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Preface

The method of trigonometric sums was developed by I. M. Vinogradov in the first
decades of the 20th century as a method for solving a wide range of problems in
analytic number theory. The main problem in the study of trigonometric sums is to
find an upper bound for the modulus of such sums. Presently, trigonometric sums
with a single variable of summation have been studied rather completely, but many
important problems still remain open, even in this area. In the theory of multiple
trigonometric sums, to which the present monograph is primarily devoted, numerous
new effects can be observed because there is a wide variety both of domains of the
summation variables and of functions in the exponent.

In this monograph, the theory of multiple trigonometric sums is constructed sys-
tematically and several new applications of trigonometric sums and integrals in prob-
lems of number theory and analysis are described. At present, the theory of multiple
trigonometric sums has reached the same degree of completion as the theory of one-
dimensional trigonometric sums.

The first nine chapters of this translation are essentially identical with the Russian
original of this book, which was published in 1987 by Nauka, Moscow. Chapters 10
to 12 are devoted to new results, and we hope that this English edition will be useful
for a wide range of mathematicians. The reader can compare the original methods
and the results that the authors obtained by these methods with the results presented
in numerous papers after 1983. In particular, these new results concern estimates of
trigonometric (oscillating) integrals and applications of the p-adic method in estimat-
ing trigonometric sums and in solving additive problems, including Waring’s problem
and Artin’s conjecture on a local representation of zero by a form.

The authors wish to express their deep gratitude to the translator for very careful
work with the manuscript of the Russian version of the book.

The authors






Basic Notation

We denote by ¢, c1, ¢z, . . . positive absolute constants which, in general, are different
in different statements; ¢, €1, €3 are positive arbitrarily small constants, and 6, 61, 6,
are complex-valued functions whose modulus does not exceed 1. For positive x,
In x = log x is always the natural logarithm of the number x.

We shall use the standard notation of various mathematical symbols and number-
theoretic functions without any special explanations.

For a real number «, the symbol ||| denotes the distance from « to the nearest
integer number, i.e.,

lell = min ({e}, 1 — {}),

where {«} is the fractional part of «. The meaning of the symbol { } should always be
clear from the context (either the “fractional part” or the “braces”).

For real numbers yy, ..., ¥, 61, - . ., 8, the relation
iseoes¥n) = (@1,...,68,) (mod 1)
means that all differences y; — 81, ..., ¥, — 8§, are integers.

For a positive A, the relation B <« A means that |B| < cA; for positive A and B,
the relation A < B means that c;A < B < c»A as A becomes large.

If the limits of summation are not given under the summation sign, we shall assume
that the summation is over all possible values of the variable of summation.

A system of Diophantine equations of the form

2k
it t
(=Dl Xy =0, 0<n<n,...,0<1t <n,
j=1
1§x1j§P1,...,1§xrj§Pr, j=1,...,2k,

is said to be complete; if some of the equations are omitted in this system, the resulting
system is said to be incomplete.

The range of values of the other parameters denoted by letters will be sufficiently
clear from the text, and we sometimes do not make special mention of the range of
values if it is clear from the context

New notation will be introduced in the course of the exposition; sometimes we
shall recall notation that has already been used.

The statements and formulas are numbered separately in each chapter; auxiliary
assertions are also numbered separately in each chapter. References to auxiliary
assertions in the Appendