
Let a be a natural number, and let us (s = 1, . . . , n) be the least nonnegative

residue of the number ts modulo pa . Then

1s + · · · + ns +
n∑
r=1

urr
s ≡ Ns (mod pa).

We assume that k ≥ n+ ∑n
r=1 ur . Next, we assume that

(1) xm = m if 1 ≤ m ≤ n;

(2) xm = r if n+ u1 + · · · + ur−1 < m ≤ n+ u1 + · · · + ur , r = 1, . . . , n;

(3) xm = 0 if u1 + · · · + un + n < m ≤ k.

Obviously, the number set (x1, . . . , xk) is a solution of the system of congruences

k∑
m=1

xsm ≡ Ns (mod pa), s = 1, . . . , n;
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by definition, the number of solutions of this system is equal to W(pa; k); hence we
have

W(pa; k) ≥ 1.

Suppose that a natural number b satisfies the conditions:

(1) 2 ≤ b ≤ a;

(2) 2b ≥ a + 1;

(3) pb > n;

(4) � + δ ≥ a − b.

We show that for any integers yn+1, . . . , yk , there exist integers y1, . . . , yn for
which the numbers z1, . . . , zk satisfying the conditions

zm = xm + pbym, m = 1, . . . , k,

are solutions of the system of congruences

k∑
m=1

zsm ≡ Ns (mod pa+1), s = 1, . . . , n. (8.7)

Let Ns = As + Bsp
a , where As and Bs are nonnegative integer numbers. Since

2b ≥ a + 1, we can write system (8.7) as

k∑
m=1

(xsm + sxs−1
m ymp

b) ≡ As + Bsp
a (mod pa+1), s = 1, . . . , n.

Hence, for some integers Ds , we have

n∑
m=1

sxs−1
m ym ≡ Dsp

a−b −
k∑

m=n+1

sxs−1
m ym (mod pa−b+1); (8.8)

here xm = m for 1 ≤ m ≤ n.
We consider the following system of linear equations for the unknowns v1, . . . , vn:

n∑
m=1

sms−1vm = Dsp
a−b −

k∑
m=n+1

sxs−1
m ym, s = 1, . . . , n.

We denote the determinant of this system by α. Then

α =

∣∣∣∣∣∣∣∣
1 . . . 1 . . . 1
2 . . . 2m . . . 2n
. . . . . . . . . . . . . . . . . . . . . . . . . .

n . . . nmn−1 . . . nnn−1

∣∣∣∣∣∣∣∣ = n!
∣∣∣∣1 . . . 1
1 . . . nn−1

∣∣∣∣ = n!(n− 1)! . . . 2!1! �= 0,
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and hence this system has a unique solution of the form

vr = αr/α, r = 1, . . . , n,

where αr is the determinant obtained from the determinant α by replacing the rth
column by the column composed of the numbers F1, . . . , Fn, where

Fs = Dsp
a−b −

k∑
m=n+1

sxs−1
m ym, s = 1, . . . , n.

Suppose that βr(m) is the determinant obtained from the determinant αr by re-
placing the numbers Fs by the expressions sxs−1

m ym. By obvious successive trans-
formations we reduce calculating the determinants α and βr(m) to calculating the
Vandermonde determinants and obtain

α−1βr(m) = ymfr(xm),

where the polynomial fs(x) is given by the relation

fr(x) = (n− x) . . . (r + 1 − x)

(n− r)! · (x − r + 1) . . . (x − 1)

(r − 1)! .

For an integer x, the value of fr(x) is, up to the sign, the product of binomial
coefficients and hence is an integer. Hence for all m, the numbers α−1βr(m) are also
integer. This implies that

µr = αrα
−1 − γrα

−1 =
k∑

m=n+1

α−1βr(m)

are also integer; here γs denotes the determinant obtained from the determinant αr by
replacing the numbers Fs by the numbers Dspa−b. Let us consider this determinant.
By λ(s, r) we denote the coefficient of xs−1 in the polynomial f r(x). Expanding the
determinant γr with respect to the rth column, we obtain

γr = αpa−b
n∑
s=1

s−1Dsλ(s, r). (8.9)

The coefficients λ(s, r) are rational numbers, and the denominator of each of them
is a divisor of the number (n− r)!(r−1)! and hence of (n−1)! because (n−1)!((n−
r)!(r − 1)!)−1 is a binomial coefficient. This implies that the denominator Qr of
the rational number α−1γr represented as an irreducible fraction is not divisible by p
because all Ds are integers, the exponent of p contained in this representation is no
less than a− b− � − δ, and this number is nonnegative due to condition (4) imposed
on the numbers a and b. Therefore, for the numbers vr we have the representation

vr = αrα
−1 = µr + α−1γr = PrQ

−1
r ,
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where Pr is an integer and (Qr, p) = 1.
We find Q′

s from the congruences

Q′
rQr ≡ 1 (mod pa−b+1),

then it follows from the elementary theory of congruences that the set of numbers
ym = Q′

mPm (m = 1, 2, . . . , n) is a solution of the system of congruences (8.8).
Thus, for any set of numbers (yn+1, . . . , yk), we have found the numbers y1, . . . , yn
for which the system of congruences (8.7) is solvable. If the numbers (yn+1, . . . , yk)

run independently through all the values in the complete system of residues modulo p,
then the number of solutions W(pa+1; k) of this system satisfies the inequality

W(pa+1; k) ≥ pk−n.

From each of the obtained solutions of system (8.7) modulo pa+1, following the
same scheme, we pass to solutions modulopa+2. For this, instead of the number b, we
must take the number b+1 and verify whether the conditions imposed earlier on bwith
respect to the number a are satisfied for the b + 1 with respect to the number a + 1.
Indeed, these conditions are satisfied because the inequality 2b ≥ a + 1 implies
2(b+1) ≥ (a+1)+1, the inequality b ≤ a implies b+1 ≤ a+1, the inequalitypb > n

much the more implies pb+1 > n, and moreover, (a+ 1)− (b+ 1) = a− b ≥ ε+ δ.
The only distinction here is that, instead of x1 = 1, x2 = 2, . . . , xn = n, we use

the numbers that are pairwise congruent to these numbers modulo pb. The differences
of these numbers are contained in the denominators of the coefficients λ(s, r) instead
of the numbers 1, . . . , n − 1 in representation (8.9) of the determinant γr . But the
power of the prime p, which is a divisor of these denominators, remains unchanged
because the numbers s and s + tpb, where t is an integer and s ≤ n− 1, are divisible
by the same power of p that is less than b because s ≤ n− 1 < pb. Because of this,
the denominators Qr of the numbers α−1αr are not divisible by p, and hence all the
other reasoning remains valid. Thus for W(pa+2; k) we obtain the estimate

W(pa+2; k) ≥ p2(k−n).

Repeating this processh−a times, forW(ph; k)we obtain the estimateW(ph; k) ≥
p(h−a)(k−n) and hence

W(ph; k) ≥ pa(n−k)ph(k−n). (8.10)

Now we choose parameters a and b so that all necessary conditions be satisfied.
For this, we set a = 2η + 1 and b = η + 1, where η = ε + δ. Then we have

(1) b = η + 1 ≤ 2η + 1 = a, i.e., b ≤ a;

(2) 2b = 2η + 2 > 2η + 1 = a, i.e., 2b ≥ a + 1;

(3) pb = ppη = pp�pδ ≥ p�+1 > n, i.e., pb > n;

(4) � + δ = η = a − b, i.e., � + δ ≥ a − b.
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Hence, under this choice of a and b, all required conditions are satisfied, and the
estimate (8.10) actually holds for

k ≤ n+
n∑
r=1

ur .

We now show that the numbers u1, . . . , un can be chosen so that the inequality

n+
n∑
r=1

ur ≤ n222n−1

be satisfied. For this, we write system (8.6) in the equivalent form

n∑
r=1

tr r(r − 1) . . . (r − s + 1) = M ′
s , s = 1, . . . , n;

hereM ′
s are some integers and the equations in the last system are linear combinations

with integer coefficients from system (8.6) and conversely. Hence the solvability
conditions for both systems are equivalent. Since the quantity r(r − 1) . . . (r − s+ 1)
is divisible by s! without a remainder, the number M ′

s is divisible by s!.
Suppose that the integers Hs are determined by the relations s!Hs = M ′

s . Then
the numbers t1, . . . , tn satisfy the system of equations

n∑
r=1

tr r(r − 1) . . . (r − s + 1) = s!Hs,

and the numbers u1, . . . , un satisfy the system of congruences

n∑
r=1

urr(r − 1) . . . (r − s + 1) ≡ s!Hs (mod pa).

By bs we denote the exponent of p contained in the decomposition of s! into prime
divisors. Then the last system of congruences can be written as (note that a > δs)

n∑
r=1

ur
r(r − 1) . . . (r − s + 1)

s! ≡ Hs (mod pa−δs ).

In the determinant of this system, the units stand on the main diagonal, the zeros are
below the main diagonal, and some integers are above the main diagonal. Successively
solving the congruences in this system, starting from the last, we see that ur satisfy
the conditions

0 ≤ ur ≤ pa−δr − 1, r = n, . . . , 1.
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Thus we have the inequality

n+
n∑
r=1

ur ≤
n∑
r=1

pa−δr ≤ pa(p − 1)+ pa−1(p − 1)+ · · · + (p − 1) (8.11)

≤ pa(p − 1)(1 + p−1 + p−2 + . . . ) = pa+1.

We write pa+1 as

pa+1 = p2η+2 = p2�+2δ+2 = p2�p2δ+2.

By the definition of �, we have p2� ≤ n2, and the definition of the number δ implies

p2δ+2 = p
2
(

[(n−1)p−1]+···+[(n−1)p−1]
)
+2
,

where the integer t is determined by the inequalities pt ≤ n − 1 < pt+1. Hence we
have

p2δ+2 ≤ p2((n−1)/p+···+(n−1)/pt )+2 ≤ p2((n−1)/(p−1))(1−p−t )+2

≤ p2((n−1)/(p−1))(1−1/(n−1))+2 ≤ p2(n−2)/(p−1)+2.

Now we set α = (n− 2)− (p − 1) = n− p − 1. Then n− 2 = α + p − 1 and
hence

p2(n−2)/(p−1)+2 = p4p2α/(p−1).

If p = 3, then because of the inequality n ≥ 3, we have

p4p2α/(p−1) = 3n < 22n−1.

But if p �= 3, then p1/(p−1) ≤ 2 and p4 ≤ 22p. Hence

p2α/(p−1) ≤ 22α, p2(n−2)/(p−1)+2 ≤ 22p+2α = 22n−2.

So in both cases we have

pα+1 ≤ 22n−1, n+
n∑
r−1

ur ≤ pa+1 ≤ 22n−1.

It follows from this and (8.11) that the estimate of this lemma holds for k = k1. But
if k = k1 + k0 (k0 > 0), then we can obtain the statement of the lemma by fixing the
last k0 unknowns in all possible ways. The proof of Lemma 8.3 is complete. ��

Lemma 8.4. The statement of the preceding lemma holds if we set k1 = 3n32n − n.
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Proof. For n = 3 and n = 4, the statement of this lemma follows from Lemma 8.3
since in this case we have

n222n−1 < 3n32n − n;
hence we assume that n ≥ 5.

For s = 1, 2, . . . , n, we set

Ms = Ns − A

n∑
r=1

rs,

where A is a natural number whose exact value will be given later. Obviously, the
numbers Ms satisfy the solvability condition (8.5), and hence the system

n∑
r=1

tr r
s = Ms, s = 1, . . . , n, (8.12)

can be solved for integers t1, . . . , tn.
Let a be a natural number such that a ≤ 2η+ 1. Recall that η = �+ δ, where δ is

the exponent of p contained in the decomposition of the number (n− 1)! into prime
divisors; a natural number � is determined by the condition p� ≤ n < p�+1. It
follows from (8.12) that there exist integers u1, . . . , un such that

n∑
r=1

urr
s ≡ Ms (mod pa), s = 1, . . . , n, 0 ≤ ur ≤ pa − 1, r = 1, . . . , n.

Hence we have

A · 1s + · · · + A · ns +
n∑
r=1

urr
s ≡ N (mod pa), s = 1, . . . , n,

0 ≤ ur ≤ pa − 1.

For k ≥ An+ u1 + · · · + un and r = 1, 2, . . . , n, we set

(1) xm = r if A(r − 1) < m ≤ Ar;

(2) xm = r if An+ u1 + · · · + ur−1 < m ≤ An+ u1 + · · · + ur ;

(3) xm = 0 if An+ u1 + · · · + un < m ≤ k.

Then the numbers x1, . . . , xk are solutions of the system of congruences

k∑
m=1

xsm ≡ Ns (mod pa), s = 1, . . . , n. (8.13)

We assume that there exists a natural number b such that

(1) 2 ≤ b < a;
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(2) b(n1 + 1) ≥ a + 1, where n1 = [0.5n] + 1;
(3) pb > n; (8.14)

(4) a ≥ b + 2� + δ.

Suppose that for m = 1, . . . , k the integers zm and ym satisfy the relations

(1) zm = xm + pbym if 1 ≤ m ≤ nA;

(2) zm = xm if nA < m ≤ k.

Our nearest goal is to choose numbers y1, . . . , ynA so that the following system
of congruences be satisfied:

k∑
m=1

zsm ≡ Ns (mod pa+1), s = 1, . . . , n. (8.15)

For m ≤ nA, r ≤ n, and l ≤ A, we set

zrl = z(l−1)A+r , xrl = x(l−1)A+r , yrl = y(l−1)A+r ,

then system (8.15) can be written as

n∑
r=1

A∑
l=1

zsrl +
k∑

m>nA

xsm ≡ Ns (mod pa+1).

We shall seek the numbers yrt = trvl , where tr and vl are some integers. Then,
by the definition of zrl and xrl , we have

zrl = xrl + pbtrvl = r + pbtrvl.

This implies

zsrl =
s∑

d=0

(
s

d

)
rs−d tdr vdl p

bd,

n∑
r=1

A∑
l=1

zsrl =
n∑
r=1

A∑
l=1

s∑
d=0

(
s

d

)
rs−d tdr vdl p

bd =
n∑
r=1

s∑
d=0

(
s

d

)
rs−d tdr

( A∑
l=1

vdl p
bd

)
.

According to the second condition imposed on the number b, we have

b(n1 + 1) ≥ a + 1, n1 = [0.5n] + 1.

Therefore, after obvious transformations, system (8.15) can be written as

n∑
r=1

n2∑
d=1

(
s

d

)
rs−d tdr

( A∑
l=1

vdl p
bd

)
≡ λsp

a (mod pa+1), s = 1, . . . , n, (8.16)
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where n2 = (s, n1) and λs are fixed integers.
Let q = [1, . . . , n1]. We define the integers M ′

1, . . . ,M
′
n1

by the relations

M ′
1 = q, M ′

2 = · · · = M ′
n1

= 0.

For these numbers, condition (8.5) is satisfied with respect to the number n1.
Indeed, this condition means that the system of equations

n1∑
r=1

tr r
d = M ′

d , d = 1, . . . , n1,

can be solved for the integers t1, . . . , tn. This system is equivalent to the system

n1∑
r=1

trfd(r) = M ′′
d , d = 1, . . . , n1.

where

fd(x) = x(x − 1) . . . (x − d + 1) = xd + αd−1x
d−1 + · · · + α1x,

M ′′
d = M ′

d + αd−1M
′
d−1 + · · · + α1M

′
1.

For solvability of the last system, it is necessary and sufficient that the numbers
N ′′
d be divisible by d! without a remainder. But since M ′

d = 0 for d �= 1, we have

M ′′
d = α1M

′
1 = (d − 1)!q.

The ratio
(
(d−1)!/d!)q is an integer (because q is divisible by d by the definition)

and thus condition (8.5) is satisfied for the numbers M ′
1, . . . ,M

′
n1

.
Now we set A = n2

122n1−1. Then, by Lemma 8.3, there exists a number set
v1, . . . , vA for which the system of congruences

A∑
l=1

vdl ≡ M ′
d (mod pa+1), d = 1, . . . , n1,

is satisfied. Substituting this set into the congruences in system (8.16) and taking into
account that M ′

2 = · · · = M ′
n1

= 0, we obtain the following system (for the desired
numbers t1, . . . , tn):

n∑
r=1

srs−1trqp
b ≡ λsp

a (mod pa+1), s = 1, . . . , n. (8.17)

This system consists of linear congruences for the unknowns t1, . . . , tn. We show
that the system has a solution. Suppose that the numbers q ′ and �1 are determined by
the conditions

(q ′, p) = 1, q = q ′p�1 ,
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then p�1 ≤ n1, and we can rewrite system (8.17) as

n∑
r=1

srs−1tr ≡ µsp
a−b−�1 (mod pa−b−�1+1),

where µs are some integers (s = 1, . . . , n). Repeating the corresponding argument
in the proof of Lemma 8.3, we first solve the system of equations

n∑
r=1

srs−1wr = µrp
a−b−�1 , s = 1, . . . , n.

This system has a unique solution of the form

wr = pa−b−�1

n∑
r=1

s−1µsλ(s, r),

where λ(s, r) is the coefficient of xs−1 of the polynomial fr(x) in

fr(x) = (n− x) . . . (r + 1 − x)

(n− r)! · (x − 1) . . . (x − r + 1)

(r − 1)! .

The denominator of each of the rational numbers λ(s, r) is a divisor of the number
(n− r)!(r − 1)! and hence of (n− 1)!. This implies that the exponent of the prime p,
which is a divisor of the denominator of the number

n∑
s=1

s−1µsλ(s, r),

does not exceed � + δ. But, since the inequality a − b − � ≥ � + δ holds and,
moreover, the inequality �1 ≤ � holds because of n1 ≤ n, we see that, for all r ,
the denominator of the number wr in its representation as an irreducible fraction is
not divisible by p. Therefore, repeating the argument similarly to the corresponding
argument in the proof of Lemma 8.3, we obtain the solution t1, . . . , tn of the system
of congruences (8.17). Hence the system of congruences (8.15) is solvable.

If a + 1 < 2η + 1, then we again repeat the above argument passing from the
congruences modulo pa+1 to the congruences modulo pa+2 and increasing the pa-
rameter b by 1. Repeating if necessary this process several times, we can obtain the
solution of the system of congruences (8.15) for a + 1 = 2η + 1 only if, instead
of the numbers xm, this system contains numbers congruent to the latter modulo pb.
But since pb > n, we can further pass to large values of a similarly to the proof of
Lemma 8.3. Finally, we obtain

W(ph; s) ≥ c1p
h(k−n), c1 = p(2�+2δ+1)(n−k1)

if only k ≥ An+ ∑n
r=1 ur .
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To complete the proof of the lemma, it remains to choose values of the parameters a
and b so that conditions (8.14) be satisfied and to estimate the variable

An+
n∑
r=1

ur .

We set a = 3� + δ and b = � + 1 and verify conditions (8.14).
(1) We have � ≥ 1, since p ≤ n, b = � + 1 ≥ 2, a = 3� + δ + 1 > � + 1 = b,

i.e., 2 ≤ b < a, and condition (8.14), (1) is satisfied.
(2) We show that b(n1 + 1) > a+ 1. For this, we set t = [0.5n]. Then for p �= 2,

in view of the inequality n ≥ 5, we have δ ≤ n − 3, n1 = [0.5n] + 1 = t + 1,
n ≤ 2t + 1, and δ ≤ 2t − 2. Therefore, the inequality in condition (2) follows from
the inequality

(� + 1)(t + 2) > 3� + 2t.

After equivalent transformations, we thus obtain

�t + t + 2� + 2 > 3� + 2t, (� − 1)(t − 1)+ 1 > 0,

which indeed takes place because � ≥ 1 and t ≥ 1. Hence condition (2) holds for
p �= 2.

Now let p = 2. Then for n = 5, a straightforward verification shows that condi-
tion (2) is also satisfied. But if n ≥ 6, then � ≥ 2, t ≥ 3, δ ≤ n−1, and inequality (2)
follows from the system of inequalities

(� − 1)(t − 1) > 1, (� + 1)(t + 2) > 3� + 2t + 2,

b(n1 + 1) ≥ (� + 1)(t + 2) > 3� + 2t + 2 ≥ 3� + n+ 1 ≥ 3� + δ + 2 = a + 1.

Thus we have proved that condition (2) holds in all cases.
(3) The desired condition pb > n for b = � + 1 holds automatically according to

the definition of the number �.
(4) If a = 3� + δ + 1 and b = � + 1, then b + 2� + δ = 3� + δ + 1, i.e.,

condition (4) is also satisfied.
Now we show that the estimate

nA+
n∑
r=1

ur ≤ 3n32n − n

holds. For A, we have the relation

A = n2
122n1−1.

Since n1 = [0.5n] + 1 (n ≥ 5), we have

A ≤ 0.9n22n, nA ≤ 0.9n32n < n32n.
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In the proof of Lemma 8.3, we obtained estimate (8.11) for
∑n
r=1 ur (here we

also have the condition a < δs , where δs is determined by the relation pδs ‖ s!). This
estimate has the form

n∑
r=1

ur ≤ pa+1 − n.

Now we estimate

pa+1 = p3�+δ+2 ≤ n3pδ+2 = n3p[(n−1)/p]+···+[(n−1)/pα]+2,

where the integer α is determined by the condition pα ≤ n− 1 < pα+1.
For n = p we have δ = 0. Hence, in view of n ≥ 5, we obtain

pa+1 = n3p2 < n32n.

If p < n, then[
n− 1

p

]
+ · · · +

[
n− 1

pα

]
+ 2 ≤ n− 1

p
+ · · · + n− 1

pα
+ 2

= n− 1

p − 1
· p

α − 1

pα
+ 2 ≤ n− 2

p − 1
+ 2.

Now for p = 2 we obtain pa+1 ≤ n32n−2+2 = n32n. But if 2 < p < n, then
p1/(p−1) < 2. Hence we have

pa+1 ≤ n3p(n−2)/(p−1)+2 ≤ n3p3p(n−p−1)/(p−1) ≤ n3p32−(p+2)2n+1 ≤ n32n+1.

From the above relations we finally obtain

nA+
n∑
r=1

ur ≤ n32n + 2n32n − n = 3n32n − n.

Thus we have proved the statement of the lemma for k1 = 3n32n − n, as required. ��

Suppose that n,m, k, r1, . . . , rm, λ,N1, . . . , Nm are natural numbers (n ≥ 3, 1 ≤
r1 < · · · < rm = n), p is a prime number (p > n), and Tλ is the number of solutions
of the system of congruences

x
r1
1 + · · · + x

r1
k ≡ N1,

...

x
rm
1 + · · · + x

rm
k ≡ Nm,

(mod pλ), 1 ≤ x1, . . . , xk ≤ pλ.

Further, let k ≥ 2mn ln n, and let n < p ≤ 2n ln n. Then T1 > 1.
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Indeed, we consider the system of congruences (here g is some primitive root
modulo p)

y1g
r1 + · · · + ymg

mr1 ≡ N1,

...

y1g
rm + · · · + ymg

mrm
k ≡ Nm,

(mod p), 1 ≤ y1, . . . , ym ≤ p.

The determinant of this system is

� =
∣∣∣∣∣∣
gr1 . . . gmr1

. . . . . . . . . . . . . . . . .

grm . . . gmrm

∣∣∣∣∣∣ �≡ 0 (mod p).

Therefore, this system is solvable and, moreover, 1 ≤ yi ≤ p ≤ 2n ln n (i =
1, . . . , m). Representing each yi as the sum of units, we obtain the following statement.

Lemma 8.5 (Yu. V. Linnik). The number T1 satisfies the asymptotic formula

T1 = pk−m + θ(n
√
p)k, |θ | ≤ 1;

moreover, T1 ≥ 1 if p ≥ 9n2 and k ≥ 4m ln n.

Proof. We have

T1 = p−m
p−1∑
a1=0

· · ·
p−1∑
am=0

Sk(a1, . . . , am) exp{−2πi(a1N1 + · · · + amNm)/p},

where

S(a1, . . . , am) =
p∑
x=1

exp{2πi(a1x
r1 + · · · + amx

rm)/p},

Selecting the term with a1 = · · · = am = 0, which is equal to pk−m, and applying
A. Weil’s estimate (Lemma A.5)

|S(a1, . . . , am)| ≤ n
√
p

to the other terms, we obtain the first assertion of the lemma; the second assertion
follows from the first. ��

Lemma 8.6. Let n < p ≤ 9n2, and let k ≥ [32mn ln n]. Then T1 ≥ 1.
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Proof. We have already considered the case p ≤ 2n ln n. Therefore, we assume that
p > 2n ln n. We choose Y = 2n and consider the following system of congruences:

(y1 + z1)x
r1
1 + · · · + (yk + zk)x

r1
k ≡ N1,

...

(y1 + z1)x
rm
1 + · · · + (yk + zk)x

rm
k ≡ Nm,

(mod p),

1 ≤ y1, z1 ≤ Y, 1 ≤ xi ≤ p, i = 1, . . . , k.

We denote the number of solutions of this system by T . We have

T = p−m
p−1∑
a1=0

· · ·
p−1∑
am=0

Wk(a1, . . . , am) exp{−2πi(a1N1 + · · · + amNm)/p},

where

W(a1, . . . , am) =
Y∑
y=1

Y∑
z=1

p∑
x=1

exp{2πi(y + z)(a1x
r1 + · · · + amx

rm)/p}.

Let us estimate |W(a1, . . . , am)| for (a1, . . . , am) �= (0, . . . , 0). Since the con-
gruence

a1x
r1 + · · · + amx

rm ≡ λ (mod p)

has at most n solutions for any λ, we have

|W(a1, . . . , am)| ≤
p∑
x=1

∣∣∣∣ Y∑
y=1

Y∑
z=1

exp{2πi(y + z)(a1x
r1 + · · · + amx

rm)/p}
∣∣∣∣

≤ n

p∑
λ=1

∣∣∣∣ Y∑
y=1

exp{2πiλy/p}
∣∣∣∣2 = npY.

Hence

T = (Y 2p)kp−m + θ1(npY )
k = Y 2kpk−m(1 + θ1(nY

−1)kpm),

where |θ1| ≤ 1. Thus, for k ≥ 8m ln n, we have T ≥ 1 and, finally, for k ≥
[32mn ln n], we have T1 ≥ 1. The proof of the lemma is complete. ��

It should be noted that, for p ≥ 9n2, we have an asymptotic formula for T1 and
only a lower bound for T1 for “small” p (n < p < 9n2). Moreover, from Lemma 8.5
and 8.6, we have

W(p; k) ≥ 1

for k ≥ k2 = [32n2 ln n] + n, as well as

W(p; k) = pk−n + θ(np1/2)k

for p ≥ 9n2.
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Lemma 8.7. Suppose that p > n, k ≥ k2 = [32n2 ln n], and h is a natural number.
Then

W(p; k) ≥ pn−k2ph(k−n).

Proof. First, we note that, without loss of generality, we can set k = k2. We prove
this lemma by induction on the parameter h. We consider a system of congruences of
the form

k∑
m=1

xsm ≡ Ns (mod ph), s = 1, . . . , n, (8.18)

xm ≡ m (mod p), m = 1, . . . , n.

ByT (h)we denote the number of solutions of this system. Obviously,W(ph; k) ≥
T (h). We shall prove that T (h) satisfies the estimate T (h) ≥ pn−k2ph(k−n). For
h = 1, this statement follows from Lemma 8.5. We assume that it has already
been proved for all h such that 1 ≤ h ≤ a. Then we prove that this also holds for
h = a + 1. To this end, we represent the unknowns xm (m = 1, . . . , k) in the form
xm = ym + pazm.

It follows from the induction assumption that the following congruences are sat-
isfied:

k∑
m=1

ysm ≡ Ns (mod pa), s = 1, . . . , n,

ysm ≡ ms (mod p), m = 1, . . . , n.

Because of this, for h = a+1 and for some ν1, . . . , νn, system (8.18) is equivalent
to the following linear system of congruences in the unknowns z1, . . . , zk:

k∑
m=1

ys−1
m zm ≡ νs (mod p), s = 1, . . . , n.

If we arbitrarily choose numbers zn+1, . . . , zk , then the unknowns z1, . . . , zn are
uniquely determined, since the determinant corresponding to these unknowns is not
zero because of the conditions on y1, . . . , yn. Hence we have the relation

T (a + 1) = pk−nT (a).

Thus
T (h) = T (1)p(k−n)(h−1), W(ph; k) ≥ pn−ksp(k−n)h.

Lemma 8.7 is thereby proved. ��

Lemma 8.8. The following estimate holds for p ≥ 9n2 and k ≥ 6n2:

W(ph; k) ≥ ph(k−n)(1 − p−3).
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Proof. We divide the proof into two cases: h = 1 and h > 1. First, we consider the
case h = 1. By Lemma 8.6, we have

W(p; k) ≥ pk−n + θ(np0.5)k = pk−n(1 + θnkpn−0.5k), |θ | ≤ 1.

If p ≥ n3, then
nkpn−0.5k ≤ pn−k/6 ≤ pn−n2

< p−4,

but if 9n2 < p < n3, then

nkpn−0.5k ≤ pn3−k ≤ n3n3−6n2 ≤ p−4.

Therefore, in both cases we have

W(p; k) ≥ pk−n(1 − p−4).

Let now h > 1. By definition, W(ph; k) is the number of solutions of the system
of congruences

k∑
m=1

xsm ≡ Nm (mod ph), s = 1, . . . , n; (8.19)

here the unknowns x1, . . . , xk independently run through the complete systems of
residues modulo ph.

We divide all sets of numbers (x1,. . . ,xk) into two classes. A set (x1, . . . , xk)

belongs to the first class if it contains at least n numbers that are pairwise noncongruent
modulo p. By W1(h) we denote the number of solutions of system (8.19) that are
sets of the first class. All other sets belong to the second class. By W2(h) we denote
the number of solutions of system (8.19) that are sets of the second class. By this
definition, we have

W(ph; k) = W1(h)+W2(h),

and hence W(ph) ≥ W(h). We give an estimate from below for W1(h). For h = 1,
the variable W2 = W2(h) satisfies the inequality

W2 ≤ nkpn−1,

since in this case the number of solutions contained in the second class does not exceed
the number of sets (x1, . . . , xk) satisfying the conditions 0 ≤ xs < p (s = 1, . . . , k).
Moreover, for each set of numbers, there exist at most n−1 different numbers. Hence,
for W1 = W1(h) with h = 1 we have the estimate

W1 ≥ W(p; k)−W2 = pk−n(1 − p−4)− nkpn−1 ≥ pk−n(1 − p−3).

But if h > 1, then W1(h) satisfies the relation

W1(h) = p(k−n)(h−1)W1.
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This relation can be proved by a word for word repetition of the corresponding ar-
gument in the proof of the preceding lemma. We only must replace the numbers
x1, . . . , xk in the preceding lemma by some n numbers from the set (x1, . . . , xk) that
are noncongruent modulo p. So for an arbitrary h we obtain

W1(h) = p(k−n)(h−1)W1 ≥ ph(k−n)(1 − p−3),

hence
W(ph; k) ≥ W1(h) ≥ ph(k−n)(1 − p−3).

The proof of Lemma 8.8 is complete. ��

Theorem 8.1. Let k ≥ T = min(n222n−1, 3n32n−n). Then the following inequality
holds under the condition (8.5):

σ ≥ n−20n42n ,

where σ is the singular series in Lemma 8.1.

Proof. By Lemma 8.2, we have

σ =
∏
p

σp, σp = lim
h→∞W(p

h; k)ph(n−k).

Estimating W(ph; k) by Lemmas 8.3, 8.4, 8.7, and 8.8 for different values of p
and taking into account that k ≥ T , we obtain:

(1) σp ≥ p(2�+2δ+1)(n−T ) for p ≤ n;
(2) σp ≥ pn−k2 , k2 = [32n2 ln n] + n, for n < p < 9n2; (8.20)

(3) σp ≥ 1 − p−3 for p ≥ 9n2.

We set
ϕ1 =

∏
p≤n

σp, ϕ2 =
∏

n<p<9n2

σp, ϕ3 =
∏
p≥9n2

σp.

Then
σ = ϕ1ϕ2ϕ3.

For the variable ϕ3 in (8.20), we have the obvious estimate

ϕ3 ≥ 0.5.

Now we estimate ϕ1 and ϕ2. First, we consider ϕ2. Using (8.20), we obtain

ϕ2 ≥
∏

n<p<9n2

pn−k2 > 2
∏
p<9n2

p−32n2 ln n = 2
( ∏
p<9n2

p
)−32n2 ln n

.
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Next, we use the estimate ψ(x) < x ln 4 (see Lemma 3.8 in Chapter 3), where
ψ(x) is the Chebyshev function. It follows from this estimate that∏

p≤x
p� < 4x, (8.21)

where � = �(x) is determined by the relation p� ≤ x < p�+1. Hence for x = 9n2,
we have ∏

p<9n2

p <
∏
p<9n2

p� < 49n2
, ϕ2 > 2−2632n4 ln n+1.

Now we estimate ϕ1. We have

ϕ1 =
∏
p≤n

σp ≥
∏
p≤n

p(2�+2δ+1)(n−T ) = (ϕ4ϕ5)
n−T ,

where
ϕ4 =

∏
p≤n

p2�+1, ϕ5 =
∏
p≤n

p2δ.

Using (8.21), for � = �(n), we obtain

σ4 ≤
∏
p≤n

p3� < 43n = 26n.

Next, by the definition of δ (see the assumptions of Lemma 8.3), we have

ϕ5 =
∏
p≤n

p2δ ≤ (
(n− 1)!)2

Obviously, (n− 1)! < 2−nnn and hence

ϕ5 < 2−2nn2n, ϕ4ϕ5 ≤ 24nn2n.

So we have ϕ1 > 24n(n−T )n2n(n−T ).
Using the estimates for ϕ1, ϕ2, and ϕ3, we obtain

σ = ϕ1ϕ2ϕ3 > 24n(n−T )−2632n4 ln nn2n(n−T ) > n−20n42n .

The theorem is thereby proved. ��

Condition (8.5) is necessary for the positiveness of the singular series σ . As
Theorem 8.1 shows, this is also a sufficient condition if only the number of variables k
is large; more precisely, k must be no less than T . The value of T also increases with
increasing n, but it turns out that it is impossible, instead of T , to use any other variable
that increases, say, slower than T 1−ε (for any ε > 0). In other words, the parameter T
is a variable of regular growth. The proof of this fact is the main goal in this section.
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We consider a sequence of polynomials with rational coefficients

f0(x) = 1, f1(x) = x, . . . , fs(x) = x(x + 1) . . . (x + s − 1)

s! .

All these polynomials are integral-valued, i.e., they take integer values for integerx.
For f0(x) and f1(x), this is obvious, and for all other polynomials, this follows from
the property

fs(x)− fs(x − 1) = fs−1(x). (8.22)

The last relation actually takes place, since

fs(x)+ fs(x + 1) = x(x + 1) . . . (x + s − 1)

s! − (x − 1)x(x + 1) . . . (x + s − 2)

s!
= x(x + 1) . . . (x + s − 2)

(s − 1)!
(
(x + s − 1)− (x − 1)

)
(s − 1)!

= x(x + 1) . . . (x + s − 2)

(s − 1)! = fs−1(x).

Relation (8.22) also implies that if

Qn(x) = a0f0(x)+ · · · + anfn(x),

then, for a natural number n, we have

Qn+1(x) =
x∑
t=1

Qn(t) = a0f1(x)+ · · · + anfn+1(x).

Further, we consider the sequence of polynomials gs(x) given by the relations

g1(x) = f1(x) = x, g2(x) =
x∑
t=1

(2g1(t)− 1),

...

gs+1(x) =
x∑
t=1

(2gs(t)− 1).

It follows from the above properties of the polynomials fs(x) that

g2(x) = 2f2(x)− f1(x), g3(x) = 22f3(x)− 2f2(x)− f1(x),

...

gs(x) = 2s−1fs(x)−
s−1∑
r=1

2r−1fr(x).
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Lemma 8.9. For an integer x, the polynomial gs(x) satisfies the congruence

2gs(x) ≡ 1 + (−1)x (mod 2s+1). (8.23)

Proof. We prove this relation by induction on the parameter s. For s = 1 we have

2g1(x) = 2x ≡
{

0 = 1 − (−1)x if x is even,

2 = 1 − (−1)x if x is odd.

So the statement of the lemma is proved for s = 1. We assume that this statement
holds for s = m, m ≥ 1, and prove it for s = m+ 1. By the induction hypothesis, we
have

2gm(x) ≡ 0 (mod 2m+1) if x is even,

2gm(x) ≡ 2 (mod 2m+1) if x is odd.

For a natural number x, this implies

2gm(x)− 1 ≡ (−1)x+1 (mod 2m+1),

2gm+1(x) = 2
x∑
t=1

(
2gm(t)− 1

) ≡ 2
(
1 − 1 + · · · + (−1)x + (−1)x+1)

≡ 1 − (−1)x (mod 2m+2).

Thus we have proved the statement of the lemma for a natural number x. To extend
the proof to all integer x, we note that, in the representation of the rational number
2s−1(s!)−1 as the irreducible fraction PsQ−1

s , the denominator Qs is not divisible
by 2 for all natural numbers s. By this and the fact that the polynomial gs(x) is
integral-valued, for all integer x, we have

gs(x) ≡ Gs(x) (mod 2s),

where

Gs(x) = PsQ
′
sx(x + 1) . . . (x + s − 1)−

s−1∑
r=1

PrQ
′
rx(x + 1) . . . (x + r − 1),

and the integers Q′
r for r = 1, . . . , s are determined by the congruences

QrQ
′
r ≡ 1 (mod 2s).

Since the polynomial Gs(x) has integer coefficients, it is periodic modulo any
number, and the right-hand side of congruence (8.23) is periodic modulo any even
number. Therefore, the congruences

2Gm+1(x) ≡ 2gm+1(x) ≡ 1 − (−1)x (mod 2m+2)

hold for all integer x, as was to be proved. ��
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Lemma 8.10. Suppose that integer numbers a1, . . . , an are coefficients of the poly-
nomial Gn(x) constructed in the proof of the preceding lemma. For the system of
congruences

k∑
m=1

xsm ≡ Ns (mod 2n), s = 1, . . . , n,

to have a solution, it is necessary that the following inequality be satisfied:

k ≥ b0,

where b0 is the least nonnegative residue of the number b modulo 2n,

b =
n∑
s=1

asNs.

Proof. By construction, the polynomial Gn(x) satisfies the congruence

2Gn(x) ≡ 1 − (−1)x (mod 2n+1).

This means that, for even x, the number Gn(x) is congruent to zero modulo 2n

and, for odd x, with unity. Therefore, multiplying the congruence with index s by as
and adding all congruences of the system under study, we see that the number H of
odd numbers among x1, . . . , xk satisfies the congruence

H ≡ b (mod 2n).

This readily implies the statement of the lemma. ��

The solvability condition (8.5) depends only on the values of the residues of the
numbers N1, . . . , Nn modulo n!. Indeed, system (8.5) is equivalent to the system

n∑
r=1

tr r(r − 1) . . . (r − s + 1) = Ms, s = 1, . . . , n,

where (M1, . . . ,Mn) is a set of integers that bijectively corresponds to the set
(N1, . . . , Nn). The solvability condition for the last system is obvious. It means
that if each Ms is divisible by s!, then the system has an integer-valued solution. The
terms N1, . . . , Nn can be linearly and with integer coefficients expressed in terms of
M1, . . . ,Mn, and conversely. Therefore, in the solvability condition (8.5), it suffices,
instead of the numbers Ns , to consider their residues modulo n!. Thus the system of
equations in condition (8.5) can be replaced by a system of congruences modulo n!. In
turn, this system is equivalent to a set of systems each of which corresponds to its own
prime number p, where p ≤ n, and the congruences are taken modulo pδ , where δ is
the exponent of the prime p contained in the decomposition of n! into prime factors.
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These systems are independent of one another in the sense that the unknowns in them
run through their own complete systems of residues independently of one another for
different primes p.

Thus the solvability condition (8.5) is equivalent to a set of independent solvability
conditions for each prime p that does not exceed n. For each p, this condition written
for the numbers M1, . . . ,Mn1 means that the number Ms (s = 1, . . . , n) is divisible
by pδs , where δs is determined by the relation pδs ‖ s!. We note that δs < n for all
s ≤ n. Therefore, is suffices to consider the congruences modulo pn. All the sets
(M1, . . . ,Mn) and the sets (N1, . . . , Nn) satisfying the solvability condition (8.5) are
now divided into classes depending on the values of the residues modulo 2n of the
numbers contained in these sets. The number of these and those sets is the same in
any class. Denoting the number of classes by A, we obtain

A = 2n
2−δn−···−δ1 .

Further, since δ1 = 0, the residue of the numberM1 can take any value modulo 2n

independently of the other numbers Ms (s = 2, . . . , n). We express the number b in
Lemma 8.10 in terms of M1, . . . ,Mn and obtain

b = PnQ
′
nMn −

n−1∑
r=2

PrQ
′
rMr −M1.

This implies that the number of solutions of the congruence b ≡ b0 (mod 2n) for
any fixed b0 such that 0 ≤ b0 ≤ 2n − 1 is equal to 2−nA. In particular, we can set
b0 = 2n−1. Then it follows from Lemma 8.10 that there exist 2−nA sets (N1, . . . , Nn)

satisfying the solvability condition and the condition that the relations

W(pm; k) > 0

imply k ≥ 2n − 1. In particular, we can choose N1 ≡ N2 ≡ · · · ≡ Nn ≡ 2n − 1
(mod 2n). By setting b0 = 0, 1, . . . , d (d ≤ 2n − 1), we see that there exist at least
(1 − 2−nd)A sets (N1, . . . , Nn) satisfying the solvability condition for p = 2 and the
condition that

W(2n; k) = 0

if only k < d. Simultaneously, here we have σ = 0 because for h ≥ n the relation

W(2n; k) = 0

implies that
W(2h; k) = 0,

and hence σ2 = 0 and σ = ∏
p σp = 0. By setting d = 2n − 1, we see that the

number k in Theorem 8.1 must be no less than 2n − 1. In other words, if T0 is the
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least value of k starting from which the inequality σ > 0 holds for all N1, . . . , Nn
satisfying condition (8.1), then the following inequalities hold:

2n − 1 ≤ T0 ≤ T = 3n32n − n.

For any ε > 0 as n → ∞, we have

(2n − 1)T ε−1 → +∞;
hence (here the constant in Vinogradov’s symbol 
 is independent of ε)

T 1−ε 
 T0 ≤ T ,

i.e., the parameter T is a variable of regular growth. So we have proved the following
theorem.

Theorem 8.2. Let σ be the singular series in Theorem 8.1,

σ =
∏
p

σp,

where the numbers σp are defined in the assumptions of Lemma 8.2. Then
(1) there are number sets (N1, . . . , Nn) satisfying the solvability condition (8.5)

and σ = 0 for these numbers if k < 2n − 1, but σ > 0 for all sets satisfying
condition (8.5) if

k ≥ T = min(n222n−1, 3n32n − n);
(2) the system of equations in the solvability condition (8.5) can be replaced by

the set of mutually independent systems of congruences; moreover, to each prime
number p that does not exceed n, there corresponds its own system of congruences
modulo pn;

(3) among A (A > 0) sets (l1, . . . , ln) of classes of residues modulo 2n satisfying
the solvability condition corresponding to the prime number 2, there exist at least
A(1 − 2−nd) sets for which

σ = 0 if k < d < 2n − 1, σ2 > 0 if k ≥ T .

8.2 The singular integral in the Hilbert–Kamke problem

In this section we study the relation between γ , which is the value of the singular
integral, and the properties of solutions of the system of equations

k∑
m=1

xsm = βs, s = 1, . . . , n, (8.24)
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where βs are determined by the relations βs = NsP
−s , and the unknowns xm satisfy

the conditions 0 ≤ xm ≤ 1 for m = 1, . . . , k.
By � we denote the domain of points (x1, . . . , xk) in the k-dimensional space for

which the following inequalities hold:

(1) 0 ≤ xm ≤ 1, m = 1, . . . , k;

(2)
∣∣∣ k∑
m=1

xsm − βs

∣∣∣ ≤ h, h > 0, s = 1, . . . , n.

We let µ(h) denote the volume of the domain �, i.e., we set

µ(h) =
∫

· · ·
∫

�

dx1 . . . dxk.

Lemma 8.11. For k > 0.5n(n+ 1)+ 1, the following relation holds:

γ = γ (β1, . . . , βn) = lim
h→0

2−nh−nµ(h).

Proof. Since the integral γ converges absolutely for k > 0.5n(n+1)+1, this integral
is a continuous function in all the variables β1, . . . , βn. We set

F(β1, . . . , βn) =
∫ β1

0
· · ·

∫ βn

0
γ (α1, . . . , αn) dα1 . . . dαn.

Then we have

γ (β1, . . . , βn) = ∂F (β1, . . . , βn)

∂β1, . . . , ∂βn

= lim
h→0

2−nh−n
∫

· · ·
∫

�

γ (α1, . . . , αn) dα1 . . . dαn.

Now we show that

F(β1, . . . , βn) =
∫

· · ·
∫

�1(β1,...,βn)

dx1 . . . dxk,

where �1(β1, . . . , βn) denotes the domain of points (x1, . . . , xk) determined by the
conditions

0 < xm < 1, m = 1, . . . , k, 0 < xs1 + · · · + xsk < βs, s = 1, . . . , n.

Indeed, by the definition of the functions F(β1, . . . , βn) and γ (α1, . . . , αn), we
have

F(β1, . . . , βn) =
∫ β1

1
· · ·

∫ βn

0
γ (α1, . . . , αn) dα1 . . . dαn
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=
∫ β1

1
· · ·

∫ βn

0
dα1 . . . dαn

∫ +∞

−∞
· · ·

∫ +∞

−∞
dz1 . . . dzn

×
∫ 1

0
· · ·

∫ 1

0
exp

{
2πi

n∑
s=1

(ts − αs)zs

}
dx1 . . . dxk,

where the variables ts are determined by the relations

ts = xs1 + · · · + xsk (s = 1, . . . , n).

Changing the order of integration and integrating with respect to α1, . . . , αn, we hence
obtain

F(β1, . . . , βn) =
∫ +∞

−∞
· · ·

∫ +∞

−∞

( n∏
s=1

1 − exp{−2πizsβs}
2πizs

)
dz1 . . . dzn

×
∫ 1

0
· · ·

∫ 1

0
exp

{
2πi

n∑
s=1

tszs

}
dx1 . . . dxk

=
∫ 1

0
· · ·

∫ 1

0
dx1 . . . dxk

×
∫ +∞

−∞
· · ·

∫ +∞

−∞

n∏
s=1

exp{2πitszs} − exp{2πi(ts − βs)zs}
2πizs

dz1 . . . dzn

= π−n
∫ 1

0
· · ·

∫ 1

0

( n∏
s=1

∫ +∞

0

(
sin 2πzsts

zs
− sin 2πzs(ts − βs)

zs

)
dzs

)
dx1 . . . dxk.

But since ∫ +∞

0

sin αx

x
dx = π

2
sgn α,

we have

F(β1, . . . , βn) =
∫ 1

0
· · ·

∫ 1

0

n∏
s=1

(
sgn ts − sgn(ts − βs)

)
dx1 . . . dxk

=
∫

· · ·
∫

ts≤βs
0<x1,...,xk<1

dx1 . . . dxk =
∫

· · ·
∫

�1(β1,...,βn)

dx1 . . . dxk.

Thus we have proved the desired relation for the function F(β1, . . . , βn). This
readily implies that the integral in the right-hand side of the above relation for the
variable γ (β1, . . . , βn) is equal to µ(h). Hence

γ (β1, . . . , βn) = lim
h→0

2−nh−nµ(h),
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as required. ��

We consider a system of equations for the unknowns x1, . . . , xl of the form

xs1 + · · · + xsl = αs, s = 1, . . . , n, l > n. (8.25)

We assume that the variables x1, . . . , xl, α1, . . . , αn satisfy the conditions

0 ≤ xm ≤ 1, m = 1, . . . , l; 0 ≤ αs, s = 1, . . . , n.

Next, we consider the set composed of l positive numbers y1, . . . , yl , where l ≥ n.
In a way, we choose n numbers with different indices among these variables. Suppose
that these numbers are z1, . . . , zn. By setting z0 = 0 and zn+1 = 1, we add two more
numbers to this set.

The variable �(y1, . . . , yl), where

�(y1, . . . , yl) = max
�

min
0≤i<j≤n+1

|zi − zj |,

will be called the characteristic of the set (y1, . . . , yl).
If the set (y1, . . . , yl) is a solution of some system of equations, then its charac-

teristic will be called the characteristic of this solution of the system.

Lemma 8.12. Suppose that for l = nand a positive ε, the characteristic�(x1, . . . , xn)

of a fixed solution of system (8.25) satisfies the condition

�(x1, . . . , xn) ≥ ε.

Suppose also that the numbers hs (s = 1, . . . , n) satisfy the inequalities

|hs | ≤ H = (0.25ε)n.

Then there exists a set (y1, . . . , yn) whose coordinates satisfy the conditions:

(1)
n∑

m=1

ysm = αs + hs, s = 1, . . . , n;

(2) �(y1, . . . , yn) ≥ 0.5ε;
(3) |xm − ym| ≤ H · 22n−2ε1−n, |xm − ym| ≤ 0.25ε, m = 1, . . . , n.

Proof. Let a be a sufficiently large natural number.
We recursively define numbers ymb and zmb (m = 1, . . . , n; b = 0, . . . , a) as

follows:

(1) ym0 = xm and zm0 = 0;

(2) ymb+1 = ymb + zmb+1;
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(3) the numbers zmb+1 (for fixed numbers ymb) satisfy a system of linear equa-
tions of the form

n∑
m=1

zmb+1y
s−1
mb = hs

as
, s = 1, . . . , n. (8.26)

We will prove that the numbers ymb thus defined satisfy the inequalities

|ymb − xm| < 0.25ε. (8.27)

For b = 0 this condition readily follows from the definition of the numbers ymb.
Now we assume that d ≥ 0 and it has already been proved that this condition holds
for all b ≤ d. Then we shall prove this condition for b = d + 1 ≤ a. Solving the
linear system (8.26) for the unknowns zmd+1, we obtain

zmd+1 =
∑n
s=1 hsσs(as)

−1

fm(ymd)
, m = 1, . . . , n;

here σs is the coefficient of xs−1 in the polynomial fm(x), where

fm(x) = (x − y1d) . . . (x − ynd)

x − ymd
.

Since |ymd − xd | < 0.25ε and xm ≥ ε, we have ymd > 0 and hence

n∑
s=1

|σs | = (−1)n−1fm(−ymd) < 2n−1.

Moreover, by assumption, we have |hs | ≤ (0.25ε)n. Next, since |xm − xr | ≥ ε, we
have |ymd − yrd | ≥ 0.5ε. Therefore,

|zmd+1| < 2n−1a−1h(0.5ε)−n+1, (8.28)

and hence

|zmd+1| ≤ 0.25a−1ε,

|ymd+1 − xm| =
∣∣∣∣ d+1∑
b=1

zmb

∣∣∣∣ ≤ 0.25a−1ε(d + 1) ≤ 0.25ε.
(8.29)

So inequality (9.27) is proved.
Now we consider the variables

Rs = Rs(a) =
n∑

m=1

ysma −
n∑

m=1

xsm − hs, s = 1, . . . , n.
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We show that Rs → 0 as a → ∞. Indeed, by the definition of yma , we have

Rs =
n∑

m=1

a−1∑
b=0

(ysmb+1 − ysmb)− hs =
n∑

m=1

a−1∑
b=0

(
(ymb + zmb+1)

s − ysmb
) − hs.

Using the expansion of the variable (ymb + zmb+1)
s in the Taylor series around

the point ymb, we obtain

(ymb + zmb+1)
s − ysmb = szmb+1y

s−1
mb + 0.5s(s − 1)z2

mb+1(y
′
mb)

s−2,

where the number y′
mb satisfies the condition ymb ≤ y′

mb ≤ ymb+1. Hence we have
0 < y′

mb < 2. Therefore, by (8.29), we obtain

|Rs | < 0.5s(s − 1)(0.25ε)2a−12s−2 < a−1n22n.

We have Rs → 0 as a → +∞. Hence if (y1, . . . , yn) is the limit point for the
set of points (y1a, . . . , yna), then this point satisfies condition (1) in the lemma. The
second condition in the lemma is satisfied for this point because of inequality (8.28),
and the third condition holds by inequality (8.29). Thus the proof of Lemma 8.12 is
complete. ��

We note that the system of equations in item (1) in Lemma 8.12 has only one
solution that satisfies conditions (2) and (3), since the specific form of this system
implies that all its solutions are permutations of a single solution and any permutation
of the numbers y1, . . . , yn does not already satisfy condition (3). Next, the numbers
y1, . . . , yn continuously depend on the variables h1, . . . , hn. To prove this fact is
suffices to surround the point (h1, . . . , hn) by a sufficiently small δ-neighborhood and
to apply the already proved Lemma 8.12 to each point (h1+δ1, . . . , hn+δn), replacing
the numbers hs by hs + δs (s = 1, . . . , n).

Lemma 8.13. Suppose that some solution (x1, . . . , xk) of system (8.24) has a positive
characteristic ε. Then, for a sufficiently small h, the volume µ(h) of the domain �
satisfies the inequality

µ(h) ≥ 2nhn22n(n−k)kn−kn−k−nεn(k−n).

Proof. Any permutation of the set (x1, . . . , xk) is also a solution of this system.
Hence we can assume that

x1 ≥ ε, x2 − x1 ≥ ε, . . . xn − xn−1 ≥ ε, xn ≤ 1.

We consider the numbers yn+1, . . . , yk satisfying the inequalities

xm − δ1 ≤ ym < xm, m = n+ 1, . . . , k, δ1 = (0.25ε)n(kn)−1.
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For each m and for s = 1, . . . , n, we then have

|xsm − ysm| = |xm − ym|(xs−1
m + · · · + ys−1

m ) ≤ sδ1 ≤ (0.25ε)nk−1,

and hence, by setting

Rs =
k∑

m=n+1

(xsm − ysm),

we obtain |Rs | ≤ (0.25ε)n.
By Lemma 8.12, there exist numbers y1, . . . , yn satisfying the condition

n∑
m=1

ysm = βs + Rs −
k∑

m=n+1

xsm, s = 1, . . . , n,

and uniquely determined by the variables Rs , i.e., by the set (yn+1, . . . , yk). This
implies that the point (y1, . . . , yk) is a solution of Eq. (8.24).

Now we note that, for a sufficiently small h and for |zm − ym| < hn−2 = δ2, we
have the inequality

|zsm − ysm| < hn−1,

and in this case the set (z1, . . . , zn, yn+1, . . . , yk) belongs to the domain�. We denote
the set of all such sets by �1. The volume of the domain �1 can be written as the
multiple integral ∫

· · ·
∫

�1

dz1 . . . dzndyn+1 . . . duk.

Since�1 is contained in�, the volume of� equal to µ(h) satisfies the inequality

µ(h) ≥
∫

· · ·
∫

�1

dz1 . . . dzndyn+1 . . . duk,

hence

µ(h) ≥
∫ xn+1

xn+1−δ1

· · ·
∫ xk

xk−δ1

dyn+1 . . . duk

∫ y1+δ2

y1−δ2

. . .

∫ yn+δ2

yn−δ2

dz1 . . . dzn

= δk−n1 (2δ2)
n ≥ (0.25ε)n(k−n)2nhnkn−kn−k−n.

This implies the statement of the lemma. ��

Lemma 8.14. Suppose that the characteristic of each solution to system (8.24) does
not exceed ε. Then, for k ≥ 2n2 and a sufficiently small h, the volume µ(h) of the
domain � satisfies the estimate

µ(h) ≤ 2nhn22n2
k2nnk−2nεk−3n−n2

.
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Proof. First, we prove that if the characteristic of each point (x1, . . . , xl) in some
domain ω lying in the l-dimensional unit cube (l > n) does not exceed a, then the
volume of this domain µa satisfies the inequality

µa < ln−1(na)l−n. (8.30)

Without loss of generality, we can assume that all coordinates of each point fromω

are distinct. We divide these points into classes as follows. To each point α =
(x1, . . . , xl), we assign a set of indices j1, . . . , jr (r ≤ n − 1; jm1 �= jm2 for
m1 �= m2, 1 ≤ j1, . . . , jr ≤ k). Suppose that the characteristic of the point α is
equal to δ. Among the numbers x1, . . . , xl , there exist numbers that are larger than δ.
We take the index of the smallest of them to be j1, the index of the smallest of the
numbers xm (m = 1, . . . , l) satisfying the inequality

xm > xj1 + δ

to be j2, etc., i.e., we take the index of the smallest of the numbers xm satisfying the
inequality

xm > xjr−1 + δ

to be jr . Note that the number r for which this process stops does not exceed n− 1.
Otherwise, the characteristic of the set (xj1 , . . . , xjr ) as well as the characteristic of
the point α will be larger than δ.

We assign the set of indices j1, . . . , jr−1 thus constructed to the point α. All the
points for which the set of these indices is the same will belong to the same class.
Obviously, the total number of such classes is l+ l(l−1)+· · ·+ l(l−1) . . . (l−r+1),
which does not exceed ln−1. These classes do not intersect. Each coordinate xm of
the point α (contained in a class) that corresponds to the indices j1, . . . , jr lies in one
of the intervals 0 ≤ xm ≤ δ, xj1 < xm ≤ xj1 + δ, . . . , xjr < xm ≤ xjr + δ. Since
δ ≤ α, the volume of the domain of points assigned to the same fixed class does not
exceed (na)l−r . If the coordinates with numbers j1, . . . , jr are fixed arbitrarily, then
all the remaining coordinates belong to fixed intervals whose total length does not
exceed na. Multiplying this number by the number of different classes, we obtain
the desired estimate for µa because na < 1 and r < n. Thus we have proved
inequality (8.30).

Now we divide the domain� into two parts�1 and�2. The first part�1 contains
the points α whose characteristic �(α) satisfies the inequality

(�(α)/8)n ≥ h. (8.31)

The second part�2 contains all the remaining points of the domain�. We estimate
the volumeµ(�2) of the domain�2 using inequality (8.30). The pointsα ∈ �2 satisfy
the condition (�(α)/8)n < h, and hence �(α) < 8h1/n. By setting a = 8h1/n, from
inequality (8.30) for l = k, we obtain

µ(�2) < kn−1(8nh1/n)k−n ≤ kn−1(8n)k−nh−1+k/n.
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Since k ≥ 2n2, we have µ(�2) < kn−1(8n)k−nh2n−1.
Now we estimate the volume µ(�1) of the set �1. For this, we first divide the

set �1 into subsets ω1, . . . , ωT so that ωt will contain the points α satisfying the
condition

ε2−t < �(α) ≤ ε21−t , t = 1, . . . , T − 1.

The last set ωT contains the points such that

ε2−T < 8h1/n ≤ �(α) < ε21−T .

Let us estimate the volume µ(ωt ) of the set ωt for t = 1, . . . , T . Now we divide
already the sets ωj into classes. To each class, we assign a set of indices j1, . . . , jn
according to the following rule. If the characteristic of a point α = (x1, . . . , xk)

is equal to the characteristic of the set of numbers (xj1 , . . . , xjn), then the point α is
contained in the class corresponding to the indices j1, . . . , jn. Of course, these classes
can intersect. We note that the volume of the set of points for each class is the same.
To verify this, it suffices to renumber the variables. The number of all classes is equal
to
(
k
n

)
. Hence if µ(V ) is the volume of the set of points of the class V corresponding

to the indices 1, 2, . . . , n, then

µ(ωt ) ≤
(
k

n

)
µ(V ).

Now we shall estimate µ(V ). The characteristic of the set of numbers
(xn+1, . . . , xk) for each point α from V does not exceed ε21−t , while the charac-
teristic of the point α itself is no less than ε2−t . Therefore, the set V belongs to the
set W consisting of the points α = (x1, . . . , xk) satisfying the conditions

(1) α ∈ �;

(2) �(x1, . . . , xn) ≥ εt = ε2−t , x1 < · · · < xn;

(3) �(xn+1, . . . , xk) ≤ 2εt = ε21−t .
We give an estimate from above for the volume µ(W) of the set W . This can

be done as follows: first, we estimate the (k − n)-dimensional volume µ1 of points
(xn+1, . . . , xk) satisfying condition (3); then, for fixed values of the variables
xn+1, . . . , xk , we estimate the n-dimensional volume µ2 of points (x1, . . . , xn) satis-
fying conditions (1) and (2). Then for µ(W) we have the estimate

µ(W) ≤ µ1µ2.

To estimateµ2, we use inequality (8.30) with l = k−n and a = ε21−t . We obtain

µ2 ≤ kn−1(nε21−t )k−2n.

Now we estimate µ1. By condition (1), each point α = (x1, . . . , xk) of the set W
satisfies the system of inequalities∣∣∣ n∑

m=1

xsm +
k∑

m=n+1

xsm − βs

∣∣∣ ≤ h, s = 1, . . . , n.
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Since condition (2) implies the relations(
�(x1, . . . , xn)/8

)n = (
�(α)/8

)n ≥ h, x1 ≤ · · · ≤ xn,

applying Lemma 8.12 with h = H and ε = εt , we see that there exists a set of numbers
(y1, . . . , yn) such that the system of equations

n∑
m=1

ysm +
k∑

m=n+1

xsm = γs, s = 1, . . . , n,

is satisfied and the following inequalities hold:

|xm − ym| ≤ h22n−2(ε21−t )1−n ≤ 0.25(ε2−t ), �(y1, . . . , yn) ≥ 0.5(ε2−t ).

Since x1 ≤ · · · ≤ xn, we also have y1 ≤ · · · ≤ yn, which implies that the
set (y1, . . . , yn) is the same for all the numbers x1, . . . , xn (if only the numbers
xn+1, . . . , xk are fixed). Therefore, the entire set of points (x1, . . . , xn) considered
is contained in the n-dimensional cube centered at the point (y1, . . . , yn); the side of
this cube is equal to 2h22n−2(ε21−t )1−n. Therefore, µ2 satisfies the estimate

µ2 ≤ (2h)n2(2n−2)n(ε21−t )(1−n)n.

Multiplying the estimates obtained forµ1 andµ2, we obtain an estimate forµ(W),
as well as estimates for µ(V ) and µ(ωt ). Then summing µ(ωt ) over all t = 1, . . . , T
and adding the result to the estimate obtained earlier for µ(�2), after several obvious
transformations, we arrive at the statement of the lemma. ��

Theorem 8.3. Denote by ε the maximal value of the characteristic of the solution
(x1, . . . , xn) of system (8.24) of equations. Then the following inequalities hold:

22n(n−k)kn−kn−k−nεn(k−n) ≤ γ ≤ 22n2
k2nnk−2nεk−3n−n2

,

where γ is the singular integral in the Hilbert–Kamke problem.

Proof. By Lemma 8.11, we have

γ = lim
h→0

2−nh−nµ(h).

Estimatingµ(h) from above and below by Lemmas 8.13 and 8.14 and passing in these
inequalities to the limit as h → 0, we obtain the statement of the theorem. ��

Remark 8.1. It follows from Theorem 8.3 that the relations γ = 0 and ε = 0 are
equivalent. The same holds for the inequalities γ > 0 and ε > 0. Now we assume
that the parameters k,N1, . . . , Nn in the system of Hilbert–Kamke equations take the
values for which the singular series σ in the asymptotic formula for the number of
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solutions of this system is positive. Thus if ε > 0, then γ > 0 and the above asymptotic
formula together with Theorem 8.3 allows us explicitly to obtain, depending on σ ,
k, n, and ε, the bound P0 such that for P ≥ P0 the system has at least one solution.
But if γ = 0, then ε = 0, i.e., the characteristic of any solution of Eqs. (8.24) (in
real numbers) is equal to zero. This means that, among these numbers, there are at
most n − 1 different numbers. The same can be said about the system of Hilbert–
Kamke equations, since if we divide all its unknowns by P , then we obtain a solution
of system (8.24). But the number of such solutions is finite for both these systems
since the number of real solutions of the following system is also finite:

r∑
s=1

kmy
s
m = Ns, s = 1, . . . , n,

where y1, . . . , yr are unknowns, k1, . . . , kr are fixed natural numbers such that k1 +
· · · + kr ≤ k, and yi �= yj for i �= j , 1 ≤ i, j ≤ r , and r ≤ n − 1 (the number of
solutions of this system does not exceed r!).

Thus, for ε = γ = 0, system (8.24) has only finitely many solutions. We also note
that if system (8.24) is solvable and ε > 0, then Lemma 8.12 implies that, since the
numbers x1, . . . , xn depend on xn+1, . . . , xk, β1, . . . , βn continuously, this system
has a solution such that there are at most n distinct numbers among the numbers
x1, . . . , xk . If we denote these distinct values of the numbers xm by y1, . . . , yn, then
the characteristic of the set (y1, . . . , yn) satisfies the inequality

0 ≤ �(y1, . . . , yn) ≤ ε.

In this case, for fixed natural numbers k1, . . . , kn, k1 + · · · + kn ≤ k, the numbers
y1, . . . , yn satisfy the system of equations

n∑
m=1

kmy
s
m = βs, s = 1, . . . , n.

Thus we have obtained another criterion, which is numerically somewhat less
precise but allows us to study the problem of whether the quantity γ is different from
zero.

8.3 Multidimensional additive problem

This section is devoted to several generalizations of the Hilbert–Kamke problem. The
most important of them is the multidimensional additive problem, i.e., the problem
of representing a set of increasing natural numbers N(t1, . . . , tr ) simultaneously by
finitely many terms of the form x

t1
1 , . . . , x

tr
r . Here the exponents t1, . . . , tr take all pos-

sible values in the intervals [0, n1], . . . , [0, nr ], respectively. Moreover, it is assumed
that t1+· · ·+tr ≥ 1. For r = 1, this problem is precisely the Hilbert–Kamke problem.
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In the multidimensional case, i.e., for r > 1, this problem was first formulated in the
monograph [29], in the section called “Problems.”

The general scheme for solving the multidimensional problem is the same as in
the one-dimensional case, however, new problems must be solved at each of its stages.
There are three such stages. The first consists in obtaining an asymptotic formula for J ,
i.e., for the number of representations of the numbersN(t1, . . . , tr ). We obtained this
formula in Chapter 6 (Theorem 6.2) using the results of Chapters 4 and 5. This formula
can be written as

J = J
(
P1, . . . , Pr ; n1, . . . , nr ; k;N(1, 0, . . . , 0), . . . , N(n1, . . . , nr )

)
(8.32)

= σγP
k−mn1/2
1 . . . P

k−mnr/2
r +O

(
P
k−mn1/2−0.1
1 . . . P

k−mnr/2
r

)
,

where m = (n1 + 1) . . . (nr + 1).
The quantity J is the number of solutions of the system of Diophantine equations

k∑
j=1

x
t1
1j . . . x

tr
rj = N(t1, . . . , tr ),

0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, t1 + · · · + tr ≥ 1, (8.33)

1 ≤ x1j ≤ P1, . . . , 1 ≤ xrj ≤ Pr .

In system (8.33), as in formula (8.32), the variables P1, . . . , Pr are, in fact, in-
creasing free parameters, and their values are chosen according to the mutual orders
of growth of the right-hand sidesN(t1, . . . , tr ) in each of the equations in this system.
The quantity σ in formula (8.32) is the value of the singular series, and the quantity γ
is the value of the singular integral of the multidimensional problem.

The second stage of solving this problem is to prove that the singular series σ is
positive, and the third stage is to prove that the singular integral γ is positive. It is
clear that if it is proved that σ and γ are positive for some k, then formula (8.32)
implies that, for increasing P1, . . . , Pr , system (8.33) has solutions and there exists a
simultaneous representation of N(t1, . . . , tr ) by a bounded number (by k) of terms of
the required form, i.e., the complete solution of the problem under study is obtained.

Precisely as in the one-dimensional case, system (8.33) is solvable if conditions
of the following two types are satisfied: arithmetic conditions related to the fact that
the singular series σ is positive, and ordering conditions related to the fact that the
singular integral σ is positive. Moreover, the arithmetic conditions are equivalent to
the solvability conditions for the system of congruences of the form

k∑
j=1

x
t1
1j . . . x

tr
rj = N(t1, . . . , tr ) (mod q), (8.34)

0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr,
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for all moduli q that do not exceed T , where T = T (n1, . . . , nr ) is a positive constant.
In Theorem 8.5, we establish relations between the solvability of systems of congru-
ences (8.34) and the solvability of some system of linear equations in integers. It turns
out that the solvability of this linear system of equations in integers is precisely the
required arithmetic condition.

We also note that the ordering conditions are the conditions that there exists a
solution of Eqs. (8.33) in real numbers such that the Jacobi matrix corresponding to
this solution has maximal rank.

Both the ordering conditions and the arithmetic conditions presented in this section
are generalizations of the corresponding conditions in Sections 8.1 and 8.2 for the
Hilbert–Kamke problem. It is possible to show that, for a sufficiently large number
of terms, it follows from these conditions that σ and γ are positive in the asymptotic
formula (8.32) for the number of solutions to Eqs. (8.33). Thus it is possible to solve
the multidimensional additive problem completely. Simultaneously, we give similar
conditions for some other additive problems.

We consider the system of Diophantine equations

ε1 + · · · + εs = M0,

ε1x1 + · · · + εsxs = M1,

...

ε1x
n
1 + · · · + εsx

n
s = Mn,

(8.35)

where M0,M1, . . . ,Mn are fixed natural numbers; here the unknowns are the vari-
ables x1, . . . , xs, ε1, . . . , εs , and x1, . . . , xs take nonnegative integer values, while
ε1, . . . , εs take the values ±1.

Next, we consider the system of linear equations for the integer numbers t0, t1,
t2, . . . , tn:

t0 + t1 + t2 + · · · + tn = M0,

t1 + 2t2 + · · · + ntn = M1,

...

t1 + 2nt2 + · · · + nntn = Mn.

(8.36)

Lemma 8.15. The solvability of system (8.35) implies the solvability of system (8.36),
and conversely, the solvability of system (8.36) of equations implies that there exists
an s for which system (8.35) has a solution.

Proof. First, for any integer x, we find a solution in the integers T0, T1, . . . , Tn of the
system of equations

n∑
i=0

Tii
s = xs, s = 1, . . . , n. (8.37)
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The variables Ti = Ti(x) as functions of x are nth-degree polynomials, and more-
over,

Ti = Ti(x) = (−1)n−i x(x − 1) . . . (x − i − 1)(x − i + 1) . . . (x − n)

i!(n− s)! .

This implies that Ti are integers. Now we assume that system (8.35) is solvable and
the set x1, . . . , xs, ε1, . . . , εs is its solution. In system (8.37), we set x = xν (ν =
1, . . . , s). Instead of 1, xν, . . . , xnν , into (8.35), we substitute the left-hand sides of the
equations in (8.37). Collecting the similar terms with 1, i, . . . , in (i = 0, 1, . . . , n),
we obtain the following solution of system (8.36):

ti =
s∑
ν=1

Ti(xν), i = 0, 1, . . . , n.

The first part of the lemma is proved.
Now we assume that the numbers t0, t1, . . . , tn give a solution of system (8.36).

We set s = |t0| + |t1| + · · · + |tn|,
x1 = · · · = x|t0| = 0, ε1 = · · · = ε|t0| = sgn t0,

x|t0|+1 = · · · = x|t0|+|t1| = 1, ε|t0|+1 = · · · = ε|t0|+|t1| = sgn t1,

...
...

x|t0|+···+|tn−1|+1 = · · · = xs = n, ε|t0|+···+|tn−1|+1 = · · · = εs = sgn tn.

These x1, . . . , xs, ε1, . . . , εs give a solution of system (8.35) of equations. The proof
of the lemma is complete. ��

Suppose that N1, . . . , Nk , and k are natural numbers, f1(x), . . . , fk(x) are poly-
nomials with integer coefficients, and n is the maximal degree of the polynomials
f1(x), . . . , fk(x).

We consider the system of equations

s∑
r=1

εrfν(xr) = Nν, ν = 1, . . . , k, (8.38)

where the unknowns are the variables x1, . . . , xs, ε1, . . . , εs and, moreover, x1, . . . , xs
take nonnegative integer values, while ε1, . . . , εs take the values ±1. Next, we con-
sider the system of linear equations for the integers t0, . . . , tn:

n∑
r=0

trfν(r) = Nν, ν = 1, . . . , k. (8.39)

Theorem 8.4. The solvability of system (8.38) implies the solvability of system (8.39),
and conversely, the solvability of system (8.39) of equations implies that there exists
an s for which system (8.38) has a solution.
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Proof. Obviously, the solvability of (8.39) implies that system (8.38) of equations
has a solution. Now let x1, . . . , xs, ε1, . . . , εs be a solution of Eqs. (8.38), fν(x) =
a
(ν)
0 +a(ν)1 x+· · ·+a(ν)n xn. Then, using Lemma 8.15, we can represent the numbersNν

(ν = 1, . . . , k) as

Nν =
s∑
r=1

εrfν(xr) =
s∑
r=1

εr

n∑
j=0

a
(ν)
j x

j
r =

n∑
j=0

a
(ν)
j

s∑
r=1

εrx
j
r

=
n∑
j=0

a
(ν)
j

n∑
i=0

ti i
j =

n∑
i=0

ti

n∑
j=0

a
(ν)
j ij =

n∑
i=0

tifν(i).

The obtained numbers t0, t1, . . . , tn form a solution of system (8.39).
Let 1 ≤ l < · · · < m < n be natural numbers. We consider the system of

equations

ε1x
l
1 + · · · + εsx

l
s = Nl,

...

ε1x
m
1 + · · · + εsx

m
s = Nm,

ε1x
n
1 + · · · + εsx

n
s = Nn,

(8.40)

where the unknowns x1, . . . , xs take integer nonnegative values, while ε1, . . . , εs
take the values ±1. Further, we consider the system of linear equations for integers
t1, . . . , tn:

t1 + t22l + · · · + tnn
l = Nl,

...

t1 + t22m + · · · + tnn
m = Nm,

t1 + t22n + · · · + tnn
n = Nn.

(8.41)

��

Corollary 8.1. The solvability of system (8.40) implies the solvability of system (8.41),
and conversely, the solvability of (8.41) implies that there exists an s for which sys-
tem (8.40) has a solution.

Theorem 8.1 gives this result if f1(x) = xl, . . . , fk−1(x) = xm, fk(x) = xn.
We consider the system of equations

s∑
j=1

εj x
t1
1j . . . x

tr
rj = N(t1, . . . , tr ), 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, (8.42)

where the unknowns xνj (ν = 1, . . . , r , j = 1, . . . , s) take nonnegative integer values,
while ε1, . . . , εs take the values ±1. We consider the system of linear equations for
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integers c(i1, . . . , ir ) (0 ≤ i1 ≤ n1, . . . , 0 ≤ ir ≤ nr ):
n1∑
i1=0

· · ·
nr∑
ir=0

c(i1, . . . , ir )i
t1
1 . . . i

tr
r = N(t1, . . . , tr ), (8.43)

0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr .

Theorem 8.5. The solvability of system (8.43) implies the solvability of system (8.42),
and conversely, the solvability of system (8.42) implies that there exists an s for which
system (8.43) has a solution.

Proof. Clearly, the solvability of (8.43) implies the solvability of (8.42). Now we show
that the following system of equations for the integers ci1,...,ir = ci1,...,ir (x1, . . . , xr )

is solvable:
n1∑
i1=0

· · ·
nr∑
ir=0

ci1,...,ir i
t1
1 . . . i

tr
r = x

t1
1 . . . x

tr
r , (8.44)

0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr .

For a solution of the equations (8.44), we take the numbers ci1,...,ir , where ci1,...,ir =
Ti1(x1) . . . Tir (xr ) and the set Ti(x) is a solution of system (8.37). We obtain

n1∑
i1=0

· · ·
nr∑
ir=0

ci1,...,ir i
t1
1 . . . i

tr
r

=
( n1∑
i1=0

Ti1(x1)i
t1
1

)
. . .

( nr∑
ir=0

Tir (xr )i
tr
r

)
= x

t1
1 . . . x

tr
r .

Next, similarly to the proof of Lemma 8.15, substituting the solution of (8.44)
into (8.42), we obtain a solution of system (8.43). ��

Suppose that N1, . . . , Nk , and k are natural numbers, f1(x1, . . . , xr ), . . . ,
fk(x1, . . . , xr ) are polynomials with integer coefficients, and nl is the maximal de-
gree of the polynomials f1, . . . , fk with respect to the variable xl (l = 1, . . . , r). We
consider the system of equations

s∑
j=1

εjft (x1j , . . . , xrj ) = Nt, 1 ≤ t ≤ k, (8.45)

where the unknowns x1j , . . . , xrj (j = 1, . . . , s) take nonnegative integer values,
while ε1, . . . , εs take the values ±1. Further, we consider the system of linear equa-
tions for integers c(i1, . . . , ir ) (0 ≤ i1 ≤ n1, . . . , 0 ≤ ir ≤ nr ):

n1∑
i1=0

· · ·
nr∑
ir=0

c(i1, . . . , ir )ft (i1 . . . ir ) = Nt, 1 ≤ t ≤ k. (8.46)
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Theorem 8.6. The solvability of system (8.45) implies the solvability of system (8.46),
and conversely, the solvability of system (8.46) implies that there exists an s for which
system (8.45) has a solution.

Proof. The proof is similar to that of Theorem 8.4; in fact, the only distinction is that,
instead of Lemma 8.15, we use Theorem 8.5. Hence we do not repeat this proof here.

��

Theorem 8.7 given below is a distinctive consequence of Theorem 8.5.
Let f (x) = f (x; a0, . . . , an) = a0 + a1x + · · · + anx

n be a polynomial with
integer coefficients. We consider the equation in polynomials

g(x) = ε1f
k
1 (x)+ · · · + εsf

k
s (x), (8.47)

where f1(x), . . . , fs(x) are unknown polynomials whose degrees do not exceed n,
and the unknowns ε1, . . . , εs take the values ±1. We also consider the linear equation
with integral-valued unknowns t (i0, . . . , in):

g(x) =
k∑

i0=0

· · ·
k∑

in=0

t (i0, . . . , in)f
k(x; i0, . . . , in), 0 ≤ t0, . . . , tn ≤ k. (8.48)

Theorem 8.7. The solvability of system (8.47) implies the solvability of system (8.48),
and conversely, the solvability of system (8.48) implies that there exists an s for which
system (8.47) has a solution.

Proof. It is obvious that the solvability of Eq. (8.4) implies the solvability of Eq. (8.47).
First, we show that the following equation is solvable for the integers c(i0, . . . , in)
(0 ≤ i0, . . . , in ≤ k):

k∑
i0=0

· · ·
k∑

in=0

c(i0, . . . , in)f
k(x; i0, . . . , in) = f k(x; a0, . . . , an). (8.49)

Indeed, equating the coefficients of equal powers of x, we obtain the following
system of equations equivalent to the preceding equation (0 ≤ s ≤ k):

k∑
i0=0

· · ·
k∑

in=0

c(i0, . . . , in)

k∑
t0=0

· · ·
k∑

tn=0
t0+···+tn=k
t1+···+tn=s

i
t0
0 , . . . , i

tn
n =

k∑
t0=0

· · ·
k∑

tn=0
t0+···+tn=k
t1+···+tn=s

a
t0
0 , . . . , a

tn
n . (8.50)

By Theorem 8.5, the following system of equations for integers c(i0, . . . , in) is
solvable:

k∑
i0=0

· · ·
k∑

in=0

c(i0, . . . , in) i
t0
0 , . . . , i

tn
n = a

t0
0 , . . . , a

tn
n , 0 ≤ t0, . . . , tn ≤ k. (8.51)
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The solvability of system (8.51) implies the solvability of system (8.50), and hence
the solvability of Eq. (8.49). Substituting the obtained solutions into Eq. (8.47), we
obtain a solution of Eq. (8.48). The theorem is proved. ��

In fact, Theorem 8.7 gives arithmetic solvability conditions for the “Waring prob-
lem in polynomials with natural (integer) coefficients.” This additive problem is
similar to the Waring problem. This problem studies the possibility for representing
a polynomial with increasing natural (integer) coefficients as the sum of a bounded
number of polynomials so that each of them be the degree (one and the same) of
another polynomial again with natural (integer) coefficients.

Concluding remarks on Chapter 8. 1. The main results considered in Sections 8.1
and 8.2 were obtained by G. I. Arkhipov in [7], [8], [9].

2. Lemma 8.6 in Section 8.1 was proved byA.A. Karatsuba in [89] (see also [120],
[121]).

3. G. I. Arkhipov and A. A. Karatsuba in [22] proposed a multidimensional analog
of Waring’s problem.

4. The results discussed in Section 8.3 were obtained by G. I. Arkhipov and
V. N. Chubarikov [12].

5. Exact estimates for the number of terms in the Hilbert–Kamke problem were
obtained by D. A. Mit’kin [121], [122].



Chapter 9

The p-adic method in three problems
of number theory

In this chapter we consider the application of the p-adic method to three well-known
problems in number theory. One problem concerns the algebraic number theory and
is related to the problem of finding a local representation of zero by an integer-valued
form in several variables. The other problem concerns the analytic number theory
and is related to the problems of estimating the function G(n) in the Waring problem
already considered in Chapter 3. The third problem studies the behavior of fractional
parts of functions increasing faster than polynomials.

9.1 The Artin problem of finding a local representation
of zero by a form

The principally new results obtained in the Artin problem of finding a p-adic repre-
sentation of zero by a form of an arbitrary degree continue the studies of the Hilbert–
Kamke problem given in Chapter 8.

Suppose thatp is a prime number,F(x1, . . . , xk) is a form of degreen in k variables
x1, . . . , xk with integer coefficients over the fieldQp of p-adic numbers. If there exist
integer p-adic numbers x1, . . . , xk at least one of which is not zero and

F(x1, . . . , xk) = 0,

then it will be said that there exists a nontrivial representation of zero by the form F

in the field Qp.
Artin’s conjecture stated that, for any p, n ≥ 1, and k > n2, any nth-degree form

F(x1, . . . , xk) can nontrivially represent zero in the field Qp. This hypothesis was
disproved in 1966 by G. Terzhanian who constructed nth-degree forms in k variables
(k ≥ nα , where α = log4 20) that represent zero in Qp only trivially. The same
year, this result was sharpened by I. Brovkin who constructed forms that only trivially
represent zero in Qp with k ≥ n3−ε, where ε > 0 is an arbitrary, but small, fixed
number.

In this section, we prove a principally stronger assertion. Theorems 9.1 and 9.2,
as well as the main lemmas, which are also of interest in themselves, are stated in the
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language of the theory of congruences. In this statement, the assertions become more
precise. Lemmas 9.6 and 9.7 are original assertions.

9.1.1 Definitions and the simplest lemmas

In what follows, we consider the nth-degree forms F = F(x1, . . . , xk) in k variables
x1, . . . , xk with integer coefficients; p is a prime number.

Definition 9.1. We shall say that a form F does not represent zero modulo p if, for
some natural number r , the congruence

F(x1, . . . , xk) = 0 (mod p′)
implies

x1 ≡ · · · ≡ xk ≡ 0 (mod p).

Lemma 9.1. Suppose that the form F = F(x1, . . . , xk) is of degree n and does
not represent zero modulo p. Then, for any m ≥ 1, there exists a K such that the
congruence

F(x1, . . . , xk) = 0 (mod pK)

implies
x1 ≡ · · · ≡ xk ≡ 0 (mod pm).

Proof. If r is the natural number in Definition 9.1, then we can take mn+ r to beK .
��

Definition 9.2. A formF that does not represent zero modulop is said to bep-singular
or simply singular.

Definition 9.3. By δp(a) for a �= 0 we denote the maximal degree p that divides a,
i.e., δp(a) = α, where a ≡ 0 (mod pα), but a �= 0 (mod pα+1). Moreover, we set
δ2(a) = δ(a).

Lemma 9.2. For any natural number n, the following relation holds:

δ(5n − 1) = δ(n)+ 2.

Proof. Let m = δ(n), i.e., let

n = 2mn1, (n− 1, 2) = 1;
then

5n = (1 + 4)n = 1 + n

1
22 + n(n− 1)

1 · 2
22·2 + n(n− 1)(n− 2)

1 · 2 · 3
22·3 + · · ·

= 1 + 2m+2(n1 + 2M),

where M is a natural number. This implies the statement of the lemma. ��
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Lemma 9.3. Suppose that p is an odd prime number, α ≥ 2, g is a primitive root
modulo pα . Then the relation

δp(g
n(p−1) − 1) = δp(n)+ 1

holds for any n ≥ 1.

Proof. The primitive root g modulo pα (α ≥ 2) satisfies the relation

gp−1 = 1 + pM, (M,p) = 1.

By setting n = pmn1, m = δp(n), and (n1, p) = 1, we hence obtain

gn(p−1) = (1+pM)n = 1+ n
1
pM+ n(n− 1)

1 · 2
p2M2+· · · = 1+p1+m(n1M+pM1),

i.e.,
δp(g

n(p−1) − 1) = m+ 1 = δp(n)+ 1,

as required. The proof of the lemma is complete. ��

Lemma 9.4. Suppose that n = 2h (h ≥ 2) is an integer; then for any k < 4n the
form F = F(x1, . . . , xk) = xn1 + · · · + xnk is singular modulo 2.

Proof. We will prove that the congruence

xn1 + · · · + xnk ≡ 0 (mod 2h+2) (9.1)

implies the congruence

x1 ≡ · · · ≡ xk ≡ 0 (mod 2).

Indeed, since h ≥ 2, we have n = 2h ≥ h+ 2. Therefore, we can assume that in
(9.1) all xj are odd numbers, i.e., xj = 4mj ± 1. But then

xnj = (±1 + 4mj)
n = 1 + 4nNj ≡ 1 (mod 2h+2),

and the inequality
k ≥ 2h+2 = 4n

is a necessary condition for (9.1) to be satisfied. The lemma is proved. ��

Lemma 9.5. Suppose that p is an odd prime number, h = pt , and t is a natural
number. Then for k < pt+1 the form

F = F(x1, . . . , xk) = x
h(p−1)
1 + · · · + x

h(p−1)
k

is a singular form modulo p.
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Proof. We prove that, for k < pt+1, the congruence

x
h(p−1)
1 + · · · + x

h(p−1)
k ≡ 0 (mod ph(p−1)) (9.2)

implies the congruences

x1 ≡ · · · ≡ xk ≡ 0 (mod p).

Indeed, if the congruence (9.1) contains at least one xj such that (xj , p) = 1, then,
by Lemma 9.3,

x
h(p−1)
1 ≡ 0 (mod pt+1).

Since t+1 ≤ h(p−1) = pt (p−1), passing from (9.2) to the congruence modulo
pt+1, we obtain

k1 ≡ 0 (mod pt+1), k1 ≤ k,

which is impossible. Hence all xj (j = 1, . . . , k) in (9.2) are multiples of p. The
lemma is proved. ��

9.1.2 Main lemmas

As we noted above, the lemmas in this subsection are original and of interest in
themselves.

Lemma 9.6. Let 1024 ≤ n ≤ 96m, and let j1, . . . , jm be arbitrary integers such that

3n/16 < j1 < j2 < · · · < jm ≤ n/2.

We consider the system of congruences

x
2j1
1 + · · · + x

2j1
k ≡ 0 (mod 22j1),

... (9.3)

x
2jm
1 + · · · + x

2jm
k ≡ 0 (mod 22jm)

under the condition that there are odd numbers among the unknowns in this system.
Then the solvability of this system implies that

k ≥ 2u, u = n/32.

Proof. Without loss of generality, we can assume that all x1, . . . , xk in system (9.3)
are odd numbers. We represent each xj (j = 1, . . . , k) as

xj ≡ ±5αj (mod 2n).
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Further, we define the polynomial f (t) by the relation f (t) = tα1 +· · ·+ tαk . We
have f (1) = k ≥ 1. Now we prove that

f (1) ≡ 0 (mod 2u) (9.4)

for some integer u ≥ n/32. This will imply the statement of the lemma. First, we
note that the definition and Lemma 9.3 imply the relations

f (52jr ) = (5α1)2jr + · · · + (5αk )2jr ≡ x
2jr
1 + · · · + x

2jr
k ≡ 0 (mod 22jr ) (9.5)

for r = 1, . . . , m. We divide f (t) by the product (t − 52j1) . . . (t − 52jm) with a
remainder and find

f (t) = ϕ(t)+ g(t)(t − 52j1) . . . (t − 52jm), (9.6)

where ϕ(t) and g(t) are polynomials with integer coefficients and the degree of ϕ(t)
does not exceed m− 1. Indeed, the polynomial ϕ(t) can be written as

ϕ(t) = a0 + a1(t − 52jm)+ a2(t − 52jm)(t − 52jm−1)+ · · ·
+ am−1(t − 52jm)(t − 52jm−1) . . . (t − 52j2).

We can also take a0 = f (52jm), a1 to be equal to the value (for t = 52jm−1 ) of
the quotient obtained dividing ϕ(t) − a0 by t − 52jm , a2 to be equal to the value
(for t = 52jm−2 ) of the quotient obtained dividing ϕ(t) − a0 − a1(t − 52jm) by
(t − 52jm)(t − 52jm−1), etc. We note that (9.5) and (9.6) imply the congruence

ϕ(52jr ) ≡ 0 (mod 22jr ), r = 1, . . . , m. (9.7)

For brevity, we denote the numbers 52jr by the letters tr , i.e., we assume

tr = 52jr , r = 1, . . . , m.

Then we can represent ϕ(t) as the Lagrange polynomial

ϕ(t) =
m∑
r=1

ϕ(tr )
(t − t1) . . . (t − tr−1)(t − tr+1) . . . (t − tm)

(tr − t1) . . . (tr − tr−1)(tr − tr+1) . . . (tr − tm)
.

Applying Lemma 9.2, we easily obtain

δ

(
ϕ(52jr )

(1 − 52j1) . . . (1 − 52jr−1)(1 − 52jr+1) . . . (1 − 52jm)

(1−52(jr−j1)) . . . (1−52(jr−jr−1))(1−52(jr+1−jr )) . . . (1−52(jm−jr ))

)
= δ

(
ϕ(52jr )

) + 3(m− 1)+ δ(j1)+ · · · + δ(jr−1)

+ δ(jr+1)+ · · · + δ(jm)− 3(m− 1)− δ(jr − j1)− · · · − δ(jr − jr−1)

− δ(jr+1 − jr )− · · · − δ(jm − jr ) (9.8)

≥ 2jr − δ(jr − j1)− · · · − δ(jr − jr−1)− δ(jr+1 − jr )− · · · − δ(jm − jr )

≥ 2jr − δ
(
(jr − j1)!

) − δ
(
(jm − jr )!

)
.
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But for δ(a!) (a ≥ 1), we have the formula

δ(a!) =
[
a

2

]
+
[
a

22

]
+ · · · < a

2
+ a

22 + · · · = a,

hence the right-hand side of (9.8) is larger than

2jr − (jr − j1)− (jm − jr ) = 2jr + j1 − jm ≥ n/32.

This implies
δ
(
ϕ(1)

) ≥ n/32. (9.9)

Moreover, we have

δ
(
g(1)(1 − 52j1) . . . (1 − 52jm)

) ≥ 3m ≥ n/32. (9.10)

The above estimates (9.9), (9.10), and (9.6) imply (9.4). The proof of the lemma
is complete. ��

Lemma 9.7. Suppose that p is an odd prime number, n ≥ 16(ρ − 1), m ≥
n/(16(ρ − 1)), and j1, . . . , jm are arbitrary integers satisfying the relations

3n

8(p − 1)
< j1 < · · · < jm ≤ n

p − 1
.

We consider the system of congruences

x
j1(p−1)
1 + · · · + x

j1(p−1)
k ≡ 0 (mod pj1(p−1)),

... (9.11)

x
jm(p−1)
1 + · · · + x

jm(p−1)
k ≡ 0 (mod pjm(p−1))

under the condition that there are numbers indivisible by p among the unknowns in
this system. Then it follows from the solvability of the system that

k ≥ pu, u = n

16(p − 1)
.

Proof. We follows the argument in Lemma 9.6. Without loss of generality, we assume
that all x1, . . . , xk in system (9.11) are indivisible by p.

Let g be a primitive root modulo pn. We represent each xj (j = 1, . . . , k) as

xj ≡ gαj (mod pn), j = 1, . . . , k,

and define the polynomial f (t) = tα1 +· · ·+ tαk . Obviously, f (1) = k ≥ 1; we shall
prove that

f (1) ≡ 0 (mod pu) (9.12)
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for some integer u ≥ n/(16(p− 1)). This will imply the statement of the lemma. We
first note that the definition of f (t) and system (9.11) imply the relations

f (gjr (p−1)) = (gα1)jr (p−1) + · · · + (gαk )jr (p−1) (9.13)

≡ x
jr (p−1)
1 + · · · + x

jr (p−1)
k ≡ 0 (mod pjr (p−1)),

r = 1, . . . , m.

We divide f (t) by the product (t − gj1(p−1)) . . . (t − gjm(p−1)) with a remainder
and obtain

f (t) = ϕ(t)+ g(t)(t − gj1(p−1)) . . . (t − gjm(p−1)), (9.14)

where ϕ(t) and g(t) are polynomials with integer coefficients and the degree of ϕ(t)
does not exceed m− 1.

We note that relations (9.13) and (9.14) imply the congruences

ϕ(gjr (p−1)) ≡ 0 (mod pjr (p−1)), r = 1, . . . , m. (9.15)

By setting
tr = gjr (p−1), r = 1, . . . , m,

we obtain the following Lagrangian representation for ϕ(t):

ϕ(t) =
m∑
r=1

ϕ(tr )
(t − t1) . . . (t − tr−1)(t − tr+1) . . . (t − tm)

(tr − t1) . . . (tr − tr−1)(tr − tr+1) . . . (tr − tm)
.

Using Lemma 9.3, we easily find

δp

(
ϕ(tr )

(1 − t1) . . . (1 − tr−1)(1 − tr+1) . . . (1 − tm)

(tr − t1) . . . (tr − tr−1)(tr − tr+1) . . . (tr − tm)

)
(9.16)

= δp
(
ϕ(tr )

) + (m− 1)+ δp(j1)+ · · · + δp(jr−1)

+ δp(jr+1)+ · · · + δp(jm)− (m− 1)− δp(jr − j1)− · · ·
− δp(jr − jr−1)− δp(jr+1 − jr )− · · · − δp(jm − jr )

≥ δp(ϕ(tr ))− δp((jr − j1)!)− δp((jm − jr )!).
But for δp(a!), we have the formula

δp(a!) =
[
a

p

]
+
[
a

p2

]
+ · · · < a

p
+ a

p2 + · · · = a

p − 1
;

moreover, we obtain δp(ϕ(tr )) ≥ jr (p − 1) from (9.14). Therefore, the right-hand
side of (9.16) is larger than

jr (p − 1)− jr − j1

p − 1
− jm − jr

p − 1
= jr (p − 1)− jm − j1

p − 1
>

n

16(p − 1)
.
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This implies

δp(ϕ(1)) >
n

16(p − 1)
, (9.17)

and moreover,

δ
(
g(1)(1 − gj1(p−1)) . . . (1 − gjm(p−1))

) ≥ m ≥ n

16(p − 1)
. (9.18)

The estimates (9.17), (9.18), and (9.14) imply (9.12). The proof of the lemma is
complete. ��

9.1.3 Theorems

We state and prove theorems about forms (in a large number of variables) that do not
represent zero modulo p.

Theorem 9.1. For any natural number r , there exists an infinite sequence of natural
numbers n1, n2, . . . such that, for any n = nj (j ≥ 1), there is an nth-degree form
F(x1, . . . , xn) with integer coefficients that does not represent zero modulo 2; the
number of its variables is k,

k ≥ 2u, u = n

(log2 n)(log2 log2 n) . . . (log2 . . . log2︸ ︷︷ ︸
r

n)(log2 . . . log3
2︸ ︷︷ ︸

r+1

n)
.

Proof. Suppose that h ia an arbitrary natural number, h ≥ 8, t = 2h, and k1 = 21/16.
We consider a form in k1 variables of the form

F1 = F1(x0, x1, . . . , xk1−1) = yt0 + · · · + ytt−1,

where

yj = s2j s4t−2j , j = 0, 1, . . . , t − 1;
sν = xν0 + xν1 + · · · + xνk1−1, ν = 0, . . . , 4t.

We need to prove that F1 is a singular form modulo 2. Indeed, the form yt0 +· · ·+
ytt−1 in the variables y0, . . . , yt−1 is a singular form modulo 2 (Lemma 9.4). Hence,
by Lemma 9.1, for some M , the congruence

yt0 + · · · + ytt−1 ≡ 0 (mod 2M)

implies the congruences

yj = s2j s4t−2j ≡ 0 (mod 28t ), j = 0, 1, . . . , t − 1.
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The last congruences show that there are t numbers j , say, j1, j2, . . . , jt , 0 <

j1 < j2 < · · · < jt ≤ 2t , for which the following congruence holds:

s2j1 ≡ · · · ≡ s2jt ≡ 0 (mod 24t ).

Now let j ′
1 = j3t/4+1, j

′
2 = j3t/4+2, . . . , j

′
m = jt , and let m = t/4. Since

j3t/4+1 > 3t/4, by setting 4t = n, we obtain

3n/16 < j ′
1 < · · · < j ′

m ≤ n/2, m = n/16, n = 2h+2 ≥ 1024,

and moreover,
s2j ′

1
≡ · · · ≡ s2j ′

m
≡ 0 (mod 2n). (9.19)

All conditions of Lemma 9.6 are satisfied, and k1 = 2t/16 = 2n/64 < 2n/32.
Therefore, it follows from (9.19) that

x0 ≡ x1 ≡ · · · ≡ xk1−1 ≡ 0 (mod 2),

i.e., the form F1(x0, x1, . . . , xk2−1) is singular modulo 2. Note that the degree of F
is equal to 4t2 = 22h+2.

Now we consider a form F2 = F2(x0, x1, . . . , xk2−1) in k2 = 2k1/16 variables of
the form

F2 = F2(x0, x1, . . . , xk2−1) = F1(y0, y1, . . . , yk1−1),

where

yj = s2j s4t−2j , j = 0, 1, . . . , t − 1, 4t = k1;
sν = xν0 + xν1 + · · · + xνk2−1.

We prove that F2(x0, x1, . . . , xk2−1) is a singular form modulo 2. Since
F1(y0, y1, . . . , yk1−1) is a singular form modulo 2, for some M , the congruence

F1(y0, y1, . . . , yk1−1) ≡ 0 (mod 2M)

implies (Lemma 9.1) the relations

y0 ≡ y1 ≡ · · · ≡ yk1−1 ≡ 0 (mod 28t ),

yj = s2j s4t−2j = 0 (mod 28t ), j = 0, 1, . . . , t − 1.

Thus all conditions (including the notation) forF1(x0, x1, . . . , xk1−1) to be a singu-
lar form are satisfied. Hence, from the last congruences, repeating the above argument,
we obtain

x0 ≡ x1 ≡ · · · ≡ xk2−1 ≡ 0 (mod 2),

namely, the form F2 = F2(x0, x1, . . . , xk2−1) is singular modulo 2. We note that
degree of F2 = k1 · degree of F1 = k1 · 4t2. Moreover, the number k2 of the variables
in the form F2 is equal to 2k1/16.
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If the singular form Fs = Fs + (x0, x1, . . . , xks−1) (s ≥ 1) in the ks variables
x0, x1, . . . , xks−1 has already been constructed, then the form Fs+1 can be constructed
as follows. We take Fs+1 = Fs+1(x0, x1, . . . , xks+1−1), where ks+1 = 2ks/16, of the
form

Fs+1 = Fs+1(x0, x1, . . . , xks+1−1) = Fs(y0, y1, . . . , yks−1),

where

yj = s2j s4t−2j , j = 0, 1, . . . , t − 1, 4t = ks;
sν = xν0 + xν1 + · · · + xνks+1−1.

The preceding argument shows that Fs+1 is a singular form in ks+1 variables
x0, x1, . . . , xks+1−1; we have: degree of Fs+1 = ksks−1 . . . k122h+2, where h ≥ 8 and
ks+1 = 2ks/16.

We take the following numbers nj (j = 1, 2, . . . ) whose existence is stated in the
theorem:

nj = 218k2r+j+3k2r+j+2 . . . k1;

the singular nj th-degree forms F2r+j+4 with h = 8 in k2r+j+4 variables correspond
to these numbers. We set n = nj , k = k2r+j+4 and prove that the inequality

k ≥ 2u, u = n

(log2 n)(log2 log2 n) . . . (log2 . . . log2︸ ︷︷ ︸
r

n)(log2 . . . log3
2︸ ︷︷ ︸

r+1

n)

holds for j > 0.

First, for any s ≥ 2, we have

log2 ks − 5 ≥ 2−5ks−1. (9.20)

Indeed, ks = 2ks−1/16 and hence

log2 ks = ks−1

16
,

ks−1

16
− ks−1

32
= ks−1

32
≥ 5

because k1 = 216.
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From (9.20), for any natural numbers s and m, we obtain

ks+m = 2ks+m−1/16;
log2 ks+m = 2−4ks+m−1,

log2 log2 ks+m = log2 ks+m−1 − 4 > log2 ks+m−1 − 5 ≥ 2−5ks+m−2,

log2 log2 log2 ks+m = log2 ks+m−2 − 5 ≥ 2−5ks+m−3,

...

log2 . . . log2︸ ︷︷ ︸
m

ks+m > 2−5ks ≥ 2−5k1 > 5.

It follows from the definition of k that

k2r+j+3 = 16 log2 k2r+j+4 ≤ 16 log2 k < 25 log2 k,

k2r+j+2 = 16 log2 k2r+j+3 ≤ 16(log2 log2 k + 5) < 25 log2 log2 k,

...

kr+j+2 = 16 log2 kr+j+3 < · · · < 25 log2 . . . log2︸ ︷︷ ︸
r+2

k.

(9.21)

Next, for any natural number s ≥ 2, we have

218ks−1 . . . k1 < ks. (9.22)

Indeed, for s = 2, we have

k2 = 2k1/16 = 2212
> 218+16 = 234.

If (9.22) takes place for s = m ≥ 2, then

km+1 = 2km/16 > 2214km...k1 > 2182km−1/16km−1 . . . k1 = 218kmkm−1 . . . k1;
therefore, using (9.21) for s = 2r + j + 2, we obtain

n = n1 = 218k2r+j+3k2r+j+2 . . . k1

< 25r+10 log2 k · log2 log2 k . . . log2 . . . log2︸ ︷︷ ︸
r+2

k · 5 log2 . . . log2︸ ︷︷ ︸
r+2

k

< 25r+15 log2 k · log2 log2 k . . . log2 . . . log2︸ ︷︷ ︸
r+1

k · log2 . . . log2
2︸ ︷︷ ︸

r+2

k.

Next, from (9.22) we obtain

log2 . . . log2︸ ︷︷ ︸
r+2

k = log2 . . . log2︸ ︷︷ ︸
r+2

k2r+j+4 > 2−5kr+j+2 ≥ 2−5kr+3.
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Moreover, for any natural number r , we have

2−5kr+3 > 25r+15. (9.23)

Indeed, for r = 1 we have

k4 > k2 = 2212
> 224.

If (9.23) holds for r = m ≥ 1, then

2−5km+4 = 2−52km+3/16 > 2−5225m+16
> 25m+20,

because 25m+16 > 5m+ 25. So we have

log2 . . . log2︸ ︷︷ ︸
r+2

k > 25r+15,

and hence

n < log2 k · log2 log2 k . . . log2 . . . log2︸ ︷︷ ︸
r+1

k · log2 . . . log3
2︸ ︷︷ ︸

r+2

k. (9.24)

Suppose that the inequality

k < 2u, u = n

log2 n · log2 log2 n . . . log2 . . . log2︸ ︷︷ ︸
r

n · log2 . . . log3
2︸ ︷︷ ︸

r+1

n

holds. Then we successively find

log2 k < u,

log2 log2 k < log2 n,

...

log2 . . . log2︸ ︷︷ ︸
r+1

k < log2 . . . log2︸ ︷︷ ︸
r

n,

log2 . . . log2︸ ︷︷ ︸
r+2

k < log2 . . . log3
2︸ ︷︷ ︸

r+1

n.

Multiplying the left- and right-hand sides of these inequalities and using (9.24),
we obtain the contradiction:

n < log2 k · log2 log2 k . . . log2 . . . log2︸ ︷︷ ︸
r+1

k · log2 . . . log3
2︸ ︷︷ ︸

r+2

k < n.

Thus the assumption that k < 2u does not hold; namely, we have k ≥ 2u. The theorem
is proved. ��
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Theorem 9.2. For any natural number r , there exists an infinite sequence of natural
numbers n1, n2, . . . such that, for any n = nj (j ≥ 1), there is an nth-degree form
F(x1, . . . , xk) with integer coefficients that does not represent zero modulo 2; the
number of variables in this form is k,

k < pu, u = n

logp n · logp logp n . . . logp . . . logp︸ ︷︷ ︸
r

n · logp . . . log3
p︸ ︷︷ ︸

r+1

n
.

Proof. We follow the argument in Theorem 9.1. Let Fs = Fs(x0, x1, . . . , xks−1) be
an ns th-degree singular form in ks variables modulo p. We shall construct Fs+1. By
construction, we set

Fs+1 = Fs+1(x0, x1, . . . , xks+1−1) = Fs(y0, y1, . . . , yks−1),

where

yj = sj (p−1)sn−j (p−1), n = 2(p − 1)ks, j = 0, 1, . . . , ks − 1;
sν = xν0 + xν1 + · · · + xνks+1−1.

We prove that Fs+1 is a singular form modulo p. By Lemma 9.1, the congruence

Fs+1 = Fs(y0, y1, . . . , yks−1) ≡ 0 (mod pM)

implies the congruences

yj = sj (p−1)sn−j (p−1) ≡ 0 (mod p2n), j = 1, . . . , ks = t.

Therefore, there are numbers 1 ≤ j1 < · · · < jt ≤ 2ks such that

sj1(p−1) ≡ · · · ≡ sjt (p−1) ≡ 0 (mod pn). (9.25)

We choose a natural numberm from the conditions 0.25t − 1 < m ≤ 0.25t . Now
we assume that n = 2(p − 1)ks = 2(p − 1)t ≥ 16(p − 1) and set

jt = j ′
m, jt−1 = j ′, . . . , jt−m+1 = j ′

1.

Then
t −m < j ′

1 < · · · < j ′
m ≤ 2ks = n/(p − 1).

Moreover,

t −m ≥ 3

4
t = 3n

8(p − 1)
, m = t

4
− 1 ≥ t

8
= n

16(p − 1)
.

Hence, from (8.25), we obtain the system of congruences studied in Lemma 9.7:

sj ′
1(p−1) ≡ · · · ≡ sj ′

m(p−1) ≡ 0 (mod pn).
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Thus the form Fs+1 is singular for

ks+1 < pn/(16(p−1)) = pks/8.

We take ks+1 = pk1/p
2
< pks/8 and assume that ks is divisible by p2. Then it follows

from the above that the form Fs+1 = Fs+1(x0, x1, . . . , xks+1−1) is a singular form
modulo p; its degree is

ns+1 = nns = 2(p − 1)ksns

and the number of variables is ks+1 = pks/p
2
.

It remains to find F1. We set

F1 = F1(x0, x1, . . . , xk1−1) = x
h(p−1)
0 + x

h(p−1)
1 + · · · + x

h(p−1)
k1−1 ,

h = p6, k1 = p6.

By Lemma 9.5, the form F1 is singular. The degree of F1 is equal to n1 = p6(p− 1).
All the conditions we used above hold for all ns and ks (s = 1, 2, . . . ). Therefore,
we have

ns+1 = 2s(p − 1)sksks−1 . . . k1n1 = 2s(p − 1)s+1p6ks . . . k1. (9.26)

To obtain the statement of the theorem, we first perform simple calculations. For
any s ≥ 1, the inequality

logp . . . logp︸ ︷︷ ︸
s

ks+1 ≥ 3 (9.27)

holds. Indeed, logp ks+1 = ks/p
2 = p2 ≥ 3 if s = 1. For s > 1 we have (using the

fact that logp ks−1 ≥ 6)

logp logp ks+1 = logp ks − 2 ≥ 0.5 logp ks > ks−1/p
3,

logp logp logp ks+1 > logp ks−1 − 3 ≥ 0.5 logp ks−1 > ks−2/p
3,

and so on. Finally, we obtain

logp . . . logp︸ ︷︷ ︸
s

ks+1 > k1/p
3 = p ≥ 3.
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Further, using this inequality, for any m ≤ s − 1 we find (for brevity, we set
ks+1 = k)

ks = p2 logp ks+1 < p3 logp k,

ks−1 = p2 logp ks < p2(logp logp k + 3) < p3 logp logp k, (9.28)

ks−2 = p2 logp ks−1 < p2(logp logp logp k + 3) < p3 logp logp logp k,

...

ks−m < p3 logp . . . logp︸ ︷︷ ︸
m+1

k.

Finally, the inequality
p20sk1 . . . ks−1 < ks (9.29)

holds for any s ≥ 2. Indeed, for s = 2 we have

k2 = pk1/p
2 = pp

4
> p40k1 = p46, p4 > 46.

Suppose that (9.29) has already been proved for s = m ≥ 2; we prove (9.29) for
s = m + 1. Using the assumption, we obtain km+1 = pkm/p

2
> pp

20m−2k1...km−1 .
Moreover, p20(m+1)k1 . . . km = k1 . . . km−1p

km−1/p
2+20(m+1), and thus it suffices to

show that
pp

20m−2k1...km−1−km−1/p
2−20(m+1) > k1 . . . km−1.

But this inequality is obvious, since

p20m−2 ≥ 20(m+ 1)+ 2.

Hence the inequality (9.29) is always satisfied and

k1 . . . ks−1 < p−20sks . (9.30)

Now we find the sequence of numbers n′
j (j = 1, 2, . . . ) whose existence is stated

in the theorem. We set

n′
j = n2r+4+j , j = 1, 2, . . . ;

denoting s + 1 = 2r + 4 + j and ns+1 = n, we obtain from (9.26)

n = 2s(p − 1)s+1p6ks . . . k1. (9.31)

Next, it follows from (9.29) that k1 . . . ks−r−2 < p−20(s−r−1)ks−r−1, hence we
have

n < 2s(p − 1)s+1p6p−20(s−r−1)ksks−1 . . . ks−rk2
s−r−1.
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Now it follows from (9.31) and the estimates for ks, ks−1, . . . that

n<2sps+7−20(s−r−1)p3(r+2)+3 logp k ·logp logp k . . . logp . . . logp︸ ︷︷ ︸
r+1

k ·logp . . . log2
p︸ ︷︷ ︸

r+2

k.

Since s = 2r + 3 + j , we readily see that

2sps+7−20(s−r−1)+3(r+2)+3 < p4r+6+2j+7+3r+6+3p−20r−40−20j < 1.

Thus the inequality

n < logp k · logp logp k . . . logp . . . logp︸ ︷︷ ︸
r+1

k · logp . . . log2
p︸ ︷︷ ︸

r+2

k (9.32)

holds. Hence we shall prove that

k > pu, u = n

logp n · logp logp n . . . logp . . . logp︸ ︷︷ ︸
r

n · logp . . . log2
p︸ ︷︷ ︸

r+1

n
.

Indeed, if we had k ≤ pu, then we would obtain the inequalities

logp k ≤ u,

logp logp k < logp n,

...

logp . . . logp︸ ︷︷ ︸
r+1

k < logp . . . logp︸ ︷︷ ︸
r

n,

logp . . . log2
p︸ ︷︷ ︸

r+2

k < logp . . . log2
p︸ ︷︷ ︸

r+1

n.

Multiplying the left- and right-hand sides of the inequalities and taking (9.32) into
account, we obtain the contradiction: n < n. Thus the statement of the theorem is
proved completely. ��

The sequences of degrees nj (j = 1, 2, . . . ) in Theorems 9.1 and 9.2 are very
sparse. However, it is possible to shift these sequences in the sequence of natural
numbers, which allows one to prove somewhat more general assertions. Here we state
these assertions, since their proofs basically coincide with the proofs of Theorems 9.1
and 9.2 (the forms should be constructed in the reverse order, i.e., the form of the
maximal degree must be constructed first; we recommend the reader to read the original
papers [19], [21]).
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Theorem 9.3. For any natural number r , there exists a number n0 = n0(r) such that,
for any n ≥ n0, there is a form F(x1, . . . , xk) of degree ≤ n with integer coefficients
that does not represent zero modulo 2; the number of its variables is k,

k > 2u, u = n

log2 n · log2 log2 n . . . log2 . . . log2︸ ︷︷ ︸
r

n · log2 . . . log2
2︸ ︷︷ ︸

r+1

n
.

Theorem 9.4. Let p be an odd prime number. For any natural number r , there exists
a number n1 = n1(r) such that, for any n ≥ n1, there is a form F(x1, . . . , xk)

of degree ≤ n with integer coefficients that does not represent zero modulo p; the
number of its variables is k,

k > pu, u = n

logp n · logp logp n . . . logp . . . logp︸ ︷︷ ︸
r

n · logp . . . log2
p︸ ︷︷ ︸

r+1

n
.

9.1.4 Hypotheses

Now we state several hypotheses which, as we believe, belong to the set of problems
under study (these hypotheses were stated in [19]).

Hypothesis 9.1. If p is a prime number, p > n, then for any nth-degree form F in k
variables, k > n2, the congruence

F(x1, . . . , xk) ≡ 0 (mod pm),

where m is an arbitrary number, has a solution x1, . . . , xk satisfying the condition
that not all x1, . . . , xk are multiples of p.

Hypothesis 9.2. Let n1, . . . , ns be natural numbers, let p > max(n1, . . . , ns), and
let F1, . . . , Fs be forms of degrees n1, . . . , ns in k variables. Then for any m and
k > n2

1 + · · · + n2
s , the system of congruences

F1(x1, . . . , xk) ≡ 0,

... (mod pm),

Fs(x1, . . . , xk) ≡ 0

has the solution x1, . . . , xk satisfying the condition that not all x1, . . . , xk are multiples
of p.

Hypothesis 9.3. Suppose that 2 ≤ p ≤ n, p is a prime number, and αp(n) is the
exponent of p contained in the canonical decomposition of n!, i.e.,

αp(n) =
[
n

p

]
+
[
n

p2

]
+ · · ·
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For any ε > 0, there is an n0 = n0(ε) such that, for all n > n0, for any nth-degree
form F in k variables,

k ≥ p(1+ε)(αp(n)+2),

for any m, the congruence

F = F1(x1, . . . , xk) ≡ 0 (mod pm)

has a solution x1, . . . , xk satisfying the condition that not all x1, . . . , xk are multiples
of p. Moreover, for any ε > 0, there exists an infinite sequence of natural numbers n
such that, for each of them and for any p ≤ n, there exists an nth-degree form
F(x1, . . . , xk) in k variables, where k ≥ p(1−ε)(αp(n)+2), that does not represent zero
modulo p.

9.2 The p-adic proof of Vinogradov’s theorem on
estimating G(n) in the Waring problem

In what follows, we propose a distinctive application of the p-adic method in the
Waring problem, namely, the proof of the well-known Vinogradov’s estimate

G(n) ≤ n(2 ln n+ 4 ln ln n+ 2 ln ln ln n+ 13). (9.33)

The estimate (9.33) has recently been the best possible for large values of n. Our
proof is based on “good” estimates of trigonometric sums A(α) for α contained in
“small” arcs,

S(α) =
X∑
x

exp{2πiαxn}.

Here x runs through X values of natural numbers of a special form, and the estimates
have the form

S(α) 
 X1−c/(n log n),

where c > 0 is an absolute constant and the constant in 
 depends only on n (see
Lemma 9.9 below [91]).

9.2.1 The v-numbers

In what follows, n and l are natural numbers (n ≥ 3, l ≥ 2) and R is an increasing
parameter,

R ≥ R0 = R0(n, l) = (64nl)64n8l8(1+1(n−1))l ;
for j = 1, 2, . . . , l, the letters Pj , Xj , and Yj denote the variables

Rj = R(1/n)(1−1/n)j−1
, Xj = 0.25Rj , Yj = 0.6Rj ;
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the letterspj denote the variables running though the values of primes in their intervals
Xj < pj ≤ Yj , and (pj − 1, n) = 1.

We define the v-numbers corresponding to the parameters (l, R) by the relation
v = p1 . . . pl . It is easy to see that the number V of such v-numbers corresponding
to (l, R) satisfies the relation

V � R1−(1−1/n)l (lnR)−l ,

while the numbers themselves vary within the limits

4−lR1−(1−1/n)′ ≤ v ≤ 2−lR1−(1−1/n)′ .

Note that the v-numbers are similar to Linnik’s numbers (see Section 3.5, Chap-
ter 3).

Lemma 9.8. Let J be the number of solutions of the equation

xn1 + · · · + xnl = yn1 + · · · + ynl ,

where x1, . . . , xl, y1, . . . , yl take the values of the v-numbers corresponding to the
parameters (l, R). Then the following estimate holds:

J ≤(2ln)20l2n
l∏
s=1

(Ys −Xs)
2(l−s)

l∏
j=s
(Yj −Xj)≤(2ln)20l2nR2l−n+(n−l)(1−1/n)l .

Proof. We represent J as an integral of a power of the modulus of a trigonometric
sum. We have

J =
∫ 1

0
|S(α)|2l dα, (9.34)

where

S(α) =
∑

X1<p1≤Y1

S(α;p1),

S(α;p1) =
∑

X2<p2≤Y2

· · ·
∑

Xl<pl≤Yl
exp{2πiα(p1p2 . . . pl)

n}.

We take H = (2l)8nl and H1 = (Y1 − X1)H
−1 and divide the interval (X1, Y1]

into H intervals of the form(
X1 + (r − 1)H1, X1 + rH1

]
, r = 1, . . . , H.

According to this partition, S(α) is the sum of H terms:

S(α) =
H∑
r=1

Sr(α), (9.35)
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where
Sr(α) =

∑
X1+(r−1)H1<p1≤X1+rH1

S(α;p1).

Raising (9.35) to the power l, we obtain

Sl(α) =
H∑
r1=1

· · ·
H∑
rl=1

Sr1(α) . . . Srl (α).

We divide all sets (r1, . . . , rl) in the last multiple sum into two classes A and B.
The class A contains the sets for which there is an rj different from all other rs , i.e.,
rj �= rs (s �= j , 1 ≤ s ≤ l). The class B contains all other sets. According to this
partition, we obtain

Sl(α) =
∑

1
+
∑

2
, (9.36)

where∑
1

=
∑

· · ·
∑

(r1,...,rl )∈A
Sr1(α) . . . Srl (α),

∑
2

=
∑

· · ·
∑

(r1,...,rl )∈B
Sr1(α) . . . Srl (α).

The terms in
∑

1 have the form (after r1, . . . , rl are reindexed)

Sr1(α)S
β2
r2
(α) . . . Sβtrt (α), 2 ≤ t ≤ l;

here r1 �= rj (j = 2, . . . , t) and β2 ≥ 1, . . . , βt ≥ 1. The terms in
∑

2 have the form

Sβ1
r1
(α)Sβ2

r2
(α) . . . Sβtrt (α);

here β1 ≥ 2, . . . , βt ≥ 2, r1 < r2 < · · · < rt , and β1 + · · · + βt = l.
The number µ(A) of terms in

∑
1 does not exceed Hl . We estimate the number

µ(B) of terms in
∑

2 as

µ(B) ≤
∑
t≥1

llH t�(t), (9.37)

where �(t) is the number of solutions of the equation β1 + · · · + βt = l (βj ≥ 2) or
of the equation β ′

1 + · · · + β ′
t = l (β ′

j ≥ 0). Hence t ≤ l/2 and

�(t) = (l − t − 1)!
(l − 2t)!(l − 1)! =

(
l − t − 1

l − 1

)
≤
(
l − 1

t − 1

)
. (9.38)

From (9.37) and (9.38) we find

µ(B) ≤ (2l)l2−2Hl/2.

We square (9.26) and apply the Cauchy inequality. Then we obtain

|S(α)|2l ≤ 2µ(A)
∑

· · ·
∑

(r1,...,rt )∈A
|Sr1(α)|2|Sr2(α)|2β2 . . . |Srt (α)|2βt + (9.39)
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+ 2µ(B)
∑

· · ·
∑

(r1,...,rt )∈B
|Sr1(α)|2β1 . . . |Srt (α)|2βt .

To the terms in the first and second sums, we apply the inequality relating the
geometric mean and the arithmetic mean. For the first sum we have

|Sr2(α)|2β2 . . . |Srt (α)|2βt ≤ β2|Sr2(α)|2(l−1) + · · · + βt |Srt (α)|2(t−1)

l − 1
;

for the second sum we have

|Sr1(α)|2 . . . |Srl (α)|2 ≤ |Sr1(α)|2l + · · · + |Srl (α)|2l
l

.

Substituting these inequalities into (9.39) and then substituting (9.39) into (9.34),
we obtain

J ≤ 2µ2(A)J1 + 2µ2(B)J
(1)
2 , (9.40)

where

J1 =
∫ 1

0
|Sr1(α)|2|Sr(α)|2l−2 dα, J

(1)
2 =

∫ 1

0
|Sr(α)|2l dα,

where r1 �= r and r1 and r are fixed numbers (1 ≤ r1, r ≤ H ) such that J1 and J (1)2
take maximal possible values.

We note that the only difference between J (1)2 and J is that the interval of variation

of p1 (X1 < p1 ≤ Y1) in J is replaced in J (1)2 by the interval

X
(1)
1 = X1 + (r − 1)H1 < p1 ≤ X1 + rH1 = Y

(1)
1 ,

whose length is H1 = Y
(1)
1 −X

(1)
1 = (Y1 −X1)H

−1.
Let us estimate J1. Applying Hölder’s inequality to |Sr(α)|2l−2, we find

|Sr(α)|2l−2 =
∣∣∣ ∑
X
(1)
1 <p1≤Y (1)1

S(α;p1)

∣∣∣2l−2 ≤ H 2l−3
1

∑
X
(1)
1 <p1≤Y (1)1

|S(α;p1)|2l−2,

J1 = H 2l−2
1

∫ 1

0
|Sr1(α)|2|S(α;p1)|2l−2 dα, (9.41)

where p is a fixed prime number and X1 + (r − 1)H1 < p ≤ X1 + rH1 (r �= r1).
The last integral is equal to J3, which is the number of solutions of the equation

xn1 − yn1 = pn(xn2 + · · · + xnl − yn2 − · · · − ynl ), (9.42)

where x1, y1 take values of the form p1p2 . . . pl , while x2, . . . , yl take values of the
form p2 . . . pl , and

X1 + (r1 − 1)H1 < p1 ≤ X1 + r1H1, Xj < pj ≤ Yj , j ≥ 2.



382 9 The p-adic method in three problems of number theory

Since r �= r1, we have p �= p1. It follows from (9.42) that J3 ≤ T J4, where T is
the number of solutions of the congruences

xn1 ≡ yn1 (mod pn), (9.43)

and J4 is the number of solutions of the equation

xn2 + · · · + xnl = yn2 + · · · + ynl (9.44)

in numbers x2, . . . , yl of the form p2, . . . , pl .
By the definition of the numbers x1 and y1, these numbers are coprime to the

modulus pn in the congruence (9.43).
The numbers x1 and y1 do not exceed 2−lR1 . . . Rl = 2−lR1−(1−1/n)l , while

p > 2−2nR. Hence it follows from (9.43) that x1 = y1, and

T ≤ n

l∏
j=1

(Yj −Xj) = n(Y1 −X1)T1. (9.45)

Substituting the estimates (9.45) and (9.41) into (9.40), we obtain

J ≤ 2nµ2(A)H 2l−2
1 (Y1 −X1)T1J4 + 2µ2(B)J

(1)
2 (9.46)

≤ 2nH 2lH 2l−2
1 (Y1 −X1)T1J4 + (2l)2l2−3HlJ

(1)
2 ;

here T1 = ∏l
j=2(Yj − Xj), the number J4 of solutions of Eq. (9.44) in numbers

x2, . . . , yl of the form p2 . . . pl , J
(1)
2 has the same form as J , only the variables

X1, Y1 are replaced by the variables X(1)1 , Y
(1)
1 .

For convenience, we rewrite inequality (9.46) as

J (0) ≤ 2nH 2lH 2l−2
1 (Y

(0)
1 −X

(0)
1 )T1J4 + (2l)2l2−3HlJ (2), (9.47)

where we introduce the following notation:

J (0) = J, J (2) = J
(1)
2 , Y

(0)
1 = Y1, X

(0)
1 = X1.

Now, applying (9.47) to estimate J (1), we obtain

J (1) ≤ 2H 2lH 2l−2
2 n(Y

(1)
1 −X

(1)
1 )T1J4 + (2l)2l2−3HlJ (2),

where

Y
(1)
1 −X

(1)
1 = (Y

(0)
1 −X

(0)
1 )H−1, H2 = (Y

(1)
1 −X

(1)
1 )H−1;

here J (2) has the same form asJ , only the variablesX1, Y1 are replaced by the variables
X
(2)
1 , Y

(2)
1 .
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Let us find the number µ from the relations

Hµ+1 < Y1 −X1 ≤ Hµ+3.

For j = 0, 1, . . . , µ, we successively find

J (j) ≤ 2H 2lH 2l−2
j+1 n(Y

(j)
1 −X

(j)
1 )T1J4 + (2l)2l2−3HlJ (j+1), (9.48)

where

Y
(j)
1 −X

(j)
1 = (Y (j−1) −X(j−1))H−1 = (Y1 −X1)H

−1,

Hj+1 = (Y
(j)
1 −X

(j)
1 )H−1 = (Y1 −X1)H

−j−1;

the range of p1 in J (j+1) has the form

X
(j+1)
1 + 1 < p1 ≤ Y

(j+1)
1 .

Finally, we estimate Jµ+1 as

J (µ+1) =
∫ 1

0

∣∣∣ ∑
X
(µ+1)
1 +1<p1≤Y (µ+1)

1

S(α;p1)

∣∣∣2l dα
≤ (Y

(µ+1)
1 −X

(µ+1)
1 )2l

∫ 1

0
|S(α;p1)|2l dα = (Y1 −X1)

2lH−2l(µ+1)Il−1,

where Il−1 is the number of solutions of the equation in the lemma under the condition
that x1, . . . , xl, y1, . . . , yl take values of the form p2 . . . pl . For Il−1, we easily find
the estimate

Il−1 ≤ (Y2 −X2)
2 . . . (Yl −Xl)

2J4,

where J4 is the number of solutions of Eq. (9.44). We rewrite formula (9.48) as

J (j) ≤ 2H−j (2l−1)+2(Y1 −X1)
2l−1T1J4 + aJ (j+1), (9.49)

where a = (2l)2l2−3Hl . Multiplying both sides of (9.49) by aj and summing over
j = 0, 2, . . . , µ, we find

J (0) +
µ∑
j=1

ajJ (j) ≤ 2H 2(Y1 −X1)
2l−1T1J4

µ∑
j=0

ajH−j (2l−1)

+
µ∑
j=1

ajJ (j) + aµ+1J (µ+1),



384 9 The p-adic method in three problems of number theory

J = J (0) ≤ 4H 2(Y1 −X1)
2l−2

l∏
j=1

(Yj −Xj)J4

+ aµ+1((Y1 −X1)H
−µ−1)2l

(Y2 −X2)
2 . . . (Yl −Xl)

2J4.

Since Hµ+3 ≥ Y1 −X1, we have

(Y1 −X1)H
−µ−1 ≤ H 2.

Moreover,

(Y1−X1)
2l−2

l∏
j=1

(Y1−Xj) ≥ aµ+1((Y1−X1)H
−µ−1)2l

l∏
j=2

(Y1−Xj)2. (9.50)

Thus we obtain the main recurrence inequality for J :

J ≤ 5H 2n(Y1 −X1)
2l−2

l∏
j=1

(Yj −Xj)J
(1)
4 ,

where J (1)4 is the number of solutions of Eq. (9.44). To J (1)4 , we apply the same
argument, and so on. After the (s + 1)th step (s + 1 < l), we obtain an inequality of
the form

J
(1)
4 ≤ 5H 2n(Ys+1 −Xs+1)

2(l−s)−2
l∏

j=s+1

(Yj −Xj)J
(s+1)
4 , (9.51)

where J (s+1)
4 is the number of solutions of the equation

xns+2 + · · · + xnl = yns+2 + · · · + ynl

in numbers xs+1, . . . , yl of the form ps+2 . . . pl .
We note that all conditions on the parameters in deriving (9.51) are satisfied auto-

matically; an analog of relation (9.50) looks as (s ≤ l − 2):

(Ys+1 −Xs+1)
2(l−s)−2

l∏
j=s+1

(Yj −Xj)

≥ aµ+1((Ys+1 −Xs+1)H
−µ−1)2(l−s) l∏

j=s+2

(Yj −Xj)
2

and can be verified easily. For s = l−1, the variable J (s+1)
4 can be estimated trivially:

J
(l−1)
4 ≤ Yl −Xl.

Collecting all the above estimates, we obtain the statement of the lemma. ��
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9.2.2 Estimates of special trigonometric sums
on small arcs

Throughout this subsection, we assume that n ≥ 4 and N ≥ N0(n), as well as P =
[N1/n] and τ = 2nPn−1. We represent each α in the interval −1/τ ≤ α < 1 − 1/τ
as

α = a

q
+ z, 1 ≤ q ≤ τ, (a, q) = 1, |z| ≤ (qτ)−1. (9.52)

The set E1 (the set of “large arcs”) contains α for which q ≤ P 1/6 in represen-
tation (9.52). The set E2 (the set of “small arcs”) contains all other α in the above
interval. Thus, if α ∈ E2, then q > P 1/6 in (9.52).

Next, we choose the numbers

X = 10−4P 1/2, Y = 10−2P 1/2, l1 = [2n ln n],
and consider the trigonometric sum

W(α) =
∑′

X<x≤2X

∑′

y

exp{2πiαxnyn},

where x runs through the values of the prime numbers in the above interval, while y
runs through the values of the v-numbers corresponding to the parameters (l, R),
where l = l1 and R = Y .

Lemma 9.9. Suppose that α ∈ E2. Then |W(α)| satisfies the estimate

|W(α)| 
 P 1−(24n ln n)−1
,

where the constant in 
 depends only on n.

Proof. We choose τ1 = (4X)n and represent α as

α = a1

q1
+ z1, 1 ≤ q1 ≤ τ1, (a1, q1) = 1, |z1| ≤ (q1τ1)

−1. (9.53)

Let us consider two cases.
1. q1 > X1/3. Since, in the sum W(α), the number of numbers x such that

(x, q1) > 1 does not exceed c(ε)qε1 , where ε > 0 is an arbitrarily small constant, we
have

|W(α)| 
 X1/2Y + |W1(α)|,
where

|W1(α)| ≤
∑′

X<x≤2X
(x,q1)=1

∣∣∣ ∑′

Y1<y≤2lY1

exp{2πiαxnyn}
∣∣∣, (9.54)
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Y1 = 4−l1Y 1−(1−1/n)l < Y.

Let δ be an arbitrary real number satisfying the condition |δ| < Y−n. Then we
successively obtain∑′

Y1<y≤2l1Y1

exp{2πiαxnyn} =
∑′

Y1<y≤2l1Y1

exp{2πi(αxn + δ)yn}

+
∑′

Y1<y≤2l1Y1

exp{2πi(αxn + δ)yn}( exp{−2πiδyn} − 1
)

= C(2l1Y1) exp{−2πiδ2l1Y1} −
∫ 2l1Y1

Y1

C(u) d exp{−2πiδun},

where

C(u) =
∑′

Y1<y≤u
exp{2πi(αxn + δ)yn},

∣∣∣ ∑′

Y1<y≤2l1Y1

exp{2πiαxnyn}
∣∣∣ 
 |C(2l1Y1)| + |δ|Yn−1

1

∫ 2l1Y1

Y1

|C(u)| du.

Summing both sides of the last inequality over x and then integrating over δ within
the limits −Y−n ≤ δ ≤ Y−n, we obtain the relation

W =
∑′

X<x≤2X
(x,q1)=1

∣∣∣ ∑′

Y1<y≤2l1Y1

exp{2πiαxnyn}
∣∣∣


 Yn
∑′

X<x≤2X
(x,q1)=1

∫ Y−n

−Y−n

∣∣∣ ∑′

Y1<y≤Y2

exp{2πi(αxn + δ)yn}
∣∣∣ dδ,

where Y2 is some fixed number that does not exceed 2l1Y1. Further, applying Hölder’s
inequality, we obtain

W 2l1 ≤ Yn(X ln−1X)2l1−1 (9.55)

×
∑′

X<x≤2X
(x,q1)=1

∫ Y−n

−Y−n

∣∣∣ ∑′

Y1<y≤Y2

exp{2πi(αxn + δ)yn}
∣∣∣2l1 dδ.

Let xn �≡ xn1 (mod q1). Then, using representation (9.53), we obtain

‖αxn − αxn1 ‖ =
∥∥∥a1(x

n − xn1 )

q1
+ z1(x

n − xn1 )

∥∥∥ ≥ 1

q1
− |z1|(2X)n > 1

2q1
>

1

Yn
,

since q1 ≤ τ = (4X)n.
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The congruence xn ≡ λ (mod q1) (X < x ≤ 2X, (x, q1) = 1) has at most
c(ε)(X/q1 + 1)qε1 solutions. Therefore, from (9.55), Lemma 9.8, and (9.54) we
obtain the inequalities

W 2l1 
 Yn(X ln−1X)2l1−1
(
X

q1
+ 1

)
qε1

∫ 0.5

−0.5

∣∣∣ ∑′

Y1<y≤Y2

exp{2παyn}
∣∣∣2l1 dα


 Yn(X ln−1X)2l1−1
(
X

q1
+ 1

)
qε1Y

2l1−n−(l1−n)(1−1/n)l1


 (XY)2l1
(

1

q1
+ 1

X

)
qε1Y

−(l1−n)(1−1/n)l1 
 P 2l1−1/6,

W 
 P l−1/(12l1), W(α) 
 P l−1/(12l1) < P l−(24n ln n)−1
.

So we have proved the statement of the lemma for q1 > X1/3.

2. q1 ≤ X1/3. Applying Hölder’s inequality, we obtain

|W(α)|2l1 
 X2l1−1
∑′

X<x≤2X

∣∣∣ ∑′

Y1<y≤2l1Y1

exp{2πiαxnyn}
∣∣∣2l1


 X2l1−1
∑

|λ|
Yn1

Jl1(λ)

∣∣∣ ∑′

X<x≤2X

exp{2πiαλxn}
∣∣∣,

where Jl1(λ) denotes the number of solutions of the equation

yn1 + · · · + ynl1 − ynl1+1 − · · · − yn2l1 = λ

in the v-numbers yj (j = 1, . . . , 2l1). We again use Hölder’s inequality and the
inequality Jl1(λ) ≤ Jl1(0) and thus find

|W(α)|4l1 
 X4l1−2
( ∑

|λ|
Yn1

Jl1(λ)
)

(9.56)

×
( ∑

|λ|
Yn1

Jl1(λ)

∣∣∣ ∑′

X<x≤2X

exp{2πiαλxn}
∣∣∣2)


 X4l1−2Y 2l1(1−(1−1/n)l1 )Jl1(0)
∑

|λ|
Yn1

∣∣∣ ∑′

X<x≤2X

exp{2πiαλxn}
∣∣∣2


 X4l1−2Y 4l1−(3l1−n)(1−1/n)l1−nσ,

where

σ =
∑

|λ|
Yn1

∣∣∣ ∑′

X<x≤2X

exp{2πiαλxn}
∣∣∣2.
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Now we square the modulus of the sum over x in σ , collect the terms with x = x1,
and sum the remaining terms over λ. Thus we obtain

σ 
 Yn1 X +
∑′

x �=x1

min

(
Yn1 ,

1

‖α(xn − xn1 )‖
)

(9.57)


 Yn1 X +X
∑

X<x≤2X

min

(
Yn1 ,

1

‖αxn + β‖
)
.

Without loss of generality, we assume that, in representation (9.53) of the numberα,
the variable z1 is nonnegative, i.e., 0 ≤ z1 ≤ (q1τ1)

−1. In the case under study, we
have q1 ≤ X1/3 < P 1/6; therefore, z1 must exceed (q1τ)

−1, since, otherwise,αwould
belong to E1, which is the set of “large arcs.” So we have (q1τ)

−1 < z1 ≤ (q1τ1)
−1.

In the last sum, we represent the numbers x as

x = q1s + t, 0 < t ≤ q1, (X − t)q−1
1 < s ≤ (2X − t)q−1

1 .

Then we have

‖αxn + β‖ =
∥∥∥∥a1t

n

q1
+ z1(q1s + t)n + β

∥∥∥∥.
If s increases by 1, then the function

�(s) = z1(q1s + t)n + a1t
n

q1
+ β

varies by a value d, where nz1X
n−1q1 < d < n2nz1X

n−1q1.
Thus the values of �(s) can be represented as kd (K < k ≤ K + Xq−1

1 + 1).
Since z1(q1s + t)n < z1(2X)n ≤ 2−n, the number kd can be integer only for a single
value of k. Therefore, we have the following estimate for the sum over x:∑

X<x≤2X

min

(
Yn1 ,

1

‖αxn + β‖
)


 q1

∑
s

min

(
Yn1 ,

1

‖�(s)‖
)

(9.58)


 q1

(
Yn1 +

s∑
k≥1

1

kd

)

 q1(Y

n
1 + τX−n+1 lnP).

From (9.58), (9.57), and (9.56) we successively find

σ 
 Yn1 Xq1(1 + Pn−1Y−n
1 X−n+1) 
 Yn1 X

4/3,

|W(α)|4l1 
 (XY)4l1X−2/3Y−3l1(1−1/n)l1 
 P 4l1−1/3,

|W(α)| 
 P 1−1/(12l1) 
 P 1−(24n ln n)−1
.

The statement of the lemma is also proved in the second case. The proof of the
lemma is complete. ��
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9.2.3 The u-numbers

We shall use the parameters R, Rj (j = 1, . . . , l) introduced in Section 9.2.1 and in-
troduce some new parameters; p1, p2, . . . , pl are arbitrary, but fixed, prime numbers,
0.5Rj < pj ≤ Rj ; further, x1, x2, . . . , xl denote the variables running through the
values of the natural numbers in the intervals (0.25Rj )n < xj ≤ (0.5Rj )n such that
(xj , pj ) = 1 (j = 1, . . . , l − 1) and xnj takes only a single value modulo pj .

We define the u-numbers corresponding to the parameters (l, R) by the relation

u = xn1 + pn1x
n
2 + (p1p2)

nxn3 + · · · + (p1p2 . . . pl−1)
nxnl .

The u-numbers vary within the limits 2−2n2
Rn ≤ u ≤ l2−n2

Rn. The number U of u-
numbers corresponding to the parameters (l, R) satisfies the relationU �Rn−n(1−1/n)l .

If u1, u2 are two u-numbers,

u1 = xn1 + pn1x
n
2 + · · · + (p1 . . . pl−1)

nxnl ,

u2 = yn1 + pn1y
n
2 + · · · + (p1 . . . pl−1)

nynl ,

then the relation u1 = u2 implies xn1 ≡ yn1 (mod pn1 ); since pn1 > 2−nRn1 ≥ x1 and
≥ y1, this implies that x1 = y1; similarly, we obtain x2 = y2, . . . , xl = yl . Thus for
a fixed λ, the equation u = λ in the u-numbers has at most one solution.

We note that the u-numbers constructed here are the p-adic analogs of the u-
numbers constructed in Chapter 3, Sections 3.2 and 3.3.

9.2.4 The theorem

Now we state and prove an assertion that is somewhat more strict than (9.33). We
assume that n ≥ 4000.

Theorem 9.5. The variable G(n) satisfies the estimate

G(n) < 2n ln n+ 2n ln ln n+ 12n.

Proof. We consider the equation

zn1 + · · · + zn4n + u1 + u2 + (x1y1)
n + · · · + (xkyk)

n = N, (9.59)

where N ≥ N0(n), z1, . . . , z4n are natural numbers; P = [N1/n], u1, u2 are the
u-numbers corresponding to the parameters (l, R), where l = l2 = [n ln n+n ln ln n+
2.6n] and R = P ; k = 2n; the xj run through the values of the prime numbers in the
interval (X, 2X), X = 10−4P 1/2; and the yj run through the values of the v-numbers
corresponding to the parameters (l, R), l = l1 = [2n ln n], and R = Y = 10−2P 1/2.

Let J be the number of solutions of (9.59). Then we have

J =
∫ 1−1/τ

−1/τ
S4n(α)T 2(α)Wk(α) exp{−2πiαN} dα,
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where

S(α) =
P∑
z1=1

exp{2πiαzn}, T (α) =
∑
u

exp{2πiαu},

W(α) =
∑
x,y

exp{2πiαxnyn}, τ = 2nPn−1.

We divide the interval −1/τ ≤ α < 1 − 1/τ into two sets E1 and E2 (the sets
of “large and small arcs”) as in Section 9.2.2. Then we present J as the sum of two
integrals: J = J1 + J2, where J1 = ∫

E1
and J2 = ∫

E2
.

Let us estimate J1 from below. We have

J1 =
∑
u1,u2

∑
x1,y1

· · ·
∑
xk,yk

∫
E1

S4n(α) exp{−2πiαN1} dα.

where N1 = N − un1 − un2 − (x1y1)
n − · · · − (xkyk)

n.
From the definition of u1, u2, xj , yj , we easily find the range of variation of N1,

namely, 0.5N < N1 < N . Applying Lemma 9.7 (see [162], p. 43) to estimate the last
integral, we obtain ∫

E1

S4n(α) exp{−2πiαN1} dα � N3,

J1 � N3P 2(n−n(1−1/n)l2 )Xk(lnX)−kY k(1−(1−1/n)l1 )(ln Y )−kl1 . (9.60)

Now let us estimate J2 from above. Applying Lemma 9.9 and using the property
of the u-numbers, we find

J2 
 P k(1−(24n ln n)−1)N4Pn−n(1−1/n)l2 . (9.61)

It follows from (9.59) and (9.61) that J = J1 + J2 > 0, i.e., G(n) ≤ 4n+ 2l2 + k <

2n ln n+ 2n ln ln n+ 12n. The proof of the theorem is complete. ��

9.3 Fractional parts of rapidly growing functions

The old still unsolved problems on the behavior of fractional parts of the functions
(3/2)x , α2x , x = 1, 2, . . . , are well known. A distinctive record is established by
Vinogradov’s theorem on the uniform distribution of fractional parts of the function
exp{logc x}, where c is a fixed number, 1 < c < 3/2, x = 1, 2, . . . (see [84]). Here
we show that the p-adic method allows one to obtain meaningful assertions about the
behavior of the fractional parts of functions that are growing even faster. We introduce
a new notion, which allows us to formulate the result in a more convenient form.

Let A be a subset of the set of real numbers, and let B be an infinite subset of
the set of natural numbers. We shall say that A is a regular set with respect to B if,
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for any α ∈ A, the sequence {αn} is everywhere dense on [0, 1) provided that n runs
through all the values in B. For example, if A is the set of irrational numbers and B
is the set of values attained by the polynomial f (x) with integer positive coefficients,
x = 1, 2, . . . , thenA is regular with respect to B. But if B is the set of numbers of the
form 2x , x = 1, 2, . . . , and A is the set of irrational numbers, then A is not a regular
set with respect to B. However, it is possible to assume the following: if A is the set
of algebraic numbers of degree n ≥ 2, then, in this case, A is regular with respect
to B. The goal in this section is to prove the following Theorem 9.6.

Theorem 9.6. Suppose that A is the set of real algebraic numbers of degree n ≥ 2
and B is the set of natural numbers of the form x[logc x], x = 1, 2, . . . , where c is an
arbitrary fixed number in the interval 0 < c < 1. Then A is a regular set with respect
to B.

Theorem 9.6 is an obvious consequence of the following theorem.

Theorem 9.7. Let α be an arbitrary real algebraic number of degree n ≥ 2, and let

f (x) = α exp{[logc x] log x},
where c is a constant, 0 < c < 1, and [logc x] is the integral part of logc x. Then
there exists a number X1 = X1(c) > 0 and constants c1 > 0 and c2 > 0 such that,
for X ≥ X1 and any real number ξ , the number of solutions of the inequality

‖ξ − f (x)‖ ≤ exp{−c1 log1−c X}
in positive integers x, x ≤ X, is larger than or equal to

X exp{−c2(log1−c X + logc X log logX)}.
In particular,

min
x≤X ‖ξ − f (x)‖ ≤ exp{−c1 log1−c X}.

The method used to prove Theorem 9.7 essentially repeats the method used in the
preceding section. However, the estimates for the sums S(α) cannot be used directly
in the proof of Theorem 9.7, becauseX is a parameter strongly increasing with n; this
increase is determined by the variable R0 introduced above in Section 9.2.1. Here by
the letters c, c1, c2, . . . we denote absolute positive constants such that 0 < c < 1
and c1, c2, . . . can be different in different formulas; X is the principal increasing
parameter, X ≥ X1(c) > 0; logN � logX; n and k are natural numbers such that
n � logc X and k � logc X; θ, θ1, . . . are some functions satisfying the conditions
|θ | ≤ 1, |θ1| ≤ 1, etc.; and the constants in the signs O are absolute constants.

First, precisely as in the preceding section, we prove the main lemma on the upper
bound for the number of solutions of the Diophantine equation

xn1 + xn2 + · · · + xnk = yn1 + yn2 + · · · + ynk . (9.62)
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The unknowns x1, . . . , xk, y1, . . . , yk in Eq. (62) take values in the set of integers
of a special form, which will be called v-numbers. To define the set V of integers
corresponding to the parametersN , n, and k whose elements will be called v-numbers,
we define the numbers Xj and Yj for j = 1, 2, . . . , k by the relations

Xj =
(

1 − 1

4k

)
Yj , Yj = N(1/n)(1−1/n)j−1

.

For each j , 1 ≤ j ≤ k, we make the parameter pj range over the set of all primes in
(Xj , Yj ], i.e., the pj are prime numbers such that

Xj < pj ≤ Yj .

Definition 9.4. The V -set corresponding to the parameters N , n, and k or, more
briefly, the V -set, is defined to be the set of numbers of the form v = p1p2 . . . pk .

It is obvious that v �= v′ if pj �= p′
j for at least one j , 1 ≤ j ≤ k. Hence the

number of solutions of the equation xy = z, where x and y are unknown v-numbers
and z is a given positive number, does not exceed 2k . Let ‖V ‖ be the number of
elements of V , i.e., the number of all v-numbers. We have

‖V ‖ =
k∏
j=1

(
π(Yj )− π(Xj )

)
.

Using de la Vallée-Poussin’s asymptotic formula

π(x) =
∫ x

2

dt

log t
+O

(
x exp

{ − c1
√

log x
})
,

we obtain

1

8k

Yj

logYj
≤ π(Yj )− π(Xj ) ≤ 1

2k

Yj

logYj
, 4−kM ≤ ‖V ‖ ≤ M,

where

M =
(

n

2k logN

)k(
1 + 1

n− 1

)k(k−1)/2

N1−(1−1/n)k .

An upper bound V2 and a lower bound V1 of v are given by the formula

V1 =
(

1 − 1

4k

)k
N−1−(1−1/n)k ≤ v ≤ N1−(1−1/n)k = V2.

Lemma 9.10. Let I be the number of solutions of Eq. (62) under the condition that
x1, . . . , xk, y1, . . . , yk take values in the set of v-numbers, and let 2n + 6 < k 
 n.
Then

I ≤ a(n; k)N2k−n+ω,
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where

a(n; k) = (4k)−(k−2n−5)(1.5k+n−41)−(2n+5)(4n+9),

ω = ω(n; k) = n
(

1 − 1

n

)k−2n−5 − (k + 2n+ 4)
(

1 − 1

n

)k − 1.

Proof. 1. For any integer s, 0 ≤ s ≤ s1 = k − 2(n + 3), we denote by I (s) the
number of solutions of the equation

xns+1 + · · · + xnk = yns+1 + · · · + ynk . (9.63)

Here xj and yj , j = s + 1, . . . , k, take values in the set of numbers ps+1 . . . pk ,
where pj ranges over all prime numbers in (Xj , Yj ]. It is obvious that I (0) = I .

2. We claim that the following recurrent inequality holds for I (s):

I (s) ≤ 5nH 2(Ys+1 −Xs+1)
2(k−s−1)I (s+1)

k−s∏
j=2

(Ys+j −Xs+j ), (9.64)

where H = (2k5)4.
3. We write I (s) as an integral of the corresponding trigonometric sum. Let

S(α) =
∑

Xs+1<ps+1≤Ys+1

· · ·
∑

Xk<pk≤Yk
exp{2πiα(ps+1 . . . pk)

n}.

Then

I (s) =
∫ 1

0
|S(α)|2(k−s) dα. (9.65)

4. We transform S(α). Introducing the new trigonometric sums

S(α;ps+1) =
∑

Xs+2<ps+2≤Ys+2

· · ·
∑

Xk<pk≤Yk
exp{2πiα(ps+1 . . . pk)

n},

we obtain
S(α) =

∑
Xs+1<ps+1≤Ys+1

S(α;ps+1).

We put H = (2k5)4, Hs+1 = (Ys+1 − Xs+1)H
−1, and partition the interval

(Xs+1, Ys+1] into H intervals jr of the form

jr : (Xs+1 + (r − 1)Hs+1, Xs+1 + rHs+1
]
, r = 1, 2, . . . , H.

According to this partition, we represent S(α) as a sum of H terms,

S(α) =
H∑
r=1

Sr(α), (9.66)



394 9 The p-adic method in three problems of number theory

where
Sr(α) =

∑
ps+1∈jr

S(α;ps+1). (9.67)

5. We transform Sk−s(α). Raising both sides of (9.66) to the power k − s, we
obtain the equality

Sk−s(α) =
H∑
r1=1

· · ·
H∑

rk−s=1

Sr1(α) . . . Srk−s (α). (9.68)

We partition all sets of numbers of the form (r1, . . . , rk−s), 1 ≤ r1, . . . , rk−s ≤ H ,
into classes A and B as follows. Class A contains the sets (r1, . . . , rk−s) in which
there is an rj that is different from all other rν , j �= ν, i.e., rj �= rν if ν �= j . Class B
contains all other sets. By

∑
1 we denote the sum on the right-hand side of (9.68)

taken over the sets (r1, . . . , rk−s) of class A. The symbol
∑

2 will stand for the sum
on the right-hand side of (9.68) taken over the sets (r1, . . . , rk−s) of class B. Then∑

1
=

∑
· · ·

∑
(r1,...,rk−s )∈A

Sr1(α) . . . Srk−s (α),∑
2

=
∑

· · ·
∑

(r1,...,rk−s )∈B
Sr1(α) . . . Srk−s (α).

Relation (9.68) can be written as

Sk−s(α) =
∑

1
+
∑

2
. (9.69)

6. We transform the terms in
∑

1 and
∑

2. Changing the indexing of
(r1, . . . , rk−s), we can write the terms of

∑
1 as

Sr1(α)Sr2(α) . . . Srk−s (α),

where r1 �= rν , ν = 2, . . . , k − s. Changing the indexing of (r1, . . . , rk−s), we can
write the terms of

∑
2 as

Sβ1
r1
(α) . . . Sβtrt (α), (9.70)

where rν �= rj , ν �= j , β1 ≥ 2, . . . , βt ≥ 2, and

β1 + · · · + βt = k − s. (9.71)

7. Let ‖A‖ and ‖B‖ be the number of sets (r1, . . . , rk−s) of classA and of classB,
respectively. We have the following trivial upper bound for ‖A‖: ‖A‖ ≤ Hk−s .

Let us estimate ‖B‖. Since the numbers β1, . . . , βt in (9.71) are larger than or
equal to 2, we have t ≤ 0.5(k − s). Let r1, . . . , rt and β1, . . . , βt be given. This
means that in the set (r1, r2, . . . , rk−s), r1 occurs β1 times, r2 occurs β2 times, . . . ,
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and rt occurs βt times. Therefore, in k − s places, r1 occupies β1 places, which can
be done in

(k − s)(k − s − 1) . . . (k − s − β1 + 1) < (k − s)β1

ways, r2 occupies β2 places, which can be done in at most (k − s)β2 ways, …, and,
finally, rt occupies βt places, which can be done in at most (k− s)βt ways. Hence the
number of terms of the form (9.70) for given r1, . . . , rt and β1, . . . , βt is less than or
equal to

(k − s)!(k − s)β1+···+βt < (k − s)2(k−s).

Further, if r(t) is the number of solutions of Eq. (9.71) in β1, . . . , βt , then r(t) ≤
(k − s)t−1. Hence

‖B‖ ≤
∑

1≤t≤0.5(k−s)
H t r(t)(k − s)2(k−s) ≤ 2(k − s)2.5(k−s)H 0.5(k−s).

8. We pass to inequalities in (9.69). Squaring both sides of this inequality and
using the Cauchy inequality, we obtain

|S(α)|2(k−s) ≤ 2‖A‖
∑

· · ·
∑

(r1,...,rk−s )∈A
|Sr1(α)|2 . . . |Srk−s (α)|2 (9.72)

+ 2‖B‖
∑

· · ·
∑

(r1,...,rk−s )∈B
|Sr1(α)|2 . . . |Srk−s (α)|2.

We transform the terms on the right-hand side of this inequality as follows. We apply
the inequality between arithmetic and geometric means to the products in the second
multiple sum. Applying this inequality to the products of all factors but the first in the
terms of the first multiple sum, we obtain the following inequality for the terms of the
first sum:

|Sr1(α)|2|Sr2(α)|2 . . . |Srk−s (α)|2 (9.73)

≤ 1

k − s − 1
|Sr1(α)|2

(|Sr2(α)|2(k−s−1) + · · · + |Srk−s (α)|2(k−s−1)).
Here r1 �= r2, j = 2, . . . , k − s.

We obtain the following inequality for the terms of the second sum:

|Sr1(α)|2 . . . |Srk−s (α)|2 (9.74)

≤ 1

k − s

(|Sr1(α)|2(k−s) + · · · + |Srk−s (α)|2(k−s)
)
.

Substituting (9.73) and (9.74) into (9.72) and then substituting (9.72) into (9.65), we
obtain the inequality

I (s) ≤ 2‖A‖2I
(s)
1 + 2‖B‖2I

(s)
2 , (9.75)
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where

I
(s)
1 =

∫ 1

0
|Sr1(α)|2|Sr2(α)|2(k−s−1) dα, (9.76)

I
(s)
2 =

∫ 1

0
|Sr(α)|2(k−s) dα. (9.77)

The r1, r2, and r in (9.75) are fixed positive integers such that r1 �= r2, 1 ≤
r1, r2, r3 ≤ H , and the integrals I (s)1 and I (s)2 take their maximal values. Let us also

note that I (s)2 has the same form as I (s), with the only difference that the range of ps+1
in S(α), which has the form

Xs+1 < ps+1 ≤ Ys+1,

is replaced in Sr(α) by the shorter interval

X
(1)
s+1 = Xs+1 + (r − 1)Hs+1 < ps+1 ≤ Xs+1 + rHs+1 = Y

(1)
s+1,

whose length is equal to

Hs+1 = Y
(1)
s+1 −X

(1)
s+1 = (Ys+1 −Xs+1)H

−1.

9. We transform the integral I (s)1 . Since

Sr2(α) =
∑

X
(1)
s+1<ps+1≤Y (1)s+1

S(α;ps+1),

we can pass to inequalities. Applying Hölder’s inequality, we obtain

|Sr2(α)|2(k−s−1) ≤ H
2(k−s−1)−1
s+1

∑
X
(1)
s+1<ps+1≤Y (1)s+1

|S(α;ps+1)|2(k−s−1),

I
(s)
1 ≤ H

2(k−s−1)
s+1

∫ 1

0
|Sr1(α)|2|S(α;p)|2(k−s−1) dα.

(9.78)

In the last integral p stands for some fixed prime number in (X(1)s+1, Y
(1)
s+1], i.e.,

X
(1)
s+1 = Xs+1 + (r2 − 1)Hs+1 < p ≤ Xs+1 + r2Hs+1 = Y

(1)
s+1,

where r2 �= r1 and p is such that this integral takes its maximal value.
10. Let

I =
∫ 1

0
|Sr1(α)|2|S(α;p)|2(k−s−1) dα.

It is obvious that I is equal to the number of solutions of the equation

xns+1 − yns+1 = pn(xns+2 + · · · + xnk − yns+2 − · · · − ynk ).
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In this equation the unknowns xs+1 and ys+1 take values in the set of numbers of the
form ps+1 . . . pk , and the unknowns xs+2, . . . , xk, ys+2, . . . , yk take value in the set
of numbers of the form ps+2 . . . pk . Here ps+1 ranges over the interval

Xs+1 + (r1 − 1)Hs+1 < ps+1 ≤ Xs+1 + r1Hs+1,

and ps+2, . . . , pk range over the intervals

Xj < pj ≤ Yj , j = s + 2, . . . , k.

Since r2 �= r1, we have p �= ps+1.
Let T be the number of solutions of the congruence

xns+1 ≡ yns+1 (mod pn) (9.79)

in xs+1, ys+1. Then
I ≤ T I1, (9.80)

where I1 is the number of solutions of the form ps+2 . . . pk of the equation

xns+2 + · · · + xnk = yns+2 + · · · + ynk

in xj , yj , j = s + 2, . . . , k. It is obvious that I1 = I (s+1).
11. We find an upper bound for T . By definition, xs+1 and ys+1 have the form

ps+1 . . . pk , where (p, xs+1) = (p, ys+1) = 1 and Xs+1 < p ≤ Ys+1. The upper
bounds of the range of ps+1, . . . , pk imply the following upper bound for xs+1 and
ys+1:

max(xs+1, ys+1) ≤ Ys+1 . . . Yk = N(1−1/n)s−(1−1/n)k .

The following lower estimate holds for pn:

pn > Xns+1 =
(

1 − 1

4k

)n
N(1−1/n)s

The assumptions on N, k, n and s imply that

N(1−1/n)s−(1−1/n)k <

(
1 − 1

4k

)n
N(1−1/n)s .

Hence the unknowns xs+1 and ys+1 in the congruence (9.79) take values in a subset
of the reduced residue system modulo pn. Therefore, for fixed ys+1, the congru-
ence (9.79) has at most n solutions. Hence,

T ≤ n(Ys+1 −Xs+1) . . . (Yk −Xk). (9.81)

12. We continue the estimates. Formulas (9.80) and (9.81) imply

I ≤ n(Ys+1 −Xs+1) . . . (Yk −Xk)I
(s+1).
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Formula (9.78) implies

I
(s)
1 ≤ H

2(k−s−1)
s+1 I ≤ nH

2(k−s−1)
s+1 (Ys+1 −Xs+1) . . . (Yk −Xk)I

(s+1). (9.82)

Finally, combining the estimates for ‖A‖ and ‖B‖ with formulas (9.75)–(9.78) and
(9.82), we obtain the first main estimate for I (s):

I (s) ≤ 2nH 2(k−s)H 2(k−s−1)
s+1 (Ys+1 −Xs+1) . . . (Yk −Xk)I

(s+1) (9.83)

+ 2(k − s)5(k−s)Hk−sI (s)2

= 2nH 2(k−s)H 2(k−s−1)
s+1 (Ys+1 −Xs+1)LI

(s+1)

+ 2(k − s)5(k−s)Hk−sI (s)2 .

In this inequality Hs+1 and L are given by the formulas

Hs+1 = (Ys+1 −Xs+1)H
−1, L = (Ys+2 −Xs+2) . . . (Yk −Xk),

and I (s)2 has the same form as I (s), with the only difference that the numbersXs+1 and
Ys+1 that occur in the definition of I (s) (the bounds of the range of the primes ps+1)
are replaced by new ones, namely, by X(1)s+1 and Y (1)s+1, where

X
(1)
s+1 = Xr+1 + (r − 1)Hs+1, Y

(1)
s+1 = Xs+1 + rXs+1,

and r is some fixed integer, 1 ≤ r ≤ H .
13. Using the notation

I (s) = I
(s)
2,0, I

(s)
2 = I

(s)
2,1, Ys+1 = Y

(0)
s+1, Xs+1 = X

(0)
s+1,

Hs+1 = H
(0)
s+1 = (Y

(0)
s+1 −X

(0)
s+1)H

−1, X
(1)
s+1 = X

(0)
s+1 + (r0 − 1)H (0)

s+1,

Y
(1)
s+1 = X

(0)
s+1 + r0H

(0)
s+1,

we write inequality (9.83) as

I
(s)
2,0 ≤ 2nH 2(k−s)(H (0)

s+1)
2(k−s−1)(Y

(0)
s+1 −X

(0)
s+1)LI

(s+1) (9.84)

+ 2(k − s)5(k−s)Hk−sI (s)2,1.

14. We now define a positive integer µ by the inequalities

Hµ+2 < Ys+1 −Xs+1 ≤ Hµ+3.

For j = 0, 1, . . . , µ, we define the parameters X(j+1)
s+1 , Y (j+1)

s+1 , and H(j)
s+1 by the

relations

X
(j+1)
s+1 = X

(j)
s+1 + (rj − 1)H (j)

s+1, Y
(j+1)
s+1 = X

(j)
s+1 + rjH

(j)
s+1,
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H
(j)
s+1 = (Y

(j)
s+1 −X

(j)
s+1)H

−1.

Here the rj are integers (for example, r0 = r) that occur in the corresponding iteration
process, 1 ≤ rj ≤ H . Repeating the arguments used in items 3–12, we obtain a
relation similar to (9.84):

I
(s)
2,j ≤ 2nH 2(k−s)(H (j)

s+1)
2(k−s−1)(Y

(j)
s+1 −X

(j)
s+1)LI

(s+1) (9.85)

+ 2(k − s)5(k−s)Hk−sI (s)2,j+1.

15. We find an upper bound for I (s)2,µ+1. We estimate this integral in the following
trivial way:

I
(s)
2,µ+1 =

∫ 1

0

∣∣∣∣ ∑
X
(µ+1)
s+1 <ps+1≤Y (µ+1)

s+1

S(α;ps+1)

∣∣∣∣2(k−s) dα (9.86)

≤ (Y
(µ+1)
s+1 −X

(µ+1)
s+1 )2(k−s)

∫ 1

0
|S(α;p)|2(k−s) dα.

The last integral is equal to the number of solutions of the equation

xns+1 + · · · + xnk = yns+1 + · · · + ynk ,

where the unknowns xj and yj , j = s + 1, . . . , k, take values in the set of numbers
of the form ps+2 . . . pk . It is obvious that∫ 1

0
|S(α;p)|2(k−s) dα ≤ (Ys+1 −Xs+1)

2 . . . (Yk −Xk)
2I (s+1). (9.87)

The definition of the parameters µ, Y (j)s+1, and X(j)s+1 implies that

Y
(µ+1)
s+1 −X

(µ+1)
s+1 = (Ys+1 −Xs+1)H

−µ−1 ≤ H 2.

Formulas (9.86) and (9.87) imply the desired estimate for I (s)2,µ+1:

I
(s)
2,µ+1 ≤ H 4(k−s)(Ys+1 −Xs+1)

2 . . . (Yk −Xk)
2I (s+1). (9.88)

16. Let a be the coefficient of I (s)2,j+1 on the right-hand side of inequality (9.85):

a = 2(k − s)5(k−s)Hk−s .

Multiplying both sides of (9.85) by aj , we obtain

aj I
(s)
2,j ≤ 2nH 2(k−s)LI (s+1)aj (H

(j)
s+1)

2(k−s−1) + aj+1I
(s)
2,j+1. (9.89)
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Summing both sides of (9.89) over j = 0, s, . . . , µ, we obtain the inequality

I
(s)
2,0 +

µ∑
j=1

aj I
(s)
2,j ≤ 2nH 2(k−s)LI s+1

µ∑
j=0

aj (H
(j)
s+1)

2(k−s−1) (9.90)

+
µ∑
j=1

aj I
(s)
2,j + aµ+1I

(s)
2,µ+1.

Hence, using the formula I (s)2,0 = I (s) and the estimate (9.88), we obtain

I (s) ≤ (2nH 2(k−s)LV1 + V2)I
(s+1), (9.91)

where

V1 =
µ∑
j=0

aj (H
(j)
s+1)

2(k−s−1), V2 = aµ+2H 4(k−s)(Ys+1 −Xs+1)
2 . . . (Yk −Xk)

2.

17. We find an upper bound for V1. Since

H = (2k5)4, a = 2(k − s)5(k−s)Hk−s ≤ (2k5)k−sHk−s ,

H
(j)
s+1 = (Ys+1 −Xs+1)H

−j−1,

we can estimate the summands in V1 as follows:

aj (H
(j)
s+1)

2(k−s−1)

≤ (2k5)j (k−s)H j(k−s)(Ys+1 −Xs+1)
2(k−s−1)H−2(k−s−1)H−j (2k−2s−2)

= (Ys+1 −Xs+1)
2(k−s−1)H−2(k−s−1)((2k5)k−sH−(k−s)+2)j

= (Ys+1 −Xs+1)
2(k−s−1)H−2(k−s−1)((2k5)−3(k−s)+8)j .

Since k − s ≥ 2(n+ 3), we have

V1 ≤ 2H−2(k−s−1)(Ys+1 −Xs+1)
2(k−s−1).

We claim that

2nH 2(k−s)L · 2H−2(k−s−1)(Ys+1 −Xs+1)
2(k−s−1) (9.92)

≤ 4nH 2(Ys+1 −Xs+1)
2(k−s−1)

k−s∏
j=2

(Ys+j −Xs+j ),

aµ+2H 4(k−s)(Ys+1 −Xs+1)
2 . . . (Yk −Xk)

2 (9.93)

≤ nH 2(Ys+1 −Xs+1)
2(k−s−1)

k−s∏
j=2

(Ys+j −Xs+j ).
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Let us recall that

L = (Ys+2 −Xs+2) . . . (Yk −Xk),

Hµ+2 < Ys+1 −Xs+1 ≤ Hµ+3, a = 2(k − s)5(k−s)Hk−s .

It is obvious that relation (9.92) is an equality. Dividing inequality (9.93) by the
common factor, we obtain the inequality

aµ+2H 4(k−s)−2(Ys+2 −Xs+2) . . . (Yk −Xk) ≤ n(Ys+1 −Xs+1)
2(k−s)−4.

Replacing aµ+2 by a greater quantity, we claim that a stronger inequality holds:(
2(k − s)5(k−s)

)µ+2
(Ys+1 −Xs+1)

k−sH 4(k−s)−2(Ys+2 −Xs+2) . . . (Yk −Xk)

≤ n(Ys+1 −Xs+1)
2(k−s)−4.

Since 2k5 = H 1/4, we have (2(k − s)5)k−s ≤ H(k−s)/4. Besides, Hµ+2 < Ys+1 −
Xs+1. We claim that an even stronger inequality holds:

(Ys+1 −Xs+1)
5(k−s)/4H 4(k−s)−2(Ys+2 −Xs+2) . . . (Yk −Xk)

≤ n(Ys+2 −Xs+2)
2(k−s)−4.

We even claim that

H 4(k−s)(Ys+2 −Xs+2) . . . (Yk −Xk) ≤ (Ys+1 −Xs+1)
3(k−s)/4−4. (9.94)

Replacing Yj and Xj by their values, we obtain the formulas

Yj −Xj = (4k)−1Yj = (4k)−1N(1/n)(1−1/n)j−1
,

(Ys+2−Xs+2) . . . (Yk−Xk) = (
(4k)−1)k−s−1

N(1/n)
(
(1−1/n)s+1+···+(1−1/n)k−1

)
,

(Ys+1 −Xs+1)
3(k−s)/4−4 = (

(4k)−1)3(k−s)/4−4
N(1/n)(1−1/n)s

(
3(k−s)/4−4

)
.

Now we can rewrite formula (9.94) as

H 4(k−s)((4k)−1)(k−s)/4+3 ≤ N�, (9.95)

where

� = 1

n

(
1 − 1

n

)s(3

4
(k − s)− 4

)
− 1

n

((
1 − 1

n

)s+1

+ · · · +
(

1 − 1

n

)k−1)
=
(

1 − 1

n

)s(3(k − s)

4n
− 4

n
− 1 + 1

n
+
(

1 − 1

n

)k−s)
.

We strengthen (9.95) once more:

H 4(k−s) ≤ N(1−1/n)s (3(k−s)/(4n)−(n+3)/n).
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Hence it is sufficient to prove the inequality

H 4 ≤ N(1−1/n)s
(
3/(4n)−(n+3)(n(k−s))).

Taking into account that k − s ≥ 2(n+ 3), we claim that

H 4 ≤ N(1−1/n)k 1/(4n). (9.96)

Recalling that N � logX, k � logc X, n � logc X, H = (2k5)4, and 0 < c < 1, we
establish that (9.96) holds with X ≥ X1(c) > 0.

Hence inequalities (9.92) and (9.93) hold. Combining them with formula (9.91),
we obtain the second main formula

I (s) ≤ 5nH 2(Ys+1 −Xs+1)
2(k−s−1)I (s+1)

k−s∏
j=2

(Ys+j −Xs+j ),

which coincides with inequality (9.64) in item 2.
18. Taking the product of (9.64) over s = 0, 1, . . . , s1, we obtain the inequality

I (0)
s1∏
s=1

I (s) ≤ I s1+1
( s1∏
s=1

I (s)
)
(5nH 2)s1+1

×
( s1∏
s=0

(Ys+1 −Xs+1)
2(k−s−1)

)( s1∏
s=0

k−s∏
j=2

(Ys+j −Xs+j )
)
.

Dividing both sides of this inequality by the corresponding product, we obtain the
estimate

I (0) ≤ ABCD, (9.97)

where A = (5nH 2)s1+1,

B =
s1∏
s=0

(Ys+1 −Xs+1)
2(k−s−1), C =

s1∏
s=0

k−s∏
j=2

(Ys+j −Xs+j ),

and D = I (s1+1). Using the trivial estimate (all unknowns except one are fixed)

I (s) ≤
( k∏
j=s+1

(Yj −Xj)
)2(k−s)−1

,

we obtain the inequality

D = I (s1+1) ≤
( k∏
j=s1+2

(Yj −Xj)
)2(k−s1−1)−1

.
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Since we have H = (2k5)4, s1 = k − 2(n+ 3) ≥ 1, and

Yj −Xj = (4k)−1N(1/n) (1−1/n)j−1
,

we obtain the following inequalities for A, B, C, and D:

A < (1280k41)k−2n−5 < 46(k−2n−5)k41(k−2n−5),

B =
s1∏
s=0

(4k)−2(k−s−1)N2(k−s−1)/n(1−1/n)s

= (4k)−2k(s1+1)+(s1+1)(s1+2)N2k−2n−(2n+10)(1−1/n)s1+1
,

C =
s1∏
s=0

k−s∏
j=2

(4k)−1N(1/n) (1−1/n)s+j−1

=
s1∏
s=0

(4k)−(k−s−1)N(1−1/n)s+1−(1−1/n)k

= (4k)−k(s1+1)+(s1+1)(s1+2)/2Nn−1−n(1−1/n)s1+2−(s1+1)(1−1/n)k ,

D =
( k∏
j=s1+2

(4k)−1N(1/n) (1−1/n)j−1
)4n+9

= (4k)−(2n+5)(4n+9)N(4n+9)
(
(1−1/n)s1+1−(1−1/n)k

)
.

Combining these estimates for A, B, C, and D with formula (9.97), we obtain the
final inequality for I (0) = I :

I = I (0) < a(k; n)N2k−n+ω,

where

a(k; n) = (4k)−(k−2n−5)(1.5k+n−41)−(2n+5)(4n+9),

ω = ω(k; n) = n

(
1 − 1

n

)k−2n−5

− (k + 2n+ 4)

(
1 − 1

n

)k
− 1,

which completes the proof of the lemma. ��

Remark 9.1. Taking into account the assumptions k > 2(n+ 3) and n � logc X, we
obtain a simple version of the estimate for a(k; n):

a(k; n) < exp
{

− 1

8
k2 log k

}
.

Applying Lemma 9.10, we estimate the double trigonometric sum W(α) defined
in the following lemma.
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Lemma 9.11. Let α be a real number, and let

α = a

q
+ θ

q2 ,

where q ≥ 3, (a, q) = 1, and |θ | ≤ 1. Consider the double trigonometric sum

W(α) =
∑
x∈V

∑
y∈V

exp{2πiαmxnyn},

where x and y range over the V -set corresponding to the parameters N , n, and k; m
is a positive integer. Then

|W(α)| 
 ‖V 2‖2�,

where

�0 = (m log q)1/(4k
2)(Nω1q−1/(4k2) +Nω2q1/(4k2)) logN,

ω1 = − 1

2k2 + n

2k2

(
1 − 1

n

)k−2n−5

+
(

1

2k
− 3n+ 4

2k2

)(
1 − 1

n

)k
,

ω2 = −n+ 1

2k2 + n

2k2

(
1 − 1

n

)k−2n−5

+
(

1

2k
− n+ 2

k2

)(
1 − 1

n

)k
.

Proof. Using Hölder’s inequality, we obtain

|W(α)|2k ≤
(∑
x∈V

∣∣∣∑
y∈V

exp{2πiαmxnyn}
∣∣∣)2k

(9.98)

≤ ‖V ‖2k−1
∑
x∈V

∣∣∣∑
y∈V

exp{2πiαmxnyn}
∣∣∣2k

= ‖V ‖2k−1
∑
x∈V

∑
λ

Ik(λ) exp{2πiαmxnλ},

where Ik(λ) stands for the number of solutions of the equation

yn1 + · · · + ynk = ynk+1 + · · · + yn2k + λ (9.99)

in y1, . . . , y2k ∈ V . Since V1 ≤ yj ≤ V2 for 1 ≤ j ≤ 2k, Ik(λ) is equal to zero
if |λ| > � = k(V n2 − V n1 ). For this reason, we assume that |λ| ≤ � in (9.98).
Interchanging the order of summation in (9.98), we obtain the formula

|W(α)|2k ≤ ‖V ‖2k−1
∑

|λ|≤�
Ik(λ)

∣∣∣∑
x∈V

exp{2πiαmλxn}
∣∣∣.

Raising both sides of this inequality to the 2kth power and applying Hölder’s inequality,
we obtain

|W(α)|4k2 ≤ ‖V ‖2k(2k−1)
( ∑

|λ|≤�
Ik(λ)

)2k−1 × (9.100)
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×
∑

|λ|≤�
Ik(λ)

∣∣∣∑
x∈V

exp{2πiαmλxn}
∣∣∣2k = ‖V ‖4k2−2kW1W2,

where

W1 =
( ∑

|λ|≤�
Ik(λ)

)2k−1
, (9.101)

W2 =
∑

|λ|≤�
Ik(λ)

∣∣∣∑
x∈V

exp{2πiαmλxn}
∣∣∣2k. (9.102)

Let us estimate the sums W1 and W2. The sum of Ik(λ) over all λ is equal to the
number of all sets of unknowns y1, . . . , y2k in Eq. (9.99), i.e.,∑

|λ|≤�
Ik(λ) = ‖V ‖2k, W1 = ‖V ‖4k2−2k.

Since

Ik(λ) =
∫ 1

0

∣∣∣∑
x∈V

exp{2πiαxn}
∣∣∣2k exp{−2πiαλ} dα

≤
∫ 1

0

∣∣∣∑
x∈V

exp{2πiαxn}
∣∣∣2k dα = Ik(0),

we obtain the following chain of relations for W2:

W2 ≤ Ik(0)
∑

|λ|≤�

∣∣∣∑
x∈V

exp{2πiαmλxn}
∣∣∣2k (9.103)

= Ik(0)
∑

|λ|≤�

∑
|µ|≤�

Ik(µ) exp{2πiαmλµ}

≤ Ik(0)
∑

|µ|≤�
Ik(µ)

∣∣∣ ∑
|λ|≤�

exp{2πiαmµλ}
∣∣∣

≤ I 2
k (0)

∑
|µ|≤�

∣∣∣ ∑
|λ|≤�

exp{2πiαmµλ}
∣∣∣.

Since ∣∣∣ ∑
|λ|≤�

exp{2πiβλ}
∣∣∣ ≤ min

(
2�+ 1,

1

2‖β‖
)

for any real number β, relations (9.103) for W2 imply

W2 ≤ I 2
k (0)

∑
|µ|≤�

min

(
2�+1,

1

2‖αmµ‖
)

≤ I 2
k (0)

∑
|µ|≤m�

min

(
2�+1,

1

2‖αµ‖
)
.
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Applying to this sum the well-known inequality, we obtain

W2 ≤ 6I 2
k (0)

(
2m�+ 1

q
+ 1

)
(2�+ 1 + q log q) (9.104)

≤ 36I 2
k (0)

m

q
(�+ q)2 log q.

Observing that Ik(0) = I , where I is defined and estimated in Lemma 9.10, we deduce
from (9.100)–(9.104) that

|W(α)|4k2 ≤ 36‖V ‖8k2−4kI 2m

q
(�+ q)2 log q, |W(α)| ≤ ‖V ‖2�, (9.105)

� =
(

36m

q
(�+ q)2 log q

)1/(4k2)

I 1/(2k2)‖V ‖−1/k.

We obtain the desired estimate for� by combining the upper bounds for� and I with
the lower bound for ‖V ‖:

� < kV n2 = kNn−n(1−1/n)k , I < a(k; n)N2k−n+ω,

‖V ‖ ≥
(

n

8k logN

)k(
1 + 1

n− 1

)k(k−1)/2

N1−(1−1/n)k .

Using Vinogradov’s sign 
 and taking into account Remark 9.1, following
Lemma 9.10, we obtain

I 1/(2k2)‖V ‖−1/k 
 k logN

n
N1/k−n/(2k2)+ω/(2k2)−1/k+(1/k)(1−1/n)k


(logN)N−n/(2k2)−1/(2k2)+(
(n/(2k2)

)
(1−1/n)k−2n−5+(

1/(2k)−(n+2)/k2
)
(1−1/n)k,

�1/(2k)q−1/(4k2) 
 Nn/(2k2)−(
n/(2k2)

)
(1−1/n)k q−1/(4k2),

� 
 �1 
 (m log q)1/(4k
2)(Nω1q−1/(4k2) +Nω2q1/(4k2)) logN,

where

ω1 = n

2k2

(
1 − 1

n

)k−2n−5

− 1

2k2 + 1

2k

(
1 − 1

n

)k
− n+ 2

k2

(
1 − 1

n

)k
− n

2k2

(
1 − 1

n

)k
= n

2k2

(
1 − 1

n

)k−2n−5

− 1

2k2 +
(

1

2k
− 3n+ 4

2k2

)(
1 − 1

n

)k
,

ω2 = −n+ 1

2k2 + n

2k2

(
1 − 1

n

)k−2n−5

+
(

1

2k
− n+ 2

k2

)(
1 − 1

n

)k
.

Combining this with (9.105), we complete the proof of the lemma. ��
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Remark 9.2. The estimate in Lemma 9.11 is nontrivial only if

N4k2ω1 < q < N−4k2ω2 .

Proof of Theorem 9.7. 1. First we claim that for X ≥ X1(c) > 0 the equation
[logc X] = [logc x] holds either for all x in [0.5X,X] or for all x in [X, 2X]. Indeed,
let {logc X} > 4 log−1+c X. Here the symbol { · } stands for the fractional part of a
number. Then

(log 0.5X)c = (logc X)

(
1 − log 2

logX

)c
= logc X − c

log 2

logX
logc X + · · ·

= [logc X] + {logc X} − · · · > [logc X].
Hence

[logc X] < (log 0.5X)c ≤ logc x ≤ logc X < [logc X] + 1

for all 0.5X ≤ x ≤ X, and
[logc x] = [logc X]

for all x ∈ [0.5X,X]. If {logc X} ≤ log−1+c X, then

(log 2X)c = (logc X)

(
1 + log 2

logX

)c
= logc X + c(log 2) logc−1X + · · ·

= [logc X] + {logc X} + c(log 2) logc−1X + · · · < [logc X] + 1.

Therefore,

[logc X] ≤ logc X ≤ logc x ≤ (log 2X)c < [logc X] + 1

if X ≤ x ≤ 2X, and
[logc x] = [logc X]

if x ∈ [X, 2X]. Hence, without loss of generality, we can assume that X satisfies the
condition [logc x] = [logc X] for all x in [0.5X,X].

2. Setting n = [logc X] and k = 10n, we define the number N by the formula

X = N2−2(1−1/n)k .

Let V = V (N; n, k) be the set of v-numbers corresponding to the parameters N ,
n, and k. For 0 ≤ a < b ≤ 1, by K = K(X; a, b) we denote the number of numbers
z = xy, where x and y range independently over the subset of V such that

a ≤ {
α exp{[logc z] log z}} < b.

3. Suppose that r = 2[logX], � = N−n/(k2), the numbers a1 and b1 satisfy the
conditions 0 ≤ a1 < b1 ≤ 1 and� ≤ b1−a1 ≤ 1−�, andψ(x) isVinogradov’s “cup”
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corresponding to the parameters r , �, a1, and b1 (see Lemma A.3 in the Appendix).
Let us find the asymptotics of the sum

K1 = K1(X; a1, b1) =
∑
z

ψ
(
α exp{[logc z] log z}).

4. First, ψ(x) can be expanded into the Fourier series

ψ(x) = b1 − a1 +
∑
m�=0

g(m) exp{2πimx},

where

|g(m)| ≤ min

(
b1 − a1,

1

π |m| ,
1

π |m|
(

r

π |m|�
)r)

.

For |m| > m1 = 2r�−1, we use the third estimate for |g(m)| to obtain∣∣∣ ∑
|m|>m1

g(m) exp{2πimx}
∣∣∣ ≤ 2

π

(
r

π�

)r ∑
m>m1

1

mr+1 <
1

π

(
r

π�m1

)r
< X−3.

Therefore

K1 = (b1 − a1)‖V ‖2 +
∑

0<|m|≤m1

g(m)S(m)+ θ‖V ‖2X−3, (9.106)

where
S(m) =

∑
z

exp{2πimf (z)}, f (z) = α exp{[logc z] log z}.

5. Since z = xy, x ∈ V , and y ∈ V , we obtain the upper and lower bounds for
the range of z:

0.5X ≤
(

1 − 1

4k

)2k

N2−2(1−1/n)k ≤ z ≤ N2−2(1−1/n)k = X.

Therefore,
[logc z] = [logc X] = n

for all values of z, whence f (z) = αzn = αxnyn. Therefore, S(m) is the sum defined
in Lemma 9.11.

6. Since α is a real algebraic number of degree at least 2, α can be represented by
an infinite continued fraction. Let Pν and Qν be the numerator and denominator of
the νth convergent of the continued fraction for α, ν = 1, 2, . . . . It is well known that
(Pν,Qν) = 1 and ∣∣∣∣α − Pν

Qν

∣∣∣∣ < 1

QνQν+1
. (9.107)



9.3 Fractional parts of rapidly growing functions 409

By the Thue–Siegel–Roth theorem, for any ε > 0 there is a c5 = c5(α; ε) > 0 such
that ∣∣∣∣α − Pν

Qν

∣∣∣∣ ≥ c5

Q2+ε
ν

(9.108)

for each rational fraction Pν/Qν , (Pν,Qν) = 1.
Inequalities (9.107) and (9.108) imply that

Qν < Qν+1 ≤ c6Q
1+ε
ν . (9.109)

We take ε = 0.01, c6 = c6(α) > 0, and the positive integer ν defined by the inequal-
ities

Qν < Nn−n(1−1/n)k ≤ Qν+1. (9.110)

Denoting Qν by q and Pν by a, we obtain

α = a

q
+ θ

q2 , (a, q) = 1, |θ | ≤ 1.

Inequalities (9.109) and (9.110) imply the desired upper and lower estimates for q:

c7N
(100/101)� ≤ q ≤ N�, � = n− n

(
1 − 1

n

)k
. (9.111)

7. Applying Lemma 9.11 to S(m), we obtain

|S(m)| 
 (m log q)1/(4k
2)(Nω1q−1/(4k2) +Nω2q1/(4k2))‖V ‖2 logN.

Using the definition ofm1 = 2r�−1,�, ω1, ω2, k, n, and q and the estimates (9.111),
we obtain the following inequality by a simple calculation:

(m log q)1/(4k
2) ≤ (m1n logN)1/(4k

2) 
 (�−1 log3X)1/(4k
2)

= (Nn/(k2) log3X)1/(4k
2) 
 Nn/(4k4),

Nω1q−1/(4k2) 
 Nω1−
(
1/(4k2)

)
(1−1/101)

(
n−n(1−1/n)k

)
≤ N−n/(8k2), (9.112)

Nω2q1/(4k2) ≤ Nω2+
(
1/(4k2)

) (
n−n(1−1/n)k

)
≤ N−n/(8k2),

Nn/(4k4)N−n/(8k2) ≤ N−n/(9k2), |S(m)| 
 N−n/(9k2)‖V ‖2 logN.

8. Estimating for 0 < |m| ≤ m1 the coefficients g(m) of the Fourier series for
ψ(x) by 1/(π |m|), we deduce from (9.106) and (9.112) the following asymptotic
formula for K1:

K1 = (b1 − a1)‖V ‖2 + θ1c8‖V ‖2N−n/(9k2) logN + θ1‖V ‖2X−3

= (b1 − a1)‖V ‖2 + θ2‖V ‖2N−n/(10k2).
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9. Using Lemma B in [90], p. 16, with r = 2[logX], � = N−n/(k2), δs ={
α exp{[logc z] log z}}, and s = 1, 2, . . . , ‖V ‖2, and taking into account the asymp-

totic formula for K1 = K1(X; a1, b1), we deduce from assertion (a) of this lemma
that

K = K(X; a, b) = (b − a)‖V ‖2 +O(‖V ‖2N−n/(10k2))+O(‖V ‖2N−n/(k2))

= (b − a)‖V ‖2 +O(‖V ‖2N−n/(10k2)).

Hence K � (b − a)‖V ‖2 and for any a and b, 0 ≤ a < b ≤ 1,

b − a � N−n/(10k2) = exp{−c1 log1−c X}.
As mentioned above, the number of solutions of the equation xy = z, x ∈ V , y ∈ V ,
does not exceed 2k . Therefore, the number of positive integers z ≤ X such that

a ≤ {
α exp{[logc z] log z}} < b

is larger than or equal to

c82−k(b − a)‖V ‖2 ≥ c92−10nN−n/(10k2)

(
8k logN

n

)−2k

×
(

1 + 1

n− 1

)k(k−1)

N2−2(1−1/n)k

≥ X exp{−c10(log1−c X + logc X log logX)}.
In particular, this implies that for any real number ξ the number of solutions in positive
integers z of the system of inequalities z ≤ X,

‖ξ − f (z)‖ ≤ exp{−c1 log1−c X},
is larger than or equal to

X exp{−c10(log1−c X + logc X log logX)},
where minz≤X ‖ξ − f (z)‖ ≤ exp{−c1 log1−c X}, which completes the proof of the
theorem. ��

Remark 9.3. The assertion of the theorem remains valid if α is an irrational number
with bounded partial quotients or if the partial quotients α increase but not very fast.

Concluding remarks on Chapter 9. 1. Artin’s conjecture on the representation of
zero by an nth degree form in k variables, k > n2, in the field Qp was proved for
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n = 2 by Minkowski and Hasse and for n = 3 by V. B. Dem’yanov [60] and by
D. J. Lewis [111].

2. In 1965, Yu. L. Ershov [62] and, independently, J. Ax and S. Kochen [1] proved
that, for a given n, Artin’s conjecture is true for all p except only finitely many of
them.

3. A special notion concerning the problem of representing zero by forms over
a given field was introduced: a field K has property Ca if any nth degree form in k
variables with coefficients fromK for k > na can nontrivially represent zero overK .
Algebraic closed fields and only these fields have property C0. Any finite field has
property C1. The field of formal power series Fp{t}, which resembles the field Qp

very much, has property C2.
4. A conjecture similar to Artin’s conjecture but for a system of forms was rejected

by G. I. Arkhipov [7], [8], [9] who proved that, in this case, kmust grow exponentially,
namely, like 2n.

5. The statements presented in Section 9.1 and some of their versions were proved
by G. I. Arkhipov and A. A. Karatsuba in [19], [20], [21].

6. A short presentation of a version of Theorem 9.2 is can be found in the book by
Z. I. Borevich and I. R. Shafarevich [41], pp. 70–73.

7. A concise history of the Waring, Hilbert–Kamke, and Artin problems and of
their generalizations is contained in [92].

8. The statements considered in Section 9.2 were proved by A. A. Karatsuba [91].
9. In [91], p. 935, it was pointed out that “…this method allows one to improve

the previous results for small values of n (for each particular n, the parameters in
Lemmas 1 and 2 (Lemmas 9.8 and 9.9 in this chapter) must be chosen in the optimal
way).”

10. If the restriction n ≥ 4000 under which we prove Theorem 9.5 is removed,
i.e., if Theorem 9.5 is proved for n → +∞, then the number 6 in the estimate
G(n) < 2n(ln n+ ln ln n+ 6) can be replaced by a smaller number.

11. The method used to prove Theorem 9.5 allowed A. A. Karatsuba [93] to prove
the following assertion (see [93], p. 322).

Suppose that c1, c2 are absolute constants such that 0 < c1 < c2 < 1; n ≥ 2;
nc1 ≥ 1; P ≥ P0(n) > 0; a real number α has the form α = a/q + θ/q2, (a, q) = 1,
|θ | ≤ 1, and P c1n ≤ q ≤ P c2n. Then, for a real number A, there exist integers w
and z such that the following relation holds:

|αzn − w − A| 
 P−ρ, 0 < z < P, ρ = min(c1, 1 − c2)

8(ln 2/(1 − c2))2
· 1

n
,

and the constant in 
 depends only on n.
The following example is also given in this paper (see p. 324). Let α = √

2, then
for any P ≥ P0(n) and any real number A, there exist integers w and z such that

|√2zn − w − A| 
 P−c/n, 0 < z < P, c = 1/(16 ln2 4).

12. Theorem 9.7 was proved by A. A. Karatsuba [104].



Chapter 10

Estimates of multiple trigonometric sums with
prime numbers

This chapter is concerned with estimates for multiple trigonometric sums with a general
polynomial in the exponent whose variables of summation take prime values. Our
results generalize Vinogradov’s estimates for sums with prime numbers [159], [165]
to the r-dimensional case. These results are a new application of the theory of multiple
trigonometric sums that was developed in [29], [32], [33] using Karatsuba’s p-adic
method (see the exercises in Chapter XI in [90]). The precision of our estimates
is similar to that of the analogous estimates in [25]. Here we shall make use of
Vinogradov’s smoothing method [11] and the results in [29], [32], [33]. The chapter
is also based on the p-adic method and gives a further development of this method
(see also [52]).

The chapter is organized as follows. In Section 10.1 we state some well-known
lemmas, and in Section 10.2 we prove some lemmas with estimates for multiple
trigonometric sums with prime numbers. In Section 10.3 we state and prove Theo-
rem 10.1, which gives an estimate for multiple trigonometric sums with prime numbers
and is the main theorem of this chapter. In Section 10.4 we prove Theorem 10.2, which
concerns the uniform distribution of the fractional parts of the values of polynomials
in several variables which take prime number values, and we derive an asymptotic
formula for the number of simultaneous representations of a set of natural numbers
by terms of the form p

t1
1 . . . p

tr
r , 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr , where p1, . . . , pr are

prime numbers.

Notation. In what follows, r, n1, . . . , nr and P1, . . . , Pr are natural numbers, m =
(n1 + 1) . . . (nr + 1), νmax(n1, . . . , nr ) = 1, P1 = min(P1, . . . , Pr), p1, . . . , pr
are prime numbers, � is the m-dimensional unit cube with coordinates α(t1, . . . , tr )
satisfying the conditions

−(
τ(t1, . . . , tr )

)−1 ≤ α(t1, . . . , tr ) < 1 − (
τ(t1, . . . , tr )

)−1
,

τ (t1, . . . , tr ) = P
t1
1 . . . P trr P

−1/6
1 (0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr),
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and F(x1, . . . , xr ) is a polynomial with real coefficients α(t1, . . . , tr ),

F(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
r . (10.1)

We let S′ = S′(A) = S′
t (A) denote a trigonometric sum in which the variables of

summation run through the prime numbers, i.e.,

S′ =
∑
p1≤P1

· · ·
∑
pr≤Pr

exp{2πitF (p1, . . . , pr)}, (10.2)

where the coordinates α(t1, . . . , tr ) of the point A are the coefficients of the polyno-
mial (10.1).

[a, b, . . . , c] is the least common multiple of a, b, . . . , c.

Ls = logPs, s = 1, . . . , r; L = logP, P = max(P1, . . . , Pr).

Definition 10.1. A pointAwith coordinates α(t1, . . . , tr ), 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤
nr , is called a point of the first class �1 if α = α(t1, . . . , tr ) can be represented in the
form

α = a/q + β, (a, q) = 1, 0 ≤ a < q, (10.3)

|β| ≤ m−1P
−t1
1 . . . P−tr

r P 0.1ν
1

(0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, t1 + · · · + tr ≥ 1),

and the least common multiple Q of the numbers q = q(t1, . . . , tr ), 0 ≤ t1 ≤
n1, . . . , 0 ≤ tr ≤ nr , t1 + · · · + tr ≥ 1, does not exceed P 0.1ν

1 . The other points of
the cube � will be called points of the second class �2.

Definition 10.2. By a D-approximation of α corresponding to τ , τ ≥ 1, we mean a
representation of α in the form

α = a/q + β, (a, q) = 1, q ≤ τ, |β| ≤ (qτ)−1.

10.1 Some well-known lemmas

Lemma 10.1. Let the points A = (
α(1), . . . , α(n)

)
of the unit cube be divided into

two classes according to Definition 10.1. The first class consists of points for which
Q ≤ P 0.1ν and |β(s)| ≤ νP−s+0.1ν . The second class consists of all other points of
the unit cube. For points of the second class we set

�1 = P−ρ1 , ρ1 = γ1/(n
2 ln n), µ = 1,



414 10 Estimates of multiple trigonometric sums with prime numbers

where γ1 is a positive constant, and for points of the first class we set

�1 = Q−0.5ν+ε, µ = (m,Q)0.5ν,

or alternatively,
�1 = Q−0.5ν+εδ−0.5ν

0 , µ = 1,

where δ0 = max
(|β(1)|P, . . . , |β(n)|Pn). Then for k ≤ Q�−2

1

|S′(A)| =
∣∣∣ ∑
p≤P

exp{2πikF (p)}
∣∣∣ 
 P 1+8�1µ,

where the constant in 
 depends only on n and ε.

For the proof, see [165], Chapter 7, Theorem 1.

Lemma 10.2. PointsA of the first class�1 satisfy the following estimate for k ≤ Q2ν :

|S(A)| =
∣∣∣ ∑
x1≤P1

· · ·
∑
xr≤Pr

exp{2πikF (x1, . . . , xr )}
∣∣∣


 P1 . . . PrQ
−ν+εµ, µ = (k,Q)ν.

Further, if we set

δ(t1, . . . , tr ) = P
t1
1 . . . P trr β(t1, . . . , tr ), δ0 = max

t1+···+tr≥1
|δ(t1, . . . , tr )|,

then for δ0 > 1 and k ≤ (Qδ0)
2ν

|S(A)| 
 P1 . . . Pr(Qδ0)
−ν+ε.

The constants in 
 depend only on n1, . . . , nr and ε.

For the proof, see [32], Lemma 15.

Lemma 10.3. Suppose thatA is a point of the second class�2 and µs , s = 2, . . . , r ,
are natural numbers satisfying the conditions

−1 <
logPs
logP1

− µs ≤ 0, � = n1 + µ2n2 + · · · + µrnr ,

�r = P
−ρr
1 , ρ−1

r = 32m� log(8m�).

Then for k ≤ �−2
r ,

|S(A)| =
∣∣∣ ∑
x1≤P1

· · ·
∑
xr≤Pr

exp{2πikF (x1, . . . , xr )}
∣∣∣ 
 e32�P1 . . . Pr�r .

The constant in 
 depends only on n1, . . . , nr .
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For the proof, see [32], Theorem 2.

Lemma 10.4. Suppose that F(x1, . . . , xr ) is a polynomial with integer coefficients,
F(0, . . . , 0) = 0, and the set of coefficients is prime to q. Then

|S(q, F (x1, . . . , xr ))| =
∣∣∣∣ q∑
x1=1

· · ·
q∑

xr=1

exp

{
2πi

F (x1, . . . , xr )

q

}∣∣∣∣ 
 qr−ν+ε.

The constant in 
 depends only on n1, . . . , nr , and ε.

For the proof, see [29], Chapter II, Section 1.2, Lemma 8 (a).

Lemma 10.5. Suppose that F(x1, . . . , xr ) is a polynomial with integer real coeffi-
cients, F(0, . . . , 0) = 0, and α is the maximum modulus of all coefficients. Then

|Ir | =
∣∣∣∣ ∫ 1

0
. . .

∫ 1

0
exp{2πiF (x1, . . . , xn)} dx1 . . . dxr

∣∣∣∣
≤ min

(
1, 32rα−ν(ln(α + 3))r−1).

For the proof, see [29], Chapter II, Section 1.1, Lemma 2.

Lemma 10.6. Suppose that F(x1, . . . , xr ) is a real differentiable function for
0 ≤ xj ≤ Pj , j = 1, . . . , r , where, within the domain of the variables, the func-
tion ∂F (x1, . . . , xr )/∂xj , j = 1, . . . , r , is piecewise monotone and of constant sign
with respect to each xs , s = 1, . . . , r , for any fixed values of the other variables.
Suppose also that the number of intervals of monotonicity and constant sign does not
exceed l and that ∣∣∣∣∂F (x1, . . . , xr )

∂xj

∣∣∣∣ < δ, j = 1, . . . , r,

for 0 < δ < 1. Then

P1∑
x1=1

· · ·
Pr∑
xr=1

exp{2πiF (x1, . . . , xr )}

=
∫ P1

0
. . .

∫ Pr

0
exp{2πiF (x1, . . . , xn)} dx1 . . . dxr

+ θlP1 . . . Pr(P
−1
1 + · · · + P−1

r )

(
3 + 2δ

1 − δ

)
, |θ | ≤ 1.

For the proof, see [29], Chapter II, Section 3.2, Lemma 16.

Lemma 10.7. Suppose that all coefficients of the polynomial

f (x1, . . . , xi) =
n1∑
t1=0

· · ·
nl∑
tl=0

α(t1, . . . , tl)x
t1
1 . . . x

tl
l
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can be represented in the form

α = α(t1, . . . , tl) = a/q + β,

where β is a real number, a and q are integers, a ≥ 0, q ≥ 1, and (a, q) = 1. Suppose
also that

Q = l.c.m.
t1+···+tl≥1

q, δ = P
t1
1 . . . P

tl
l β, � = max

t1+···+tl≥1
|δ|,

where P1, . . . , Pl ≥ 1. Define a polynomial g(x1, . . . , xl) by setting

f (x1 + y1, . . . , xl + yl) = g(x1, . . . , xl),

wherey1, . . . , yl are integers such that |ys | ≤ Ps , s = 1, . . . , l. Letα0 = α0(t1, . . . , tl)

denote the coefficients of g(x1, . . . , xl). Then one can find integers a0 and q0,
(a0, q0) = 1, and real numbers β0 such that for all t0, . . . , tl

α0 = a0/q0 + β0,

where Q0 = Q, � 
 �0 
 �, and the numbers Q0 and �0 are determined in the
same way as Q and �, except with α, a, q, and β replaced by α0, a0, q0, and β0,
respectively. The constant in 
 depends only on n1, . . . , nl .

For the proof, see [33], Section 6, Lemma 19.

Lemma 10.8. Suppose that f (x) is a polynomial with real coefficients, f (x) = α0 +
α1x + · · · + αnx

n, A > 0, and µ = µ(A, f ) is the measure of all points x in the
interval [0, 1] for which |f (x)| ≤ A. Then

µ ≤ min
(
1, 4e(Aα−1)1/n

)
,

where α = max(|α0|, |α1|, . . . , |αn|).
For the proof, see [90], Chapter II, Exercise 1] (this exercise does not present a

proof, but only asks for a proof).

10.2 Lemmas on estimates for multiple trigonometric
sums with prime numbers

In Sections 10.2 and 10.3 we shall use the following notation.
We letE denote the set of integer r-tuples (t1, . . . , tr ), 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤

nr , t1 + · · · + tr ≥ 1. We let E0 denote the set of r-tuples in E for which tr ≥ 1
and t1 + · · · + tr−1 ≥ 1; we let E1 denote the set of r-tuples for which tr = 0 and
t1 + · · · + tr−1 ≥ 1; and, finally, we let E2 denote all other r-tuples in E, i.e., the
r-tuples (t1, . . . , tr ) satisfying the conditions tr ≥ 1 and t1 = · · · = tr−1 = 0.
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Next, we consider the D-approximation of the numbers α = α(t1, . . . , tr ), 0 ≤
t1 ≤ n1, . . . , 0 ≤ tr ≤ nr , t1 + · · · + tr ≥ 1, which correspond to

τ = τ(t1, . . . , tr ) = P
t1−1/6
1 P

t2
2 . . . P trr ,

i.e., we consider the relations

α = a/q + β, 1 ≤ q ≤ τ, (a, q) = 1, |β| ≤ (qτ)−1. (10.4)

We let Q, Q0, Q1, and Q2 denote the least common multiples of the numbers q =
q(t1, . . . , tr ) with (t1, . . . , tr ) in the respective sets E, E0, E1, and E2; we further
let δ denote the maximum of the numbers |β(t1, . . . , tr )|P t11 . . . P

tr
r over all r-tuples

(t1, . . . , tr ) ∈ E.

Lemma 10.9. Let Q0 be an integer, and let Q0 > P
ν/80
1 . Then

|S′(A)| 
 e8�P1 . . . Pr�
1/4
r ,

where � and�r are as in Lemma 10.3. The constant in 
 depends only on n1, . . . , nr .

Proof. We have

|S′(A)| ≤
Pr∑
xr=1

∣∣∣ ∑
p1≤P1

· · ·
∑

pr−1≤Pr−1

exp{2πiF1(p1, . . . , pr−1, xr )}
∣∣∣,

where

F1(p1, . . . , pr−1, xr ) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

nr∑
tr=0

α(t1, . . . , tr )p
t1
1 . . . p

tr−1
r−1x

tr
r .

We take the square of this inequality and use Cauchy’s inequality. We obtain

|S′(A)|2 ≤ Pr

Pr∑
xr=1

∣∣∣ ∑
p1≤P1

· · ·
∑

pr−1≤Pr−1

exp{2πiF1(p1, . . . , pr−1, xr )}
∣∣∣2

≤ Pr
∑

p1,p
′
1≤P1

· · ·
∑

pr−1,p
′
r−1≤Pr−1

∣∣∣ Pr∑
xr=1

exp
{
2πit

(
F2(p1, . . . , pr−1, xr )

− F2(p
′
1, . . . , p

′
r−1, xr )

)}∣∣∣ ≤
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≤ Pr
∑

x1,x
′
1≤P1

· · ·
∑

xr−1,x
′
r−1≤Pr−1

∣∣∣ Pr∑
xr=1

exp
{
2πit

(
F2(x1, . . . , xr )

− F2(x
′
1, . . . , x

′
r−1, xr )

)}∣∣∣,
where

F2(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

nr∑
tr=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
r .

We take the square of this last inequality and again use Cauchy’s inequality. We have

|S′(A)|4 ≤ P 2
1 . . . P

2
r

∑
x1,x

′
1≤P1

· · ·
∑

xr−1,x
′
r−1≤Pr−1

∑
xr ,x′

r≤Pr
exp

{
2πit

× (
F2(x1, . . . , xr−1, xr )− F2(x1, . . . , xr−1, x

′
r )

− F2(x
′
1, . . . , x

′
r−1, xr )+ F2(x

′
1, . . . , x

′
r−1, x

′
r )
)}
.

From this we obtain

|S′(A)|4 ≤ P 2
1 . . . P

2
r

∑
x′

1≤P1

. . .
∑
x′
r≤Pr

∣∣∣ ∑
x1≤P1

. . .
∑
xr≤Pr

exp
{
2πit

(
F2(x1, . . . , xr−1, xr )

− F2(x1, . . . , xr−1, x
′
r )− F2(x

′
1, . . . , x

′
r−1, xr )

)}∣∣∣.
Suppose that the maximum modulus of the inner sum is attained atx′

1 = a1, . . . , x
′
r−1 =

ar−1 and x′
r = ar . Then

|S′(A)|4 ≤ P 3
1 . . . P

3
r |W |, (10.5)

where

W =
∑
x1≤P1

· · ·
∑

xr−1≤Pr−1

∑
xr≤Pr

exp{2πit�(x1, . . . , xr−1, xr )},

�(x1, . . . , xr−1, xr ) = F2(x1, . . . , xr−1, xr )

− F2(x1, . . . , xr−1, ar )− F2(a1, . . . , ar−1, xr )

=
n1∑
t1=0

· · ·
nr∑
tr=0

t1+···+tr≥1

γ (t1, . . . , tr )x
t1
1 . . . x

tr
r .

We have γ (t1, . . . , tr−1, tr ) = α(t1, . . . , tr−1, tr ) for (t1, . . . , tr−1, tr ) ∈ E0. Conse-
quently, the polynomials �(x1, . . . , xr ) and F(x1, . . . , xr ) have the same value Q0,
which is larger than P ν/80

1 . We also have

γ (0, . . . , 0, tr ) = −
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr≤1

α(t1, . . . , tr )a
t1
1 . . . a

tr−1
r−1 (1 ≤ tr ≤ nr), (10.6)
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γ (t1, . . . , tr−1, 0) = −
nr∑
tr=1

α(t1, . . . , tr−1, tr )a
tr
r (10.7)

(0 ≤ t1 ≤ n1, . . . , 0 ≤ tr−1 ≤ nr−1, t1 + · · · + tr−1 ≥ 1).

We now estimate the sum W . We let A0 denote the point in the m-dimensional space
with coordinates

α0 = α0(t1, . . . , tr ) =
{
α0(t1, . . . , tr ) if (t1, . . . , tr ) ∈ E0,

0 if (t1, . . . , tr ) �∈ E0,

and we let B denote the point with coordinates γ (t1, . . . , tr ), 0 ≤ t1 ≤ n1, . . . ,
0 ≤ tr ≤ nr , t1 + · · · + tr ≥ 1. There are two possible cases:

(a) A0 is a point of the second class;
(b) A0 is a point of the first class.
We first consider the case (a). We show that in this case B is a point of the second

class. In fact, if B were in the first class, then, by Definition 10.1, we would have
γ = γ (t1, . . . , tr ) representable in the form

γ = b/s + ξ, (b, s) = 1, 0 ≤ b ≤ s, |ξ | < m−1P
−t1
1 . . . P−tr

r P 0.1ν
1

(0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, t1 + · · · + tr ≤ 1);
the least common multiple Q′ of the numbers s = s(t1, . . . , tr ) (0 ≤ t1 ≤ n1, . . . ,

0 ≤ tr ≤ nr, t1 + · · · + tr ≥ 1) would not exceed P 0.1ν
1 . But then the coordinates

α0 = α0(t1, . . . , tr ) of A0 could be represented in the form

α0 = γ = b/s + ξ,

(b, s) = 1, 0 ≤ b ≤ s, |ξ | < m−1P
−t1
1 . . . P−tr

r P 0.1ν
1

(10.8)

if (t1, . . . , tr ) ∈ E0 and in the form α0 = 0/1 if (t1, . . . , tr ) �∈ E0. Thus the least
common multiple Q′′ of the numbers s = s(t1, . . . , tr ), (t1, . . . , tr ) ∈ E0, does not
exceedQ′. This implies thatA0 is a point of the first class, which contradicts case (a).
Thus B is a point of the second class, and, by Lemma 10.3,

|W | 
 e32�P1 . . . Pr�r,

where � and �r are as in Lemma 10.3.
We now consider case (b). Since A0 is a point of the first class, we have re-

lations (10.3). We show that Q0 ≤ P 0.1ν
1 . If this is not the case, we have Q0 >

P 0.1ν
1 , and then Q0 �= Q′′, since Q′′ ≤ P 0.1ν

1 . This implies that there exists an
r-tuple (t1, . . . , tr ) ∈ E0 such that s(t1, . . . , tr ) �= q(t1, . . . , tr ). From this and rela-
tions (10.3) and (10.8) we find that

1

sq
≤
∣∣∣∣aq − b

s

∣∣∣∣ ≤ |β| + |ξ | ≤ (qτ)−1 + τ−1P
0.1ν−1/6
1 ;
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s−1 ≤ τ−1 + qτ−1P
0.1ν−1/6
1 ; s ≥ 0.5P 1/6−0.1ν

1 .

On the other hand, s ≤ Q′′ ≤ P 0.1ν
1 . For ν−1 ≥ 2, these inequalities for s are

contradictory; hence, Q0 ≤ P 0.1ν
1 .

We represent the coefficients γ (0, . . . , 0, tr ) and γ (t1, . . . , tr−1, 0) given by (10.6)
and (10.7) in the form

γ (0, . . . , 0, tr ) = a1(tr )

q1(tr )
+ β1(tr ), 1 ≤ tr ≤ nr ;

a1(tr )

q1(tr )
= −

n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

a(t1, . . . , tr )

q(t1, . . . , tr )
,

β1(tr ) = −
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

β(t1, . . . , tr )a
t1
1 . . . a

tr−1
r−1,

γ (t1, . . . , tr−1, 0) = a2(t1, . . . , tr−1)

q2(t1, . . . , tr−1)
+ β2(t1, . . . , tr−1)

(0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, t1 + · · · + tr ≥ 1);
a2(t1, . . . , tr−1)

q2(t1, . . . , tr−1)
= −

nr∑
tr=1

a(t1, . . . , tr )

q(t1, . . . , tr )
atrr ,

β2(t1, . . . , tr−1) = −
nr∑
tr=1

β(t1, . . . , tr )a
tr
r , .

From this we find that q1(tr ) |Q0, q2(t1, . . . , tr−1) |Q0, and

|β1(tr )| ≤ (n1 + 1) . . . (nr−1 + 1)P−tr
r P

1/6
1 ;

|β2(t1, . . . , tr−1)| ≤ (nr + 1)P−t1
1 . . . P

−tr−1
r−1 P

1/6
1

(0 ≤ t1 ≤ n1, . . . , 0 ≤ tr−1 ≤ nr−1, 1 ≤ tr ≤ nr, t1 + · · · + tr ≥ 1).

We transform the sum W using the substitution xs = Q0ys + zs , where 1 ≤ zs ≤ Q0
and −zsQ−1

0 < ys ≤ (Ps − zs)Q
−1
0 , s = 1, . . . , r . We obtain

W =
Q0∑
z1=1

· · ·
Q0∑
zr=1

exp{2πit�1(z1, . . . , zr )}W1,

W1 =
∑
y1

· · ·
∑
yr

exp{2πit�2(Q0y1 + z1, . . . ,Q0yr + zr)},
(10.9)



10.2 Lemmas on estimates for multiple trigonometric sums with prime numbers 421

where

�1(z1, . . . , zr ) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

nr∑
tr=1

a(t1, . . . , tr )

q(t1, . . . , tr )
z
t1
1 , . . . , z

tr
r

+
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

a2(t1, . . . , tr−1)

q2(t1, . . . , tr−1)
z
t1
1 . . . z

tr−1
r−1 +

nr∑
tr=1

a1(tr )

q1(tr )
ztrr ;

(10.10)

�2(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

nr∑
tr=1

β(t1, . . . , tr )x
t1
1 . . . x

tr
r

+
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

β2(t1, . . . , tr−1)x
t1
1 . . . x

tr−1
r−1 +

nr∑
tr=1

β1(tr )x
tr
r .

(10.11)

From the estimates for β(t1, . . . , tr ), β1(tr ), β2(t1, . . . , tr−1), and Q0 we obtain

|(∂/∂ys)t�2(Q0y1 + z1, . . . ,Q0yr + zr)| ≤ 0.5.

Consequently, Lemma 10.6 can be applied to the sum W as follows:

W1 =
∫ (P1−z1)Q

−1
0

−z1Q
−1
0

. . .

∫ (Pr−zr )Q−1
0

−zrQ−1
0

exp{2πit�2(Q0y1 + z1, . . . ,Q0yr + zr)} dy1 . . . dyr

+O(P2 . . . PrQ
−r+1
0 ).

We make a change of the variables of integration y1, . . . , yr :

xs = (Q0ys + zs)P
−1
s , s = 1, . . . , r.

We obtain

W1 = P1 . . . PrQ
−r
0 Ir +O(P2 . . . PrQ

−r+1
0 ),

Ir =
∫ 1

0
· · ·

∫ 1

0
exp{2πit�3(x1, . . . , xr )} dx1 . . . dxr ,

�3(x1, . . . , xr ) = �2(P1x1, . . . , Prxr).

Thus the sum W satisfies the estimate

|W | ≤ P1 . . . PrQ
−r
0

∣∣S(Q0,Q0�1(z1, . . . , zr )
)∣∣ |Ir | +O(P2 . . . PrQ

−r
0 ),



422 10 Estimates of multiple trigonometric sums with prime numbers

where

S
(
Q0,Q0�1(z1, . . . , zr )

) =
Q0∑
z1=1

· · ·
Q0∑
zr=1

exp{2πit�1(z1, . . . , zr )}

and the polynomial �1(z1, . . . , zr ) is defined by (10.10). Since Q0 > P
ν/80
1 by

assumption, it follows from Lemma 10.4 that∣∣S(Q0,Q0�1(z1, . . . , zr )
)∣∣ 
 Qr−ν+8

0 
 Qr
0P

−ν2/80+νε/80
1 
 Qr

0�r.

Hence, in case (b) we have
|W | 
 P1 . . . Pr�r .

After substituting the estimate for |W | in (10.5), we find

|S′(A)| 
 e8�P1 . . . Pr�
1/4
r .

The lemma is thereby proved. ��

Lemma 10.10. Suppose that Q0 and Q2 are natural numbers with Q0 ≤ P
ν/80
1 and

Q2 > P
3ν/80
1 . Then

|S′(A)| 
 e8�P1 . . . Pr�
1/4
r ,

where � and�r are as in Lemma 10.3. The constant in 
 depends only on n1, . . . , nr .

Proof. We obviously have the inequality

|S′(A)| ≤
∑
x1≤P1

· · ·
∑

xr−1≤Pr−1

∣∣∣ ∑
p≤Pr

exp{2πitF (x1, . . . , xr−1, p)}
∣∣∣

=
∑
x1≤P1

· · ·
∑

xr−1≤Pr−1

∣∣∣ ∑
p≤Pr

exp{2πitF1(x1, . . . , xr−1, p)}
∣∣∣ = T1,

where

F1(x1, . . . , xr−1, p) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

nr∑
tr=1

α(t1, . . . , tr−1, tr )x
t1
1 . . . x

tr−1
r−1p

tr

=
nr∑
t=1

ft (x1, . . . , xr−1)p
t ,

ft (x1, . . . , xr−1) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

α(t1, . . . , tr−1, t)x
t1
1 . . . x

tr−1
r−1 .
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We transform the sum T1 using the substitution

xs = Q0ys + zs,

1 ≤ zs ≤ Q0, −zsQ−1
0 < ys ≤ (Ps − zs)Q

−1
0 , s = 1, . . . , r − 1,

and obtain the inequality T1 ≤ T2, where

T2 =
Q0∑
zs=1

· · ·
Q0∑

zr−1=1

∑
0≤y1≤P1Q

−1
0

· · ·
∑

0≤yr−1≤Pr−1Q
−1
0

×
∣∣∣ ∑
p≤Pr

exp{2πitF1(Q0y1 + z1, . . . ,Q0yr−1 + zr−1, p)}
∣∣∣. (10.12)

We represent the polynomial F1(Q0y1 + z1, . . . ,Q0yr−1 + zr−1, p) in the form

F1(Q0y1 + z1, . . . ,Q0yr−1 + zr−1, p) = �(Q0y1, . . . ,Q0yr−1, p)

=
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

nr∑
tr=1

α1(t1, . . . , tr−1, tr )(Q0y1)
t1
1 . . . (Q0yr−1)

tr−1
r−1p

tr

=
nr∑
tr=1

gt (Q0y1, . . . ,Q0yr−1)p
t

where

α1(t1, . . . , tr−1, tr ) =
n1∑
s1=t1

· · ·
nr−1∑

sr−1=tr−1

α1(t, . . . , tr−1, tr )

×
(
s1

t1

)
. . .

(
sr−1

tr−1

)
z
s1−t1
1 . . . z

sr−1−tt−1
r−1 .

By Lemma 10.6, there exist integers a1 and q1, (a1, q1) = 1, and real numbers β1
such that for all t1, . . . , tr , 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr−1 ≤ nr−1, 1 ≤ tr ≤ nr we have

α1 = α1(t1, . . . , tr ) = a1/q1 + β1

with Q′
4 = Q and δ0 
 δ′0 
 δ0, where

Q′
4 = l.c.m.

tr≥1
q1, Q4 = l.c.m.

tr≥1
q,

δ′0 = max
tr≥1

P
t1
1 . . . P trr |β1|, δ0 = max

tr≥1
P
t1
1 . . . P trr |β|.

We let Q′
j and Q′(tr ) denote the numbers

Q′
j = l.c.m.

(t1,...,tr )∈Ej
q1, j = 0, 1, 2,
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Q′(tr ) = l.c.m.
t1+···+tr−1≥1

q1(t1, . . . , tr ), Q′(tr ) = l.c.m.
t1+···+tr−1≥1

q(t1, . . . , tr ).

We note that

Q0 = [Q(1), . . . ,Q(nr)], Q′
0 = [Q′(1), . . . ,Q′(nr)].

Lemma 10.6 applied to the polynomials

ft (Q0y1 + z1, . . . ,Q0yr−1 + zr−1), gt (Q0y1, . . . ,Q0yr−1), t = 1, . . . , nr ,

implies that Q(tr) = Q′(tr ). Thus we have Q0 = Q′
0. Since Q4 = [Q0,Q

′
2] =

[Q0,Q2] > P
3ν/80
1 , we have Q′

2 ≥ Q4Q
−1
0 ≥ P

ν/40
1 . Consequently, the polynomial

�(Q0y1 . . . , Q0yr−1, p) satisfies the relation

�(Q0y1, . . . ,Q0yr−1, p) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

nr∑
s=1

(
a1(t1, . . . , tr−1, s)

q1(t1, . . . , tr−1, s)

+ β(t1, . . . , tr−1, s)

)
(Q0y1)

t1 . . . (Q0yr−1)
tr−1ps

≡ �1(y1, . . . , yr−1, p) (mod1),

where

�1(y1, . . . , yr−1, p) =
nr∑
s=1

(
a1(0, . . . , 0, s)

q1(0, . . . , 0, s)
+

n1∑
t1=0

· · ·
nr−1∑
tr−1=0

β1(t1, . . . , tr−1, s)

× (Q0y1)
t1 . . . (Q0yr−1)

tr−1

)
ps

=
nr∑
s=1

Bsp
s, Bs = hs(y1, . . . , yr−1).

Using this and (10.12), we obtain

T2 ≤ Qr−1
0

∑
0≤y1≤P1Q

−1
0

· · ·
∑

0≤yr−1≤Pr−1Q
−1
0

∣∣∣ ∑
p≤Pr

exp{2πit�(y, . . . , yr−1, p)}
∣∣∣

= Qr−1
0 T3.

We consider the D-approximations of the fractional parts of hs(y1, . . . , yr−1), s =
1, . . . , nr , which correspond to τ(s) = P

s−1/6
r :

{hs(y1, . . . , yr−1)} = as(y1, . . . , yr−1)

qs(y1, . . . , yr−1)
+ β(y1, . . . , yr−1),(

as(y1, . . . , yr−1), qs(y1, . . . , yr−1)
) = 1, 1 ≤ qs(y1, . . . , yr−1) ≤ τ(s),
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|βs(y1, . . . , yr−1)| ≤ (
qs(y1, . . . , yr−1)τ (s)

)−1
.

The least common multiple of the numbers q1(y1, . . . , yr−1) . . . , qnr (y1, . . . , yr−1)

we denote byQ(y). The largest of the numbers |βs(y1, . . . , yr−1)|P sr , s = 1, . . . , nr ,
we denote by δ(y). We divide the sum T3 into three parts: T3 = S1 + S2 + S3, where

Sj =
∑

0≤y1≤P1Q
−1
0

· · ·
∑

0≤yr−1≤Pr−1Q
−1
0

|S(y1, . . . , yr−1)|, j = 1, 2, 3,

S(y1, . . . , yr−1) =
∑
p≤Pr

exp{2πit�(y, . . . , yr−1, p)},

and each sum S1, S2, S3 has its own range of summation over y1, . . . , yr−1, as follows.
If (B1, . . . , Bnr ) is a point of the second class with respect to the parameterPr , then

we put the corresponding (r − 1)-tuple (y1, . . . , yr−1) in S1; if it is a point of the first
class and if Q(y) ≥ H = P

3nρ
1 or δ(y) ≥ H , then we put the corresponding (r − 1)-

tuple (y1, . . . , yr−1) in S2; finally, all of the remaining (r − 1)-tuples (y1, . . . , yr−1)

appear in S3, i.e., S3 has the (r − 1)-tuple (y1, . . . , yr−1) for which Q(y) < H and
δ(y) < H .

We estimate the sum S1. If the (r − 1)-tuple (y1, . . . , yr−1) occurs in S1, then, by
Lemma 10.1,

|S(y1, . . . , yr−1)| 
 P 1−ρ1+ε
r , ρ1 = γ /(n2

r log nr),

where γ > 0 is a constant. Consequently,

S1 
 P1 . . . Pr−1P
1−ρ1+ε
r Q−r+1

0 
 P1.

We proceed to estimate S2. Since (B1, . . . , Bnr ) is a point of the first class, it
follows from Definition 10.1 that its coordinates Bs can be represented in the form

Bs = bs/ ls + βs, (bs, ls) = 1, |βs | ≤ (nr + 1)−1P−s+0.1ν
r ,

s = 1, . . . , nr , l = [l1, . . . , lnr ] ≤ P 0.1ν
r .

We show that for a point (B1, . . . , Bnr ) of the first class we have Q(y) ≤ P 0.1ν
r . In

fact, otherwise, we would have Q(y) �= l. Consequently, there would exist an s,
1 ≤ s ≤ n, such that qs(y1, . . . , yr−1) �= ls . From this we obtain

1

qs(y1, . . . , yr−1)ls
≤
∣∣∣∣as(y1, . . . , yr−1)

qs(y1, . . . , yr−1)
− bs

ls

∣∣∣∣ ≤ |βs(y1, . . . , yr−1)| + |βs |

≤ P−s+0.1ν
r + q−1

s (y1, . . . , yr−1)P
−s+1/6
r ,

l−1
s ≤ qs(y1, . . . , yr−1)P

−s+0.1ν
r + P

−s+1/6
r ≤ 2P 0.1ν−1/6

r ,

ls ≤ 0.5P 1/6−0.1ν
r .
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The last inequality contradicts the fact that ls ≤ l ≤ P 0.1ν
r . We thus must have

Q(y) ≤ P 0.1ν
r . We show that for all s, 1 ≤ s ≤ nr ,

as(y1, . . . , yr−1)

qs(y1, . . . , yr−1)
= bs

ls
.

In fact, otherwise, there would exist an s, 1 ≤ s ≤ nr , such that

as(y1, . . . , yr−1)

qs(y1, . . . , yr−1)
�= bs

ls
.

Then, on the one hand, we would have∣∣∣∣as(y1, . . . , yr−1)

qs(y1, . . . , yr−1)
− bs

ls

∣∣∣∣ ≥ 1

lsqs(y1, . . . , yr−1)
≥ P−0.2ν

r ,

and, on the other hand, we would have∣∣∣∣as(y1, . . . , yr−1)

qs(y1, . . . , yr−1)
− bs

ls

∣∣∣∣ ≤ |βs(y1, . . . , yr−1)| + |βs |

≤ P−s+0.1ν
r + P

−s+1/6
r ≤ 2P−s+1/6

r ≤ 2P−5/6
r .

From this we find that the upper and lower bounds for the number∣∣∣∣as(y1, . . . , yr−1)

qs(y1, . . . , yr−1)
− bs

ls

∣∣∣∣
are contradictory. Thus for all s = 1, . . . , nr ,

bs

ls
= as(y1, . . . , yr−1)

qs(y1, . . . , yr−1)
, βs = βs(y1, . . . , yr−1).

From this we obtain

Q(y) = l > H, δ(y) = δ = max
1≤s≤nr

P sr |βs | > H.

Hence, if the (r − 1)-tuple (y1, . . . , yr−1) appears in S2, it follows from Lemma 10.1
that

|S(y1, . . . , yr−1)| 
 PrH
−0.5ν+ε 
 PrP

−ρ
1 , |S2| 
 P1 . . . PrQ

−r+1
r P−ρ

r .

We estimate the sums S3. We have |S3| ≤ YPr , where Y is the number of (r − 1)-
tuples (y1, . . . , yr−1), 0 ≤ y1 ≤ P1Q

−1
0 , . . . , 0 ≤ yr−1 ≤ Pr−1Q

−1
0 , for which

δ(y) ≤ H = P
3ρn
1 , Q(y) ≤ H,

and (B1, . . . , Bnr ) is a point of the first class. We let �0 denote the set of points
(B1, . . . , Bnr ) which correspond to (r − 1)-tuples (y1, . . . , yr−1) occurring in S3.
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We proceed to estimateY . We let�1 = �1(b1/h1, . . . , bnr /hnr )denote the region
in the nr -dimensional space which is defined as follows. The point (α1, . . . , αr−1)

belongs to �1 if

αs = bs/hs + zs, 1 ≤ hs ≤ τ(s), (bs, hs) = 1,

|zs | ≤ (hsτ (s))
−1, τ (s) = P

s−1/6
r , s = 1, . . . , nr , (10.13)

[h1, . . . , hnr ] ≤ H.

Let �′
1 = �(b′

1/h
′
1, . . . , b

′
nr
/h′

nr
) be a region different from �1 with the condition

[h′
1, . . . , h

′
nr

] ≤ H . Then there is an index s, 1 ≤ s ≤ nr , such that bs/hs �= b′
s/h

′
s .

Consequently,
|bs/hs − b′

s/h
′
s | ≥ H−2.

Hence the distance between the sth coordinates of the points of these regions is no
less than

H−2 − 2
(
τ(s)

)−1 ≥ 0.5H−2.

But the difference between a1(0, . . . , 0, s)/q1(0, . . . , 0, s) and the sth coordinate of
any point of �0 does not exceed

n1∑
t1=0

· · ·
nr−1∑
tr−1=0

|β(t1, . . . , tr−1, s)|P t11 . . . P
tr−1
r−1 
 P−s

r P
1/6
1 
 P

−5/6
1 .

Therefore, the set �0 intersects with at most a single region �1.
If Y �= 0, then all the points of �0 satisfy the relations

as(y1, . . . , yr−1)

qs(y1, . . . , yr−1)
= bs

ls
,∣∣∣∣{hs(y1, . . . , yr−1)} − bs

hs

∣∣∣∣ ≤ P−s
r H (s = 1, . . . , nr ).

(10.14)

Since Q(y) ≤ P
3ρn
1 , Q′

2 > P
ν/40
1 , and ρ < ν2/120, we have Q′

2 �= Q(y), and thus
for some µ we obtain

a1(0, . . . , 0, µ)

q1(0, . . . , 0, µ)
�= bµ

hµ
, q1(0, . . . , µ) �= 1.

From (10.14) we have Y ≤ Y1, where Y1 is the number of (r − 1)-tuples for which

|hµ(y1, . . . , yr−1)− bµ/hµ| ≤ P−µ
r H = �. (10.15)

We set

B(y1, . . . , yr−1) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

β1(t1, . . . , tr−1, µ)(Q0y1)
t1 . . . (Q0yr−1)

tr−1 ,
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a1(0, . . . , 0, µ)

q1(0, . . . , 0, µ)
= a

q
,

bµ

hµ
= b

h
.

Then (10.15) takes the form

|B(y1, . . . , yr−1)− b/h+ a/q| ≤ �. (10.16)

We now define a periodic function χ(x) of period one by setting

χ(x) =


1 if |x| ≤ D,

(2�− |x|)�−1 if � < |x| ≤ 2�,

0 if 2� < |x| ≤ 0.5,

(10.17)

and a function ψ(x) by setting ψ(x) = χ(x + a/q − b/h). Then from (10.16) we
obtain

Y1 ≤
∑

0≤y1≤P1Q
−1
0

· · ·
∑

0≤yr−1≤Pr−1Q
−1
0

ψ
(
B(y1, . . . , yr−1)

) = Y2.

We expand ψ(x) in the Fourier series

ψ(x) = �+
+∞∑
s=−∞

c(s)e2πisx,

c(0) = 0, |c(s)| ≤ min

(
�,

1

�s2

)
, |s| ≥ 1.

Consequently,

Y2 
 P1 . . . Pr−1Q
−r+1
0 �+

∑
1≤s<M

�|T (s)|

+
∑

M≤s≤M1

�−1s−2|Ts | + P
1−ρ
1 P2 . . . Pr−1Q

−r+1
0 ,

where

T (s) =
∑

0≤y1≤P1Q
−1
0

· · ·
∑

0≤yr−1≤Pr−1Q
−1
0

exp{2πisB(y1, . . . , yr−1)},

M = �−1, M1 = MP
ρ
1 .

We estimate the sum T (s). The moduli of the first partial derivatives of the polynomial
sB(y1, . . . , yr−1) do not exceed∣∣∣∣s ∂∂yj B(y1, . . . , yr−1)

∣∣∣∣ ≤ |s|
n1∑
t1=0

· · ·
nj∑
tj=1

· · ·
nr−1∑
tr−1=0

×tj |β1(t1, . . . , tj , . . . , tr−1, µ)|
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×Q0(Q0y1)
t1 . . .Q0(Q0yj )

tj−1 . . .Q0(Q0yr−1)
tr−1

≤ |s| njm
nr + 1

Q0P
t1
1 . . . P

tj−1
j . . . P

tr−1
r−1P

−t1
1 . . . P

−tr−1
r−1 P−tr

r P
1/6
1


 P−0.5
1 ≤ 0.5, j = 1, . . . , r − 1.

Consequently, by Lemma 10.6

T (s) =
∫ P1Q

−1
0

0
· · ·

∫ Pr−1Q
−1
0

0
exp{2πisB(y1, . . . , yr−1)} dy1 . . . dyr−1

+O(P2 . . . Pr−1Q
−r+2
0 ).

We transform the integral in T (s) by using the substitution zj = P−1
j Q0yj , j =

1, . . . , r − 1. We obtain

T (s) = P1 . . . Pr−1Q
−r+1
0 Ir−1 +O(P2 . . . PrQ

−r+2
0 ),

where

Ir−1 =
∫ 1

0
· · ·

∫ 1

0
exp{2πisA(z1, . . . , zr−1)} dz1 . . . dzr−1,

A(z1, . . . , zr−1) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

δ(t1, . . . , tr−1)z
t1
1 . . . z

tr−1
r−1,

δ(t1, . . . , tr−1) = β1(t1, . . . , tr−1, µ)P
t1
1 . . . P

tr−1
r−1 .

Let
δ = max

t1+···+tr−1≥1
|δ(t1, . . . , tr−1)|.

Then we have the following lower bound for δ:

δ ≥ nr + 1

m

n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

|β1(t1, . . . , tr−1, µ)|P t11 . . . P
tr−1
r−1

≥ nr + 1

m

n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

|β1(t1, . . . , tr−1, µ)|(Q0y1)
t1 . . . (Q0yr−1)

tr−1

≥ nr + 1

m

(∣∣∣∣aq − b

h

∣∣∣∣ − |β1(0, . . . , 0, µ)|

−
∣∣∣∣aq − b

h
+

nr−1∑
tr−1=0

β1(t1, . . . , tr−1, µ)(Q0y1)
t1 . . . (Q0yr−1)

tr−1

∣∣∣∣) ≥
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≥ nr + 1

m

(
1

Hq
− 1

qτ(0, . . . , 0, µ)
−�

)
≥ nr + 1

4mHτ(0, . . . , 0, µ)
.

By Lemma 10.5, we hence obtain the following relations for T (s):

|T (s)| 
 P1 . . . Pr−1Q
−r+1
0 min

(
1, |s|−1/nH 1/n(τ(0, . . . , 0, µ)

)1/n
)
.

Consequently,

Y2 
 P1 . . . Pr−1Q
−r+1
0 �

+ P1 . . . Pr−1Q
−r+1
0 �

∑
1≤s<M

m−1/nH 1/n(τ(0, . . . , 0, µ)
)1/n

+ P1 . . . Pr−1Q
−r+1
0 �−1

∑
M≤s<M1

s−2−1/nH 1/n(τ(0, . . . , 0, µ)
)1/n

+ P
1−ρ
1 P2 . . . Pr−1Q

−r+1
0 
 P

1−ρ
1 P2 . . . Pr−1Q

−r+1
0 .

From this we conclude that

S3 ≤ YPr 
 P1 . . . PrQ
−r+1
0 P

−ρ
1 ,

T3 = S1 + S2 + S3 
 P1 . . . PrQ
−r+1
0 P

−ρ
1 ,

|S′(A)| ≤ Q−r+1
0 T3 
 P1 . . . PrP

−ρ
1 .

The lemma is proved. ��

Lemma 10.11. Suppose that the numbers Q and δ satisfy the conditions
Q ≤ P 0.4ν

1 and δ > m−1P 0.4ν
1 . Then

|S′(A)| 
 P1 . . . PrP
−ρ
1 ,

where

ρ = γ /(n2 log n), n = max(n1, . . . , nr ),

and γ > 0 is a constant. The constant in 
 depends only on n1, . . . , nr .

Proof. Let δ = |δ(t1, . . . , tr )|, ts ≥ 1. Then

|S′(A)| ≤
∑
x1≤P1

· · ·
∑

xs−1≤Ps−1

. . . (10.18)

· · ·
∑
xr≤Pr

∣∣∣ ∑
ps≤Ps

exp{2πitF1(x1, . . . , xs−1, ps, xs+1, . . . , xr )}
∣∣∣,
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where

F1(x1, . . . , xs−1, p, xs+1, . . . , xr )

=
n1∑
t1=0

· · ·
ns−1∑
ts−1=0

ns∑
ts=1

ns+1∑
ts+1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )x
t1
1 . . . p

ts . . . xtrr .

We let q denote the least common multiple of the numbers q(t1, . . . , tr ) with the
conditions t1 ≥ 0, . . . , ts−1 ≥ 0, ts ≥ 1, ts+1 ≥ 0, . . . , tr ≥ 0. Then q ≤ Q. We
represent the variables xl in the form

xl = qyl + zl, l ≤ zl ≤ q,

−zlq−1 < yl ≤ (Pl − zl)q
−1, l = 1, . . . , s − 1, s + 1, . . . , r.

We define the polynomial

�1(y1, . . . , ys−1, p, ys+1, . . . , yr )

= F1(qy1 + z1, . . . , qys−1 + zs−1, p, qys+1 + zs+1, . . . , qyr + zr)

=
n1∑
t1=0

· · ·
ns−1∑
ts−1=0

ns∑
ts=1

ns+1∑
ts+1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )

× (qy1)
t1 . . . (qys−1)

ts−1pts (qys+1)
ts+1 . . . (qyr)

tr .

Then, by Lemma 10.7, there exist rational approximations to the numbers α1 =
α1(t1, . . . , tr ) such that

α1 = α1

q1
+ β1, (a1, q1) = 1, q ′ = l.c.m.

ts≥1
q1, δ′ = max

ts≥1
|β1|P t11 . . . P trr

and also q = q ′ and δ 
 δ′ 
 δ. Consequently,

�1(y1, . . . , ys−1, p, ys+1, . . . , yr )

=
n1∑
t1=0

· · ·
ns−1∑
ts−1=0

ns∑
ts=1

ns+1∑
ts+1=0

· · ·
nr∑
tr=0

(
a1

q1
+ β1

)
(qy1)

tr . . . pts . . . (qyr)
tr

≡ �(y1, . . . , ys−1, p, ys+1, . . . , yr ) (mod1),

where

� = �(y1, . . . , ys−1, p, ys+1, . . . , yr )

=
n1∑
t1=0

· · ·
ns−1∑
ts−1=0

ns∑
ts=1

ns+1∑
ts+1=0

· · ·
nr∑
tr=0

β1(t1, . . . , tr )

× (qy1)
t1 . . . (qys−1)

ts−1pts (qys+1)
ts+1 . . . (qyr)

tr =
ns∑
l=1

Blp
l.



432 10 Estimates of multiple trigonometric sums with prime numbers

We let y denote the (r − 1)-tuple (y1, . . . , ys−1, ys+1, . . . , yr ). We represent the
coefficients Bl of the polynomial � in the form

Bl = al(y)/ql(y)+ βl(y),
(
al(y), ql(y)

) = 1, 1 ≤ ql(y) ≤ τ(l),

|βl(y)| ≤ (
ql(y), τ (l)

)−1 = 1, τ (l) = P
l−1/6
s , l = 1, . . . , ns .

We further introduce the notation

Q(y) = [q1(y), . . . , qns (y)], δ(y) = max
1≤l≤ns

|βl(y)|P ls .

If in (10.18) we replace the variables of summation xl by the variables qyl + zl ,
l = 1, . . . , s − 1, s + 1, . . . , r , we find that

|S′(A)| ≤ qr−1
∑

0≤y1≤P1q−1

· · ·
∑

0≤ys−1≤Ps−1q−1

∑
0≤ys+1≤Ps+1q−1

. . .

· · ·
∑

0≤yr≤Prq−1

∣∣∣ ∑
p≤Ps

exp{2πit�(y1, . . . , ys−1, p, ys+1, . . . , yr )}
∣∣∣

= qr−1T1.

We divide the sum T1 into three parts T1 = S1 + S2 + S3, where

Sj =
∑

0≤y1≤P1q−1

· · ·
∑

0≤ys−1≤Ps−1q−1

∑
0≤ys+1≤Ps+1q−1

· · ·
(j)∑

0≤yr≤Prq−1

|S(y)|,

j = 1, 2, 3,

S(y) =
∑
p≤Ps

exp{2πit�(y1, . . . , ys−1, p, ys+1, . . . , yr )},

and each of the sums S1, S2, and S3 has its own range of summation of the (r − 1)-
tuples y = (y1, . . . , ys−1, ys+1, . . . , yr ), as follows. If (B1, . . . , Bns ) is a point of the
second class with respect to the parameter Ps , then the corresponding y appears in S1;
if it is a point of the first class, and if eitherQ(y) ≥ H = P

3nρ
1 or δ(y) ≥ H , then the

corresponding y appears in S2; and all of the remaining y appear in S3.
In the case when y appears in either S1 or S2, we use Lemma 10.1 to estimate

S(y). We obtain |S(y)| 
 P
1−ρ
s . Hence

|S1| + |S2| 
 P
1−ρ
1 P2 . . . Prq

−r+1.

We estimate S3. We obviously have |S3| ≤ YPs , where Y is the number of (r −
1)-tuples y = (y1, . . . , ys−1, ys+1, . . . , yr ), 0 ≤ y1 ≤ P1q

−1, . . . , 0 ≤ ys−1 ≤
Ps−1q

−1, 0 ≤ ys+1 ≤ Ps+1q
−1, . . . , 0 ≤ yr ≤ Prq

−1, for which

δ(y) ≤ H = P
3ρn
1 , Q(y) ≤ H, (10.19)
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and (B1, . . . , Bns ) is a point of the first class. The set of such (B1, . . . , Bns ) in the
first class and satisfying (10.19) will be denoted by �0. Just as in Lemma 10.10, one
proves that if Y �= 0, then the entire set�0 is in a single region�1 defined by (10.13).
Hence,

al(y)

ql(y)
= bl

hl
,

∣∣∣∣Bl − bl

hl

∣∣∣∣ ≤ P−l
s H, 1 ≤ l ≤ ns.

Let

δ′ = |β1(t1, . . . , ts−1, l, ts+1, . . . , tr )|P t11 . . . P
ts−1
s−1P

l
s P

ts+1
s+1 . . . P

tr
r (10.20)

for some l ≥ 1. Then Y is bounded from above by the number Y1 of (r − 1)-tuples y
for which

|Bl(y)− bl/hl | ≤ P−1
s H = �, (10.21)

where Bl(y) = Bl .
We now define a periodic functionψ1(x) by settingψ1(x) = χ(x−bl/hl), where

χ(x) is as in (10.17). From (10.21) and the definition of ψ1(x) we have

Y1 ≤
∑

0≤y1≤P1q−1

. . .
∑

0≤ys−1≤Ps−1q−1

∑
0≤ys+1≤Ps+1q−1

. . .
∑

0≤yr≤Prq−1

ψ1(Bl(y)) = Y2.

From this, if we expand ψ1(x) in the Fourier series

ψ1(x) = �+
+∞∑
t=−∞

c1(t)e
2πitx,

c1(0) = 0, c1(t) ≤ min(�, 1/�t2) for |t | ≥ 1,

we obtain

Y2 
 P1 . . . Ps−1Ps+1 . . . Prq
−r+1�+

∑
1≤t<M

�|T (t)| (10.22)

+
∑

M≤t<M1

�−1t−2|T (t)| + P1 . . . Ps−1Ps+1 . . . Prq
−r+1P

−ρ
1 ,

where

T (t) =
∑

0≤y1≤P1q−1

. . .
∑

0≤ys−1≤Ps−1q−1

∑
0≤ys+1≤Ps+1q−1

. . .
∑

0≤yr≤Prq−1

exp{2πitBl(y)},

M = �−1, M1 = MP
ρ
1 .

We find an upper bound for the moduli of the first partial derivatives of the polynomial
tBl(y) for |t | ≤ M1:∣∣∣∣t ∂∂yk Bl(y)

∣∣∣∣ ≤ |t |
n1∑
t1=0

· · ·
nk∑
tk=1

· · ·
nr∑
tr=0

tk|β1(t1, . . . , tk, . . . , tr )| ×
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× q(qy1)
t1 . . . (qyk)

tk−1 . . . (qyr)
tr


 |t |qP−1
s P−1

k P
1/6
1 ≤ 0.5, k = 1, . . . , s − 1, s + 1, . . . , r.

By Lemma 6, this implies the relations

|T (t)| ≤
∣∣∣∣ ∫ P1q

−1

0
. . .

∫ Ps−1q
−1

0

∫ Ps+1q
−1

0
exp{2πitBl(y)} dy1 . . . dys−1dys+1 . . . dyr

∣∣∣∣
+O

(
P1 . . . Ps−1Ps+1 . . . Prq

−r+1(P−1
1 + · · · + P−1

s−1P
−1
s+1 + · · · + P−1

r )
)


 P1 . . . Ps−1Ps+1 . . . Prq
−r+1

× (|Ir−1| + P−1
1 + · · · + P−1

s−1P
−1
s+1 + · · · + P−1

r )
)
,

Ir−1 =
∫ 1

0
· · ·

∫ 1

0
exp{2πitA(y)} dy1 . . . dys−1dys+1 . . . dyr , (10.23)

A(y) =
n1∑
t1=0

· · ·
ns−1∑
ts−1=0

ns+1∑
ts+1=0

t1+···+ts−1+ts+1+···+tr≥1

· · ·
nr∑
tr=0

γ (t1, . . . , ts−1, ts+1, . . . , tr )

× y
t1
1 . . . y

ts−1
s−1y

ts+1
s+1 . . . y

tr
r ,

γ (t1, . . . , ts−1, ts+1, . . . , tr ) = β1(t1, . . . , ts−1, l, ts+1, . . . , tr )

× P
t1
1 . . . P

ts−1
s−1P

ts+1
s+1 . . . P

tr
r .

There are two possible cases in relation (10.20) which defines δ′:
(a) t1 + · · · + ts−1 + ts+1 + · · · + tr ≥ 1;

(b) t1 = · · · = ts−1 = ts+1 = · · · = tr = 0.

Let γ be the maximum of the numbers |γ (t1, . . . , ts−1, ts+1, . . . , tr )| subject to
the condition that t1 + · · · + ts−1 + ts+1 + · · · + tr ≥ 1, 0 ≤ t1 ≤ n1, . . . , 0 ≤ ts−1 ≤
ns−1, 0 ≤ ts+1 ≤ ns+1, . . . , 0 ≤ tr ≤ nr . Then in case (a) we have

γ = δ′P−l
s � δP−l

s � P−l
s P 0.1ν

1 .

We derive case (b) (see (10.21)) into two subcases: (1) hl > 1, (2) hl = 1. In
subcase (1) we have

γ ≥ ns + 1

m

n1∑
t1=0

· · ·
ns−1∑
ts−1=0

ns+1∑
ts+1=0

· · ·
nr∑
tr=0

t1+···+ts−1+ts+1+···+tr≥1

|γ (t1, . . . , ts−1, ts+1, . . . , tr )|

= ns + 1

m

n1∑
t1=0

· · ·
ns−1∑
ts−1=0

ns+1∑
ts+1=0

· · ·
nr∑
tr=0

t1+···+ts−1+ts+1+···+tr≥1

|β1(t1, . . . , ts−1, l, ts+1, . . . , tr )|

× P
t1
1 . . . P

ts−1
s−1P

ts+1
s+1 . . . P

tr
r
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≥ ns + 1

m

n1∑
t1=0

· · ·
ns−1∑
ts−1=0

ns+1∑
ts+1=0

· · ·
nr∑
tr=0

t1+···+ts−1+ts+1+···+tr≥1

|β1(t1, . . . , ts−1, l, ts+1, . . . , tr )|

× (qy1)
t1 . . . (qys−1)

ts−1(qys+1)
ts+1 . . . (qyr)

tr

≥ ns + 1

m

(
bl

hl
− |β(0, . . . , 0, l, 0, . . . , 0| −

∣∣∣∣blhl −
n1∑
t1=0

· · ·
ns−1∑
ts−1=0

ns+1∑
ts+1=0

. . .

· · ·
nr∑
tr=0

β1(t1, . . . , ts−1, l, ts+1, . . . , tr )(qy1)
t1 . . . (qyr)

tr

∣∣∣∣)

≥ ns + 1

m

(
1

hl
− P−l

s P 1/6 −�

)
� H−1 � P−l

s iP 0.1ν
1

(all of these inequalities are written out under the assumption that the (r − 1)-tuple
(y1, . . . , ys−1, ys+1, . . . , yr ) occurs in S2, and so (10.19) holds). We now consider
subcase (2). From inequalities analogous to those in subcase (1) we obtain (hl = 1
and bl = 0)

γ ≥ ns + 1

m

(
|β(0, . . . , 0, l, 0, . . . , 0)|

−
∣∣∣∣ n1∑
t1=0

· · ·
ns−1∑
ts−1=0

ns+1∑
ts+1=0

· · ·
nr∑
tr=0

β1(t1, . . . , ts−1, l, ts+1, . . . , tr )

× (qy1)
t1 . . . (qys−1)

ts−1(qys+1)
ts+1 . . . (qyr)

tr

∣∣∣∣)
≥ ns + 1

m
(δ′P−l

s −�) � δP−l
s � P−l

s P 0.1ν
1 .

Thus the number γ satisfies γ � P−l
s P 0.1ν

1 . Consequently, by Lemma 10.5

|Ir−1| 
 |t |−0.5νγ−0.5ν 
 |t |−0.5νP−0.5νl
s P−0.5ν2

1 ,

where νmax(n1, . . . , nr ) = 1. Substituting this bound for Ir−1 into (10.23), and then
substituting the resulting inequality for |T (t)| into (10.22), we find

Y2 
 P1 . . . Ps−1Ps+1 . . . Prq
−r+1�

+ P1 . . . Ps−1Ps+1 . . . Prq
−r+1�

∑
1≤t<M

t−0.5νP 0.5νl
s P−0.05ν2

1

+ P1 . . . Ps−1Ps+1 . . . Prq
−r+1�−1

∑
M≤t<M1

t−2−0.5νP 0.5νl
s P−0.05ν2

1

+ P1 . . . Ps−1Ps+1 . . . Prq
−r+1P

−ρ
1 .
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Since � = P−l
s H = P−l

s P
3ρn
1 , it follows that Y2 satisfies

Y1 
 P1 . . . Ps−1Ps+1 . . . Prq
−r+1P

−ρ
1 .

Consequently,
|S3| ≤ PsY ≤ PsY2 
 P

1−ρ
1 P2 . . . Prq

−r+1.

We hence obtain

|S′(A)| ≤ qr−1(|S1| + |S2| + |S3|) 
 P
1−ρ
1 P2 . . . Pr .

The lemma is proved. ��

Suppose that A is a point of the first class. Then its coordinates α = α(t1, . . . , tr )

satisfy (10.3). Let Ej be the sets defined at the beginning of the section. We let Qj

denote the least common multiple of the denominators q(t1, . . . , tr ) of the rational
approximations to the numbers α(t1, . . . , tr ) in (10.3), over all r-tuples (t1, . . . , tr ) in
the set Ej . We shall make use of this notation in Lemmas 10.12 and 10.13.

Lemma 10.12. Suppose that A is a point of the first class, and Q0 > Q0.2. Then

|S′(A)| 
 P1 . . . PrQ
−0.05ν+ε(|t |,Q)0.25ν .

The constant in 
 depends only on n1, . . . , nr and ε.

Proof. As in the proof of Lemma 10.9, if we take the fourth power of the sum |S′(A)|
and apply Cauchy’s inequality twice for certain fixed natural numbers a1, . . . , ar ,
1 ≤ a1 ≤ P1, . . . , 1 ≤ ar ≤ Pr , we obtain

|S′(A)|4 ≤ P 3
1 . . . P

3
r |W |, (10.24)

W =
∑
x1≤P1

· · ·
∑
xr≤Pr

exp{2πit�(x1, . . . , xr−1, xr )},

�(x1, . . . , xr−1, xr ) = F2(x1, . . . , xr−1, xr )− F2(x1, . . . , xr−1, ar )

−F2(a1, . . . , ar−1, xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

t1+···+tr≥1

γ (t1, . . . , tr )x
t1
1 . . . x

tr
r ,

F2(x1, . . . , xr−1, xr ) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

nr∑
tr=0

α(t1, . . . , tr−1, tr )x
t1
1 . . . x

tr−1
r−1x

tr
r .

From the definition of the polynomial �(x1, . . . , xr ) we find that its coefficients
satisfy the following relations:

γ (t1, . . . , tr−1, tr ) = α(t1, . . . , tr−1, tr )
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for t1 + · · · + tr−1 ≥ 1 and tr ≥ 1, i.e., for an r-tuple t ∈ E0;

γ (0, . . . , 0, tr ) = −
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

α(t1, . . . , tr−1, tr )a
t1
1 . . . a

tr−1
r−1

for tr ≥ 1, i.e., for t ∈ E2;

γ (t1, . . . , tr−1, 0) = −
nr∑
tr=1

α(t1, . . . , tr−1, tr )s
tr
r

for t1 + · · · + tr−1 ≥ 1, i.e., for t ∈ E1. Hence, if we use relations (10.3), which
define the points in the first class �1, we obtain

γ (t) = a1(t)/q1(t)+ β1(t),

where

a1(t)/q1(t) = a(t)/q(t), β1(t) = β(t) for t ∈ E0, (10.25)

a1(t)

q1(t)
= −

nr∑
tr=1

a(t1, . . . , tr )

q(t1, . . . , tr )
atrr , β1(t) = −

nr∑
tr=1

β(t)atrr , t ∈ E1, (10.26)

a1(t)

q1(t)
= −

nr∑
tr=1

· · ·
nr−1∑
tr−1=0

a(t1, . . . , tr )

q(t1, . . . , tr )
a
t1
1 . . . a

tr−1
r−1,

β1(t) = −
nr∑
tr=1

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

β(t1, . . . , tr )a
t1
1 . . . a

tr−1
r−1, t ∈ E3.

(10.27)

Consequently, q1(t1, . . . , tr ) |Q0 for t1, . . . , tr ≥ 1, and

|β1(t1, . . . , tr−1, 0)| ≤ nr + 1

m
P

−t1
1 . . . P

−tr−1
r−1 P 0.1ν

1 , t1, . . . , tr−1 ≥ 1,

|β1(0, . . . , 0, tr )| ≤ (n1 + 1) . . . (nr−1 + 1)

m
P−tr
r P 0.1ν

1 , tr ≥ 1.

We now transform the sum W using the substitution

xs = Q0ys + zs, 1 ≤ zs ≤ Q0,

−zsQ−1
0 < ys ≤ (Ps − zs)Q

−1
0 , s = 1, . . . , r.

We obtain

W =
Q0∑
z1=1

· · ·
Q0∑
zr=1

exp{2πit�1(z1, . . . , zr )}W1,

W1 =
∑
y1

· · ·
∑
yr

exp{2πit�2(Q0y1 + z1, . . . ,Q0yr + zr)},
(10.28)
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where the summation with respect to the variables ya is taken over all integers in the
interval −zsQ−1

0 < ys ≤ (Ps − zs)Q
−1
0 , s = 1, . . . , r ,

�1(z1, . . . , zr ) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

nr∑
tr=1

a(t1, . . . , tr )

q(t1, . . . , tr )
z
t1
1 . . . z

tr
r

+
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

a1(t1, . . . , tr−1, 0)

q1(t1, . . . , tr−1, 0)
z
t1
1 . . . z

tr−1
r−1 +

nr∑
tr=1

a1(0, . . . , 0, tr )

q1(0, . . . , 0, tr )
ztrr ,

�2(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

nr∑
tr=1

β(t1, . . . , tr )x
t1
1 . . . x

tr
r (10.29)

+
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

β1(t1, . . . , tr−1, 0)xt11 . . . x
tr−1
r−1 +

nr∑
tr=1

β1(0, . . . , 0, tr )x
tr
r .

We estimate the first partial derivatives with respect toys of the polynomial t�2(Q0y1+
z1, . . . ,Q0yr + zr) for t ≤ Q0.2ν :

∣∣∣∣t ∂∂ys �2(Q0y1 + z1, . . . ,Q0yr + zr)

∣∣∣∣
≤ |t |

n1∑
t1=0

· · ·
ns∑
ts=1

· · ·
nr−1∑
tr−1=0

nr∑
tr=1

tsQ0|β(t1, . . . , tr )|

× (Q0y1 + z1)
t1 . . . (Q0ys + zs)

ts−1 . . . (Q0yr + zr)
tr

+ |t |
n1∑
t1=0

· · ·
ns∑
ts=1

· · ·
nr−1∑
tr−1=0

tsQ0|β(t1, . . . , tr−1, 0)|

× (Q0y1 + z1)
t1 . . . (Q0ys + zs)

ts−1 . . . (Q0yr + zr)
tr

≤ |t |Q0P
−1
s P 0.1ν

1 
 P−0.5
1 ≤ 0.5

for s = 1, . . . , r − 1; and

|t (∂/∂yr)�2(Q0y1 + z1, . . . ,Q0yr + zr)| 
 |t |Q0P
−1
r P 0.1ν

1 ≤ 0.5.



10.2 Lemmas on estimates for multiple trigonometric sums with prime numbers 439

Consequently, by Lemma 10.6 we have

W1 =
∫ (P1−z1)Q

−1
0

−z1Q
−1
0

. . .

. . .

∫ (Pr−zr )Q−1
0

−zrQ−1
0

exp{2πit�2(Q0y1 + z1, . . . ,Q0yr + zr)} dy1 . . . dyr

+O(P2 . . . PrQ
−r+1
0 ).

We now make the change of variables of integration

xs = P−1
s (Q0ys + zs), s = 1, . . . , r.

We obtain the equality

W1 = P1 . . . PrQ
−r
0 Ir +O(P2 . . . PrQ

−r+1
0 ),

where

Ir =
∫ 1

0
. . .

∫ 1

0
exp{2πit�3(x1, . . . , xr )} dx1 . . . dxr ,

�3(x1, . . . , xr ) = �2(P1x1, . . . , Prxr).

Substituting W1 in (10.28) and passing to inequalities, we find that

|W | ≤ P1 . . . PrQ
−r
0 |S(Q0,Q0�1(z1, . . . , zr ))| |Ir | +O(P2 . . . PrQ

−r+1
0 ),

where

S(Q0,Q0�1(z1, . . . , zr )) =
Q0∑
z1=1

· · ·
Q0∑
zr=1

exp{2πit�1(z1, . . . , zr )}

and the polynomial�1(z1, . . . , zr ) is as in (10.29). The coefficients of�1(z1, . . . , zr )

are rational numbers whose denominators have least common multiple Q0. Hence it
follows from Lemma 10.4 that

|S(Q0,Q0�1(z1, . . . , zr ))| 
 Qr−ν+4ε
0 (|t |,Q0)

ν,

where ε > 0 is arbitrary small. Consequently,

|W | 
 P1 . . . PrQ
−ν+4ε
0 (|t |,Q0)

ν.

Substituting this in (10.24), we obtain

|S′(A)| ≤ P 0.75
1 . . . P 0.75

r |W |0.25 
 P1 . . . PrQ
−0.25ν+ε
0 (|t |,Q0)

0.25ν


 P1 . . . PrQ
−0.05ν+ε
0 (|t |,Q)0.25ν .

The lemma is proved. ��
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Lemma 10.13. Suppose that A is a point of the first class �1, and Q0 ≤ Q0.2 and
Q2 > Q0.4. Then

|S′(A)| 
 P1 . . . Pr�(|t |,Q)0.5ν, � = Q−0.2ν .

The constant in 
 depends only on n1, . . . , nr and ε.

Proof. We have
|S′(A)| ≤ T1 (10.30)

where

T1 =
∑
x1≤P1

· · ·
∑

xr−1≤Pr−1

∣∣∣ ∑
p≤Pr

exp{2πitF1(x1, . . . , xr−1, p)}
∣∣∣,

F1(x1, . . . , xr−1, xr ) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

nr∑
tr=1

α(t1, . . . , tr−1, tr )x
t1
1 . . . x

tr
r .

We represent the variables xs , s = 1, . . . , r − 1, in the form

xs = Q0ys + zs, 1 ≤ zs ≤ Q0, −zsQ−1
0 < ys ≤ (Ps − zs)Q

−1
0 . (10.31)

We then obtain

F1(Q0y1 + z1, . . . ,Q0yr−1 + zr−1, p) ≡ �(p)+�1(z1, . . . , zr ) (mod1),

where

�(p) =
nr∑
s=1

Asp
s =

nr∑
s=1

(
a(0, . . . , 0, s)

q(0, . . . , 0, s)
+

nr∑
t1=0

· · ·
nr−1∑
tr−1=0

β(t1, . . . , tr−1, s)

× (Q0y1 + z1)
t1 . . . (Q0yr−1 + zr−1)

tr−1

)
ps

=
nr∑
s=1

(
as

qs
+ Bs

)
ps,

�1(z1, . . . , zr ) =
nr∑
t1=0

· · ·
nr−1∑
tr−1=0

nr∑
tr=0

a(t1, . . . , tr )

q(t1, . . . , tr )
z
t1
1 . . . z

tr
r .

For the number Bs , 1 ≤ s ≤ nr , we have the bound

|Bs | =
∣∣∣ nr∑
t1=0

· · ·
nr−1∑
tr−1=0

β(t1, . . . , tr−1, s)(Q0y1 + z1)
t1 . . . (Q0yr−1 + zr−1)

tr−1

∣∣∣
≤ (n1 + 1) . . . (nr−1 + 1)δP−s

r = (m/(nr + 1))δP−s
r .



10.3 The main theorem 441

Since the point A is in the first class, we have |δ| ≤ m−1P 0.1ν
1 . Consequently,

δ′ = |Bs |P sr ≤ 1

nr + 1
P 0.1ν

1 ≤ 1

nr + 1
P

0.1/nr
r .

From this we find that (A1, . . . , Anr ) is a point in the first class with respect to the
parameter Pr . Thus, from Lemma 10.1 we obtain

T2 =
∣∣∣ ∑
p≤Pr

exp{2πit�(p)}
∣∣∣ 
 Pr�1(|t |,Q2)

0.5/nr , �1 = Q
−0.5/nr+ε
2 ;

�1(|t |,Q2)
0.5/nr 
 Q−0.5ν+ε

2 (|t |,Q2)
0.5ν = �′

1.

We substitute this estimate into (10.30) and obtain

|S′(A)| ≤ P1 . . . PrT2 
 P1 . . . Pr(|t |,Q)0.5ν, �r = Q−0.2ν . 
 P1 . . . Pr�r

The lemma is thereby proved. ��

10.3 The main theorem

Theorem 10.1. Let A be a point of the second class �2. Then for 1 ≤ t ≤ P
2ρ
1

|S′(A)| 
 P1 . . . Pr�, � = e8�P
−ρ1
1 ,

where � = n1 + µ2n2 + · · · + µrnr , and µ2, . . . , µr are natural numbers satisfying
the conditions

−1 < lnPs/ lnP1 − µs ≤ 0, s = 2, . . . , r, ρ−1 = 128m� log(8m�).

Suppose that A is a point in the first class �1. Then for 1 ≤ t ≤ Q0.2ν

|S′(A)| 
 P 1+ε
1 . . . Pr�(t,Q)

0.25ν, � = Q−0.05ν+ε.

Finally, suppose that A is a point in the first class �1 and

δ = max
t1+···+tr≥1

|β|P t11 . . . P
tr
1 > 1.

Then for 1 ≤ t ≤ P 0.2ν
1

|S′(A)| 
 P 1+ε
1 . . . Pr�, � = δ−ν+ε.

The constants in 
 depend only on n1, . . . , nr and on a fixed arbitrary small number
ε > 0.
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Proof. The theorem is proved by induction on the number of variables r . The
theorem is true for r = 1 (Lemma 10.1). By the induction assumption, the estimate
in the theorem holds for S′(A) in the case of r − 1 variables and any pointA. We now
prove the theorem for r variables.

Suppose that A is a point in the second class �2. There are four possible cases
(concerning the numbers Q, Q0, Q1, and Q2, see the notation at the beginning of
Section 10.2):

(1) Q0 > P
ν/80
1 ;

(2) Q0 ≤ P
ν/80
1 and Q2 > P

3ν/80
1 ;

(3) Q0 ≤ P
ν/80
1 , Q2 ≤ P

3ν/80
1 , and Q > P 0.1ν

1 ;

(4) Q0 > P 0.1ν
1 and δ ≤ m−1P 0.1ν

1 .

We obtained the estimate for S′(A) in case (1) in Lemma 10.9, in case (2) in
Lemma 10.10, and in case (4) in Lemma 10.11. It remains to consider case (3).

We obviously have the inequality

|S′(A)| ≤ T1 =
Pr∑
xr=1

∣∣∣ ∑
p1≤P1

· · ·
∑

pr−1≤Pr−1

exp{2πitF1(p1, . . . , pr−1, xr )}
∣∣∣,

F1 = F1(p1, . . . , pr−1, xr ) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

nr∑
tr=1

α(t1, . . . , tr−1, tr )p
t1
1 . . . p

tr−1
r−1x

tr
r

=
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

ft1,...,tr−1(xr)p
tr−1
r−1.

We divide the variable xr into arithmetic progressions with difference Q0:

xr = Q0yr + zr , 1 ≤ zr ≤ Q0, −zrQ−1
0 < yr ≤ (Pr − zr)Q

−1
0 . (10.32)

We have T1 ≤ T2, where

T2 =
Q0∑
zr=1

∑
yr

∣∣∣ ∑
p1≤P1

· · ·
∑

pr−1≤Pr−1

exp{2πitF1(p1, . . . , pr−1,Q0yr + zr)}
∣∣∣,

and the variable yr runs through the values in (10.32). We represent the polynomial
F1 in the form

F1(p1, . . . , pr−1,Q0yr + zr) = �(p1, . . . , pr−1,Q0yr)

=
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

nr∑
tr=0

α(t1, . . . , tr−1, tr )p
t1
1 . . . p

tr−1
r−1(Q0yr)

tr
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=
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

gt1,...,tr−1(Q0yr)p
t1
1 . . . p

tr−1
r−1.

By Lemma 10.7,

α1 = α1(t1, . . . , tr−1, tr ) = a1/q1 + β1, Q′
4 = Q4, δ0 
 δ′0 
 δ0, (10.33)

where

Q′
4 = l.c.m.

t1+···+tr−1≥1
q1, Q4 = l.c.m.

t1+···+tr−1≥1
q,

δ′0 = max
t1+···+tr−1≥1

P
t1
1 . . . P trr |β1|, δ0 = max

t1+···+tr−1≥1
P
t1
1 . . . P trr |β|.

We let Q′
j and Q′(t1, . . . , tr−1) denote the numbers

Q′
j = l.c.m.

t1+···+tr∈Ej
q1, j = 0, 1, 2,

Q′(t1, . . . , tr−1) = l.c.m.
t≥1

q1(t1, . . . , tr−1, t),

Q(t1, . . . , tr−1) = l.c.m.
t≥1

q(t1, . . . , tr−1, t)

(0 ≤ t1 ≤ n1, . . . , 0 ≤ tr−1 ≤ nr−1, t1 + · · · + tr−1 ≥ 1).

Then

Q0 = l.c.m.
t1+···+tr≥1

Q(t1, . . . , tr−1), Q′
0 = l.c.m.

t1+···+tr≥1
Q′(t1, . . . , tr−1).

We again consider relations (10.33) for the coefficients α1 and apply Lemma 10.6 to
the polynomials ft1,...,tr−1(Q0yr + zr) and gt1,...,tr−1(Q0yr). We obtain

Q(t1, . . . , tr−1) = Q′(t1, . . . , tr−1), t1 + · · · + tr−1 ≥ 1.

Consequently, Q0 = Q′
0 and

Q4 = [Q0,Q1] = Q′
4 = [Q0,Q

′
1] ≥ P

3ν/80
1 , Q′

1 ≥ Q4Q
−1
0 ≥ P

ν/40
1 .

We transform the polynomial �(p1, . . . , pr−1,Q0yr) starting from relations (10.33)
for α1 = α(t1, . . . , tr−1, tr ):

�(p1, . . . , pr−1,Q0yr) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

nr∑
tr=0

(
a1(t1, . . . , tr )

q1(t1, . . . , tr )
+ β1(t1 + · · · + tr )

)

× p
t1
1 . . . p

tr−1
r−1(Q0yr)

tr ≡
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≡ �(p1, . . . , pr−1) (mod1),

�(p1, . . . , pr−1, y) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

(
a1(t1, . . . , tr−1, 0)

q1(t1, . . . , tr−1, 0)

+
nr∑
tr=0

β1(t1 + · · · + tr )(Q0y)
tr

)
p
t1
1 . . . p

tr−1
r−1

=
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

B(t1 + · · · + tr−1)p
t1
1 . . . p

tr−1
r−1.

Consequently,

T1 ≤ Q0

∑
0≤yr≤PrQ−1

0

∣∣∣ ∑
p1≤P1

· · ·
∑

pr−1≤Pr−1

exp{2πitF1(p1, . . . , pr−1, y)}
∣∣∣ = Q0T3.

The estimates for T3 is similar to that for the corresponding sum in T3 in Lemma 10.10.
The polynomials Bs are replaced by B(t1, . . . , tr−1), the numbers τ(s) = P

s−1/6
r

are replaced by τ(t1, . . . , tr−1) = P
t1
1 . . . P

tr−1
r−1P

−1/6
1 , Q(y) = Q(y1, . . . , yr−1) is

replaced by Q(yr), δ(y) is replaced by δ(yr), the (r − 1)-tuples y = (y1, . . . , tr−1)

are replaced by the variable yr , and instead of the estimate for a simple trigonometric
sum (Lemma 10.1), in the corresponding places, one must apply the estimate for an
(r − 1)-dimensional sum, which holds by the induction assumption.

We have obtained the estimate for S′(a) for points A in the second class �2.
Now suppose thatA is a point in the first class�1. One has the following possible

cases (the numbers Q, Q0, Q1, and Q2 were defined right before Lemma 10.12):

(1) Q0 > Q0.2;

(2) Q0 ≤ Q0.2 and Q2 > Q0.4;

(3) Q0 ≤ Q0.2 and Q2 ≤ Q0.4;

(4) Q ≤ P 0.1ν
1 and 1 ≤ δ ≤ m−1P 0.1ν

1 .

In case (1) the estimate for S′(A) was obtained in Lemma 10.12, and in case (2)
it was obtained in Lemma 10.13. The derivation of the estimate for S′(A) in case (3)
is similar to the derivation in case (2). Namely, in the statement and proof of
Lemma 10.13, one must replace Q2 by Q1, replace the (r − 1)-tuple of unknowns
(x1, . . . , xr−1) by the variable xr , replace the variable p by the (r − 1)-tuple
(p1, . . . , pr−1), replace Bs by B(t1, . . . , tr−1), and instead of Lemma 10.1, in the
corresponding places, one must use the estimate for an (r − 1)-dimensional sum over
prime numbers, which holds by the induction assumption.

It remains to consider case (4). Since A is a point in the first class, its coordinates
satisfy the relations

α = α(t1, . . . , tr ) = a/q + β, (a, q) = 1,
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δ = max
t1+···+tr≥1

|β|P t11 . . . P trr ≤ m−1P 0.1ν
1 , Q = l.c.m.

t1+···+tr≥1
q ≤ P 0.1ν

1 .

In the case under study we have δ ≥ 1. We set

δ = |β(t1, . . . , tr )|P t11 . . . P trr , ts ≥ 1. (10.34)

Then for |S′(A)| we have (for q �= s)

|S′(A)| ≤
∑
xq≤Pq

|T1|,

T1 =
∑
p1≤P1

· · ·
∑

pq−1≤Pq−1

∑
pq+1≤Pq+1

. . .

· · ·
∑
pr≤Pr

exp{2πitF1(p1, . . . , pq−1, xq, pq+1, . . . , pr)},

F1(x1, . . . , xr ) =
nq∑
tq=0

n1∑
t1=0

· · ·
nq−1∑
tq−1=0

nq+1∑
tq+1=0

· · ·
nr∑
tr=0

t1+···+tq−1+tq+1+···+tr≥1

α(t1 + · · · + tr )x
t1
1 . . . x

tr
r .

We now represent the variable xq in the form

xq = Qy + z, 1 ≤ z ≤ Q, −zQ−1 < y ≤ (Pq − z)Q−1.

Then

F1(x1, . . . ,Qy + z, . . . , xr ) ≡ �(x1, . . . , xq−1, xq+1, . . . , xr ) (mod1),

�(x1, . . . , xq−1, xq+1, . . . , xr )

=
n1∑
t1=0

· · ·
nq−1∑
tq−1=0

nq+1∑
tq+1=0

· · ·
nr∑
tr=0

t1+···+tq−1+tq+1+···+tr≥1

A(t1, . . . , tq−1, tq+1, . . . , tr )x
t1
1 . . . x

tr
r ,

A(t1, . . . , tq−1, tq+1, . . . , tr )

=
nq∑
tq=0

a(t1, . . . , tr )

q(t1, . . . , tr )
ztq +

nq∑
tq=0

β(t1, . . . , tr )(Qy + z)tq

We fix z. Then we need to show that a point A1 with coordinates

A(t1, . . . , tq−1, tq+1, . . . , tr )

belongs to the first class. In fact, the denominator of the irreducible fraction

a

h
=

nq∑
tq=0

a(t1, . . . , tr )

q(t1, . . . , tr )
ztq
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divides the least common multipleQ of all the numbers q(t1, . . . , tr ), t1+· · ·+tr ≥ 1.
Hence the least common multiple of the numbersh does not exceedP 0.1ν

1 . The number

B = B(t1, . . . , tq−1, tq+1, . . . , tr ) =
nq∑
tq=0

β(t1, . . . , tr )(Qy + z)tq

satisfies the inequality

|B| ≤ (nq + 1)δP−t1
1 . . . P

−tq−1
q−1 P

−tq+1
q+1 . . . P−tr

r

≤ nq + 1

m
P

−t1
1 . . . P

−tq−1
q−1 P

−tq+1
q+1 . . . P−tr

r P 0.1ν
1 .

We thus have

δ = max
t1+···+tq−1+tq+1+···+tr≥1

|B|P t11 . . . P
tq−1
q−1P

tq+1
q+1 . . . P

tr
r ≤ nq + 1

m
P 0.1ν

1 .

The point A1 thus belongs to the first class. Let (t1, . . . , tr ) be an r-tuple for which
(10.34) holds. We let ϕ and g denote the polynomials

ϕ(Qy + z) = B(t1, . . . , tq−1, tq+1, . . . , tr ), g(v) = ϕ(Pqv).

Then the maximum modulus of the coefficients of g(x) is equal to

δP
−t1
1 . . . P

−tq−1
q−1 P

−tq+1
q+1 . . . P−tr

r .

Let K(G) be the number of integers y for which

G < |ϕ(Qy + z)| ≤ 2G. (10.35)

Then, by the induction assumption,

|S′(A)| ≤ BP1 . . . Pq−1Pq+1 . . . Pr

+
[logPq ]+1∑
j=0

K(2jD)P1 . . . Pq−1Pq+1 . . . Pr2
−νj (logPr)

r−2, (10.36)

D = P
−t1
1 . . . P

−tq−1
q−1 P

−tq+1
q+1 . . . P−tr

r ,

where B is the number of integers y that satisfy |ϕ(Qy + z)| ≤ D. By Lemma 10.8,
the measure µ of the set of points x for which |g(x)| ≤ 2jD does not exceed


 min
(
1, (2j δ−1)1/nq

)
. (10.37)

Since this set consists of at most n intervals, it follows from the definition of g(x) and
ϕ(Qy + z) and inequality (10.37) that

K(2jD) 
 PqQ
−1(2j δ−1)1/nq + 1 
 PqQ

−1(2j δ−1)ν + 1 if 2j δ < 1,
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K(2jD) 
 PqQ
−1 + 1 if 2j δ ≥ 1.

We substitute these estimates into (10.36). If we replace 2j by δ in (10.36) for
2j δ−1 ≥ 1, we obtain

|S′(A)| 
 P1 . . . Prδ
−ν(logPr)

r−1,

This completes the proof of the theorem. ��

10.4 Applications

We prove Theorem 10.2, which concerns the distribution of the fractional parts of
the values of a polynomial in several variables each of which runs through the se-
quence of prime numbers. This theorem generalizes a theorem of Vinogradov ([165],
Chapter 10.8) to the multidimensional case.

Theorem 10.2. Let p1, . . . , pr be prime numbers, F(x1, . . . , xr ) be the polynomial
defined in (10.1), and D(σ) be the number of r-tuples (p1, . . . , pr), 1 ≤ p1 ≤
P1, . . . , 1 ≤ pr ≤ Pr , satisfying the condition {F(p1, . . . , pr)} < σ . Suppose that
D(σ) can be represented in the form

D(σ) = π(P1) . . . π(Pr)σ + λ(P1, . . . , Pr , σ ),

where π(x) is the number of primes not exceeding x. Then

|λ(P1, . . . , Pr , σ )| 
 P 1+ε
1 . . . Pr�1,

where �1 is defined as follows: for polynomials F(x1, . . . , xr ) in the second class,

�1 = e8�P
−ρ
1 , ρ−1 = 130m� log 8m�,

for polynomials F(x1, . . . , xr ) in the first class,

�1 = Q−0.05ν+ε,

and, finally, if also δ > 1, then
�1 = δ−ν+ε,

where ε > 0 is an arbitrary small constant.

Proof. Without loss of generality, we may assume that �1 < 0.1 and 2�1 < σ <

1 −�1/2. We consider the function ψ(x) in [165], Chapter II, Lemma 2, with r = 1,
� = �1, α = 0.5�1, and β = σ . We obtain

D(σ) = N(σ,�1)+O(P1 . . . Pr�1),
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where
N(σ,�1) =

∑
p1≤P1

· · ·
∑
pr≤Pr

ψ
(
F(p1, . . . , pr)

)
,

We set

�−1
2 =


P
ρ
1 if A ∈ �2,

Q0.1ν if A ∈ �1,

P 0.1ν
1 if A ∈ �1, δ > 1.

Then, after expanding ψ(x) in Fourier series, we have

N(σ,�1) = π(P1) . . . π(Pr)σ +H +O(P1 . . . Pr�1),

where

H 

∑

0<t<�−1
2

|S′
t (A)|
t

+
∑

�−1
2 ≤t<�−2

2

|S′
t (A)|
�1t2

+
∑
t≥�−2

2

|S′
t (A)|
�1t2

=
∑

1
+
∑

2
+
∑

3
.

To estimate
∑

1 and
∑

2 we make use of the estimate for S′
t (A) in Theorem 10.1,

and we use the trivial estimate of P1 . . . Pr for
∑

3. We obtain H 
 P1 . . . Pr�1.
Consequently,

D(σ) = π(P1) . . . π(Pr)σ +O(P1 . . . Pr�1),

as was to be proved. ��

There is one other important application of our estimates for multidimensional
trigonometric sums with prime numbers, in the problem of simultaneously represent-
ing a set of natural numbers by terms of the form p

t1
1 . . . p

tr
r , 0 ≤ t1 ≤ n1, . . . , 0 ≤

tr ≤ nr . In what follows, we shall derive an asymptotic formula for the number of
such representations. As in the case of the corresponding problem for one-dimensional
trigonometric sums with prime numbers (see [117] and [67]), the asymptotic formula
turns out to be nontrivial for large k and only if certain arithmetic conditions and order
conditions are fulfilled. They are similar to the conditions in [12]; the only differ-
ence is that the variables of summation take values in a reduced system of residues
modulo a certain number. The derivation of these results was stimulated by the work
of Arkhipov [8] on the Hilbert–Kamke problem and the joint work by Arkhipov and
Chubarikov [12] on generalizing this problem to the case of multidimensional sums
in which the summation is over solid intervals of integers (not just the primes).

Let J (M) denote the number of representations of the set

M = (
M(0, . . . , 1), . . . , M(n1, . . . , nr )

)
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in the form

k∑
j=1

p
t1
1,j . . . p

tr
r,j = M(t1, . . . , tr )

(0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, t1 + · · · + tr ≥ 1),

where the unknowns ps,j are prime numbers with 2 ≤ ps,j ≤ Ps , s = 1, . . . , r ,
j = 1, . . . , k. The letters θ and σ denote, respectively, the singular integral and the
singular series of the problem under study,

θ =
∫ +∞

−∞
· · ·

∫ +∞

−∞
Wk(A)e−2πiB dA,

W(A) =
∫ 1

0
· · ·

∫ 1

0
exp{2πiFA(x1, . . . , xr )} dx1 . . . dxr ,

FA(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
r , α(0, . . . , 0) = 0,

B =
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )M(t1, . . . , tr )P
−t1
1 . . . P−tr

r ,

σ =
+∞∑

q(0,...,1)=1

. . .

+∞∑
q(n1,...,nr )=1

. . .

q(0,...,1)=1∑
a(0,...,1)=1

(a(0,...,1),q(0,...,1))=1

. . .
∑

a(n1,...,nr )=1
(a(n1,...,nr ),q(n1,...,nr ))=1

Uk(a, q)e−2πiD,

U(a, q) = ϕ(Q)−r
Q∑
x1=1

(x1,Q)=1

· · ·
Q∑
xr=1

(xr ,Q)=1

exp{2πi�a,q(x1, . . . , xr )},

�a,q(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

a(t1, . . . , tr )

q(t1, . . . , tr )
x
t1
1 . . . x

tt
r ,

D =
n1∑
t1=0

· · ·
nr∑
tr=0

a(t1, . . . , tr )

q(t1, . . . , tr )
M(t1, . . . , tr );

and Q denotes the least common multiple of the numbers q(t1, . . . , tr ), 0 ≤ t1 ≤
n1, . . . , 0 ≤ tr ≤ n1, t1 +· · ·+ tr ≥ 1. Finally, suppose that the conditions LsL

−1
1 


1, s = 2, . . . , r , are fulfilled, and let � denote the number defined in Theorem 10.1.

Theorem 10.3. For k > 16m� log 16m� + 3 one has the asymptotic formula

J (M) = σθ(P1 . . . PrL
−1
1 . . . L−1

r )k(P
n1
1 . . . P nrr )

−m/2

+O
(
(P1 . . . PrL

−1
1 . . . L−1

r )k(P
n1
1 . . . P nrr )

−m/2L−1 logL
)
.
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Proof. We represent each coordinate α = α(t1, . . . , tr ), 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤
n1, of the m-dimensional unit cube � in the form

α = a/q + β, (a, q) = 1, 0 ≤ a < q, β = δP
−t1
1 . . . P−tr

r , (10.38)

we letQ denote the least common multiple of the numbers q, and we let δ0 denote the
maximum of the numbers |δ| with 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr and t1 +· · ·+ tr ≥ 1.
Then we let the first class �′

1 consist of the points A for which Q ≤ LH , δ0 ≤ LB ,
H = 60rν−1, and B = 3rν−1. The remaining points A of the cube � are put in the
second class �′

2. We obviously have

J (M) =
∫

· · ·
∫

�

Sk(A)e−2πi(A×M) dA,

where

S(A) =
∑
p1≤P1

· · ·
∑
pr≤Pr

exp{2πiFA(p1, . . . , pr)},

FA(p1, . . . , pr) =
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )p
t1
1 . . . p

tr
r , α(0, . . . , 0) = 0,

A×M =
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )M(t1, . . . , tr ).

Corresponding to the partition of � into the two classes �′
1 and �′

2, we split the
integral J (M) into two parts: J (M) = J1 + J2. If A is any point in the second class
�′

2, Theorem 10.1 implies

|S(A)| 
 P1 . . . Pr(L
−0.05νH+εH + L−νB+εB) 
 P1 . . . PrL

−2r . (10.39)

We set k0 = [8m� log 16m�]+1, where the number � is defined in Theorem 10.1.
Then, by Theorem 3 of [32],∫

· · ·
∫

�

|S(A)|k0 dA 
 (P1 . . . Pr)
k0(P

n1
1 . . . P nrr )

−m/2 (10.40)

since
lnPs/ lnP1 
 1, s = 1, . . . , r, � 
 1

(the constants in 
 depend only on n and r). Consequently, if we use (10.39) and
(10.40) and take into account that k ≥ 2k0 + 1, we obtain

J2 ≤ max
A∈�2

|S(A)|k−k0

∫
· · ·

∫
�

|S(A)|k0 dA (10.41)
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 (P1 . . . PrL
−1
1 . . . L−1

r )k(P
n1
1 . . . P nrr )

−m/2L−1.

We now derive an asymptotic formula for J1. We let ω(a, q) denote the region
corresponding to fixed a and q in (10.38), and we let δ0 ≤ LB . If a, q and a′, q ′
are distinct pairs, the regions ω(a, q) and ω(a′, q ′) are disjoint. Hence

J1 =
∑
Q≤LH

∑
· · ·

∑
l.c.m. (q)=Q

∑ ′ · · ·
∑ ′

a mod q

Jaq,q , (10.42)

where (a(t1, . . . , tr ), q(t1, . . . , tr )) = 1, 0 ≤ a(t1, . . . , tr ) < q(t1, . . . , tr ), 0 ≤ t1 ≤
n1, . . . , 0 ≤ tr ≤ nr , and

Ja,q =
∫

· · ·
∫

ω(a,q)

Sk(A)e−2πi(A×M) dA. (10.43)

For the sum S(A) with A ∈ ω(a, q) we obtain the asymptotic expression

S(A) =
∑

√
P1<p1≤P1

· · ·
∑

√
Pr<pr≤Pr

exp{2πiFA(p1, . . . , pr)} +O(P
1/2
1 P2 . . . Pr)

=
Q−1∑
l1=0

(l1,Q)=1

· · ·
Q−1∑
lr=0

(lr ,Q)=1

exp{2πiFa,q(l1, . . . , lr )}T (l1, . . . , lr ) (10.44)

+O(P
1/2
1 P2 . . . Pr),

where

T (l1, . . . , lr ) =
∑

p1≡l1 ( mod Q)√
P1<p1≤P1

· · ·
∑

pr≡lr ( mod Q)√
Pr<pr≤Pr

exp{2πiFβ(p1, . . . , pr)}.

We rewrite T (l1, . . . , lr ) in the form

T (l1, . . . , lr ) =
∑

√
P1<n1≤P1

· · ·
∑

√
Pr<nr≤Pr

(
π(n1,Q, l1)− π(n1 − 1,Q, l1)

)
. . .

× (
π(nr ,Q, lr )− π(nr − 1,Q, lr )

)
exp{2πiFβ(n1, . . . , nr )},

and we make an Abel transformation with respect to each variables in succession. We
obtain

T (l1, . . . , lr ) =
r∑
s=1

(−1)s
∑

1≤j1<···<js≤r

∑
√
Pj1<Qj1≤Pj1−1

· · ·
∑

√
Pjs <Qjs≤Pjs−1

×
∑

√
P1<n1≤P ′

1

· · ·
∑

√
Pr<nr≤P ′

r

(
π(n1,Q, l1)− π(n1 − 1,Q, l1)

)
. . .
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× (
π(nr ,Q, lr )− π(nr − 1,Q, lr )

)
�j1,...,js exp{2πiFβ(P ′

1, . . . , P
′
r )}

+ exp{2πiFβ(P1, . . . , Pr)}
∑

√
P1<n1≤P1

· · ·
∑

√
Pr<nr≤Pr

(
π(n1,Q, l1)

− π(n1 − 1,Q, l1)
)
. . .

(
π(nr ,Q, lr )− π(nr − 1,Q, lr )

)
,

P ′
l =

{
Ql if l = j1, . . . , js,

Pl if l �= j1, . . . , js .

Since Q < LH , it follows from Siegel’s theorem that π(x,Q, l) satisfies the asymp-
totic formula

π(x,Q, l) = 1

ϕ(Q)
li x +O(xe−c

√
ln x), li x =

∫ x

2

dt

ln t
.

We substitute this formula in the last expression for T (l1, . . . , lr ). Then

T (l1, . . . , lr ) = ϕ(Q)−r
∑

√
P1<n1≤P1

· · ·
∑

√
Pr<nr≤Pr

exp{2πiFβ(n1, . . . , nr )}

×
∫ n1

n1−1

dt1

ln t1
. . .

∫ nr

nr−1

dtr

ln tr

+O(|β|Pn1+1
1 . . . P nr+1

r L−1
1 . . . L−1

r e−c
√
L)+O(P1 . . . PrL

−1
1 . . . L−1

r e−c
√
L)

= ϕ(Q)−r
∫ P1

2
. . .

∫ Pr

2

exp{2πiFz(t1, . . . , tr )}
ln t1 . . . ln tr

dt1 . . . dtr

+O(P1 . . . PrL
−1
1 . . . L−1

r L−H )

= ϕ(Q)−rP1 . . . PrL
−1
1 . . . L−1

r

∫ 1

0
· · ·

∫ 1

0
exp{2πiFδ(t1, . . . , tr )} dt1 . . . dtr

+O(P1 . . . PrL
−1
1 . . . L−1

r L−1 logL).

From this and (10.44) we obtain

S(A) = U(a, q)W(δ)+O(P1 . . . PrL
−1
1 . . . L−1

r L−1 logL).

If we substitute this into (10.43), extend the integration onto the entirem-dimensional
space, and then substitute the resulting expression into (10.44) and take the summation
there over all Q ≥ 1, we find that

J1 = σθ(P1 . . . PrL
−1
1 . . . L−1

r )k(P
n1
1 . . . P nrr )

−m/2

+O
(
(P1 . . . PrL

−1
1 . . . L−1

r )k(P
n1
1 . . . P nrr )

−m/2L−1 logL
)
.

The last formula together with (10.41) gives the desired asymptotic formula for J (M).
��
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10.5 On Vinogradov’s problems in the theory
of prime numbers

In this section we consider several number theory problems related to Vinogradov’s
method of trigonometric sums. By a trigonometric sum we mean a sum of the form

S =
∑
x∈�

e2πif (x),

where f (x) is a real function of one or several variables defined on a discrete set �.
Such sums have proved to be a very useful instrument in the study of the distribution
of values of functions of several variables defined on a discrete set.

Developing the method of trigonometric sums, Vinogradov arrived at the contem-
porary understanding of the essence of this class of problems. His outlook is presented
in [153], [158], [160], [150], [151], [154], [155], [156], [157], [165], [162] and [159].
Vinogradov has shown, in essence, how wide a class of arithmetic problems can be
formulated in the language of trigonometric sums. Such a reformulation has proved
to be useful, since it allows the introduction of elements of infinitesimal analysis in
their solution. Thus along with arithmetic problems there have arisen problems dual
to them, connected with integration of trigonometric sums. In view of this duality,
Vinogradov looked at the latter problems as equally important as the initial direct prob-
lems. We note that advance in the solution of the direct problem brings something to
the dual problem and conversely, but these problems are not identical.

The first problem in the theory of trigonometric sums is that of obtaining an upper
bound for the modulus of the sum (see [158], Introduction, Section 1). Closely related
with this bound are the problems of the distribution of values of the fractional part
of a real function F(x) = F(x1, . . . , xr ) on a discrete set � (see [158], Introduction,
Section 2) and the distribution of values of a function f (x) = f (x1, . . . , xr ) taking
integer values on � (see [158], Introduction, Section 3).

It should be noted that, in general, these problems, formulated by Vinogradov, are
of interest only in the case where F(x), f (x), and� have some arithmetic properties.
Choosing the functionsF(x) andf (x) and the domain� appropriately, we arrive at the
problems of Goldbach, Warning, Goldbach–Warning, Hilbert–Kamke, the problem of
estimating Weyl’s sums, etc.

Problems related to multiple trigonometric sums over prime numbers belong to
this class of problems. More precisely, if we take for� the set of points (p1, . . . , pr)

with coordinates ps , 1 ≤ s ≤ r , running independently over the set of consecutive
primes, and for F(x1, . . . , xr ) a polynomial with arbitrary real coefficients, we arrive
at the problem of obtaining an upper bound for the modulus of a multiple trigonometric
sum with prime numbers, i.e., of a sum of the form

S = S(A) =
∑
p1≤P1

· · ·
∑
pr≤Pr

exp{2πiF (p1, . . . , pr)},
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where A is a point with real coordinates α(t1, . . . , tr ) in the m-dimensional space,
m = (n1 + 1) . . . (nr + 1), P1, . . . , Pr ≥ 1,

F(x) = F(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
r .

For r = 1, S becomes a simple trigonometric sum with prime numbers. We note
that getting estimates for such sums even in the case of a linear polynomialF(p) = αp

is fraught with great difficulties. For the first time such estimates were obtained by
Vinogradov in 1937 in [154]; this allowed him to solve the Goldbach problem. The
problem of finding bounds for sums with an arbitrary polynomial F(p) of higher
degree is substantially more complicated. Its complete solution is due to Vinogradov
[165]. We outline Vinogradov’s scheme [18] for estimating the sums S. By means of
the sieve method he reduced it to estimating a small number of double sumsW of the
form

W =
∑
d

ξ(d)
∑
m

η(m) exp{2πif (md)},

where ξ(d) and η(m) are certain complex-valued functions.
The estimate of the sum W is obtained similarly to that found by Vinogradov in

his earlier paper [153] for a sum S1 of the form

S1 =
∑
x

∑
y

e2πif (x,y),

where the unknowns x and y run over certain sequences of natural numbers within
the limits, respectively, from M + 1 to M +X and from N + 1 to N + Y .

Obviously,

|Sl | ≤
M+X∑
u=M+1

∣∣∣∑
y

e2πif (u,y)
∣∣∣,

where u runs through all the integers fromM + 1 toM +X (the smoothing method).
Further, applying the Cauchy inequality, we get

|Sl |2 ≤ X

N+Y∑
v=N+1

N+Y∑
v1=N+1

|T (v, v1)|,

where

T = T (v, v1) =
M+X∑
u=M+1

e2πiϕ(u), ϕ(u) = f (u, v)− f (u, v1).

If for any fixed values of v, v1 satisfactory estimates of the sums T are known,
then it is possible to obtain a nontrivial estimate of the sum S1 by such a method.
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A combination of Vinogradov’s method for estimating trigonometric sums with
prime numbers and the theory of multiple trigonometric sums, created in [35], has
made it possible to obtain estimates of multiple trigonometric sums with prime num-
bers [53] (see Section 10.3).

Here we find estimates of multiple trigonometric sums in which the summation
is over arbitrary sequences of integers. For a nontrivial estimate of such sums it
suffices that the sequences be “dense,” have “small” multiplicity of repetition of their
terms, and, in addition, that the corresponding simple trigonometric sums be estimated
nontrivially. It should be stressed that in the derivation of estimates the key moment
in the reasoning is the use of results of the theory of multiple trigonometric sums [35].

Let t, r, n1, . . . , nr , P1, . . . , Pr be natural numbers, P1 = min(P1, . . . , Pr), n =
max(n1, . . . , nr ), νn = 2, let

F(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
r

be a polynomial with real coefficients α(t1, . . . , tr ), and let a1(x1), . . . , ar (xr ) be
complex-valued functions of a natural argument.

Our problem is to estimate the multiple trigonometric sum

T = Tr(A) =
∑
x1≤P1

· · ·
∑
xr≤Pr

a1(x1), . . . , ar (xr ) exp{2πitF (x1, . . . , xr )}

for any point A in the m-dimensional space, i.e., for a polynomial F(x1, . . . , xr ) of
general form. We note that if as(x) = 1 for x prime, and as(x) = 0 otherwise, for
s = 1, . . . , r , then we obtain the sum S(A).

Later we shall need the following notation and definition:
� is an (m− 1)-dimensional cube with coordinates α(t1, . . . , tr ) satisfying

−(
τ(t1, . . . , tr )

)−1 ≤ α(t1, . . . , tr ) ≤ 1 − (
τ(t1, . . . , tr )

)−1
,

τ (t1, . . . , tr ) = P
t1
1 . . . P trr P

−1/6
1

(0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, t1 + · · · + tr ≥ 1), α(0, . . . , 0) = 0.

Definition 10.3. A pointAwith coordinates α(t1, . . . , tr ), 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤
nr , t1 + · · · + tr ≥ 1, α(0, . . . , 0), will be called a point of the first class �1 if

α = α(t1, . . . , tr )

can be represented in the form

α = a/q + β, (a, q) = 1, 0 ≤ a < q,

|β| ≤ m−1P
−t1
1 . . . P−tr

r P 0.1ν
1

(0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, t1 + · · · + tr ≥ 1),
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and the least common multipleQ of the numbers q(t1, . . . , tr ), 0 ≤ t1 ≤ n1, . . . , 0 ≤
tr ≤ nr , t1 + · · · + tr ≥ 1, does not exceed P 0.1ν

1 . The remaining points of the cube
� will be called points of the second class �2.

Now we formulate a hypothesis concerning estimates of a simple trigonometric
sum.

Hypothesis 10.1. Let the pointA = (α(1), . . . , α(n)) of the unit n-dimensional cube
be divided into two classes according to the above definition. Also, let

Rs =
∑
x1≤P1

|as(xs)|2,

and let γ > 0, c > 0 be absolute constants. Then for 1 ≤ t ≤ �−2
1 the following

estimate holds:

|T1(A)| =
∣∣∣ ∑
x≤Ps

as(x) exp{2πitF (x)}
∣∣∣ 
 (RsPs)

1/2�1,

where

�1 =


P

−ρ1
s , ρ1 = γ (n2 log n)−1 if A ∈ �2,

Q−cν(tmQ)cν if A ∈ �1,

(Qδ0)
−cν if A ∈ �1 and δ0 ≥ 1.

In the next lemma we define parameters needed to formulate the theorems in this
section.

Lemma 10.14. Let a point A belong to the second class�2 and let µs , s = 2, . . . , r ,
be natural numbers satisfying the conditions

−1 < logPs/logP1 − µs ≤ 0, � = n1 + µ2n2 + · · · + µrnr ,

�r = P
−ρr
1 , ρ−1

r = 32m� log(8m�).

The for 1 ≤ t ≤ �−2
r∣∣∣ ∑

x1≤P1

· · ·
∑
xr≤Pr

exp{2πitF (x1, . . . , xr )}
∣∣∣ 
 e32�P1 . . . Pr�r .

The constant in 
 depends only on n1, . . . , nr .

For the proof see [35] p. 198, Theorem 2.

Theorem 10.4. Let a pointA belong to the second class�2. If Hypothesis 10.1 holds
for 1 ≤ t ≤ �−2

r , then

|Tr(A)| 
 (R1 . . . RrP1 . . . Pr)
1/2�, � = e8��

1/4
r .

The constant in 
 depends only on n1, . . . , nr .



10.5 On Vinogradov’s problems in the theory of prime numbers 457

Proof. Denote by E the set of all r-tuples of integers (t1, . . . , tr ) with the condition
0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr , t1 + · · · + tr ≥ 1. We define a subset E0 of E
by the condition tr ≥ 1, t1 + · · · + tr ≥ 1, a subset E1 by the condition tr = 0,
t1 + · · · + tr ≥ 1, and finally a subset E2 by the condition tr ≥ 1, t1 = · · · = tr = 0.

Now consider the numbers α = α(t1, . . . , tr ), (t1, . . . , tr ) ∈ E. By the Dirichlet
theorem they can be represented in the form

α = a/q + β, (a, q) = 1, 0 ≤ q ≤ τ, |β| ≤ (qτ)−1,

τ = τ(t1, . . . , tr ) = P
t1
1 . . . P trr P

−1/6
1 .

Further, denote by Q, Q0, Q1, Q2 the least common multiples of the numbers q =
q(t1, . . . , tr ) with r-tuples (t1, . . . , tr ) in E, E0, E1, E2, respectively; denote by δ the
maximum of the quantities

|β(t1, . . . , tr )|P t11 . . . P trr

over all (t1, . . . , tr ) ∈ E.

We partition the points A of the second class Q2 into four subclasses Q21, Q22,
Q23, Q24 according to the values of the quantities Q, Q0, Q1, Q2, and δ. We put in
the subclass �21 those points for which Q0 > P

ν/80
1 , in the subclass �22 the points

for which Q0 ≤ P
ν/80
1 and Q2 > P

3ν/80
1 , in the subclass �23 the points for which

Q0 ≤ P
ν/80
1 ,Q2 ≤ P

3ν/80
1 , andQ > P 0.1ν

1 , and finally, in the subclass�24 the points
for which Q > P 0.1ν

1 and δ ≤ m−1P 0.1ν
1 .

Let A ∈ �21. Then, by the Cauchy inequality, we obtain

|T (A)|2 ≤
∑
xr≤Pr

|ar(xr)|2
∑
xr≤Pr

∣∣∣ ∑
x1≤P1

· · ·
∑

xr−1≤Pr−1

a1(x1) . . . ar−1(xr−1)

× exp{2πitF (x)}
∣∣∣2

≤ Rr
∑

x1,x
′
1≤P1

|a1(x1)| · |a1(x
′
1)| . . .

∑
xr−1,x

′
r−1≤Pr−1

|ar−1(xr−1)| · |ar−1(x
′
r−1)|

×
∣∣∣ ∑
xr≤Pr

exp
{
2πit

(
F1(x1, . . . , xr−1, xr )− F1(x

′
1, . . . , x

′
r−1, x

′
r )
)}∣∣∣,

F1(x1, . . . , xr−1, xr ) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

nr∑
tr=0

α(t1, . . . , tr−1, tr )x
t1
1 . . . x

tr−1
r−1x

tr
r .
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We use the Cauchy inequality one more time:

|T (A)|4 ≤ R2
1 . . . R

2
r

∑
x1,x

′
1≤P1

· · ·
∑

xr ,x′
r≤Pr

exp
{
2πit

(
F1(x1, . . . , xr−1, xr )

− F1(x1, . . . , xr−1, x
′
r )− F1(x

′
1, . . . , x

′
r−1, xr )+ F1(x

′
1, . . . , x

′
r−1, x

′
r )
)}
.

From this, for some fixed values x′
1 = a1, . . . , x

′
r = ar , we shall have

|T (A)|4 ≤ R2
1 . . . R

2
r P1 . . . Pr |W |,

W =
∑
x1≤P1

· · ·
∑
xr≤Pr

exp{2πit�(x1, . . . , xr )},

�(x1, . . . , xr ) = F1(x1, . . . , xr−1, xr )

− F1(x1, . . . , xr−1, ar )− F1(a1, . . . , ar−1, xr ).

We obtained earlier in Section 10.2, Lemma 10.9, the following estimate of W :

|W | 
 e32�P1 . . . Pr�r,

where � and �r are defined in Lemma 10.1. Consequently,

|T (A)| 
 (R1 . . . RrP1 . . . Pr)
1/2�, � = e8��

1/4
r .

Thus the assertion of the theorem is proved for the points A ∈ �21.

Now let A ∈ �22. By the Cauchy inequality, we have

|T (A)|2 ≤ R1 . . . Rr−1

∑
x1≤P1

. . .

· · ·
∑

xr−1≤Pr−1

∣∣∣ ∑
xr≤Pr

ar (xr ) exp{2πitF2(x1, . . . , xr )}
∣∣∣2,

where

F2(x1, . . . , xr−1, xr ) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

nr∑
tr=1

α(t1, . . . , tr−1, tr )x
t1
1 . . . x

tr−1
r−1x

tr
r

=
nr∑
t=1

ft (x1, . . . , xr−1)x
t
r .
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After the change of variables xs = Q0ys + zs , 1 ≤ zs ≤ Q0, −zsQ−1
0 < ys ≤

(Ps − zs)Q
−1
0 (s = 1, . . . , r − 1), we obtain

|T (A)|2 ≤ R1 . . . Rr−1

Q0∑
z1=1

. . .

Q0∑
zr−1=1

∑
0≤y1≤P1Q

−1
0

. . .
∑

0≤yr−1≤Pr−1Q
−1
0

∣∣∣ ∑
xr≤Pr

ar (xr )

× exp{2πitF1(Q0y1 + z1, . . . ,Q0yr−1 + zr−1, xr )}
∣∣∣2.

Hence for some fixed z1, . . . , zr−1, we shall have

|T (A)|2 ≤ R1 . . . Rr−1Q
r−1
0 T1,

where

T1 =
∑

0≤y1≤P1Q
−1
0

. . .
∑

0≤yr−1≤Pr−1Q
−1
0

∣∣∣ ∑
xr≤Pr

ar (xr ) exp{2πit�1(y1, . . . , yr−1, xr )}
∣∣∣2,

�1(y1, . . . , yr−1, xr ) ≡ F1(Q0y1 + z1, . . . ,Q0yr−1 + zr−1, xr ) (mod1).

Then, reasoning as in the proof of Lemma 10.10 in Section 10.2 and using Hypothe-
sis 10.1 instead of Lemma 10.1 at appropriate places, we obtain

|T1| ≤ P1 . . . Pr−1Q
−r+1
0 RrPr�

2
1.

Consequently,
|T (A)|2 
 R1 . . . RrP1 . . . Pr�

2
1,

from which the estimate

|T (A)| 
 (R1 . . . RrP1 . . . Pr)
1/2 
 (R1 . . . RrP1 . . . Pr)

1/2�

follows. For the points A from the subclass �22 the assertion of Theorem 10.4 is
proved.

Let A ∈ �24. In this case the conditions Q ≤ P 0.1ν
1 , δ > m−1P 0.1ν

1 are fulfilled.
As in the proof of Lemma 10.11 in Section 10.2, |δ(t1, . . . , tr )| = δ, ts ≥ 1, and let
q denote the least common multiple of the numbers q(t1, . . . , tr ) under the condition
that the indices t1, . . . , tr satisfy the inequalities

t1 ≥ 0, . . . , ts−1 ≥ 0, ts ≥ 1, ts+1 ≥ 0, . . . , tr ≥ 0.

Representing the variables xl in the form

xl = qyl + zl, 1 ≤ zl ≤ q, −zlq−1 < y ≤ (Pl − zl)q
−1

(l = 1, . . . , s − 1, s + 1, . . . , r)
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and applying the Cauchy inequality, we obtain

|T (A)|2 ≤ R1 . . . Rs−1Rs+1 . . . Rrq
r−1T2,

T2 =
∑

0≤y1≤P1q−1

· · ·
∑

0≤ys−1≤Ps−1q−1

∑
0≤ys+1≤Ps+1q−1

. . .

· · ·
∑

0≤yr≤Prq−1

∣∣∣ ∑
x≤Ps

as(x) exp{2πit�2(y1, . . . , ys−1, x, ys+1, . . . , yr )}
∣∣∣2,

where

�2(y1, . . . , ys−1, x, ys+1, . . . , yr )

≡ F3(qy1 + z1, . . . , qys−1 + zs−1, x, qys+1 + zs+1, . . . , qyr + zr) (mod1),

F3(x1, . . . , xr ) =
n1∑
t1=0

· · ·
ns−1∑
ts−1=0

ns∑
ts=1

ns+1∑
ts+1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
r .

The estimation of the sum T2 is carried out similarly to that of T1 in Lemma 10.11 in
Section 10.2, with the replacement of Lemma 10.1 by Hypothesis 10.1 at appropriate
places. We have

T2 
 P1 . . . Ps−1Ps+1 . . . Prq
−1PsRs�

2
1.

Consequently, in the case A ∈ �24 we obtain

|T (A)| 
 (R1 . . . RsP1 . . . Pr)
1/2�1 
 (R1 . . . RsP1 . . . Pr)

1/2�.

Finally, we consider the caseA ∈ �23. In this case we use induction. Theorem 10.1
holds for r = 1 (Hypothesis 10.1). Assume that the hypothesis holds for a polynomial
F(x1, . . . , xr−1) provided that the point A whose coordinates are the coefficients of
the polynomial belongs to the second class. We prove the theorem for the case of r
variables.

After an application of the Cauchy inequality and a change of the variables xr of
the form

xr = Q0yr + zr , 1 ≤ zr ≤ Q0, −zrQ−1
0 < yr ≤ (Pr − zr)Q

−1
0 ,

for some fixed zr we obtain

|T (A)|2 
 RrQ0T3,

where

T3 =
∑

0≤y≤PrQ−1
0

∣∣∣ ∑
x1≤P1

· · ·
∑

xr−1≤Pr−1

a1(x1) . . . ar−1(xr−1)

× exp{2πit�3(x1, . . . , xr−1, y)}
∣∣∣2,
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�3(x1, . . . , xr−1, y) ≡ F4(x1, . . . , xr−1,Q0y + zr) (mod1),

F4(x1, . . . , xr−1, xr ) =
n1∑
t1=0

· · ·
nr−1∑
tr−1=0

t1+···+tr−1≥1

nr∑
tr=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
r .

Further, acting similarly as in the case A ∈ �22 (see Section 10.3, proof of Theo-
rem 10.1), we find that

|T (A)|2 
 e16�r−1R1 . . . RrP1 . . . Pr�
2
r−1,

|T (A)| 
 (R1 . . . RsP1 . . . Pr)
1/2�,

since, obviously,
e8�r−1�r−1 
 e8��r = �.

Theorem 10.4 is completely proved. ��

Theorem 10.5. Let a point A belong to the first class �1. For 1 ≤ t ≤ Q0.2ν ,

|T (A)| 
 (R1 . . . RrP1 . . . Pr)
1/2�,

where

� =
{
Q−cν(t,Q)cν if A ∈ �1,

δ−ν+ε if A ∈ �1, δ > 1.

The constants in 
 depend only on n1, . . . , nr , ε and the number ε > 0 is arbitrarily
small, but fixed.

Proof. We partition the points A ∈ �1 into three subclasses �11, �12, and �13,
according to the conditions:

(1) Q0 ≥ Q0.2;

(2) Q0 ≤ Q0.2 and Q2 > Q0.4;

(3) Q0 ≤ Q0.2 and Q2 ≤ Q0.4.

The case A ∈ �11 is considered as in Lemma 10.12 in Section 10.2 and the
case A ∈ �12 as in Lemma 10.13 with the replacement, at appropriate places in the
proof, of Lemma 10.1 by Hypothesis 10.1, and finally the case A ∈ �13 is proved by
induction on the number of variables of the polynomial F(x1, . . . , xr ), similarly to
the case A ∈ �23. Theorem 10.5 is proved. ��

Now we turn to applications of our estimates for multiple trigonometric sums
T (A). A similar way of applying trigonometric sums, nowadays called “Vinogradov’s
method of goblets or cups,” has been used by him to solve problems on distribution of
the fractional parts of a real function and on the number of lattice points in domains
(see [158], [160], [150], [159]).
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Let r sequences of natural numbers xij , i = 1, . . . , r , j = 1, 2, . . . , be given.
We introduce functions ai(x) defining the multiplicity of repetition of terms of the
sequence xij , i.e., aij (x) is equal to the number of the xij such that xij = x, j =
1, 2, . . . . Denote by D(σ) the number of r-tuples (x1j1 , . . . , xrjr ), 1 ≤ x1j1 ≤
P1, . . . , 1 ≤ xrjr ≤ Pr , satisfying the condition

{F(x1j1 , . . . , xrjr )} < σ.

We represent D(σ) in the form

D(σ) = σ
∑
x1≤P1

a1(x1) · · ·
∑
xr≤Pr

ar (xr )+ λ(a;P ; σ).

Theorem 10.6. The following estimate holds:

|λ(a;P ; σ)| 
 (R1 . . . RrP1 . . . Pr)
1/2� log(�−1 + 1),

where � is defined in Theorems 10.4 and 10.5.

We omit the proof of Theorem 10.6, since it is similar to that of Theorem 10.2 in
Section 10.4.

We formulate a theorem on joint distributions of the values of fractional parts of s
polynomials Fk(x1, . . . , xr ), k = 1, . . . , s in r variables with real coefficients,

Fk(x1, . . . , xr ) =
n1∑
t1=0

· · ·
nr∑
tr=0

α(t1, . . . , tr )x
t1
1 . . . x

tr
r ,

where the variables x1, . . . , xr run through the sequences x1j1 , . . . , xrjr , respectively,
considered in the preceding theorem.

Let d1, . . . , ds be integers subject to the conditions

|dk| ≤ �−2, k = 1, . . . , s.

We define real numbers B by the equalities

B = B(t1, . . . , tr , d1, . . . , ds) = d1α1(t1, . . . , tr )+ · · · + dsαs(t1, . . . , tr ).

It follows from Dirichlet’s theorem that an integer a and a natural q can be found
satisfying the conditions

B = a

q
+ z, (a, q) = 1, 1 ≤ q ≤ τ, |z| ≤ (qτ)−1,

τ = τ(t1, . . . , tr ) = P
t1
1 . . . P trr P

−1/6
1 .

For fixed d1, . . . , ds we denote by Q = Q(d1, . . . , ds) the least common multiple of
the numbers q(t1, . . . , tr ) with the conditions

t1 + · · · + tr ≥ 1, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr .
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Put

Q0 = min
d1,...,ds≤�−2

Q(d1, . . . , ds), δ0 = min
d1,...,ds≤�−2

δ(d1, . . . , ds),

where

δ(d1, . . . , ds) = max
t1,...,tr

P
t1
1 . . . P trr |z(t1, . . . , tr )|

(t1 + · · · + tr ≥ 1, 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr).

Further, we partition the collections of polynomials (F1, . . . , Fs) into two classes E1
and E2. We put in the first class E1 collections (F1, . . . , Fs) for which

Q0 ≤ P 0.1ν
1 , δ0 ≤ m−1P 0.1ν

1 .

The remaining collections (F1, . . . , Fs) are put in the second class E2.
Denote by D(σ1, . . . , σs) the number of r-tuples

(x1j1 , . . . , xrjr ), 1 ≤ x1j1 ≤ P1, . . . , 1 ≤ xrjr ≤ Pr,

satisfying the condition{
F1(x1j1 , . . . , xrjr )

}
< σ1, . . . ,

{
Fs(x1j1 , . . . , xrjr )

}
< σs.

We represent D(σ1, . . . , σs) in the form

D(σ1, . . . , σs) = σ1 . . . σs
∑
x1≤P1

a1(x1) · · ·
∑
xr≤Pr

ar (xr )+ λ(a;P ; σ).

Theorem 10.7. The estimate

|λ(a;P ; σ)| 
 (R1 . . . RrP1 . . . Pr)
1/2� logs(�−1 + 1)

holds; � is defined in Theorems 10.4 and 10.5.

The proof is analogous to that of Theorem 10.2 in Section 10.4, with the estimates
of the trigonometric sums replaced by the estimate of the sum T (A) at the appropriate
places.

In Section 10.4 we obtained an asymptotic formula for the number of representa-
tions of a collection of natural numbers N(t1, . . . , tr ) by additive terms of the form
p
t1
1 . . . p

tr
r , 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr , t1 + · · · + tr ≥ 1, i.e., an asymptotic

formula for the number J (N) of solutions of the system of equations

p
t1
11 . . . p

tr
r1 + · · · + p

t1
1k . . . p

tr
rk = N(t1, . . . , tr )

(0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, t1 + · · · + tr ≥ 1),
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where p1, . . . , pr , p11, . . . , prk are primes. Let N(0, . . . , 1, . . . , 0) with 1 at the sth
place be denoted by Ps . Then for k > 16m� log(16m�)+ 3 we have the asymptotic
formula

J (N) = σθ(P1 . . . PrL
−1
1 . . . L−1

r )k(P
n1
1 . . . P nrr )

−m/2

+O
(
(P1 . . . PrL

−1
1 . . . L−1

r )k(P
n1
1 . . . P nrr )

−m/2L−1 logL
)
,

where Ls = logPs , L = max(L1, . . . , Lr), � is defined in Lemma 10.15 and σ and
θ stand for a singular series and a singular integral.

The singular series σ was studied in [55]. Here we find a condition for the singular
integral θ to be positive, depending on solvability in real numbers of the system

k∑
j=1

x
t1
1j . . . x

tr
rj = β(t1, . . . , tr ) (0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, t1 + · · · + tr ≥ 1),

where β(t1, . . . , tr ) are defined by the equalities

β(t1, . . . , tr ) = N(t1, . . . , tr )P
−t1
1 . . . P−tr

r ,

and the unknowns xs,j (1 ≤ s ≤ r, 1 ≤ j ≤ k) satisfy the conditions 0 ≤ xs,j ≤ 1.
Denote by ω = ω(h) the domain of the points xs,j , 1 ≤ s ≤ r , 1 ≤ j ≤ k,

satisfying the inequalities

(1) 0 ≤ xs,j ≤ 1, s = 1, . . . , r , j = 1, . . . , k;

(2) |∑k
j=1 x

t1
1j . . . x

tr
rj − β(t1, . . . , tr )| ≤ h, h > 0 (0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤

nr, t1 + · · · + tr ≥ 1).

We denote the volume of the domain ω by µ(ω), i.e., we put

µ(h) =
∫

· · ·
∫

ω

dx11 . . . dxrk.

Lemma 10.15. For k > nm

θ = θ(β) = lim
h→0+ 2−m+1h−m+1µ(h).

Proof. Since for k > nm the integral converges absolutely, it is a function continuous
jointly in the variables β(t1, . . . , tr ),

0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, t1 + · · · + tr ≥ 1.

Put

F(β) =
∫ β(n1,...,nr )

0
. . .

∫ β(0,...,1)

0
θ
(
α(n1, . . . , nr ), . . . , α(0, . . . , 1)

)
dα.
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From this we have

θ(β) = ∂m−1F(β)

∂β
= lim
h→0+ 2−m+1h−m+1

∫
· · ·

∫
ω

θ(β) dα. (10.45)

Let us show that F(β) can be represented in the form

F(β) =
∫

· · ·
∫

ω1(β)

dx11 . . . dxrk,

where ω1(β) is the domain of the points satisfying the conditions

0 ≤ xs,j ≤ 1, 1 ≤ s ≤ r, 1 ≤ j ≤ k,

0 ≤ x
t1
11 . . . x

tr
r1 + · · · + x

t1
1k . . . x

tr
rk < β(t1, . . . , tr )

(0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, t1 + · · · + tr ≥ 1).

Indeed, according to the definition of the functions F(β) and θ(α)

F (β) =
∫ β(n1,...,nr )

0
. . .

∫ β(0,...,1)

0
θ(α) dα

=
∫ β(n1,...,nr )

0
. . .

∫ β(0,...,1)

0
dα

∫ +∞

−∞
· · ·

∫ +∞

−∞
dz

×
∫ 1

0
· · ·

∫ 1

0
exp

{
2πi

n1∑
t1=0

· · ·
nr∑
tr=0

(
u(t1, . . . , tr )

− α(t1, . . . , tr )
)
z(t1, . . . , tr )

}
dα

where the u(t1, . . . , tr ) are defined by the equalities

u(t1, . . . , tr ) = x
t1
11 . . . x

tr
r1 + · · · + x

t1
1k . . . x

tr
rk

(0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, t1 + · · · + tr ≥ 1).

From this, changing the order of integration and integrating with respect to α, we
obtain

F(β) =
∫ +∞

−∞
. . .

∫ +∞

−∞

( n1∏
t1=0

· · ·
nr∏
tr=0

t1+···+tr≥1

1 − exp{−2πiz(t1, . . . , tr )β(t1, . . . , tr )}
2πiz(t1, . . . , tr )

×
∫ 1

0
· · ·

∫ 1

0
exp{2πiu(t1, . . . , tr )z(t1, . . . , tr )} dx11 . . . dxrk

)
dz
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=
∫ 1

0
· · ·

∫ 1

0
dx

(∫ +∞

−∞
. . .

∫ +∞

−∞

n1∏
t1=0

· · ·
nr∏
tr=0

t1+···+tr≥1

(
1

2πiz(t1, . . . , tr )

× exp{2πiu(t1, . . . , tr )z(t1, . . . , tr )}
− exp

{
2πi

(
u(t1, . . . , tr )− β(t1, . . . , tr )

)
z(t1, . . . , tr )

})
dz

)
= π−m+1

∫ 1

0
· · ·

∫ 1

0
dx

n1∏
t1=0

· · ·
nr∏
tr=0

t1+···+tr≥1

(∫ +∞

−∞

(
sin 2πz(t)u(t)

z(t)

− sin 2πz(t)
(
u(t)− β(t)

)
z(t)

)
dz(t)

)
.

By the equality ∫ +∞

0

sin αx

x
dx = π

2
sgn α,

we have

F(β) = 2−m+1
∫ 1

0
. . .

∫ 1

0

n1∏
t1=0

· · ·
nr∏
tr=0

t1+···+tr≥1

(
sgn z(t)− sgn(z(t)− β(t))

)
dx11 . . . dxrk

=
∫

· · ·
∫

u(t)≤β(t)
0≤x11,...,xrk≥1

dx11 . . . dxrk =
∫

· · ·
∫

ω1(β)

dx.

Thus, the required equality for the function F(β) is proved. Using the last equality
and formula (10.45), we obtain

θ(β) = lim
h→0+ 2−m+1h−m+1µ(h).

The lemma is proved. ��

Definition 10.4. Consider the system of equations

Ft1,...,tr (x) =
k∑
j=1

x
t1
1j . . . x

tr
rj = β(t1, . . . , tr ) (10.46)

(0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, t1 + · · · + tr ≥ 1),

where x is the aggregate (x11, . . . , xr1, . . . , x1k, . . . , xrk) of real numbers. The Jaco-
bian matrix of the solution x of this system is the matrix(

∂

∂xsj
Ft1,...,tr (x)

)
,
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the rows of which are indexed by (t1, . . . , tr ), 0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr ,
t1 + · · · + tr ≥ 1, ordered in some fashion, and the columns are indexed as follows:
s + r(j − 1), 1 ≤ s ≤ r , 1 ≤ j ≤ k.

Theorem 10.8. Suppose that for some solution x of system (10.46) for k ≥ m its
Jacobi matrix has maximal rank, equal to m − 1, and the modulus of the minor of
order m− 1 is equal to ε. Then

(1) for a sufficiently small h > 0, the volume µ(h) of the domain ω satisfies the
estimate

µ(h) ≥ c1(ε)2
m−1hm−1,

where c1(ε) is some positive constant;

(2) for k ≥ mn, the singular integral theta satisfies the estimate

θ ≥ c1(ε) > 0.

Proof. Denote by y1, . . . , ym−1 the variables for which the determinant of the
Jacobian matrix of the functions Ft1,...,tr (y) is larger than ε > 0. Let ym, . . . , ykr be
the remainder variables. Take any real numbers zm, . . . , zkr that satisfy the inequalities

|zs − yz| < δ1, s = m, . . . , kr.

By the implicit function theorem there is δ1 = δ1(ε) > 0 such that the function

z1 = z1(zm, . . . , zkr ),

...

zm−1 = zm−1(zm, . . . , zkr ),

is a solution of the system of equations

Ft1,...,tr (z1, . . . , zrk) = β(t1, . . . , tr )

(0 ≤ t1 ≤ n1, . . . , 0 ≤ tr ≤ nr, t1 + · · · + tr ≥ 1).

Take h > 0 sufficiently small and any u1, . . . , um satisfying the conditions

|us − zs | < hr−1n−1m−1 = δ2, s = 1, . . . , m− 1.

Then
|ut1s1 . . . utrsr − yt1s1 . . . y

tr
sr

| < hm−1,

and (u1, . . . , um−1, zm, . . . , zrk) belongs to the domain ω.
Consequently, we obtain

µ(h) ≥
∫

· · ·
∫

ω1

du1 . . . dum−1dzm . . . dzkr
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= δkr−m+1
1 (2δ2)

m−1 = c1(ε)2
m−1hm−1,

where
c1(ε) = δkr−m+1

1 (rmn)−m+1 > 0.

By the preceding lemma, from this inequality we have

θ = θ(β) ≥ c1(ε) > 0.

Theorem 10.8 is proved. ��

We note that if for any solution of system (10.46) the rank of the Jacobian matrix
is less than m − 1, then from Lemma 10.15 and dimensional considerations for the
domain ω it follows that θ = 0.

Concluding remarks on Chapter 10. The results considered in this chapter were
obtained in [52], [53], [54], [55].



Chapter 11

Some applications of trigonometric sums
and integrals

Let r be a natural number. Let E denote the r-dimensional space of vectors α =
(α1, . . . , αr) with real coordinates αj , and let Pr denote the class of algebraic poly-
nomials of degree r with real coefficients,

Pr =
{
P(x) : P(x) = P(α, x) =

r∑
j=1

αjx
j , α = (α1, . . . , αr) ∈ Er, x ∈ E1

}
.

For a fixed polynomial P ∈ Pr , we consider the series

h(P ) =
∑
n�=0

e2πiP (n)

n
(11.1)

(the sum is taken over all integers n �= 0) and the symmetric partial sums

hN(P ) =
∑

1≤|n|≤N

e2πiP (n)

n
, N = 1, 2, . . . ,

of this series. Obviously,

|hN(P )| ≤
∑

1≤|n|≤N

1

|n| ∼ 2 logN → ∞ (N → ∞). (11.2)

This is a trivial estimate of hN . At the same time, hN(P ) is, by its structure, the
Hilbert transform of the sequence {e2πiP (n)}, and the algebraically regular character
of this sequence allows one to obtain a substantially better result. For example, for
r = 1 andP(x) = αx, α, x ∈ E1, the following relations are well known in the theory
of trigonometric series (see, e.g., [170], Chapter II, Section 9):

h(P ) =
∑
n�=0

e2πiαn

n
= 2i

∞∑
n=1

sin 2παn

n
= 2πi

(
1

2
− {α}

)
,
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where {α} is the fractional part of the number α �= 0,±1, . . . , and

hN(P ) = 2i
N∑
n=1

sin 2παn

n
, sup

P∈P1

sup
N=1,2,...

|hN(P )| < ∞. (11.3)

By using Vinogradov’s method of trigonometric sums [165] (in a number of cases,
it will be convenient for us to use the results of this method in the exposition of [8]),
in this chapter we prove the following fact, which demonstrates that the uniform
boundedness of the symmetric partial sums hN(P ) for N = 1, 2, . . . and P ∈ Pr is
also true for r ≥ 2.

Theorem 11.1. Let r ≥ 2. Then

sup
N=1,2,...

sup
P∈Pr

|hN(P )| = gr < ∞. (11.4)

Further, for each polynomial P ∈ Pr , the sequence {hN(P )} converges as N → ∞,
and so the sum of the series (11.1), regarded as the limit of its symmetric partial sums
hN(P ), is defined and bounded everywhere on Pr .

We treat hN(P ) and h(P ) as functions of the coefficients (α1, . . . , αr) = α of
the polynomial P(α, x) ∈ Pr and note that Theorem 11.1 shows the properties of the
special trigonometric series

H(α) = H(α1, . . . , αr) =
∑
n�=0

e2πi(α1n+···+αrnr )

n
=
∑
n�=0

e2πiP (α,n)

n

all whose partial sums

HN(α) =
∑

1≤|n|≤N

e2πiP (α,n)

n

are uniformly bounded with respect to α ∈ Er , N = 1, 2, . . . , and converge to H(α)
as N → ∞ at each point α ∈ Er .

First we deduce some corollaries of Theorem 11.1 and then the assertion itself.
The first corollary relates to the subject of spectra of uniform convergence, i.e., a

class of problems the general setting of which is due to Ul’yanov [147].
We give the corresponding definitions. Let K = {kn}∞0 be a sequence of distinct

integers. By C(K) we denote the subspace of those continuous 1-periodic functions
f (θ) of a single variable θ with Chebyshev norm ‖f ‖ = maxθ |f (θ)| the spectrum
of which is contained in K , i.e.,

C(K) =
{
f (θ) : f (θ + 1) ≡ f (θ) ∈ C, f̂k =

∫ 1

0
f (θ)e−2πikθ dθ = 0, k �≡ K

}
.
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In other words, C(K) consists of those and only those continuous 1-periodic
functions whose Fourier series have the form

f (θ) ∼
∞∑
n=0

f̂kne
2πiknθ . (11.5)

For a given natural number N , by SN(f ) = SN(f, θ) we denote the N th partial
sum of the series (11.5), and byLN(K) theN th Lebesgue constant of the spectrum K ,
i.e.,

SN(f, θ) =
N∑
n=0

f̂kne
2πiknθ , LN(K) = sup

f∈C(K), f �≡0

‖SN(f )‖
‖f ‖ .

A sequence K is called the spectrum of uniform convergence if for each function f
from C(K), the sequence SN(f, θ) converges to f (θ) uniformly with respect to θ as
N → ∞. We denote the class of all spectra of uniform convergence by UC.

It follows from the Banach–Steinhaus theorem that a criterion for the sequence K
to belong to the class UC is the boundedness of the corresponding Lebesgue constants:

LN(K) = O(1) (N → ∞). (11.6)

However, it is impossible to consider this criterion as effective, since the principal
difficulty lies precisely in obtaining estimates forLN(K), in explicit terms of the given
sequence K . For a long time, it remained unknown whether or not power sequences K
(i.e., sequence of the form {n2}, {n3}, . . . ) are spectra of uniform convergence. A
solution of this spectral version of Ul’yanov’s problem was obtained in [129] (there
one can also find a survey of results on spectra of uniform convergence). It turned
out that the class UC contains not a single power sequence, and more generally, not a
single polynomial sequence, i.e., a sequence of the form

K = K(P ) = {kn : kn = P(n), n = 0, 1, . . . }, P ∈
⋃
r≥1

Pr .

An estimate from below for the Lebesgue constants of polynomial spectra is established
in [129] in the form

LN
(
K(P )

) ≥ ar(logN)εr (P ∈ Pr , εr = 2−r+1, N = 1, 2, . . . ), (11.7)

where the factor ar is positive and depends only on the degree r of the polynomial P
defining the spectrum.

In turn, this estimate was deduced from the following one:

|hN(P )| 

r
(logN)1−εr (N = 2, 3, . . . ; εr = 2−r+1, P ∈ Pr ) (11.8)

(here and below, relations of the form A 
r B and A 
r,ε B between positive
quantitiesA and B mean thatA ≤ crB andA ≤r,ε B, respectively, where the positive
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factors cr and cr,ε depend only on the parameters indicated; if A ≤ cB, where c is a
positive absolute constant, then the notation A 
 B is used).

As compared to the trivial estimate (11.2), the estimate (11.8) contains the reducing
factor (logN)−εr . The method used in [129] to prove (11.8) consists in the following.
Squaring |hN(P )| gives rise to the double sum

|hN(P )|2 =
∑∑

1≤|n|,|m|≤N

e2πi(P (n)−P(m))

nm
.

After the summation variable ν = n−m is introduced, and elementary estimates are
performed, a relation of the form

|hN(P )|2 

∑

1≤|ν|≤N

|hN(Pν)|
|ν| + 1 (11.9)

is obtained, where Pν(x) = P(x+ν)−P(x) (ν = ±1,±2, . . . ). If P ∈ Pr , then for
each fixed ν, Pν(x) is a polynomial of reduced degree with respect to the variable x,
namely, Pν ∈ Pr−1. Hence (11.8) easily follows from (11.9) by induction on r .

The idea in this method of squaring, and subsequently lowering the degree of
the polynomial in the exponent, and also the character of the reducing factor, can be
regarded as going back to the investigation of Gauss and Weyl (see [165], Russian
pp. 6 and 8; English pp. 183–185).

The following final result strengthening (11.7) follows from Theorem 11.1.

Theorem 11.2. Let r = 2, 3, . . . , and let P be a polynomial of degree r having
natural numbers for its coefficients. Then the Lebesgue constants corresponding to
the spectrum K(P ) satisfy the estimate

logN 

r
LN(K(P )) (N = 2, 3, . . . ). (11.10)

On the other hand, since kn = O(nr) (n → ∞), we obviously have

LN(K(P )) = O(logN) (N → ∞)

(see, e.g., [170], Chapter II, Section 12).
Hence it follows from Theorem 11.2 that the Lebesgue constants of any polynomial

spectrum have precisely logarithmic growth:

LN(K(P )) ≈ logN (N → ∞), (11.11)

the same as the Lebesgue constants of the entire trigonometric system.
Theorem 11.2 is deduced from Theorem 11.1 by using the following simple lemma,

which may be used to obtain estimates from below for the Lebesgue constants of an
arbitrary (nonpolynomial) spectrum.
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Lemma 11.1. Let N and M be natural numbers, M ≤ N , and let

τ
N,M

(K, θ) =
∑

1≤|n|≤M

exp{2πikn+N θ}
n

, �
N,M

(K) = max
θ

|τ
N,M

(K, θ)|.

Then

LN(K) � max

{
logM

�
N,M

(K)
: M ∈ [1, N ]

}
, (11.12)

and, in particular,

LN(K) � logN

�
N,M

(K)
. (11.13)

To verify this assertion, it is sufficient to note that τ
N,M

∈ C(K), ‖τ
N,M

‖ =
�
N,M

(K), and that

‖SN(τN,M)‖ ≥ |SN(τN,M, 0)| =
M∑
n=1

1

n
.

Now if K = K(P ), whereP(x) ∈ Pr , then for all fixed real numbers θ andN , we
have θP (x+N) ∈ Pr , and consequently, in view of (11.4), we also have �

N,M

r 1.

Inequality (11.10) follows from this and (11.13).
In the case where kn = n, the polynomials τ

N,M
coincide with the so-called Fejér

polynomials

τ
N,M

(θ) = 2ie2πiNθ
M∑
n=1

sin 2πnθ

n

(see, e.g., [170], Chapter VIII). These polynomials have been used by many authors to
construct examples of continuous functions with a “bad” sequence of Fourier sums.

Moreover, obviously (see (11.2)), for each sequence K we have �
N,M

(K) =
O(logN). Hence it follows from Lemma 11.1 that for a sequence K to be a spectrum
of uniform convergence, it is necessary that the quantities �

N,M
(K) have precisely

logarithmic growth as N → ∞:

�
N,M

(K) ≈ logN (N → ∞). (11.14)

It would be interesting to find out how slowly the sequences K satisfying con-
dition (11.4) can grow. As demonstrated in [128], the solution of this problem can
turn out to be useful in connection with determining the precise order of growth of
the partial sums of one-dimensional trigonometric Fourier series of class L1 (without
spectral restrictions) on a set of full measure. On the whole, here it is necessary to
establish estimates for quantities of the form

GN,M = max
x∈�M

max
y∈�M

1

M

M∑
n=1

∣∣∣ M∑
m=1

exp{2πiNxnym}
m− n+ 0.5

∣∣∣,
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where M and N are natural numbers, M ≤ N , x = {x1, . . . , xM}, y = {y1, . . . , yM},
and �M is the unit cube

�M = {
x = {x1, . . . , xM}, 0 ≤ xm ≤ 1, m = 1, . . . ,M

}
in EM . Namely, it is necessary to obtain estimates as precise as possible for the lower
boundsN = N(M) of those numbersN for which the quantitiesGN,M have precisely
logarithmic growth as M → ∞:

N(M) = min{N : GN,M ≥ α logM}
(α is a small fixed positive number).

Now we turn to other corollaries of Theorem 11.1, which apparently are themselves
independent results in the theory of trigonometric series.

Corollary 11.1. Let P+(x) and P−(x) be algebraic polynomials with real coeffi-
cients, in which

P+(−x) ≡ P+(x), P−(x) ≡ −P−(−x),
i.e., P+ is even and P− is odd. Then the series

H =
∞∑
n=1

e2πiP+(n) sin 2πP−(n)
n

converges, and its partial sums

HN =
N∑
n=1

e2πiP+(n) sin 2πP−(n)
n

are bounded above in magnitude by a quantity depending only on the degrees of the
polynomials P+ and P−, but not on their coefficients. In particular, each series of
the form

F2j+1(θ) =
∞∑
n=1

sin 2πn2j+1θ

n
, j = 0, 1, 2, . . . , (11.15)

has uniformly bounded partial sums and converges for all real θ .

As already noted, for j = 0 (see (11.3)) the last assertion is a well-known fact in
the theory of trigonometric series.

It is curious to note that the oddness of the exponent in the powers of n in (11.15)
is an essential condition and no series of the form

F2j (θ) =
∞∑
n=1

sin 2πn2j θ

n
, j = 1, 2, . . . ,
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has the properties of boundedness that hold in the case of the series F2j+1. Indeed,
if θ = 1/3, then, taking into account that n2j ≡ 0 (mod 3) for n ≡ 0 (mod 3) and
n2j ≡ 1 (mod 3) for n ≡ ±1 (mod 3), we see that

SN

(
F2j ,

1

3

)
= sin

2π

3

∑
n=3m±1≤N

1

n
∼ 3−1/2 logN (N → ∞).

Hardy and Littlewood [64] especially investigated the properties of the series
F2(θ), and also of the corresponding cosine series

F̃2(θ) =
∞∑
n=1

cos 2πn2θ

n
,

and established, in particular, that both these series diverge also at certain irrational
points θ . The properties of convergence and divergence of series of the more general
form ∞∑

n=1

cn sin 2πn2θ,

∞∑
n=1

cn cos 2πn2θ

were also investigated.
Coupled with simple considerations, Theorem 11.1 allows one to go from the

special trigonometric series (11.1) with coefficients 1/n to a wider class of trigono-
metric series. The corresponding assertion can be conveniently formulated in terms
of multipliers of Fourier series (see [170], Chapter IV, Section 11).

Let us recall the definition. Let M1 and M2 be any two sets of (summable)
1-periodic functions, and let � = {λ(n)}+∞−∞ be a sequence of complex numbers.
This sequence is said to be a multiplier of the class (M1,M2) (we use the notation
� ∈ (M1,M2)) if the Fourier series of each function of the class M1 after the
introduction of the multipliers λ(n) becomes the Fourier series of some function of
the class M2, i.e., if

f (θ) ∼
∑
n

f̂ne
2πinθ ∈ M1 �⇒ f�(θ) ∼

∑
n

λ(n)f̂ne
2πinθ ∈ M2.

We consider the following three sets of 1-periodic (complex-valued) functions:
(1) the set V of functions f (θ) having bounded total variation in the period

V =
{
f :

1∨
0

f =
1∨
0

Re f +
1∨
0

Im f < ∞
}
;

(2) the setU∗ of functions f (θ) having uniformly bounded sequence of symmetric
partial sums of trigonometric Fourier series{

f : f (θ) ∼
∑
n

f̂ne
2πinθ , ‖f ‖U∗ = sup

N=0,1,...
sup
θ

∣∣∣ ∑
|n|≤N

f̂ne
2πinθ

∣∣∣ < ∞
}
;
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(3) the set L∞ of essentially bounded functions f (θ) with the usual norm

‖f ‖∞ = ess sup
θ

|f (θ)|.

Corollary 11.2. Let P(x) be an algebraic polynomial with real coefficients. Then the
sequence e2πiP = {e2πiP (n)}+∞

n=−∞ is a multiplier of the class (V ,U∗), and all the
more of the class (V , L∞):

e2πiP ∈ (V1, U
∗), e2πiP ∈ (V ,U∗). (11.16)

This follows at once from (11.4) if one notes that∑
|n|≤N

e2πiP (n)f̂ne
2πinθ = e2πiP (0)f̂0 + 1

2πi

∫ 1

0
hN(Pθ−ϕ) df (ϕ),

where Pξ (x) = P(x)+ ξx.

Proof of Theorem 11.1. As we have already mentioned above, the proof of Theo-
rem 11.1 is based on Vinogradov’s estimates [165] for the trigonometric sums
Sn(α) = (1/n)

∑n
x=1 e

2πiP (x) of Weyl, where P(x) = P(α, x) ∈ Pr (the factors
1/n are introduced for convenience of the further exposition). Here, without loss of
generality, we assume that r ≥ 3. By In(α) we denote the trigonometric integral
corresponding to the polynomial P(α, x)

In(α) = 1

n

∫ n

0
e2πiP (α,x) dx. (11.17)

First, we sum over positive n in the sums hN(P ) = HN(α). Then for a given
vector α = (α1, . . . , αr) ∈ Er , setting

α∗ = (α∗
1 , . . . , α

∗
r ), α∗

j = (−1)jαj , Tn(α) = Sn(α)− Sn(α
∗) (11.18)

and taking into account that P(α,−x) ≡ P(α∗, x), by an Abel transformation we
obtain

HN(α) =
N−1∑
n=1

Tn(α)

n+ 1
+ TN(α).

We shall prove that, for each α ∈ Er ,
∞∑
n=1

|Tn(α)|
n+ 1



r

1, Tn(α) → 0 (n → ∞). (11.19)

Since, obviously, |Tn(α)| ≤ 2, Theorem 11.1 is a consequence of (11.19).
Moreover, concerning the convergence of the series in (11.19), we prove the fol-

lowing strengthened assertion.
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Lemma 11.2. Let ε > 0. Then

sup
α∈Er

∞∑
n=1

|Tn(α)|ε
n+ 1



r,ε

1. (11.20)

By Rr we denote the set of rational points in Er , i.e., the set of vectors β ∈ Er

having the form
β = (a1/q1, . . . , ar/qr),

where as and qs are relatively prime integers, i.e., (as, qs) = 1 and qs > 0. More-
over, for β ∈ Rr , by Q(β) we denote the least common multiple [q1, . . . , qr ] of the
denominators of the coordinates of this vector.

In accordance with Vinogradov’s method, for a given natural number n, we split
the entire space Er into two classes, relative to the approximation of its points α by
the rational points β. To the first class, which we denote by (I)n, we allot those points
α ∈ Er admitting the representation

α = β + γ, β ∈ Rr, (11.21)

where the number Q(β) and the vector of errors γ = (γ1, . . . , γr ) satisfy

Q(β) ≤ n0.3, δn ≤ n0.3, δn = max
1≤s≤r |γsn

s |. (11.22)

We allot the remaining points α ∈ Er to the second class (II)n, i.e. (II)n =
Er \ (I)n. If n is sufficiently large, say,

n > n0 = 210 = 1024 (11.23)

and α ∈ (I)n, then the representation of α in the form (11.21) with conditions (11.22)
is unique. Indeed, assume that contrary. Then in Rr there are two vectors β1 and β2,
β1 �= β2, such that for the corresponding numbers Q1 = Q(β1) and Q2 = Q(β2)

and vectors of errors γ 1 = (γ 1
1 , . . . , γ

1
r ) and γ 2 = (γ 2

1 , . . . , γ
2
r ), we have

max(Q1,Q2) ≤ n0.3, max(|γ 1
s |, |γ 2

s |) ≤ n0.3−s (s = 1, . . . , r). (11.24)

Since β1 �= β2, taking into account the fact that q1
s ≤ Q1 and q2

s ≤ Q2 (s =
1, . . . , r), we see that there exists an s, 1 ≤ s ≤ r , such that

1

Q1Q2
≤ 1

q1
s q

2
s

≤
∣∣∣∣a1
s

q1
s

− a2
s

q2
s

∣∣∣∣ = |γ 1
s − γ 2

s | ≤ 2n0.3−s . (11.25)

But s ≥ 1; so it follows from (11.25) that Q1Q2 ≥ 0.5n0.7, but this, under
condition (11.23), contradicts the first of conditions (11.24), which implies Q1Q2 ≤
n0.6.

In what follows, we assume that the natural numbers n, m, and N are larger than
n0 = 210; for smaller values, it is sufficient to use the trivial estimate |Tn(α)| ≤ 2.
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For a given vector α ∈ Er , we set

N1(α) = {n : n > n0, α ∈ (I)n}, N2(α) = {n : n > n0, α ∈ (II)n}.
IfN1(α) �= ∅, then by B(α) = {β1, β2, . . . } we denote the collection of distinct posi-
tions inEr of the rational point β in representation (11.21), (11.22) taken successively
as the natural number n increases on the set N1(α). We note that if α ∈ Rr , then this
collection is finite, and in the contrary case it is an infinite sequence.

We further set
Qj = Q(βj ), γ j = α − βj ,

and let ωj (α) be that segment of the series of natural numbers n > n0 on which the
vector β ∈ Rr defined by (11.21) and (11.22) remains constant and coincides with βj .
Obviously, we have

N1(α) =
⋃
j

ωj (α), ωj (α) ∩ ωk(α) = ∅,

βj �= βk, γ j �= γ k (j �= k).

(11.26)

The following lemma shows that the numbersQj are also distinct, and grow very fast.
In addition, estimates of certain sums are given that are needed for the proof.

Lemma 11.3. The estimates
Qj+1 ≥ 0.5Q4/3 (11.27)

hold. Further, let ε > 0 and ϕn = (
min(δ−1/r

n , δn)
)ε (see (11.22). Then

sup
α,j

∑
n∈ωj (α)

ϕn

n+ 1


r,ε

1, (11.28)

and so
sup
α

∑
j

Q
−ε/r
j

∑
n∈ωj (α)

ϕn

n+ 1


r,ε

1. (11.29)

Proof. Let n and m be natural numbers, n ∈ ωj (α) and m ∈ ωj+1(α). Since (see
(11.26)) βj , βj+1 ∈ Rr , βj �= βj+1, as in (11.25), we see that there exists an s,
1 ≤ s ≤ r , such that

1

QjQj+1
≤ |γ js − γ

j+1
s |. (11.30)

But, in view of (11.22),

Qj ≤ n0.3, Qj+1 ≤ n0.3,

|γ js | ≤ n0.3−s ≤ n−0.7, |γ j+1
s | ≤ m0.3−s ≤ m−0.7,
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so that, taking into account that m > n, we obtain from (11.30)

QjQj+1 ≥ 0.5n0.7 ≥ 0.5Q7/3
j ,

whence (11.27) follows. We now prove (11.28). We note that for a change of n in
the segment ωj (α), the vector γ = (γ1, . . . , γr ) = γ j , like the vector β, remains
constant, and, as is easily seen (see (11.22)),

ϕn ≤
r∑
s=1

ϕn,s, where ϕn,s = (
min(|γsns |−1/r , |γsns |)

)ε
. (11.31)

But for each s > 0 and a real number γs , we have

∞∑
n=1

ϕn,s

n+ 1
≤ |γs |−ε/r

∑
n>|γs |−1/s

n−1−sε/r + |γs |ε
∑

n≤|γs |−1/s

n−1+sε 

ε,s,r

1.

Inequality (11.28) follows from this and (11.31), while (11.29) is a consequence of
(11.27) and (11.28). The lemma is proved. ��

Now we present, in the form of lemmas, the estimates of trigonometric sums and
integrals which are used for the proof.

Lemma 11.4 (Vinogradov [165]). If n ∈ N2(α), i.e., if for the n under consideration
the point α belongs to the first class (II)n, then

|Sn(α)| 

r
n−ρ, ρ = (

8r2(log r + 1.5 log log r + 4.2)
)−1

. (11.32)

For the proof, see [8], Lemma 7.

Lemma 11.5 (Vinogradov [165]). Suppose that n ∈ N1(α), i.e., for the n under con-
sideration the point α belongs to the first class (I)n. Suppose also that β and γ
are defined by (11.21) and (11.22). Let Q = Q(β). Then the estimate (asymptotic
formula)

Sn(α) = Sn(β + γ ) = SQ(β)In(γ )+� (11.33)

holds, where
|�| ≤ 9rQn−1 


r
n−0.7. (11.34)

For the proof, see [8], Lemma 7.

Lemma 11.6 (Hua Loo-Keng). Let β ∈ Rr , and let Q = Q(β). Then the complete
rational sum SQ(β) satisfies the estimate

|SQ(β)| 

r
Q−1/r . (11.35)
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For the proof, see [45] or [144].

Lemma 11.7 (Vinogradov [165], Chapter 2, Lemma 4). Suppose that
γ = (γ1, . . . , γr ) ∈ Er and

δn = max
1≤s≤r |γsn

s |.
Then the trigonometric integral In(γ ) satisfies

|In(γ )| ≤ min(1, 32δ−1/r
n ). (11.36)

Now from Lemmas 11.4–11.7 we deduce the estimates for Tn(α).

Lemma 11.8. If n ∈ N2(α) and ρ has the same meaning as in Lemma 11.4, then

|Tn(α)| 

r
n−ρ. (11.37)

This estimate follows at once from (11.32) if we note that (see (11.18))

N1(α) = N1(α
∗), N2(α) = N2(α

∗). (11.38)

Lemma 11.9. Let n ∈ N1(α), let the points β and γ be defined by (11.21) and (11.22),
and let Q = Q(β). Then

|Tn(α)| 

r
Q−1/r min(δ−1/r

n , δn)+ n−0.7. (11.39)

Proof. If β ∈ Rr and Q = Q(β), then

SQ(β
∗) = SQ(β). (11.40)

In fact, for each s = 1, 2, . . . and integer x, the congruence (−x)s ≡ (Q − x)s

(mod Q) is satisfied, and sinceQ ≡ 0 (mod qs), where qs is the denominator of the
sth coordinate of the vector β, we have (−x)s ≡ (Q − x)s (mod qs), 1 ≤ s ≤ r .
Hence

P(β∗, x) = P(β,−x) ≡ P(β,Q− x) (mod 1), x = 0,±1, . . . ,

for which (11.40) follows.
Moreover, from (11.40) and (11.33) it follows that

Sn(α
∗) = Sn(β

∗ + γ ∗) = SQ(β)In(γ
∗)+�∗, |�∗| 


r
n−0.7,

so that, in view of (11.35), we have

|Tn(α)| = |Sn(α)− Sn(α
∗)| 


r
Q−1/r |In(γ )− In(γ

∗)| + n−0.7. (11.41)
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Splitting the polynomial P into the even and odd parts

P+(α, x) = P
(α + α∗

2
, x
)
, P−(α, x) = P

(α − α∗

2
, x
)
,

we obtain

In(γ )− In(γ
∗) = 2i

n

∫ n

0
e2πiP+(γ,x) sin 2πP−(γ, x) dx. (11.42)

Now using (11.36) and the inequality | sin u| ≤ |u| (Im u = 0), we obtain

|In(γ )− In(γ
∗)| 
 min

(
δ
−1/r
n ,

r∑
s=1

|γsns |
)



r

min(δ−1/r
n , δn). (11.43)

Inequality (11.39) follows from this and (11.41). The lemma is proved. ��

In view of (11.39) and the definitions of the numbers Qj and of the segments
ωj (α) of natural numbers, we have

|Tn(α)| 

r
Q

−1/r
j min(δ−1/r

n , δn)+ n−0.7 (n ∈ ωj (α)). (11.44)

The second relation in (11.19) follows from (11.37) and (11.44) (it is necessary to
observe that if α ∈ Rr , then min(δ−1/r

n , δn) = 0 for all sufficiently large n (see also
(11.27))). Moreover, from (11.37), (11.44), and (11.29) it follows that

∞∑
n=1

|Tn(α)|ε
n+ 1

≤ 2ε
1024∑
n=1

1

n+ 1
+

∑
n∈N1(α)

|Tn(α)|ε
n+ 1

+
∑

n∈N2(α)

|Tn(α)|ε
n+ 1



ε

1 +
∑
j

∑
n∈ωj (α)

|Tn(α)|ε
n+ 1

+
∑

n∈N2(α)

|Tn(α)|ε
n+ 1



r,ε

1 +
∑
j

Q
−ε/r
j

∑
n∈ωj (α)

ϕn

n+ 1
+

∞∑
n=1

n−1−0.7ε +
∞∑
n=1

n−1−βε



r,ε

1,

which completes the proof of Lemma 11.2 and hence that of Theorem 11.1. ��

Concluding remarks on Chapter 11. The results of this chapter were obtained
by G. I. Arkhipov and K. I. Oskolkov in [36]. Some applications of estimates for
trigonometric sums and trigonometric integrals to the Schrödinger equation are given
in [131]. Some other applications can be found in [128], [129], [130].



Chapter 12

Short Kloosterman sums

In this chapter we study the distribution of reciprocal values modulo a given number.
The quantities themselves take values that are relatively small (in contrast to the
modulus). Our study is based on estimates for short Kloosterman sums.

Let m > 1, where m is an integer. For an integer x that is coprime to m, by
the symbol x∗ we denote a natural number that does not exceed m and satisfies the
condition x∗x ≡ 1 (mod m). Thus for a givenm, the variable x∗ is an integral-valued
function of x, i.e., x∗ = y(x), 1 ≤ y(x) < m. Now suppose that x takes integer values
that range from 1 toX < m and are coprime tom. The problem is to study the behavior
of y = y(x). In particular, if a and b are fixed numbers, 1 ≤ a < b < m, then we
have the question as to whether and how many times y(x) hits the interval [a, b).
Another problem is to find how close the function approaches a given number a for
1 ≤ x ≤ X. These problems are equivalent to the classical problems concerning the
distribution of fractional parts of the function y(x)/m. The first of them is equivalent
to the problem on the number of hits of the fractions {y(x)/m} in the interval [α, β),
0 ≤ α < β < 1. The second is equivalent to the problem of approximating a given
fraction ξ , 0 ≤ ξ < 1, by {y(x)/m}.

The complexity of the study of the behavior of the function y(x) significantly
depends on the value of X. For example, if X = m − 1, then for x = 1, 2, . . . , X,
(x,m) = 1, y(x) takes all the values from the reduced systems of residues modulom.
Next, if X ≥ m0.5+ε, 0 < ε < 1/2, m ≥ m1(ε), then sufficiently exact answers
to the above questions about the behavior of y(x) were obtained by estimating the
Kloosterman sums by the Hasse–Weil method. However, forX < m0.5, no approaches
to these problems were found until 1993. The sole exception is provided by special
moduli of the form m = pα , where p is a fixed prime number and α → +∞
(or by similar moduli). Some problems for such moduli were posed and solved by
A. G. Postnikov [138]. Namely, if m = pα , then the behavior of the fractional parts
of y(x)/m can be studied by Weyl’s or by Vinogradov’s methods, since

(1 + px)∗ ≡ 1 − px + p2x2 − · · · + (−p)α−1xα−1 (mod m)

(see also [76]).
Here we consider the solution of the above problems for any moduli m under the

condition that X ≥ mε, where ε > 0 is an arbitrary fixed number and m ≥ m1(ε),
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and even for somewhat lesser X, namely, for

X ≥ exp{c log2/3m},
where c > 0 is an absolute constant and m > 1.

The method used to solve these problems allowed one to proceed in solving some
other problems related to the function y(x) in one way or another (e.g., see [63]).

This chapter is organized as follows. In Section 12.1, we prove original theorems
on the number of solutions to congruences of a special form. The results obtained are
close to the final results. The numbers of solutions to these congruences themselves
are the mean values of some power of the modulus of the corresponding trigonometric
sums similar to short Kloosterman sums. So the theorems in this section are similar
to Vinogradov’s mean value theorem. In Section 12.2, we prove theorems on the
estimates for trigonometric sums of a special form that are similar to incomplete
(short) Kloosterman sums. In this case, we essentially use the theorems proved in
Section 12.1. The fact that so short trigonometric sums of such a form admit nontrivial
estimates is studied in the second original part of this chapter. In Section 12.3, we
use the estimates for trigonometric sums obtained in Section 12.1 to solve problems
on the distribution of fractional parts of functions of the form (ay(x) + b)/n. In
Section 12.4, we study the mean value of the function αk(n), which is essentially used
in the proof of Lemma 12.1. Section 12.5 is devoted to the double Kloosterman sums
with weights. Finally, in Section 12.6, we estimate a short Kloosterman sum and show
how this estimate can be used.

12.1 Mean value theorems

In this section, we consider two versions of the method proposed later. The results
obtained by the second version of this method are less precise, but this version is used
more frequently than the first one. For natural numbers x1, . . . , xk , we denote the least
common multiple of x1, . . . , xk by the symbol [x1, . . . , xk].

Theorem 12.1. Suppose thatm > 1,m is an integer, k is a natural number, andX,X1
are real numbers such that

k < X < X1 ≤ 2X, k · 22k−1X2k−1 < m.

Consider the congruence

p∗
1 + · · · + p∗

k ≡ p∗
k+1 + · · · + p∗

2k (mod m), (12.1)

where p1, . . . , p2k are prime numbers that do not divide m and lie in the interval
(X,X1]. Then the number I of solutions to this congruence satisfies the estimate

I ≤ k!(π1(X)
)k
, (12.2)
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where
π1(X) = π(X1)− π(X)−

∑
p|m,X<p≤X1

1.

Proof. It suffices to prove that if (12.1) holds, thenp1 is equal to one of the numberspj ,
k < j ≤ 2k. Let us assume the contrary, i.e., assume thatp1 �= pj , j = k+1, . . . , 2k,
and thus obtain a contradiction. For this, we collect together all the terms with the
samepj in the left-hand side of (12.1). Renaming the variables if necessary, we obtain
the congruence

a1p
∗
1 + · · · + atp

∗
t ≡ p∗

k+1 + · · · + p∗
2k (mod m). (12.3)

In this congruence we have t ≥ 1, a1 ≥ 1, . . . , at ≥ 1, a1 + · · · + at = k,

X < pj ≤ X1, (pj ,m) = 1, j = 1, . . . , t, k + 1, . . . , 2k, (12.4)

and moreover, p1 �= pj , j ≥ 2.
We define the integers A and Aj by the relations

A = p1 . . . ptpk+1 . . . p2k, Ajpj = A, j = 1, . . . , t, k + 1, . . . , 2k.

Multiplying both sides of the congruence (12.3) by A and using that

p∗
j pj ≡ 1 (mod m),

we obtain
a1A1 + · · · + atAt ≡ Ak+1 + · · · + A2k (mod m). (12.5)

From inequalities (12.4) for pj , we readily find

0 < Aj ≤ (2X)2k−1, j = 1, . . . , t, k + 1, . . . , 2k,

and hence we have

0 < a1A1 + · · · + atAt ≤ k(2X)2k−1 < m,

0 < Ak+1 + · · · + A2k ≤ k(2X)2k−1 < m.

Therefore, the congruence (12.5) is an equation of the form

a1A1 + · · · + atAt = Ak+1 + · · · + A2k. (12.6)

It follows from the definition of the numbers Aj that, for j ≥ 2, each Aj is divisible
by p1 and, moreover, A1 = p2 . . . ptpk+1 . . . p2k is not divisible by p1. Finally, we
have the inequality 1 ≤ a1 ≤ k < X < p1 for the number a1. So from (12.6) we
obtain the contradictory relation

a1A1 ≡ 0 (mod p1).

The proof of the theorem is complete. ��
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Remark 12.1. 1. The quantity I has the obvious lower bound(
π1(X)

)k ≤ I,

i.e., the estimate in Theorem 12.1 is sharp in order as X → +∞ for a constant k.
2. Obviously, we have

I = 1

m

m−1∑
a=0

∣∣∣∣ ∑′

X<p≤X1

exp

{
2πi

ap∗

m

}∣∣∣∣2k,
where the prime on the sum over p mean the summation over prime p such that
(p,m) = 1. Thus the quantity I is the mean value of the 2kth power of the modulus
of the sum S(a),

S(a) =
∑′

X<p≤X1

exp

{
2πi

ap∗

m

}
.

In turn, S(a) is an analog of the short (incomplete) Kloosterman sum.

To prove Theorem 12.2, we need the following auxiliary lemma.

Lemma 12.1. Let Jk be the number of solutions of the congruence

x1 . . . xk ≡ 0 (mod [x1
1 , . . . , x

2
k ]), (12.7)

0 < xj ≤ Xj , Xj ≥ 3, j = 1, . . . , k.

Then Jk satisfies the estimate

Jk ≤ (2k8)k
3√
X(logX)k

2
, (12.8)

where X = X1 . . . Xk .

Proof. We introduce a new function αk(n). By definition, for any natural number n,
the function αk(n) is equal to the number of solutions of the system

n = x1 . . . xk, n ≡ 0 (mod [x2
1 , . . . , x

2
k ]). (12.9)

Then, obviously, the inequality

Jk ≤
∑
n≤X

αk(n) (12.10)

holds. By the definition of αk(n), we have

0 ≤ αk(n) ≤ τk(n). (12.11)
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First, we prove that the function αk(n) is multiplicative, i.e.,

αk(n,m) = αk(n)αk(m) for (n,m) = 1.

Indeed, suppose that (n,m) = 1 and (12.9) holds, and moreover,

m = y1 . . . yk, m ≡ 0 (mod [y2
1 , . . . , y

2
k ]). (12.12)

To each pair of the sets x = (x1, . . . , xk) and y = (y1, . . . , yk) that satisfy sys-
tems (12.9) and (12.12), respectively, there corresponds a set z = (z1, . . . , zk),
zj = xj tj , j = 1, . . . , k, such that

mn = z1 . . . zk, mn = 0 (mod [z2
1, . . . , z

2
k]), (12.13)

since we have [x2
1y

2
1 , . . . , x

2
k y

2
k ] = [x2

1 , . . . , x
2
k ] [y2

1 , . . . , y
2
k ] due to the fact that

(x1 . . . xk, y1 . . . yk) = 1. Different pairs (x, y) and (x′, y′) are assigned different z
and z′. Indeed, otherwise, we would have

xjyj = x′
j y

′
j , j = 1, . . . , k.

Since (yj , x′
j ) = (xj , y

′
j ) = 1, we have

xj ≡ 0 (mod x′
j ), x′

j ≡ 0 (mod xj ),

i.e., xj = x′
j , yj = y′

j , j = 1, . . . , k, and hence (x, y) = (x ′, y ′). On the other
hand, if z = (z1, . . . , zk) satisfies (12.13), then determining xj , yj by the relations
xj = (n, zj ) and yj = (m, zj ), we obtain

xjyj = zj .

Hence z is assigned the pair x = (x1, . . . , xk), y = (y1, . . . , yk) that satisfies (12.9)
and (12.12), respectively. Thus we have αk(nm) = αk(n)αk(m). Therefore, if n =
p
β1
1 . . . p

βs
s is the canonical decomposition of n into prime factors, then

αk(n) = αk(p
β1
1 ) . . . αk(p

βs
s ).

From the definition of αk(n), it is easy to see that αk(p) = 0, where p is a prime, i.e.,
only the terms for which n has the form

n = p
β1
1 . . . pβss , β1 ≥ 2, . . . , βs ≥ 2,

remain in the sum (12.10). Dividing the factors into two groups (with even and with
odd βj ) and renaming the factors, we obtain

n = p
β1
1 . . . p

βt
t p

βt+1
t+1 . . . p

βs
s ,
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where βj are even numbers for j ≤ t and βj are odd numbers for j > t . Hence

n = p
β1
1 . . . p

βt
t p

βt+1−3
t+1 . . . pβs−3

s p3
t+1 . . . p

3
s = m2r3.

Thus from (12.10) and (12.11) we arrive at the inequality

Jk ≤
∑

m2r3≤X
αk(m

2r3) ≤
∑

m2r3≤X
τk(m

2r3).

Since τk(ab) ≤ τk(a)τk(b), we have

Jk ≤
∑
τ≤ 3√

X

τ 3
k (r)

∑
m≤√

Xr−3

τ 2
k (m).

To estimate the last double sum, we use Mardzhanishvili’s inequality

N∑
n=1

τ �k (n) ≤ A
(�)
k N(logN + k� − 1)k

�−1, A
(�)
k = k�(k!)−(k�−1)/(k−1).

We have ∑
m≤√

Xr−3

τ 2
k (m) < k2(k!)−(k+1)

√
Xr−3(log

√
Xr−3 + k2 − 1)k

2−1

< k2k2√
X(logX)k

2
r−3/2,∑

r≤ 3√
X

τ 3
k (r)r

−3/2 < 3k2 +
∑

3<r≤ 3√
X

τ 3
k (r)r

−3/2

= 3k2 + 3

2

∫ 3√
X

3
C(u)u−5/2 du+ C(

3
√
X)X−3/2,

where

C(u) =
∑

3<r≤u
τ 3
k (r) < u(log u+ k3 − 1)k

3−1 < k3k3
u(log u)k

3−1,

∫ 3√
X

1
u−3/2(log u)k

3−1 du <

∫ ∞

1
u−1/2(log u)k

3−1 d log u

=
∫ ∞

0
e−v/2vk3−1 dv < 2k

3
∫ ∞

0
e−t t k3

dt = 2k
3
(k3)!.

Thus for Jk we obtain
Jk < (2k8)k

3√
X(logX)k

2
.

The proof of the lemma is complete. ��
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Remark 12.2. In Section 12.4, by the complex integration method, for the summatory
value Ak(X) of the function αk(n),

Ak(X) =
∑
n≤X

αk(n),

we shall obtain an asymptotic formula similar to the formula for Tk(X) in [85],

Tk(X) =
∑
n≤X

τk(n).

Theorem 12.2. Suppose thatm > 1,m is an integer, k is a natural number, andX,X1
satisfy the conditions

3 ≤ X, k < X < X1 ≤ 2X, k22k−1X2k−1 < m.

Consider the congruence

x∗
1 + · · · + x∗

k ≡ x∗
k+1 + · · · + x∗

2k (mod m), (12.14)

where X < xj ≤ X1, (xj ,m) = 1, j = 1, . . . , 2k.
Then the number I = Ik(X) of solutions of this congruence satisfies the estimate

I ≤ (2k)80k3
Xk(logX)4k

2
.

Proof. We consider the case k ≥ 2, since the assertion of the theorem is trivial for
k = 1. We assume that the set (x1, . . . , x2k) satisfies (12.14). Multiplying both sides
of (12.14) by the product x1 . . . x2k and using the fact that xjx∗

j ≡ 1 (mod m), we
obtain

y1 + · · · + yk ≡ yk+1 + · · · + y2k (mod m), (12.15)

where yjxj = x1 . . . x2k , j = 1, . . . , 2k. It follows from the conditions on xj that

0 < yj ≤ X2k−1
1 ≤ 22k−1X2k−1,

i.e., the left- and right-hand sides of Eq. (12.15) are positive and do not exceed

k22k−1X2k−1 < m.

Hence the congruence (12.15) is an equality, i.e.,

y1 + · · · + yk = yk+1 + · · · + y2k. (12.16)

It follows from the definition of the variables yj that each yν , ν �= j , is divisible by xj .
Therefore, according to (12.16), yj is also divisible by xj , i.e.,

yj ≡ 0 (mod xj ), j = 1, . . . , 2k. (12.17)
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Multiplying both sides of the congruence (12.17) and its modulus by xj , we obtain

x1 . . . x2k ≡ 0 (mod x2
j ), j = 1, . . . , 2k,

i.e.,
x1 . . . x2k ≡ 0 (mod [x2

1 , . . . , x
2
2k]). (12.18)

Thus each set (x1 . . . x2k) satisfying (12.14) also satisfies (12.18), i.e.,

I ≤ J2k,

where J2k is the number of solutions of the congruence (12.17) in the lemma with
obvious replacements of the corresponding parameters. Using the estimate in the
lemma, we obtain the statement of the theorem:

I ≤ (
2(2k)8

)8k3
2kXk(log 2X)4k

2
< (2k)80k3

Xk(logX)4k
2
.

��

Remark 12.3. 1. The estimate in Theorem 12.2 is close to the final estimate, since

I ≥
(
X1 −X −

∑
(n,m)=1, X<n≤X1

1
)
.

2. The quantity I = Ik(X) is the mean value of the 2kth power of the modulus of
the short (incomplete) Kloosterman sum.

12.2 Analogs of incomplete Kloosterman sums and their
estimates

In this section in Theorems 12.3 and 12.4, we derive and estimate trigonometric sums
similar to incomplete Kloosterman sums. Namely, we consider sums S of the form

S =
∑′

n≤N
exp

{
2πi

an∗ + bn

m

}
,

where N < m, the prime means that the summation is performed over numbers n
from some set A of natural numbers, (n,m) = 1, and the number of elements in A is
equal to ‖A‖ < √

m. In some cases, the estimate of |S| is sufficiently sharp.

Theorem 12.3. Suppose that m > 1, m is an integer, k, s are natural numbers, and
real numbers X,X1, Y, Y1 satisfy the inequalities

k < X < X1 ≤ 2X, k22k−1X2k−1 < m,

s < Y < Y1 ≤ 2Y, s22s−1Y 2s−1 < m,
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the parameter n1 runs through N1 values of natural numbers such that
(n1,m) = 1, a and b are integers such that (a,m) = d, p and q take values of
successive prime numbers, and (p,m) = (q,m) = 1. Denote the set of numbers of
the form n = n1pq, X < p ≤ X1, Y < q ≤ Y1, by the letter A and the number of
elements in A by the symbol ‖A‖. Then the trigonometric sum S,

S =
∑
n∈A

exp

{
2πi

an∗ + bn

m

}
, (12.19)

satisfies the estimate
|S| ≤ ‖A‖�, (12.20)

where

� = (s!k!)1/(2sk)(π1(X))
−1/(2s)(π1(Y ))

−1/(2k)(sdmY)1/(2sk). (12.21)

Proof. First, we note that

‖A‖ = N1π1(X)π1(Y ).

Moreover, it suffices to prove the corresponding estimate for |S1|,

S1 =
∑

X<p≤X1

∑
Y<q≤Y1

exp

{
2πi

ap∗q∗ + bpq

m

}
.

Passing to estimates and applying Hölder’s inequality, we obtain

|S1|s ≤ (π1(X))
s−1

∑
X<p≤X1

∣∣∣∣ ∑
Y<q≤Y1

exp

{
2πi

ap∗q∗ + bpq

m

}∣∣∣∣s (12.22)

= (π1(X))
s−1

∑
X<p≤X1

∣∣∣∣ m∑
λ=1

∑
sY<µ≤sY1

Js(λ, µ) exp

{
2πi

aλp∗ + bµp

m

}∣∣∣∣,
where the symbol Js(λ, µ) denotes the number of solutions of a system of congruences
of the form {

q∗
1 + · · · + q∗

s ≡ λ,

q1 + · · · + qs ≡ µ,
(mod m),

Y < qj ≤ Y1, (qj ,m) = 1, j = 1, . . . , s.

Let θ = θ(p) be the argument in the sum over λ,µ in (12.22), i.e., let

θ = θ(p) = arg
m∑
λ=1

∑
sY<µ≤sY1

Js(λ, µ) exp

{
2πi

aλp∗ + bµp

m

}
.
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Then we have the relation∣∣∣∣ m∑
λ=1

∑
sY<µ≤sY1

Js(λ, µ) exp

{
2πi

aλp∗ + bµp

m

}∣∣∣∣
= e−iθ(p)

m∑
λ=1

∑
sY<µ≤sY1

Js(λ, µ) exp

{
2πi

aλp∗ + bµp

m

}
.

Therefore, from (12.22) we obtain the inequality

|S1|s ≤ (πs(X))
s−1

m∑
λ=1

∑
sY<µ≤sY1

Js(λ, µ) (12.23)

×
∣∣∣∣ ∑
X<p≤X1

e−iθ(p) exp

{
2πi

aλp∗ + bµp

m

}∣∣∣∣.
Raising both sides of (12.23) to the power k and again applying Hölder’s inequality
and then Cauchy’s inequality, we successively obtain

|S1|sk ≤ (πs(X))
k(s−1)

( m∑
λ=1

∑
µ

Js(λ, µ)
)k−1

(12.24)

×
m∑
λ=1

∑
µ

Js(λ, µ)

∣∣∣∣ ∑
X<p≤X1

e−iθ(p) exp

{
2πi

aλp∗ + bµp

m

}∣∣∣∣k

≤ (πs(X))
k(s−1)

( m∑
λ=1

∑
µ

Js(λ, µ)
)k−1( m∑

λ=1

∑
µ

J 2
s (λ, µ)

)1/2

×
( m∑
λ=1

∑
sY<µ≤sY1

∣∣∣∣ ∑
X<p≤X1

e−iθ(p) exp

{
2πi

aλp∗ + bµp

m

}∣∣∣∣2k)1/2

.

Next, we have

m∑
λ=1

∑
µ

Js(λ, µ) = (π1(Y ))
s,

m∑
λ=1

∑
µ

J 2
s (λ, µ) = I (Y ;m; s), (12.25)

where the symbol I (Y ;m; s) denotes the number of solutions of the system of equa-
tions {

q∗
1 + · · · + q∗

s ≡ q∗
s+1 + · · · + q∗

2s ,

q1 + · · · + qs ≡ qs+1 + · · · + q2s ,
(mod m),

Y < qj ≤ Y1, (qj ,m) = 1, j = 1, . . . , 2s.
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Clearly, we have
I (Y ;m; s) ≤ Is(Y ), (12.26)

where Is(Y ) is the number of solutions of the congruence (12.1) under the assumption
that k = s, X = Y and X1 = Y1. Finally, the sum over λ,µ under the second radical
sign in (12.24), which we denote by σ , can be estimated as

σ =
m∑
λ=1

∑
sY<µ≤sY1

∣∣∣∣ ∑
X<p≤X1

e−iθ(p) exp

{
2πi

aλp∗ + bµp

m

}∣∣∣∣2k
=

∑
sY<µ≤sY1

∑
X<p1≤X1

· · ·
∑

X<p2k≤X1

exp
{ − i

(
θ(p1)− · · · − iθ(p2k)

)}
× exp

{
2πi

bµ(p1 + · · · − p2k

m

} m∑
λ=1

exp

{
2πi

aλ(p∗
1 + · · · − p∗

2k)

m

}

≤ sY
∑

X<p1≤X1

· · ·
∑

X<p2k≤X1

m∑
λ=1

exp

{
2πi

aλ(p∗
1 + · · · − p∗

2k)

m

}

= sY

m∑
ν=1

I (ν)

m∑
λ=1

exp

{
2πi

aλν

m

}
,

where I (ν) is the number of solutions of the congruence

p∗
1 + · · · − p∗

2k ≡ ν (mod m),

Y < pj ≤ Y1, (pj ,m) = 1, j = 1, . . . , 2k.

Obviously, we have
I (ν) ≤ I (0) = I = Ik(X).

Hence we find the final estimate forσ ((a,m) = d, a = a1d,m = m1d, (a1,m1) = 1):

σ ≤ sY I

m∑
ν=1

m∑
λ=1

exp

{
2πi

aλν

m

}
= sY I

m∑
ν=1

m∑
λ=1

exp

{
2πi

a1λν

m1

}
(12.27)

= sY Id

m∑
ν=1

m1∑
λ1=1

exp

{
2πi

a1λ1ν

m1

}
= sY Idm1d = sdmYIk(X).

From (12.24)–(12.27) we obtain

|S1|sk ≤ (π1(X))
k(s−1)(π1(Y ))

s(k−1)(sdmY)1/2(Is(Y )Ik(S))
1/2.

Finally, applying the estimates in Theorem 12.1 to Is(Y ) and Ik(X), we obtain

Is(Y ) ≤ s!(π1(Y ))
s, Ik(X) ≤ k!(π1(X))

k.
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Hence

|S1|sk ≤ (s!k!)1/2(π1(X)π1(Y ))
ks(π1(X))

−k/2(π1(Y ))
−s/2(sdmY)1/2,

|S1| ≤ π1(X)π1(Y )�,

where
� = (s!k!)1/(2sk)(π1(X))

−1/(2s)(π1(Y ))
−1/(2k)(sdmY)1/(2sk),

as required. The proof of the theorem is complete. ��

Remark 12.4. In the special case of sums S, namely, in the case b = 0, the esti-
mate (12.20) becomes somewhat sharper. However, this refinement is not important
for the applications considered below.

Theorem 12.4. Suppose that m > 1, m is an integer, k, s are natural numbers, and
real numbers X,X1, Y, Y1 satisfy the inequalities

3 ≤ X, k < X < X1 ≤ 2X, k22k−1X2k−1 < m,

3 ≤ Y, s < Y < Y1 ≤ 2Y, s22s−1Y 2s−1 < m,

a and b are integers such that (a,m) = d ≥ 1. Denote the set of natural numbers n of
the form n = xy, where X < x ≤ X1, Y < y ≤ Y1, and (xy,m) = 1, by the letter A.
Then the trigonometric sum S,

S =
∑
n∈A

exp

{
2πi

an∗ + bn

m

}
,

satisfies the estimate
|S| ≤ XY�, (12.28)

where

�=(2s)40s2/k(2k)40k2/s(sdmY)1/(2sk)(logY )2s/k(logX)2k/sX−1/(2s)Y−1/(2k).

The proof of Theorem 12.4 repeats the proof of Theorem 12.3 where the estimates
from Theorem 12.1 are replaced by the corresponding estimates from Theorem 12.2.

12.3 Fractional parts of functions related to reciprocal
values modulo a given number

The estimates in Theorem 12.3 and 12.4 can be used successfully in different problems
related to analogs of incomplete Kloosterman sums. We consider only one of them,
namely, the problem on distributions of the fractional parts of functions of the form
(an∗ + bn)/m, n ≤ N .
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Theorem 12.5. Suppose that m ≥ m1, (a,m) = 1, b is an integer, 1 ≤ N ≤ m4/7,
and 0 ≤ α < β < 1. Denote the number of solutions of the system of inequalities

α ≤
{
an∗ + bn

m

}
< β, n ≤ N, (12.29)

by the symbol K = K(N;m;α, β). Then K has the lower bound

K ≥ cN

(logN)3.5

(
(β − α)− exp

{
− log3N

320 log2m

)}
, (12.30)

where c > 0 is an absolute constant.

Proof. The estimate (12.30) is meaningful if

β − α > exp

{
− log3N

320 log2m

}
and, moreover,

N ≥ exp{a1 log2/3m}.
Therefore, in what follows, we assume that

exp{a1 log2/3m} ≤ N ≤ m4/7, (12.31)

where a1 ≥ 7 and a1 is a constant. Let us find the integer k from the inequalities

m1/(2k−1)+1/(4k−1) ≤ N < m1/(2k−3)+1/(4k−s). (12.32)

Inequalities (12.1) imply k ≥ 2. Moreover, it follows from (12.31) and (12.32) that

k ≤ a2 log1/3m, (12.33)

and, by increasing a1, we can obtain an arbitrarily small constant a2. We choose

4X = m1/(2k−1), 4Y = m1/(4k−1), X1 = 2X,

Y1 = 2Y, N1 = Nm−1/(2k−1)−1/(4k−1).

By the letter A we denote the set of natural numbers n of the form n = rpq, where r
takes either the value 1 or the values of prime numbers that do not exceed N1 and do
not divide m, while p and q take the values of prime numbers that do not divide m
and lie in the intervals X < p ≤ X1 and Y < q ≤ Y1. By the symbol ‖A‖ we denote
the number of numbers in the set A. Obviously, n ∈ A satisfies the inequality n ≤ N .
It is easy to show that

‖A‖ � π1(N1)π1(X)π1(Y ) � N

(logN)3.5
.
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We consider two integers α1 = [αm] and β1 = [βm]. Let K1 be equal to the number
of solutions of the congruence

an∗ + bn ≡ � (mod m) (12.34)

under the assumption that n ∈ A and α1 < � < β1. If (12.34) is satisfied, then

an∗ + bn = ms + �,

{
αn∗ + bn

m

}
= �

m
.

From the inequality α1 + 1 ≤ � ≤ β1 for �, we find

αm < � < βm, α < �/m < β.

This implies thatK ≥ K1. Finally, we set 4L = β1 −α1 and consider the congruence

an∗ + bn ≡ α1 + �1 + �2 + �3 + �4 (mod m), (12.35)

where n ∈ A and 0 < �1, �2, �3, �4 ≤ L. It follows from the conditions imposed
on �j that � = α1 + �1 + �2 + �3 + �4 satisfies the inequalities

0 ≤ α1 < � ≤ β1 < m.

Moreover, the equation

� = α1 + �1 + �2 + �3 + �4

in the numbers �j for a fixed � has at mostL3 solutions. Therefore, ifK2 is the number
of solutions of the congruence (12.35) in the numbers n, �1, �2, �3, �4, then

K1 ≥ L−3K2. (12.36)

Using the known discontinuous factor, we write the quantity K2 as the trigonometric
sum

K2 = 1

m

m−1∑
t=0

∑
n∈A

∑
0<�1,...,�4≤L

exp

{
2πi

t (an∗ + bn− �1 − · · · − �4)

m

}
(12.37)

= 1

m

m−1∑
t=0

(∑
n∈A

exp

{
2πi

t (an∗ + bn)

m

})

×
( ∑

0<�≤L
exp

{
− 2πi

t�

m

})4

exp

{
− 2πi

tα1

m

}
.

We represent the right-hand side of (12.37) as the sum of two terms the first of which
is obtained for t = 0 and the second is the remaining part of the sum. We have

K1 = 1

m
‖A‖L4 + R,
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R = 1

m

m−1∑
t=1

(∑
n∈A

exp

{
2πi

t (an∗ + bn)

m

})
(12.38)

×
( ∑

0<�≤L
exp

{
− 2πi

t�

m

})4

exp

{
− 2πi

tα1

m

}
.

We shall transform R. Let d = (m, t), 1 ≤ t < m. Then m = m1d, t = t1d,
(m1, t1) = 1, 1 ≤ t1 < m. Hence for each d, d | m, 1 ≤ d < m, any t can be
represented as t = t1d, 1 ≤ t1 < m, (t1,m1) = 1, where m1 = md−1, and this
representation is unique. Indeed, if t1d = t ′1d ′, where (md−1, t1) = (md ′−1, t ′1) = 1,
then the relation mt1d = mt ′1d ′ implies

m

d ′ t1 = m

d
t ′1, t1 ≡ 0 (mod t ′1), t ′1 ≡ 0 (mod t1),

i.e., t1 = t ′1 and d = d ′. Hence we have

R = 1

m

∑
d|m

1≤d<m

m−1∑
t=1

(t,m)=d

(∑
n∈A

exp

{
2πi

t (an∗ + bn)

m

})

×
( ∑

0<�≤L
exp

{
− 2πi

t�

m

})4

exp

{
− 2πi

tα1

m

}
.

Finally, we represent R as the sum of two terms R1 and R2: R = R1 +R2. The term
R1 contains summands with “small” d, namely, with 1 ≤ d ≤ m1/(32k). The term R2
contains summands with d > m1/(32k).

Let us estimate |R1| from above. To estimate the sum over n, we use Theorem 11.3,
setting s = 2k in it and replacing a by at . We have

k22k−1X2k−1 = k22k−14−2k+1m < m,

2k24k−1Y 4k−1 = 2k24k−14−4k+1m < m,

k < X = 1

4
m1/(2k−1), k < Y = 1

4
m1/(4k−1).

Hence

|R1| = ‖A‖�L2 1

m

m−1∑
t=0

∣∣∣∣ ∑
0<�≤L

exp

{
2πi

t�

m

}∣∣∣∣ = ‖A‖�L3, (12.39)

where

� = (
(2k)!k!)1/(4k2)(

π1(X)
)−1/(4k)(

π1(Y )
)−1/(2k)(2kYm1+1/(32k))1/(4k2)

.
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Let us estimate |R2| from above. The sum over n can be trivially estimated by the
number ‖A‖. Since

t

m
= t ′

m′ , (t1,m1) = 1, 1 < m1 = m

d
≤ m1−1/(32k),

the two sums over � have the upper bound m1−1/(32k). We obtain

|R2| ≤ ‖A‖m2−1/(16k)L. (12.40)

Thus it follows from (12.39) and (12.40) that

|R| ≤ ‖A‖(�L3 +m2−1/(16k)L). (12.41)

Therefore, from (12.36), (12.38), and (12.41), we obtain the inequality

K≥L−3‖A‖
( 1

m
L4 −�L3 −m2−1/(16k)L

)
=‖A‖

( 1

m
L−�− (m1−1/(32k)L−1)2

)
.

It remains to transform the last estimate to the form stated in the theorem. By assump-
tion, we have

L = β1 − α1

4
≥ (β − α)m− 1

4
.

We can assume that β−α ≥ m−1/(64k), since, otherwise, the statement of the theorem
becomes trivial. This follows from the fact that the inequality

m−1/(64k) ≤ exp

{
− log3N

320 log2m

}
,

i.e., k ≤ (5 log3m)/ log3N , must hold. But, it follows from (12.32) that

N ≤ m2/(2k−3),

i.e.,

k − 3

2
≤ logm

logN
, k ≤ 3

2
+ logm

logN
≤ 5 log3m

log3N
.

Therefore, we have

L ≥ 1

5
(β − α)m ≥ 1

5
m1−1/(64k), m1−1/(32k)L−1 ≤ 5m−1/(64k),

1

2m
L ≥ 1

10
m1−1/(64k) ≥ (5m−1/(64k))2,

which, obviously, holds, since k ≤ a2 log1/3m, m ≥ m1. We obtain

K≥‖A‖
(

1

2m
L−�

)
≥‖A‖

(
β − α

10
−�

)
= 1

10
‖A‖(β − α − 10�). (12.42)
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It remains to prove the inequality

10((2k)!k!)1/(4k2)(π1(X))
−1/(4k)(π1(Y ))

−1/(2k) (12.43)

× (2kYm1+1/(32k))1/(4k
2) ≤ exp

{
− log3N

320 log2m

}
.

Let us estimate the left-hand side of the last inequality. First, we have

logX � logY � logN, π1(X) � X

logN
, π1(Y ) � Y

logN
,

i.e., the left-hand side of (12.43) is of order

X−1/(4k)Y−1/(2k)(logN)1/(4k)+1/(2k)m(1/(4k
2))(1+1/(32k))+1/(4k2(4k−1)).

We recall the definition of X and Y and readily see that the exponent m in the last
relation is equal to δ:

δ = − 1

4k(2k − 1)
− 1

2k(4k − 1)
+ 1

4k2

(
1 + 1

32k

)
+ 1

4k2(4k − 1)

= − 1

4k(4k − 1)(2k − 1)
+ 1

128k3 ≤ − 1

32k3 + 1

128k3 ≤ − 1

64k3 .

Finally, we have

c1(logN)3/(4k) ≤ m1/(128k3),

which follows from the inequalities

N < m, k ≤ a2 log1/3m.

Thus the left-hand side of (12.43) does not exceed

m−1/(128k3) exp

{
− logm

128k3

}
.

From (12.32) we again obtain

N < m2/(2k−3), k − 3

2
<

logm

logN
, k ≤ 2 logm

logN
,

i.e.,

exp

{
− logm

128k3

}
≤ exp

{
− log3N

320 log2m

}
,

which proves inequality (12.43).
From (12.42) and (12.43) we obtain the statement of the theorem:

K ≥ c1‖A‖
(
β − α − exp

{
− log3N

320 log2m

)}
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≥ c2N

(logN)3.5

(
β − α − exp

{
− log3N

320 log2m

})
.

��

Now we formulate several obvious corollaries of this theorem.

Corollary 12.1. Suppose thatm ≥ m1, N < m, (a,m) = 1, b is an integer, 0 ≤ α <

β < 1, and

exp

{
− log3N

320 log2m

}
< β − α < e−1.

Then the interval [α, β] contains a number of the form{
an∗ + bn

m

}
, n ≤ N.

Corollary 12.2. If ξ is a real number, then for 1 < N < m,

min
n≤N

∥∥∥∥ξ − an∗ + bn

m

∥∥∥∥ 
 exp

{
− log3N

320 log2m

)}
.

Prior to formulating the next theorem, we introduced some notions.
Suppose that m ≥ m1 > 1, (a,m) = 1, b is an integer, a1 ≥ 10, and

exp{a1 log2/3m log1/4 logm} ≤ N ≤ m4/7.

A natural number k is determined by the inequalities

m1/(2k−1)+1/(4k−1) ≤ N < m1/(2k−3)+1/(4k−5).

The conditions imposed on N imply that k ≥ 2. We choose

4X = m1/(2k−1), 4Y = m1/(4k−1),

X1 = 2X, Y1 = 2Y, Z = Nm−1/(2k−1)−1/(4k−1),

and consider the set A of natural numbers of the form n = xyz, where
X < x ≤ X1, Y < y ≤ Y1, z ≤ Z, and (xyz,m) = 1.

We denote the number of elements in the set A by the symbol ‖A‖. Obviously,
‖A‖ ≤ N and the inequality n ≤ N holds for n ∈ A.

Theorem 12.6. Let 0 ≤ α < β < 1, and let K = K(A;α, β) be the number of
solutions of the system of inequalities

α ≤
{
an∗ + bn

m

}
< β, n ∈ A.
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Then K satisfies the asymptotic formula

K = (β − α)‖A‖ +O(R)

where
R = (4k)180kN1−1/(320k2).

Proof. We choose r = 2[logN ] and assume that

�1 = m−1/(30k) <
1

16
, 2�1 ≤ β − α < 1 − 2�1.

For given r, α, β and �1, we define the Vinogradov “cup” (or “goblet”) ψ(x) as
follows (see, e.g., Lemma A.3)

(1) ψ(x + 1) = ψ(x),

(2) ψ(x) = 1 and α +�1 ≤ x ≤ β −�1,

(3) 0 < ψ(x) < 1, α −�1 < x < α +�1, and β −�1 < x < β +�1,

(4) ψ(x) = 0 and β +�1 ≤ x ≤ 1 + α −�1,

(5) ψ(x) = β − α +
∑

|f |>0

g(f )e2πif x ,

where

|g(f )| ≤ c(f ) = min

(
β − α,

1

|f | ,
1

|f |
(

r

�1|f |
)r)

.

By U(α, β) we denote the sum

U(α, β) =
∑
n∈A

ψ

(
an∗ + bn

m

)
.

Then the number K satisfies the inequalities

U

(
α + �1

2
, β − �1

2

)
≤ K ≤ U

(
α − �1

2
, β + �1

2

)
.

From the definition of U(α, β), we obtain

U

(
α + �1

2
, β − �1

2

)
= (

(β − α)−�1
)‖A‖ +O(R1),

U

(
α − �1

2
, β + �1

2

)
= (

(β − α)+�1
)‖A‖ +O(R1),

where

R1 =
∞∑
f=1

c(f )

∣∣∣∣∑
n∈A

exp

{
2πi

f (an∗ + bn)

m

}∣∣∣∣.
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We divide the sum in the last relation into two sums:

R1 = R2 + R3,

where
R2 =

∑
f≤m1/(32k)

, R3 =
∑

f>m1/(32k)

.

Since for f ≤ m1/(32k) we have

d = (af,m) ≤ f ≤ m1/(32k),

we can apply the estimate in Theorem 12.4, where we set s = 2k, to the sum over n
and thus obtain ∣∣∣∣∑

n∈A
exp

{
2πi

f (an∗ + bn)

m

}∣∣∣∣ ≤ XYZ�,

where

� = (4k)160k(2k)20k(2kYm1+1/(32k))1/(4k
2)(logY )4(logX)X−1/(4k)Y−1/(2k).

Hence we have

R2 ≤
∑

0<f≤m1/(32k)

1

f
N� < (4k)180kNm−1/(64k3) < (4k)180kN1−1/(320k2).

The sum R3 can be estimated trivially as follows:

R3 ≤
∑

f>m1/(32k)

1

f

(
r

�1f

)r
N < N−1.

Thus for K we obtain the asymptotic formula

K − (β − α)‖A‖ +O(R), 2�1 ≤ β − α < 1 − 2�1. (12.44)

But if 0 < β − α < 2�1, then we have

K = K(A;α, β) = K(A;α, α + 1 − 2�1)−K(A;β, α + 1 − 2�1);
if 1 − 2�1 ≤ β − α < 1, then

K = K(A;α, β) = K
(
A;α, α + 1

2

)
+K

(
A;α + 1

2
, β

)
.

Therefore, the last formulas and (12.44) imply relation (12.44) already for any 0 ≤
α < β < 1. The proof of the theorem is complete. ��

The following assertion can be proved on the basis of Theorem 12.6.
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Theorem 12.7. Under the assumptions of Theorem 12.6, the asymptotic formula

∑
n∈A

{
an∗ + bn

m

}
= 1

2
‖A‖ +O(R),

holds for R = (4k)180kN1−1/(320k2).

12.4 The function αk(n) and its mean value

In the proof of Lemma 12.1, we introduced a function αk(n) and proved that this
function is multiplicative. In this section we study the function αk(n) in more detail.
In particular, we prove the mean value theorem for αk(n) similarly to the mean value
theorem for τk(n).

Lemmas 12.2 and 12.3 present assertions concerning αk(n) and Ak(n), which we
have already proved in Lemma 12.1.

Lemma 12.2. The function αk(n) is multiplicative, i.e.,

αk(n,m) = αk(n)αk(m) for (n,m) = 1.

Lemma 12.3. ForAk(X),X ≥ 3, andAk(X) = ∑
n≤X αk(n), the following estimate

holds:
Ak(X) ≤ (2k8)k

3 · √
X(logX)k

2
.

Lemma 12.4. For a prime number p and a natural number m, the relation

αk(p
m) = k(k + 1) . . . (k +m− 1)

m!
(
1 −�(k,m)

)
holds, where

�(k,m) = k
m(m− 1) . . . (m−m1)

(k +m−m1 − 1) . . . (k +m− 1)
, m1 =

[
m

2

]
.

Proof. By definition, αk(pm) is equal to the number of solutions of the system{
pm = x1 . . . xk,

pm ≡ 0 (mod [x2
1 , . . . , x

2
k ]).

(12.45)

It follows from the first relation in (12.45), namely, from the equation, that each x is
a nonnegative power of p, i.e., xj = pβj , 0 ≤ βj ≤ m, and hence

β1 + · · · + βl = m.
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The second relation in (12.45), namely, the congruence, implies that βj ≤ m1,
since this congruence does not hold for βj > m1. But if βj ≤ m1, j = 1, . . . , k, then

[x2
1 , . . . , x

2
k ] = [p2β1 , . . . , p2βk ] = pβ, β ≤ m,

i.e., the set (x1, . . . , xk) = (pβ1 , . . . , pβk ) is a solution of (12.45). Thus we see that
αk(p

m) is equal to the number of solutions of the equation

β1 + · · · + βk = m, 0 ≤ β1, . . . , βk ≤ m1,

in nonnegative integers β1, . . . , βk .
We define a function f (x) by the relation

f (x) =
( m1∑
β=0

xβ
)k =

(
1 − xm1+1

1 − x

)k
.

Then we have

αk(p
m) = 1

m!
dm

dxm
f (x)

∣∣∣
x=0

= 1

m!
m∑
j=0

C
j
m

dj

dxj
(1 − xm1+1)k

dm−j

dxm−j (1 − x)−k
∣∣∣
x=0

= 1

m!
(
dm

dxm
(1 − x)−k

∣∣∣
x=0

+ Cm1+1
m

dm1+1

dxm1+1 (1 − kxm1+1)
dm−m1+1

dxm−m1+1 (1 − x)−k
∣∣∣
x=0

)
= k(k + 1) . . . (k +m− 1)

m! − kCm1+1
m

(m1 + 1)!k . . . (k +m−m1 − 2)

m!
= k(k + 1) . . . (k +m− 1)

m!
(

1 − k
m(m− 1) . . . (m−m1)

(k +m−m1 − 1) . . . (k +m− 1)

)
,

as required. The proof of Lemma 12.4 is complete. ��

We note that �(k,m) satisfies the inequality

0 ≤ �(k,m) ≤ 1.

Lemma 12.4 implies (1) αk(p) = 0; (2) αk(p
2) = k(k − 1)/2, and (3)

αk(p
m) = τk(p

m)(1 −�(k,m)).
For Res > 1, we define the Dirichlet series Fk(s) corresponding to αk(n):

Fk(s) =
∞∑
n=1

αk(n)

ns
.
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Since 0 ≤ αk(n) ≤ τk(n), the series Fk(s) converges absolutely and uniformly in the
half-plane Res ≥ 1 + ε, where ε > 0 is arbitrary. We have the following more precise
assertion about the behavior of Fk(s).

Theorem 12.8. For Res = σ > 1/3, the relation

Fk(s) = (ζ(2s))k(k−1)/2�(s)

holds, where �(s) is a function regular in the half-plane under consideration, and
|�(s)| satisfies the estimate

|�(s)| ≤ (2k5)9(2k)
5
(
σ − 1

3

)−(2k)3
.

Proof. Using the inequalities 0 ≤ αk(n) ≤ τk(n) and the fact that αk(n) is multi-
plicative, for Res > 1, we obtain

Fk(s) =
∏(

1 + a2

p2s + a3

p3s + · · ·
)
, (12.46)

where

am = αk(p
m) = k(k + 1) . . . (k +m− 1)

m!
(
1 −�(k,m)

)
.

Let

B1(S) =
∏
p≤k3

(
1 + a2

p2s + a2

p3s + · · ·
)
,

B2(S) =
∏
p>k3

(
1 +

(
a3

p3s + a4

p4s + · · ·
)(

1 + a2

p2s

)−1)
.

Then (12.46) implies

Fk(s) = B1(s)B2(s)
∏
p>k3

(
1 + a2

p2s

)
. (12.47)

Further, we have

ζ(2s)

ζ(4s)
=

∏
p≤k3

(
1 + 1

p2s

) ∏
p>k3

(
1 + 1

p2s

)
, (12.48)

(
ζ(2s)

ζ(4s)

)a2

=
∏
p≤k3

(
1 + 1

p2s

)a2 ∏
p>k3

(
1 + a2

p2s +
(
a2

2

)
1

p4s + · · ·
)

=
∏
p≤k3

(
1 + 1

p2s

)a2 ∏
p>k3

(
1 + a2

p2s

)
B3(s),
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where

B3(s) =
∏
p>k3

(
1 + 1

p2s

)a2
(

1 + a2

p2s

)−1

. (12.49)

From (12.47) and (12.48) we obtain

Fk(s) = B1(s)B2(s)B
−1
3 (s)

(
ζ(2s)

ζ(4s)

)a2 ∏
p≤k3

(
1 + 1

p2s

)−a2

= (ζ(2s))a2�(s),

where

�(s) = B1(s)B2(s)B
−1
3 (s)ζ−a2(4s)

∏
p≤k3

(
1 + 1

p2s

)−a2

.

For Res > 1/3, the function �(s) is regular, since each of the factors contained in
the definition of �(s) is a regular function for Res > 1/3. Let σ > 1/3. We shall
estimate |�(σ + it)| from above. First, we have

αk(p
m) = am ≤ k(k + 1) . . . (k +m− 1)

m! = τk(p
m) ≤ mk,

since m ≥ 2 and k ≥ 2. Hence∣∣∣1 + a2

p2s + a3

p3s + · · ·
∣∣∣ ≤ 1 +

∞∑
m=2

mk

pmσ
≤ 1 +

∞∑
m=2

mk

( 3
√
p )m

≤ (6k)6k,

|B1(σ + it)| ≤
∏
p≤k3

(6k)6k ≤ (6k)6k
4
.

Let us estimate |B2(σ+ it)|. Since a2 = k(k−1)/2 ≤ k2/2, for σ > 1/3 and p > k3,
we have ∣∣∣1 + a2

p2s

∣∣∣ ≥ 1 − a2

p2/3 ≥ 1 − a2

k2 ≥ 1

2
,

|B2(σ + it)| ≤
∏
p>k3

(
1 + 2a3

p3σ + 2a4

p4σ + · · ·
)

≤
∏
p>k3

(
1 + τ2k(p

3)

p3σ + τ2k(p
4)

p4σ + · · ·
)

≤
∞∑′

n=1

τ2k(n)

nσ
,

and the prime on the last sum means the following: if p |n, then p3 |n; in other words,
if n = p

β1
1 . . . p

βr
r is the canonical decomposition of n into prime factors, then βj ≥ 3,

j = 1, . . . , r . It is easy to show that such n can be represented as

n = x3y4z5,
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where x, y, z are natural numbers. Therefore, for N > 3, we have

∑′

3<n≤N

τ2k(n)

nσ
= σ

∫ N

3
u−σ−1C(u) du+N−σC(N),

where

C(u) ≤
∑′

n≤u
τ2k(n) ≤

∑
x3y4z5≤N

τ 3
2k(x)τ

4
2k(y)τ

5
2k(z)

=
∑
y4z5≤u

τ 4
2k(y)τ

5
2k(z)

∑
x≤(uy−4z−5)1/3

τ 3
2k(x).

Using Mardzhanishvili’s inequality (see Section 12.1), we obtain∑
x≤(uy−4z−5)1/3

τ 3
2k(x) < (2k3)(2k)

3−1(uy−4z−5)1/3(log u)(2k)
3−1,

C(u) < 3
√
u(log u)(2k)

3−1D,

where

D = (2k3)(2k)
3−1

( ∞∑
y=1

τ 4
2k(y)y

−4/3
)( ∞∑

z=1

τ 5
2k(z)z

−5/3
)
.

Using the formula of partial summation and Mardzhanishvili’s inequality, we can
easily estimate D as follows:

D ≤ (2k4)(2k)
4
(∫ ∞

1
y−4/3(log y)(2k)

4
dy

)
(2k5)(2k)

5

×
(∫ ∞

1
y−5/3(log z)(2k)

5
dz

)
(2k3)(2k)

3

< (2k4)2(2k)
4
(2k5)2(2k)

5
(2k3)(2k)

3
< (2k5)5(2k)

5 = Dk.

Hence for 1/3 < δ ≤ 2 we have

∑′

3<n≤N

τ2k(n)

nσ
< σDk

∫ N

3
u−σ−2/3(log u)(2k)

3−1 du+N−σC(N).

Passing to the limit as N → +∞ in the last inequality, we obtain∑′

3<n

τ2k(n)

nσ
≤ σDk

∫ ∞

1
u−σ−2/3(log z)(2k)

3−1 du

= σDk

(
σ − 1

3

)−(2k)3 ∫ ∞

0
v(2k)

3−1e−v du
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< σDk(2k
3)(2k)

3
(
σ − 1

3

)−(2k)3
< (2k5)6(2k)

5
(
σ − 1

3

)−(2k)3
.

Finally, we obtain the following estimate for 1/3 < σ ≤ 2:

|B2(σ + it)| < (2k5)6(2k)
5
(
σ − 1

3

)−(2k)5
.

Let us estimate |B3(σ+ it)|−1 from above. From the definition (12.49) of the function
B3(s), for Res > 1/3, we have

logB3(s) =
∑
p>k3

(
a2 log

(
1 + 1

p2s

)
− log

(
1 + a2

p2s

))

=
∑
p>k3

∞∑
m=2

(−1)m−1

mp2sm (a2 − am2 ).

The last double series converges absolutely for Res > 1/4. Hence for Res > 1/3 we
have

| logB3(s)| ≤
∑
p>k3

∞∑
m=2

am2 − a2

mp2sm <
∑
p>k3

∞∑
m=2

(
a2

p2/3

)m
< 2

∑
p>k3

a2

p4/3 <
6

k
a2

2,

since a2 = k(k − 1)/2 ≤ k2/2. Thus, studying the principal branch of the logarithm,
we obtain

| logB3(s)| = ∣∣ log |B3(s)| + iϕ
∣∣ ≥ ∣∣ log |B3(s)|

∣∣,
i.e., ∣∣ log |B3(σ + it)|∣∣ < 3

2
k3 < 2k3,

log |B3(σ + it) > −2k3, |B3(σ + it)|−1 < e2k3
.

The other factors can simply be estimated for Res ≥ 1/3 as∣∣∣∣ ∏
p≤k3

(
1 + 1

p2s

)−a2
∣∣∣∣ < exp

{
4a2

∑
p≤k3

p−2/3
}
< e4k3

,

|ζ(4s)|−1 ≤
∞∑
n=1

n−4/3 < 4, |ζ(4s)|−a2 < 2k
2
.

Collecting these estimates together, for Res = σ > 1/3, we obtain

|�(s)| = |�(σ + it)| < (2k5)9(2k)
5
(
σ − 1

3

)−(2k)3
.

The proof of the theorem is complete. ��
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Theorem 12.9. The following asymptotic formula holds:

Ak(X) = √
XPm(logX)+ R(X),

where Pm(u) is an mth-degree polynomial in u, m < K = k(k − 1)/2,

|R(X)| < kc1k
5
(
√
X )1−cK−2/3

(logX)K,

c > 0 and c1 > 0 are absolute constants, and X ≥ 3.

The proof of this theorem is similar to that of the theorem in [85]. The only
difference is that, whenever necessary, we must use the results of Lemma 12.3 and
Theorem 12.8.

A generalization of the function αk(n) is the function αk,m(n) that, by definition,
is equal to the number of solution of the system{

n = x1 . . . xk,

n ≡ 0 (mod [xm1 , . . . , xmk ]).
In particular, we have αk,1(n) = τk(n) and αk,2(n) = αk(n). Assertions similar to the
corresponding assertions for αk(n) also hold for the function αk,m(n).

12.5 Double Kloosterman sums

In this section ξ(x) and η(y) are arbitrary complex-valued functions of arguments x
and y; 0 < X < X1 ≤ 2X, 0 < Y < Y1 ≤ 2Y ; the positive numbers ξ , η, ξ0, η0, ξ1
are determined by the relations:

ξ = max
X<x≤X1

|ξ(x)|; η = max
Y<y≤Y1

|η(y)|;

ξ0 =
∑

X<x≤X1

|ξ(x)|; η0 =
∑

Y<y≤Y1

|η(y)|; ξ1 =
∑

X<x≤X1

|ξ(x)|2.

We consider the multiple trigonometric sum W = W(a, b),

W =
∑

X<x≤X1

∑
Y<y≤Y1

ξ(x)η(y) exp

{
2πi

ax∗y∗ + bxy

m

}
.

It is natural to call the sum W a multiple (double) Kloosterman sum with weights. If
the product (X1 −X)(Y1 − Y ) is less than m, then W is called a short or incomplete
sum.

Theorem 12.10. Suppose that k and s are positive integers, the numbers X, X1, Y ,
and Y1 satisfy the inequalities

3 ≤ X, k < X < X1 ≤ 2X, k22k−1X2k−1 < m,
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3 ≤ Y, s < Y < Y1 ≤ 2Y , s22s−1Y 2s−1 < m,

and a and b are integers; moreover, (a,m) = d ≥ 1. Then |W | satisfies the estimate

|W | ≤ ξ0η0�,

where

� = (2k)4k
2/s(2s)4s

2/k(ξ−1
0 ξ

√
X)1/s

× (η−1
0 η

√
Y )1/k(sdmY)1/2ks(logX)2k/s(logY )2s/k.

Proof. We shall follow the arguments of Theorem 12.3. Passing to the inequalities,
we obtain

|W | ≤
∑

X<x≤X1

|ξ(x)|
∣∣∣∣ ∑
Y<y≤Y1

η(y) exp

{
2πi

ax∗y∗ + bxy

m

}∣∣∣∣.
Let us raise both parts of this inequality to the sth power and use Hölder’s inequality;
we obtain

|W |s ≤ As−1
∑

X<x≤X1

|ξ(x)|
∣∣∣∣ ∑
Y<y≤Y1

η(y) exp

{
2πi

ax∗y∗ + bxy

m

}∣∣∣∣s ,
where

A =
∑

X<x≤X1

|ξ(x)|.

Using the definition of the numbers ξ0 and ξ , we obtain the inequality

|W |s ≤ ξ s−1
0 ξW1, (12.50)

where

W1 =
∑

X<x≤X1

∣∣∣∣ ∑
Y<y≤Y1

η(y) exp

{
2πi

ax∗y∗ + bxy

m

}∣∣∣∣s .
Let us raise the sum over y to the sth power. To do this, we define the function Js(λ, µ)
by the relation

Js(λ, µ) =
∑′

η(y1) . . . η(ys),

where the prime on the sum indicates that summation is carried out over the sets
y1, . . . , ys satisfying the system of congruences{

y∗
1 + · · · + y∗

s ≡ λ,

y1 + · · · + ys ≡ µ (mod m), Y < y1, . . . , ys ≤ Y1.
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We obtain ( ∑
Y<y≤Y1

η(y) exp

{
2πi

ax∗y∗ + bxy

m

})s

=
m∑
λ=1

∑
µ

Js(λ, µ) exp
{
2πi(ax∗λ+ bxµ)

}
.

Note that the parameter µ in the last relation ranges over the interval

sY < µ ≤ sY1 < 2sY ≤ s22s−1Y 2s−1 < m.

Now suppose that θ(x) is the argument of the sum in question, i.e.,

θ(x) = arg
m∑
λ=1

∑
µ

Js(λ, µ) exp

{
2πi

ax∗λ+ bxµ

m

}
.

Then we obtain ∣∣∣∣ ∑
Y<y≤Y1

η(y) exp

{
2πi

ax∗y∗ + bxy

m

}∣∣∣∣s

= e−iθ(x)
m∑
λ=1

∑
µ

Js(λ, µ) exp

{
2πi

aλx∗ + bµx

m

}
;

W1 ≤
m∑
λ=1

∑
µ

|Js(λ, µ)|
∣∣∣∣ ∑
X<x≤X1

e−iθ(x) exp

{
2πi

aλx∗ + bµx

m

}∣∣∣∣.
Let us raise this inequality to the kth power and again use Hölder’s inequality; we
obtain

Wk
1 ≤

( m∑
λ=1

∑
µ

|Js(λ, µ)|
)k−1

×
m∑
λ=1

∑
µ

∣∣∣∣ ∑
X<x≤X1

e−iθ(x) exp

{
2πi

aλx∗ + bµx

m

}∣∣∣∣k|Js(λ, µ)|.
Finally, we apply Cauchy’s inequality to the last sum and obtain

Wk
1 ≤ Bk−1

√
CD, (12.51)

where the following notation was used:

B =
m∑
λ=1

∑
µ

|Js(λ, µ)|; C =
m∑
λ=1

∑
µ

|Js(λ, µ)|2;
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D =
m∑
λ=1

∑
µ

∣∣∣∣ ∑
X<x≤X1

e−iθ(x) exp

{
2πi

aλx∗ + bµx

m

}∣∣∣∣2k.
Since the parameters λ and µ in the sum B take arbitrary values, we have

B ≤
∑

Y<y1,...,ys≤Y1

|η(y1)| . . . |η(ys)| =
( ∑
Y<y≤Y1

|η(y)|
)s = ηs0. (12.52)

Similarly, for C we obtain the estimate

C ≤
∑′′ |η(y1)| . . . |η(y2s)|,

where the primes on the last sum indicate summation over the sets y1, . . . , y2s satis-
fying the system of congruences{

y∗
1 + · · · + y∗

s ≡ y∗
s+1 + · · · + y∗

2s ,

y1 + · · · + ys ≡ ys+1 + · · · + y2s (mod m), Y < y1, . . . , y2s ≤ Y1.

Obviously,
C ≤ η2sIs(Y ), (12.53)

where Is(Y ) is the number of solutions of the congruence from Theorem 12.2 (in this
theorem, we must set k = s and X = Y ). The sum D can be estimated as follows:

D ≤ sY

m∑
λ=1

∣∣∣∣ ∑
X<x≤X1

exp

{
2πi

aλx∗

m

}
exp{iθ1(x)}

∣∣∣∣2k
= sY

∑
x1,...,x2k

exp
{
i
(
θ1(x1)+ · · · − θ1(x2k)

)}
×

m∑
λ=1

exp

{
2πi

aλ(x∗
1 + · · · − x∗

2k)

m

}

≤ sY
∑

x1,...,x2k

m∑
λ=1

exp

{
2πi

aλ(x∗
1 + · · · − x∗

2k)

m

}

= sY

m∑
µ=1

I (µ)

m∑
λ=1

exp

{
2πi

aλµ

m

}
,

where I (µ) is the number of solutions of the congruence

x∗
1 + · · · − x∗

2k ≡ µ (mod m), X < x1, . . . , x2k ≤ X1.

Obviously,
I (µ) ≤ I (0) ≤ Ik(X).
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Therefore, recalling that (a,m) = d, i.e., a = a1d, m = m1d, (a1,m1) = 1, for D
we obtain the final estimate

D ≤ sY Ik(X)

m∑
µ=1

m∑
λ=1

exp

{
2πi

aλµ

m

}
= sdmYIk(X). (12.54)

From (12.50)–(12.54), we successively obtain

Wk
1 ≤ η

s(k−1)
0

√
η2sIs(Y )

√
sdmYIk(X); (12.55)

|W |ks ≤ ξks0 (ξ
−1
0 ξ)kηsk−s0 ηs

√
Is(Y )

√
sdmY

√
Ik(X). (12.56)

Finally, using the estimate for Ik(X) and Is(Y ) in Theorem 12.2, from (12.56) we
obtain the assertion of the theorem. ��

Theorem 12.11. Suppose that the assumptions of Theorem 12.10 are satisfied, and
moreover, s ≥ 2. Then for |W | the following estimate holds:

|W | ≤ ξ0η0�1,

where

�1 = (ξ−2
0 ξ1

√
X)1/s(η−1

0 η
√
Y )1/k(sdmY)1/(2ks)(logX)2k/s

× (logY )2s/k(2k)4k
2/s(2s)4s

2/k.

Proof. Passing to the inequalities and using Hölder’s and Cauchy’s inequalities, we
successively obtain

|W |s/2 ≤
( ∑
X<x≤X1

|ξ(x)|
)s/2−1

×
∑

X<x≤X1

|ξ(x)|
∣∣∣∣ ∑
Y<y≤Y1

η(y) exp

{
2πi

ax∗y∗ + bxy

m

}∣∣∣∣s/2
≤ ξ

s/2−1
0

√ ∑
X<x≤X1

|ξ(x)|2

×
√√√√ ∑
X<x≤X1

∣∣∣∣ ∑
Y<y≤Y1

η(y) exp

{
2πi

ax∗y∗ + bxy

m

}∣∣∣∣s
= ξ

s/2−1
0 ξ

1/2
1

√
W1,

where

W1 =
∑

X<x≤X1

∣∣∣∣ ∑
Y<y≤Y1

η(y) exp

{
2πi

ax∗y∗ + bxy

m

}∣∣∣∣s .
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Using estimate (12.55) and Theorem 12.11, we successively obtain

|W |ks ≤ ξks−2k
0 ξk1W

k
1 ≤ ξks−2k

0 ξk1 η
s(k−1)
0 ηs

√
Is(Y )

√
Ik(X)

√
csdmY

≤ (ξ0η0)
ks(ξ−2

0 ξ1)
k(η−1

0 η)s(2s)4s
3
(2k)4k

3
Y s/2(logY )2s

2
Xk/2(logX)2k

2;
|W | ≤ ξ0η0�1.

The theorem is proved. ��

If we set b = 0 in the sum W(a, b), then we obtain more refined estimates.
Let us only cite the statements of the corresponding results, since their proofs repeat
word-for-word those of Theorems 12.10 and 12.11.

Theorem 12.12. Assume the conditions and the notation of Theorem 12.10. Then the
following estimate holds:

|W(a, 0)| ≤ ξ0η0�(sY )
−1/(2ks).

Theorem 12.13. Assume the conditions and the notation of Theorem 12.11. Then the
following estimate holds:

|W(a, 0)| ≤ ξ0η0�1(sY )
−1/(2ks).

12.6 Short Kloosterman sums and their applications

First, we present some auxiliary lemmas, which we need to prove the main Lemma 12.A
and the theorems.

Lemma 12.5. For x ≥ 2, the following relation holds:∑
p≤x

1

p
= log log x + c + θ

log x
,

where c = 0.26 . . . is an absolute constant and |θ | < 10.

Lemma 12.6. Suppose that a ≥ 2, b − a > 1, r ≥ 0 is an integer, and J is a set
of prime numbers in the interval (a, b]. Suppose also that w runs through the values
that are products of the form w = p1p2 . . . pr , where pi ∈ J , i = 1, 2, . . . , r , and
p1 < p2 < · · · < pr . Then the following inequality holds:∑

w

1

w
≤ 1

r!
(∑
p∈J

1

p

)r
.
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Proof. Let q1, . . . , qs be all the prime numbers in the set J . If s < r , then the statement
of the lemma is obvious, since in this case the sum in the left-hand side of the inequality
is zero. Let r ≤ s. Each of the numbersw can be written asw = q

α1
1 . . . q

αs
s , where αi

is equal either to 0 or to 1, i = 1, 2, . . . , s, and α1 + · · · + αs = r . Calculating the
expression in the right-hand side, we obtain terms of the form

r!
α1! . . . αs ! (q

α1
1 . . . qαss ) = r!w−1. ��

Let x ≥ y ≥ 2. By N(x, y) we denote the number of numbers in the series
1, 2, . . . , [x] all whose prime divisors do not exceed y. We define the quantity�(x, y)
as the number of numbers in the same series all whose prime divisors are larger than y.
Lemmas 12.6 and 12.7 provide upper bounds for N and �, which we need in the
following.

Lemma 12.7. Suppose that y = y(x) ≤ x and y(x) → +∞ as x → +∞. Then the
following estimate

N(x, y) < x exp

{
− log x

log log log y

log y
+ log log y +O

(
log log y

log log log y

)}
holds and all constants in the O-symbol are absolute constants.

This lemma is proved, e.g., in [139].

Lemma 12.8. Let x ≥ y ≥ y1 > 1. Then the following inequality holds:

�(x, y) <
3x log x

(log y)2
.

Proof. We divide �(x, y) into two classes. The first class contains all square-free
numbers. The second class contains all the other numbers. Let �1 be the number of
numbers in the first class, and let �2 be the number of numbers in the second class.

We choose an integer t ≥ 0. By�1(t)we denote the number of n that belong to the
first class and can be represented asn = p1 . . . pt+1, wherey < p1 < · · · < pt+1 ≤ x.
Then

�1(t) =
∑

p1...pt+1≤x
1 =

∑
p1...pt≤xy−1

∑
y<pt+1≤x(p1...pt )−1

1 ≤
∑

p1...pt≤xy−1

π

(
x

p1 . . . pt

)
.

For sufficiently large h, we have the inequality π(h) ≤ 2h(logh)−1. Using this
inequality and the assertions of Lemmas 12.5 and 12.6, we obtain

�1(t) ≤ 2
∑

p1...pt≤xy−1

x

p1 . . . pt
π

(
log

x

p1 . . . pt

)−1
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≤ 2
x

log y

∑
p1...pt≤xy−1

1

p1 . . . pt
≤ 2

x

log y

1

t !
( ∑
y<p≤x

1

p

)t

≤ 2
x

log y

1

t !
(

log log x − log log y + 20

log y

)t
≤ 2

x

log y

1

t ! (log log x − log log y + 0.1)t .

So for �1, we obtain the estimate

�1 =
+∞∑
t=0

�1(t) ≤ 2
x

log y

+∞∑
t=0

1

t ! (log log x − log log y + 0.1)t = 2e0.1 x log x

(log y)2
.

It is easy to see that �2 does not exceed∑
l>y

x

l2
<

2x

y
.

Thus we have

�(x, y) = �1 +�2 ≤ 2e0.1 x log x

(log y)2
+ 2x

y
<

3x log x

(log y)2
.

The proof of the lemma is complete. ��

Lemma 12.9. Suppose that m > 1 is an integer, k and s are natural numbers, real
numbers X, X1, Y, Y1 satisfy the inequalities

k < X < X1, kX2k−1
1 < m,

s < Y < Y1, sY 2s−1
1 < m,

and a parameter n takes N values of natural numbers such that (n,m) = 1; a and b
are integers such that (a,m) = d; and p and q take successive values of primes such
that (p,m) = (q,m) = 1. The set of numbers of the form npq, where X < p ≤ X1
and Y < q ≤ Y1 is denoted by the letterA, and the number of elements inA is denoted
by the symbol ‖A‖. Then the trigonometric sum

S =
∑
n∈A

exp

{
2πi

an∗ + bn

m

}
satisfies the estimate

|S| ≤ ‖A‖�,
where

� = (s!k!)1/(2sk)(π1(X)
)−1/(2s)(

π1(Y )
)−1/(2k)

(smdY )1/(2sk),

π1(X) = π(X1)− π(X)−
∑

X<p≤X1, p|m
1.
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This lemma is a version of Theorem 12.3.

Lemma 12.10. Suppose that ρ is a natural number, α and β are real numbers, 0 <
δ < 1/16, and 2δ < β −α < 1 − 2δ. Then there exists a periodic function ψ(x) with
period 1 that has the following properties:

(1) ψ(x) = 1 for α + δ ≤ x ≤ β − δ;

(2) 0 < ψ(x) < 1 for α − δ < x < α + δ and β − δ < x < β + δ;

(3) ψ(x) = 0 for β + δ ≤ x ≤ 1 + α − δ;

(4) ψ(x) can be expanded in the Fourier series

ψ(x) = β − α +
∑
|r|>0

g(r) exp{2πirx},

where

|g(r)| ≤ min

(
β − α; 1

π |r| ;
1

π |r|
(

ρ

π |r|δ
)ρ)

= c(r). (12.57)

This lemma is a version of Lemma A.3.

Lemma 12.11. Suppose that λ1, λ2, . . . , λQ are real numbers such that 0 ≤ λs < 1,
s = 1, 2, . . . ,Q. Suppose also that ρ ≥ 1 is an integer, 0 < δ < 1/16, α, β,R are
real numbers, 2δ < β − α < 1 − 2δ, ψ(x) is the function in the preceding lemma
and this functions corresponds to some given ρ, δ, α and β. Suppose that for any
admissible values of α and β, the sum

U(α, β) =
Q∑
s=1

ψ(λs)

satisfies the relation
U(α, β) = (β − α)Q+O(R).

Then:
(1) for any σ , 0 ≤ σ < 1, the number Aσ of values of λs such that 0 ≤ λs < σ

is given by the formula

Aσ = σQ+ Rσ , Rσ = O(R)+O(Qδ);
(2)

∑Q
s=1 λs = 1

2Q+O(R)+O(Qδ).

This lemma is a version of Lemma 3 in [162], p. 18.
Prior to stating the main Lemma 12.A, we introduce the necessary notation.
Suppose that m ≥ m1 > 1 is a natural number, x is a real number satisfying the

inequalities
exp{(logm)4/5(log logm)5} < x ≤ m4/7, (12.58)
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and C > 1 is an absolute constant whose value will be chosen later. We also set

Uk = 1

4
m1/(2k−1), Vk = m1/(2k−1)−1/(4k2−1),

γ = 5 log log x − 4 log logm− log log logm− logC

24 log log x
, ε = log x

logm
,

Q1 = 1

4
exp

{1

4
ε(log x)1−10γ

}
, Q2 = 1

4
exp

{1

4
ε(log x)1−8γ

}
,

Q3 = 1

4
exp{(log x)1−4γ }, Q3 = 1

4
exp{(log x)1−2γ }.

It is easy to see that

log log logm

2 log logm
< γ <

5

96
,

(log logm)5

(logm)1/5
< ε ≤ 4

7
.

The integers k1, k2, s1, and s2 determined by the conditions

Uk1 ≤ Q4 < Uk1−1, Uk2+2 < Q3 ≤ Uk2+1,

Us1 ≤ Q2 < Us1−1, Us2+1 < Q1 ≤ Us2 ,

satisfy the inequalities

1

2ε
(log x)2γ + 1

2
≤ k1 <

1

2ε
(log x)2γ + 3

2
,

1

2ε
(log x)4γ − 3

2
≤ k2 <

1

2ε
(log x)4γ − 1

2
,

2

ε2 (log x)8γ + 1

2
≤ s1 <

2

ε2 (log x)8γ + 3

2
,

2

ε2 (log x)10γ − 5

2
≤ s2 <

2

ε2 (log x)10γ − 3

2
.

(12.59)

Lemma 12.A. All natural numbers n that do not exceed x and are coprime to m,
except at most

60x log log x

(log x)γ

numbers, can be represented as
n = l2pqh, (12.60)

where l and h are integers, p and q are prime numbers, and

(1) µ(pqh) �= 0;

(2) 1 ≤ l ≤ log x;

(3) for some k and s such that k1 ≤ k ≤ k2 and s1 ≤ s ≤ s2, the following
inequalities hold:

Vk < p ≤ Uk, Us+1 < q ≤ Us.
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Proof. First, we outline the subsequent considerations. From the series

1, 2, 3, . . . , n, . . . , [x], (n,m) = 1, (12.61)

we delete the numbers that cannot be represented in the form (12.60). This procedure
involves several steps. At the first step (item 1◦), we delete the numbers divisible by
squared “large” integers from the series (12.61). At the second step (item 2◦), we
choose Q = Q(x) in a special way and delete the numbers all whose prime divisors
are larger than Q, as well as the numbers all whose prime divisors do not exceed Q.
Thus in the series (12.61), all the numbers remaining after the first two steps can be
represented as n = l2n1, where n1 is a square-free number and l is a small integer. In
this case, the number n has at least one prime divisor that does not exceed Q and at
least one prime divisor that is larger than Q.

The last third stage (item 3◦) is the central part of the proof. Here the elimination
is performed as follows. First, we delete the numbers n none of whose prime divisors
belongs to the interval (Us2+1;Us1 ]. Then each of the remaining n has at least one
prime divisor q that satisfies one of the inequalities Us+1 < q ≤ Us , s = s1, s1 +
1, . . . , s2. Finally, from the resulting set we delete those n none of whose prime
divisors belongs to the union of the intervals (Vk;Uk], k = k1, k1+1, . . . , k2. It is easy
to verify that all the numbers remaining in the series (12.61) admit the representation
given in the statement of the lemma.

It should be noted that most of the numbers were deleted at the last stage. Now
we prove the lemma following this plan.

1◦. In the series (12.61), the number of numbers n that can be divided by a squared
“large” integer l > log x, i.e., that can be represented as n = l2n1, l > log x, does not
exceed the number ∑

l>log x

x

l2
<

2x

log x
.

2◦. We set Q = exp{log x/ log log x}. According to Lemmas 12.7 and 12.8, in
the series (12.61), the number of numbers n all whose prime divisors either do not
exceed Q or are larger than Q is bounded above by the quantity

N(x,Q)+�(x,Q) <
4x(log log x)2

log x
.

Thus throwing out

<
2x

log x
+ 4x(log log)2

log x
<

5x(log log x)2

log x

numbers, we can restrict our consideration to the numbers n ≤ x satisfying the con-
ditions n = l2n1, 1 ≤ l ≤ log x, µ(n1) �= 0, and the condition that n can be divided
by a prime number that does not exceed Q.
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3◦. For convenience of exposition, we introduce the following notation for inter-
vals:

J = (1;Us2+1], J ′ = (Us2+1;Us1 ], J ′′ = (Us1;Q], J0 = (1;Vk2 ],
Ji = (Uk2−i+1;Vk2−i], i = 1, 2, . . . , ν, ν = k2 − k1, Jν+1 = (Uk1;Q].
In what follows, i.e., in items 4◦ and 5◦, our argument is based on the fact that each

of these intervals, as well as each of the intervals (Vk;Uk], k = k1, . . . , k2, contains
sufficiently many prime numbers that do not divide m. We show that this is the case.

Let (u, v] be any of the above intervals. First, we show that

u

v
≤ exp{−(logm)1/5}.

If (u; v] is either J or J0, then u = 1,

v ≥ Us2+1 = 1

4
m1/(2s2+1), and

u

v
≤ m−1/(2s2+1).

If (u; v] is either J ′′ or Jν+1, then v = Q and u ≤ Uk1 ≤ Q4 so that u/v ≤ Q4/Q.
Finally, it follows from the inequalities

Us2+1 <
1

4
m1/(2s1+1) = Us1m

−2/(4s2
1−1) < Us1m

−1/(4s2
1−1),

Uk+1 <
1

4
Vkm

−1/(4k2−1)Vkm
−2/(4k2

2−1) < Vkm
−1/(4s2

1−1), k = k1, . . . , k2−1,

Vk = 4Ukm
−1/(4k2−1) ≤ 4Ukm

−1/(4k2
2−1) < 4Ukm

−1/(4s2
1−1), k = k1, . . . , k2,

that the inequality
u

v
≤ 4m−1/(4s2

1−1)

holds for each of the remaining intervals. Thus it suffices to prove that

max
(
m−1/(4s2−1);Q4Q

−1; 4m−1/(4s2
1−1)) < exp{−(logm)1/5}.

Using the definition of γ and ε, as well as inequalities (12.58) and (12.59), we obtain

2s2 + 1 <
4

ε2 (log x)10γ = 4C−5/12(logm)1/3(log x)1/12(log logm)−5/12

< 4C−5/12(logm)1/4(log logm)−5/12,

m−1/(2s2+1) < exp

{
− C5/12

4
(logm)3/4(log logm)5/12

}
< exp{−(logm)1/5};

(log x)2γ = C−1/12(log logm)2 > 2 log log x;
Q4Q

−1 = 1

4
exp

{
− log x

log log x

(
1 − log log x

(log x)2γ

)}
≤
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≤ 1

4
exp

{
− log x

2 log log x

}
< exp{−(logm)1/5};

and finally, we have

s1 <
2

ε2 (log x)8γ + 3

2
,

4s2
1 − 1 <

48

ε4 (log x)16γ = 48C−2/3(logm)4/5(log logm)−4,

4m−1/(4s2
1−1) < 4 exp

{
− C2/3

48
(logm)1/5(log logm)4

}
< exp{−(logm)1/5}.

Next, for each of the intervals under study, we have the inequality

v ≥ Us2+1 = 1

4
m1/(2s2+1) >

1

4
exp

{
C5/12

4
(logm)3/4(log logm)5/12

}
> exp{(logm)3/4(log logm)1/3}.

Since
1

2
· h

logh
≤ π(h) ≤ 2 · h

logh

for large h, for m ≥ m1, we have

π(v)− π(u) ≥ v

2 log v
− 2u

log u
= v

2 log v

(
1 − 4

u log v

v log u

)
>

v

2 log v

(
1 − 4(−(logm)1/5) logm

)
>

v

4 log v
≥ Us2+1

4 logUs2+1

>
exp{(logm)3/4(log logm)1/3}

4(logm)3/4(log logm)1/3
> 2 exp{(logm)3/4}.

In the interval (u; v], the number of primes that dividem does not exceed the number
of all prime divisors of m, which, in turn, does not exceed 2 logm. Therefore, for
the number of primes in the interval (u; v] that are coprimes to m, we have the lower
bound

π(v)− π(u)−
∑

u<p≤v, p|m
1 > 2 exp{(logm)3/4} − 2 logm > exp{(logm)3/4}.

4◦. Let N1 be the number of numbers n = l2n1 remaining in the series (12.61)
after the first two steps that do not have prime divisors in the interval J ′. LetN1(l) be
the number of such numbers n corresponding to a given value of l ≤ log x. For each
of these n, the number n1 can be written in the form n1 = wv, where all the prime
divisors of w do not exceedQ and all the prime divisors of v are larger thanQ. Since
the canonical decomposition of n does not contain prime numbers from the interval J ′,
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we see that all the prime divisors ofw can be divided into two groups. The first group
contains all divisors of w that belong to the interval J . The second group contains all
divisors of w that belong to the interval J ′′. Hence the number w can be written in
the form

w = p1 . . . pr0q1 . . . qr1 , (12.62)

where r0 ≥ 0, r1 ≥ 0, pi ∈ J , i = 1, 2, . . . , r0, and qj ∈ J ′′, j = 1, 2, . . . , r1. Since
n1 is a square-free number, all primes p1, . . . , pr0 , q1, . . . , qr1 are distinct.

By N1(l; r0, r1) we denote the number of numbers n that correspond to different
values of r0 and r1. For an integer r ≥ 0, we set

N1(l; r) =
∑

N1(l; r0, r1),

where the summation is over all sets of r0 and r1 such that r0+r1 = 1. We choose an ar-
bitrary numberw of the form (12.62). Recalling the definition of the quantity�(x, y),
we see that to this w there correspond

�

(
x

l2w
,Q

)
(12.63)

numbers v such that n = l2wv ≤ x. We fix r0 and r1. Summing (12.63) over all w
corresponding to these r0 and r1 and using the estimate in Lemma 12.8, we obtain

N1(l; r0, r1) =
∑
w

�

(
x

l2w
,Q

)
<

3x log x

(l · logQ)2
∑
w

1

w
.

To estimate the last sum over w, we use the inequality in Lemma 12.6:∑
w

1

w
≤ 1

r0!
(∑
p∈J

1

p

)r0 · 1

r1!
( ∑
q∈J ′′

1

q

)r1
.

Now we study each of the sums separately. Applying Lemma 12.5, we obtain∑
p∈J

1

p
=

∑
2≤p≤Us2+1
(p,m)=1

1

p
≤

∑
2≤p≤Us2+1

1

p
≤ log logUs2+1 + c + 10

logUs2+1
,

∑
q∈J ′′

1

q
=

∑
Us1<q≤Q
(q,m)=1

1

q
≤

∑
Us1<q≤Q

1

q
≤ log logQ− log logUs1 + 20

logUs1
.

Applying inequalities (12.59), we easily obtain

Us2+1 < exp

{
1

3
ε(log x)1−10γ

}
, Us1 < exp

{
1

5
ε(log x)1−8γ

}
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as soon as m ≥ m1. Therefore, we have

log logUs2+1 + c + 10

logUs2+1
≤ log logUs2+1 + 1

2

≤ (1 − 10γ ) log log x + log ε − log 3 + 1

2
= α0,

log logQ− log logUs1 + 20

logUs1
≤ log logQ− log logUs1 + 1

2

≤ 8γ log log x − log log log x + log ε + log 5 + 1

2
= α1.

Collecting together all the estimates, we successively obtain∑
w

1

w
≤ α

r0
0

r0! · α
r1
1

r1! , N1(l; r0, r1) < 3x log x

(l · logQ)2
· α

r0
0

r0! · α
r1
1

r1! ,

N1(l; r) < 3x log x

(l · logQ)2
· 1

r!
∑

r0+r1=r
· r!
r0!r1!α

r0
0 α

r1
1 = 3x log x

(l · logQ)2
· (α0 + α1)

r

r! ,

N1(l) =
+∞∑
r=0

N1(l; r) < 3x log x

(l · logQ)2

+∞∑
r=0

(α0 + α1)
r

r!

= 3x log x

(l · logQ)2
exp{α0 + α1}.

Since
α0 + α1 = (1 − 2γ ) log log x − log log x + log(5e/3),

we have

N1(l) <
3x log x

(l · logQ)2
· (log x)1−2γ

log log x
· 5e

3
= 5ex log log x

l2(log x)2γ
.

The relation
N1 =

∑
l≤log x

N1(l)

implies the upper bound for N1:

N1 < 5e
x log log x

(log x)2γ
∑
l≤log x

1

l2
<

5π2e

6
· x log log x

(log x)2γ
.

We exclude theseN1 numbers from the set under study. Then for each of the remaining
numbers n, it is possible to find at least one prime divisor q such that (q,m) = 1 and
q ∈ J ′. Since we have the relation

J ′ = (Us2+1;Us1 ] =
s2⋃
s=s1

(Us+1;Us],
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for this q we can uniquely determine a number s such that

Us+1 < q ≤ Us, s1 ≤ s ≤ s2. (12.64)

5◦. LetN2 be the number of numbers n = l2n1 (in the set obtained in item 4◦) that
do not have prime divisors in the union of the intervals (Vk;Uk], k = k1, k1+1, . . . , k2.
Let N2 be the number of numbers n that correspond to a given value of l ≤ log x. To
estimate N2(l) and N2, we follow the argument in item 4◦.

For each of the numbers n, we write the square-free factor n1 in the form n1 =
wv, where all prime divisors of w (if any) belong to the union of the intervals
J0, J1, . . . , Lν+1 and all prime divisors of v are larger than Q. For each i, i =
0, 1, . . . , ν+1, we define a number ri ≥ 0 as the number of prime divisors ofw that lie
in the interval Ji . By N2(l; r0, r1, . . . , rν+1) we denote the number of numbers n that
belong to the set under study and correspond to the given values of l, r0, r1, . . . , rν+1.
Finally, for an integer r ≥ 0, we set

N2(l; r) =
∑

N2(l; r0, r1, . . . , rν+1),

where the sum is taken over all the sets of r0, r1, . . . , rν+1 such that r0 + r1 + · · · +
rν+1 = r .

Following the argument in item 4◦, we obtain the inequality

N2(l; r0, r1, . . . , rν+1) =
∑
w

�

(
x

l2w
,Q

)
<

3x log x

(l · logQ)2
∑
w

1

w
,

where the sum is taken over all numbers w corresponding to r0, r1, . . . , rν+1.
Applying Lemma 12.6, we estimate the last sum over w as follows:

∑
w

1

w
≤
ν+1∏
i=0

σ
ri
i

ri ! , σi =
∑
p∈Ji

1

p
, i = 0, 1, . . . , ν + 1.

Now let us consider σi . First, from inequalities (12.59) for k2, we derive the upper
bound for Vk2 :

Vk2 < exp{2(log x)1−4γ }.
Applying Lemma 12.4, we obtain

σ0 =
∑
p∈J0

1

p
≤ log logVk2 + c + 10

logVk2

< log logVk2 + 0.3

< (1 − 4γ ) log log x + log 2 + 0.3 < (1 − 4γ ) log log x + 1 = α0.

Let us choose an i, 1 ≤ i ≤ ν. We set k = k2 − i. Then

σi =
∑
p∈Ji

1

p
< log logVk − log logUk+1 + 20

logUk+1
= log

(
1 + 1

2k − 1

)
+ ρ(k),
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where

ρ(k) = 20

logUk+1
− log

(
1 − (2k − 1) log 4

logm

)
.

It follows from (12.59) that

k ≤ k2 <
1

10
(logm)1/3 − 1

2
.

Hence the absolute value of ρ(k) does not exceed

25 · (2k + 1)

logm
<

1

4(2k − 1)2
.

So we obtain

σi < log

(
1 + 1

2k − 1

)
+ 1

4(2k − 1)2
<

1

2k − 1
− 1

4(2k − 1)2
+ 1

4(2k − 1)2

= 1

2k − 1
= 1

2(k2 − i)− 1
= αi.

Finally, taking into account the inequality Uk1 > exp{(log x)1−2γ /2}, we find

σν+1 < log logQ− log logUk1 + 20

logUk1

< log logQ− log logUk1 + 0.3

< 2γ log log x − log log log x + 1 = αν+1.

Collecting together all the estimates, we obtain the inequalities

∑
w

1

w
<

ν+1∏
i=0

α
ri
i

ri ! , N2(l; r0, r1, . . . , rν+1) <
3x log x

(l · logQ)2

ν+1∏
i=0

α
ri
i

ri ! ,

N2(l; r) < 3x log x

(l · logQ)2
∑

r0+r1+···+rν+1=r

α
r0
0 α

r1
1 . . . α

rν+1
ν+1

r0!r1! . . . rν+1! = 3x log x

(l · logQ)2
· α

r

r! ,

where α = α0 + α1 + · · · + αν+1, and

N1(l) =
+∞∑
r=0

N2(l; r) < 3x log x

(l · logQ)2
exp{α},

N2 =
∑
l≤log x

N2(l) <
π2

2
· x log x

(logQ)2
exp{α}.

Since

α = (1 − 4γ ) log log x + 1 + 2γ log log x − log log log x + 1 +
k2∑
k=k1

1

2k − 1
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< (1 − γ ) log log x − log log log x + 2,

we have

N2 <
(πe)2x log x

2(logQ)2
· (log x)1−γ

log log x
= (πe)2x log log x

2(log x)γ
.

Now we also exclude these N2 numbers. Thus we have excluded at most

5x(log log x)2

log x
+ 5π2ex log log x

6(log x)2γ
+ (πe)2x log log x

2(log x)γ
<

60x log log x

(log x)γ

numbers from the series (12.61). For each of the remaining numbers, we can find
at least one prime divisor p that belongs to the union of the intervals (Vk, Uk], k =
k1, . . . , k2. Together with (12,6̇4), this means that all the remaining numbers can be
represented as (12.60). The proof of Lemma 12.A is complete. ��

Now we estimate the short Kloosterman sum.
Suppose that the parameters m, x, C, k1, k2, s1, s2, γ and ε satisfy conditions

(12.59), a and b are integers, (a,m) = d ≥ 1, and

S =
∑′

n≤x
exp

{
2πi

an∗ + bn

m

}
.

Theorem 12.14. The sum S satisfies the estimate

|S| ≤ x(�1 +�2),

where

�1 = d1/(2k1s1)(logm)−5, �2 = 4(log x)−5/24(logm)1/6(log logm)25/24.

Proof. We divide the sum S into two parts: S = S1 + S2. The sum S1 contains
the terms corresponding to n having the form n = l2n1, l ≤ log x, µ(n1) �= 0. The
sum S2 contains all the other terms. It is easy to see that the number of terms in S2
does not exceed the quantity ∑

log x<l≤√
x

x

l2
<

2x

log x
.

Estimating S2 trivially, we obtain

|S| ≤ |S1| + 2x

log x
.

ByAwe denote the set of all prime numbers that do not dividem and are contained
in the union of the intervals (Vk;Uk], k = k1, . . . , k2. By B we denote the set of all
prime numbers that do not divide m and are contained in the interval (Us2+1;Us1 ].
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We divide the sum S1 into sums Sµ,ν . A sum Sµ,ν contains all the terms corre-
sponding to numbers n that can be represented as n = l2hu = ru, where µ(hu) �= 0
and l ≤ log x. Here u is the product of µ prime factor from A and ν prime factors
from B: u = p1 . . . pµq1 . . . qν and r does not have prime divisors from the sets A
and B.

By µ0 and ν0 we denote the maximal possible values of µ and ν. Since the
inequalities

p > Vk2 > exp{(log x)1−4γ }, q > Us2+1 > exp

{
1

8
ε(log x)1−10γ

}
hold for any p ∈ A and q ∈ B, we have the following estimates for µ0 and ν0:

µ0 ≤ (log x)4γ , ν0 ≤ 8

ε
(log x)10γ . (12.65)

We can trivially estimate the sums Sµ,ν in which at least one of the indices µ, ν
is nonzero. The terms in such sums correspond to different numbers n ≤ x for
which it is impossible to find a pair of prime divisors p, q such that p ∈ A and
q ∈ B. By Lemma 12.A, the total number of such n does not exceed x�, where
� = 60 log log x/(log x)γ . Hence we have

|S0,0| +
µ+0∑
µ=1

|Sµ,0| +
ν0∑
ν=1

|S0,ν | ≤ x�.

We consider the sum

W =
∑
r

∑
w≤xr−1

exp

{
2πi

an∗ + bn

m

}
, n = rw.

Here r runs through an increasing sequence of numbers r = l2h defined above. The
quantity w takes values that are products µ + ν of prime factors each of which,
independently of the others, runs through its own increasing sequence of numbers:
w = p1 . . . pµq1 . . . qν . Namely, p1 . . . pµ run through the set A independently of
one another and q1 . . . qν run through the set B independently of one another.

The term corresponding to the value n = rw, whereµ(w) �= 0 (i.e., to the valuew
for which the numbers p1, . . . , pµ, q1, . . . , qν are distinct) enters the sum W exactly
µ!ν! times.

Now we consider the term corresponding to the value n = rw, where µ(w) = 0.
We assume that the set of numbers p1, . . . , pµ contains exactly g different numbers
and, moreover, the first number occurs α1 times, the second number occurs α2 times,
. . . , and the gth number occurs αg times. We also assume that the set of numbers
q1, . . . , qν contains exactly t different numbers and, moreover, the first number occurs
β1 times, the second number occurs β2 times, . . . , and the t th number occurs βt times.



12.6 Short Kloosterman sums and their applications 527

Then we have α1 +α2 + · · · +αg = µ and β1 + β2 + · · · + βt = ν. Since µ(w) = 0,
at least one of the numbers α1, α2, . . . , αg, β1, β2, . . . , βg is strictly larger than 1.
Hence the corresponding term occurs in the sum W

(α1 + · · · + αg)!(β1 + · · · + βt )!
α1! . . . αg!β1! . . . βt ! < µ!ν!

times. We note that all such numbers n = rw have the form n = l2n1, µ(n1) �= 0,
l > log x. Therefore, the number of such n ≤ x does not exceed the quantity∑

log x<l≤√
x

x

l2
<

2x

log x
.

So we obtain

(µ!ν!)−1W = Sµ,ν + 2θ
x

log x
, |θ | < 1, |Sµ,ν | < (µ!ν!)−1W + 2x

log x
.

Now we estimate the sumW . We write u = rp2 . . . pµq2 . . . qν , p = p1, q = q1,
and n = upq. We rewrite W as

W =
∑
u

∑
p∈A

∑
q∈B

pq≤xu−1

exp

{
2πi

an∗ + bn

m

}
.

We divide the sets A and B of p and q into intervals as follows. We divide each of the
segments (Vk;Uk], k = k1, . . . , k2, into the intervals

(X;X1] = (
max(Vk; 2−(τ+1)Uk); 2−τUk

]
, τ = 0, 1, . . . , τ0.

If we have X1 < 2X for the interval corresponding to the value τ = τ0, then we
combine this interval with (2−τ0Uk; 2−(τ0−1)Uk]. As a result, we obtain the interval
(X′;X′

1] for which 2X′ ≤ X′
1 ≤ 4X′. Thus for the interval (X;X1] thus obtained, we

have the inequalities
2X ≤ X1 ≤ 4X.

Similarly, we divide each of the intervals (Us+1;Us], s = s1, . . . , s2, into the intervals
(Y ;Y1], where 2Y ≤ Y1 ≤ 4Y . The number of pairs X, Y obtained by this division
does not exceed

k2s2 log2(Uk1) log2(Us1) < (logm)3.

According to this, we divide the sum W into < (logm)3 sums:

W(X, Y ) =
∑

u≤x(XY)−1

∑′

X<p≤X1

∑′

Y<q≤Y1
XY<pq≤Z

exp

{
2πi

an∗ + bn

m

}
,
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where Z = [min(X1Y1, xu
−1)]. By W1 we denote the inner sum over p and q. We

define the function δ(z) as follows:

δ(z) =
{

1, z = pq, (z,m) = 1, X < p ≤ X1, Y < q ≤ Y1,

0 otherwise.

Then W1 can be rewritten as

W1 =
∑

XY<z≤Z
δ(z) exp

{
2πi

a1z
∗ + b1z

m

}
,

where a1 = au∗ and b1 = bu. In this case, (a1,m) = (a,m) = d. Now we
transform W1 so that the interval of variation of z be independent of u:

W1 =
∑

XY<z≤X1Y1

δ(z)

(
1

m

m−1∑
f=0

Z∑
y=1

exp

{
2πi

f (z− y)

m

})
δ(z)

× exp

{
2πi

a1z
∗ + b1z

m

}
= Z

m

∑
XY<z≤X1Y1

δ(z) exp

{
2πi

a1z
∗ + b1z

m

}

+ 1

m

m−1∑
f=1

exp{−2πif (Z + 1)/m} − exp{2πif/m}
exp{−2πif/m} − 1

×
∑

XY<z≤X1Y1

δ(z) exp

{
2πi

a1z
∗ + (b1 + f )z

m

}
.

Let T be the largest possible value of the modulus of the sum∑
XY<z≤X1Y1

δ(z) exp

{
2πi

a2z
∗ + b2z

m

}
=

∑′

X<p≤X1

∑′

Y<q≤Y1

exp

{
2πi

a2p
∗q∗ + b2pq

m

}
,

where a2 and b2 are integers, (a2,m) = d. Then, as is easy to see,

|W1| ≤
(
Z

m
+ 1

m

m−1∑
f=1

(
sin

πf

m

)−1)
T ≤

(
Z

m
+ 1

m

m−1∑
f=1

(
f

m

)−1)
T < 2T logm.

For givenX, X1, Y, Y1, we determine k and s so that the following inequalities hold:

Vk = m1/(2k−1)−1/(4k2−1) < X < X1 ≤ Uk = 1

4
m1/(2k−1), (12.66)

Us+1 = 1

4
m1/(2s+1) < Y < Y1 ≤ Us = 1

4
m1/(2s−1), (12.67)
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k1 ≤ k ≤ k2, s1 ≤ s ≤ s2.

Then we have the conditions

kX2k−1
1 < m, sY 2s−1

1 < m, X > k ≥ 3, Y > s ≥ 3.

This allows us to apply Lemma 12.9. So we obtain

T ≤ XY�′,

where

�′ = (k!s!)1/(2ks)(π1(X))
−1/(2s)(π1(Y ))

−1/(2k)(smdY )1/(2ks),

and
π1(X) = π(X1)− π(X)−

∑
X<p≤X1, p|m

1.

Using the well-known inequality

n! < e
√
n(n/e)n,

and the fact that s > k ≥ 3, we obtain

(k!s!)1/(2ks) · s1/(2ks) ≤
(
e2

√
ks

(
k

e

)k(
s

e

)s)1/(2ks)

s1/(2ks)

= e−
(
1/(2k)+1/(2s)−1/(ks)

)
· (ks)1/(4ks) · s1/(2ks) · k1/(2s) · s1/(2k)

< (3 · 3)1/(4·3·3) · 31/(2·3·3) · 31/(2·3) · s1/(2k) < 31/3s1/(2k).

It follows from inequalities (12.59) that

s1/(2k) ≤ s
1/(2k1)
2 ≤ exp

{
log(2ε−2(log x)10γ )

ε−1(log x)2γ

}
< exp

{
10γ log log x − 2 log ε + log 2

(log x)2γ

}
≤ 2 exp

{ 25
12 log log x − 5

3 log logm− 2 log log x + 2 log logm

C−1/12(log logm)2

}
= 2 exp

{ 1
12 log log x + 1

3 log logm

C−1/12(log logm)2

}
≤ 2

{
1

4
C1/12(log log)−1

}
< 3

for m ≥ m1. Thus
(k!s!)1/(2ks)s1/(2ks) < 34/3.

Further, since X1 ≥ 2X, we have the following lower bound for π1(X):

π1(X) ≥ π(2X)− π(X)− 2 logm.
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Since

π(2X) = 2X

logX
+O

(
X

(logX)2

)
, π(X) = X

logX
+O

(
X

(logX)2

)
,

for sufficiently large X (which is achieved for m ≥ m1), we have

π(X) ≥ X

logX
+O

(
X

(logX)2

)
− 2 logm, π1(X) ≥ X

2 logX
.

Similarly, for m ≥ m1

π1(Y ) ≥ Y

2 logY
.

Therefore,

(π1(X))
−1/(2s)(π1(Y ))

−1/(2k) ≤ 2
(
1/(2k)+1/(2s0

)
(logX)1/(2s)

× (logY )1/(2k)X−1/(2s)Y−1/(2k).

Since k ≥ k1 ≥ 3 and s ≥ s1 > 3, we have

21/(2k)+1/(2s) ≤ 21/6+1/6 = 21/3,

(logX)1/(2s) ≤ exp

{
log logm

2s1

}
≤ exp

{
log logm

ε−2(log x)8γ

}
≤ exp

{
log logm

(log x)2γ

}
= exp{C1/12(log logm)−1} ≤ 2,

(logY )1/(2k) ≤ exp

{
log logm

2k1

}
≤ exp

{
log logm

ε−1(log x)2γ

}
≤ exp

{
log logm

(log x)2γ

}
≤ 2,

and hence

(π1(X))
−1/(2s)(π1(Y ))

−1/(2k) ≤ 27/3X−1/(2s)Y−1/(2k).

Thus we have

�′ ≤ 27/334/3d1/(2ks)X−1/(2s)Y−1/(2k)m1/(2ks).

Taking inequalities (12.66) and (12.67) into account, we have

m1/(2ks)X−1/(2s)Y−1/(2k)+1/(2ks)

≤ m1/(2ks)(m1/(2k−1)−1/(4k2−1))−1/(2s)
(1

4
m1/(2k+1)

)−1/(2k)+1/(2ks)

≤ 41/(2k)−1/(2ks)m−δ,
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where

δ = s − 6k2

2ks(2s + 1)(4k2 − 1)
.

We return to (12.59) and find the lower bound for δ:

δ ≥ ε5

16(log x)24γ = C

16

log logm

logm
.

Collecting together all the estimates, we obtain the upper bound for �′:

�′ ≤ 27/334/341/6d1/(2ks)(logm)−C/16 < 28d1/(2ks)(logm)−C/16.

Finally, taking into account that ks ≥ k1s1, we obtain

T ≤ 28XYd1/(2k1s1)(logm)−C/16

so that
|W1| ≤ 56XYd1/(2k1s1)(logm)1−C/16.

Further, it follows from the definition of u that each value of u enters the sum
W(X, Y ) at most (µ− 1)!(ν − 1)! = (µν)−1µ!ν! times. Hence

|W(X, Y )| ≤
∑′

u≤x(XY)−1

(µν)−1µ!ν!|W1|,

where the prime on the sum means that this sum does not contain repeating terms.
Using the above estimate for W1, we obtain the successive inequalities

|W(X, Y )| ≤ (µν)−1µ!ν!x(XY)−1 56XYd1/(2k1s1)(logm)1−C/16

= 56µ!ν!(µν)−1xd1/(2k1s1)(logm)1−C/16,

(µ!ν!)−1|W | ≤ (µ!ν!)−1(logm)3(µν)−156µ!ν!xd1/(2k1s1)(logm)1−C/16

= 56(µν)−1xd1/(2k1s1)(logm)4−C/16,

|Sµ,ν | ≤ (µ!ν!)−1|W | + 2x

log x

≤ 56(µν)−1xd1/(2k1s1)(logm)4−C/16 + 2x

log x
,

µ0∑
µ=1

ν0∑
ν=1

|Sµ,ν | ≤ 2 logµ0 log ν0 · 56xd1/(2k1s1)(logm)4−C/16 + 2µ0ν0x

log x
.

Taking (12.65) into account, we obtain

112 logµ0 log ν0 < logm,
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2µ0ν0x

log x
<

16x

(log x)2
logm(log x)14γ

= 16C−7/12x(logm)−4/3(log x)11/12(log logm)−7/12 < x(logm)−1/9,

and finally,

µ0∑
µ=1

ν0∑
ν=1

|Sµ,ν | < xd1/(2k1s1)(logm)5−C/16 + x(logm)−1/9.

If now we choose C = 160, then for S1 we obtain the estimate

|S1| ≤
µ0∑
µ=1

ν0∑
ν=1

|Sµ,ν | < x�+ xd1/(2k1s1)(logm)−5 + x(logm)−1/9

≤ 2x�+ xd1/(2k1s1)(logm)−5 = x(2�+�1).

Estimating S, we obtain

|S| ≤ |S1| + 2x

log x
< x

(
2�+�1 + 2

log x

)
< x(3�+�1).

From the relations

3� = 3C1/24(log x)−5/24(logm)1/6(log logm)1/24 log log x

< 4(log x)−5/24(logm)1/6(log logm)25/24 = �2,

we obtain
|S| ≤ x(�1 +�2).

The proof of Theorem 12.14 is complete. ��

Precisely as above, we assume thatm ≥ m1 is a sufficiently large natural number,
x is an arbitrary number such that

exp{(logm)4/5(log logm)73/5} ≤ x ≤ m4/7,

a and b are integers, and (a,m) = 1. By the letterN we denote the number of numbers
that do not exceed x and are coprime to m.

Theorem 12.15. Suppose that α and β are real numbers such that 0 ≤ α < β < 1
and K(α, β) is the number of solutions of the system of inequalities

α ≤
{
an∗ + bn

m

}
< β, 1 ≤ n ≤ x, (n,m = 1).
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Then the asymptotic formula

K(α, β) = (β − α)N +O(x�)

holds, where
� = (log x)−5/24(logm)1/6(log logm)49/24

and the constant in the O-symbol is an absolute constant.

Theorem 12.16. The asymptotic formula∑′

n≤x

{
an∗ + bn

m

}
= 1

2
N +O(x�)

holds, where
� = (log x)−5/24(logm)1/6(log logm)49/24

and the constant in the O-symbol is an absolute constant.

Prior to proving these assertions, we point out two facts. First, if we choose
some 0 < δ < 1/16 and an integer ρ ≥ 1, then it suffices to prove the statement of
Theorem 12.15 in the case 2δ < β − α < 1 − 2δ, since for 0 < β − α ≤ 2δ, we have

K(α, β) = K(α, α + 1 − 2δ)−K(β, α + 1 − 2δ),

and for 1 − 2δ ≤ β − α < 1, we have

K(α, β) = K(α, α + 1/2)−K(α + 1/2, β).

Second, it follows from Lemma 12.11 that both theorems (the first in the case 2δ <
β − α < 1 − 2δ) will be proved if the corresponding asymptotic formula is obtained
for the sum

U(α, β) =
∑
n≤x

ψ

(
an∗ + bn

m

)
,

where ψ(x) is Vinogradov’s “cup” constructed for given δ, ρ, α, and β (see Lemma
12.10). Therefore, we combine the proofs of these two assertions.

Proof. We choose r0 = (logm)36, δ = r
−1/2
0 , and ρ = [r1/4

0 ] and assume that
2δ < β − α < 1 − 2δ. Using Lemma 12.10, we construct Vinogradov’s “cup” ψ(x)
corresponding to the chosen δ, ρ, α, and β and consider the sum U(α, β). Expand-
ing ψ into the Fourier series, we obtain

U(α, β) = (β − α)N + R,

where

R =
∑
r �=0

g(r)Ss, Sr =
∑′

n≤x
exp

{
2πi

an∗ + bn

m

}
.
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Let us estimate R. First, we note that

R 

+∞∑
r=1

c(r)|Sr |,

where the quantities c(r)were defined in (12.12). Next, we divide the sum over r into
two sums so that

R 

(∑
r≤r0

+
∑
r>r0

)
c(r)|Sr | = R1 + R2,

and estimate each of these sums in its own way. If r ≤ r0, then d = (ar,m) ≤ r ≤ r0.
Estimating Sr by Theorem 12.14, we obtain

|Sr | ≤ x(�1 +�2)

and, moreover,

�1 = r
1/(2k1s1)
0 (logm)−5 ≤ r

1/18
0 (logm)−5 = (logm)−3,

�2 = 4(log x)−5/24(logm)1/6(log logm)25/24.

Since �1 < �2, we have |Sr | 
 x�2. Therefore,

R1 

∑
r≤r0

c(r)x�2 
 x�2

∑
r≤r0

1

r

 x�2 log r0 
 x�2 log logm 
 x�,

where � = (log x)−5/24(logm)1/6(log logm)49/24.
We estimate the sum R2 trivially:

R2 ≤
∑
r≤r0

1

πr

(
ρ

rδ

)ρ
x 
 x

r0

(
ρ

r0δ

)ρ

 x

r0
r
−ρ/4
0 
 x�.

Thus we have R 
 x� and

U(α, β) = (β − α)N +O(x�).

Using Lemma 12.11 and taking into account that

Nδ 
 x(logm)−18 
 x�,

we arrive at the statements of Theorem 12.15 and 12.16. ��

In conclusion, we find out in which case the asymptotic formulas forK(α, β) and
S = ∑′

n≤x{(an∗ + bn)/m} are nontrivial, i.e., the remainder is less than the leading
term. To this end, it is necessary to estimate N . We have

N =
∑′

n≤x
1 =

∑
n≤x

∑
d|(n,m)

µ(d) =
∑

d|m, d≤x
µ(d)

[
x

d

]
=
∑
d|m

µ(d)

[
x

d

]
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= x
∑
d|m

µ(d)

d
−
∑
d|m

{
x

d

}
= ϕ(m)

m
x + θ · τ(m),

where |θ | ≤ 1. Next, it is known that

c1(log logm)−1 ≤ ϕ(m)

m
< 1,

where c1 > 0 is an absolute constant. Therefore, we have

N ≥ c1x

log logm
− τ(m).

Let m satisfy the condition that τ(m) is small, i.e., τ(m) satisfies the inequality

τ(m) ≤ c1x

2 log logm

(this holds, e.g., for m = p, where p is a prime number). Then

N ≥ c1x

2 log logm
.

The asymptotic formula for S is nontrivial if

x� 
 x(log logm)−1,

i.e., if we have the inequality

log x � (logm)4/5(log logm)73/5.

Under this condition, the asymptotic formula forK(α, β) is also nontrivial if onlyα
and β are fixed numbers. In the general case, in view of the relation

lim sup
m→∞

log r(m)
log logm

logm
= log 2,

the asymptotic formulas for S and K(α, β) are, in general, nontrivial only if

x ≥ exp

{
c2

logm

log logm

}
,

where c2 > log 2.

Concluding remarks on Chapter 12. 1. In number theory, the Kloosterman sums
are defined to be trigonometric sums of the form

S =
m∑′

n=1

exp

{
2πi

an∗ + bn

m

}
,
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where m is a natural number and a, b are integers. Here the prime on the sum means
that the sum is taken over the numbers n coprime to m and the symbol n∗ denotes a
natural number that does not exceedm and satisfies the condition n∗n ≡ 1 (mod m).
Along with S, the sums S1,

S1 =
∑
n≤x

exp

{
2πi

an∗ + bn

m

}
,

where x < m, are also considered; the sums S1 are called incomplete (or short)
Kloosterman sums.

2. Nontrivial estimates from above for |S| and |S1| are used in a great variety of
problems in number theory.

3. The first nontrivial estimates for |S| and |S1| were obtained by H. Kloosterman
in 1926 in the paper [106]:

|S| 
 m3/4+εD1/4, |S1| 
 m7/8+εD1/4,

where d = (a,m), D = max(d; (b,m)), and the constants in 
 depend on ε > 0.
4. In 1931, H. Salie [141] proved that

|S| ≤ 3pα/2,

where m = pα , p > 2, p is a prime number, α ≥ 2, and (a, p) = (b, p) = 1, which
implies that, in the general case, the following inequality holds:

|S| ≤ τ(pα)pα/2d1/2.

5. In 1948, A. Weil [167] proved that

|S| ≤ 2p1/2,

where m = p, p > 2, p is a prime number, and (a, p) = (b, p) = 1.
6. In 1957, L. Carlitz and S. Uchiyama [43] obtained the estimates

|S| ≤ τ(m)m1/2d1/2 
 m1/2+εd1/2,

|S1| ≤ τ(m)m1/2d1/2 logm 
 m1/2+εd1/2.

7. Theorems 12.1–12.9 were proved by A. A. Karatsuba in [94], [95], [96],
[97]. A survey of the results is also contained in [95]. Lemma 12.1 was proved
by G. I. Arkhipov (see [100]).

8. The function αk(n) defined in Section 12.1 was introduced by G. I. Arkhipov.
In [100], this function was calledArkhipov’s function (see also [97]). A generalization
of Arkhipov’s function, namely, the function αk,m(n), was introduced in [100].

9. Theorems 12.10–12.13 were proved by A. A. Karatsuba in [103].
10. Theorems 12.14–12.16 were proved by M. A. Korolev in [108].
11. In [107], M. A. Korolev proved analogs of Theorems 12.8 and 12.9 for the

function αk,m(n).
12. J. Friedlander and H. Iwaniec [63] used estimates for short Kloosterman sums

in the Brun–Titchmarsh theorem.



Appendix

Here we state several assertions which we used in this book. All these assertions are
called lemmas.

Lemma A.1 (Hölder’s inequality). Suppose that uν ≥ 0, vν ≥ 0, α > 0, β > 0, and
α + β = 1. Then

P∑
ν=1

uνvν ≤
( P∑
ν=1

u1/α
ν

)α( P∑
ν=1

v1/β
ν

)β
.

Corollary A.1. (1) (Cauchy’s inequality)
( P∑
ν=1

uνvν

)2≤
( P∑
ν=1

u2
ν

)( P∑
ν=1

v2
ν

)
.

(2)
( P∑
ν=1

uνvν

)k ≤
( P∑
ν=1

uν

)k−1 P∑
ν=1

uνv
k
ν .

(3)
( P∑
ν=1

uν

)k ≤ P k−1
P∑
ν=1

ukν .

(4) (The inequality between the geometric and arithmetic means of nonnegative
numbers)

ku1 . . . uk ≤ uk1 + · · · + ukk.

Proof. For the proof of the lemma, see, e.g., [90], p. 85. ��

Lemma A.2 (van der Korput’s lemma). Suppose that f (x) is a real differentiable
function on the interval a < x ≤ b and in the interior of this interval its deriva-
tive f ′(x) is monotone and of constant sign and satisfies the inequality |f ′(x)| ≤ δ

for a constant δ such that 0 < δ < 1. Then we have

∑
a<x≤b

exp{2πif (x)} =
∫ b

a

exp{2πif (x)} dx + θ
(
3 + 2δ/(1 − δ)

)
.

Proof. For the proof of the lemma, see, e.g., [165], p. 25. ��

Lemma A.3 (I. M. Vinogradov’s lemma on “cups”). Suppose that r is a positive in-
teger, α and β are real, 0 < � < 0.25, and � ≤ β − α ≤ 1 −�.
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Then there exists a periodic function ψ(x) with period 1 satisfying the conditions:

(1) ψ(x) = 1 in the interval α + 0.5� ≤ x ≤ β − 0.5�;

(2) 0 < ψ(x) < 1 in the intervals α − 0.5� < x < α + 0.5� and β − 0.5� <

x < β + 0.5�;

(3) ψ(x) = 0 in the interval β + 0.5� ≤ x ≤ 1 + α − 0.5�;

(4) ψ(x) can be expanded into the Fourier series

ψ(x) = β − α +
∞∑
m=1

(
gm exp{2πimx} + hm exp{−2πimx}),

where

|gm| ≤ min

(
1

πm
, β − α,

1

πm

(
r

πm�

)r)
,

|hm| ≤ min

(
1

πm
, β − α,

1

πm

(
r

πm�

)r)
.

Proof. For the proof of the lemma, see, e.g., [165], p. 23. ��

Lemma A.4 (I. M. Vinogradov’s lemma). Suppose that m is a positive integer, λ is
real, and

�(y) = m
ay + λy

q
, (a, q) = 1, q > 0;

moreover, y runs through at most Y successive integers.
Then for V ≥ 0, under the condition that

‖�(y)‖ ≤ V/q,

the number of values of y does not exceed

λYm+m+ 2V if Y ≤ q, 2(λYm+m+ 2V )Y/q if Y > q.

Proof. For the proof of the lemma, see, e.g., [165], p. 62. ��

Lemma A.5. Suppose that f (x) = anx
n + · · · + a1x, a1, . . . , an are integers,

(a, . . . , an, p) = 1, and

S =
p∑
x=1

exp

{
2πi

f (x)

p

}
.

Then the following estimate holds:

|S| ≤ n
√
p.

Proof. For the proof of the lemma, see, e.g., [167]. ��
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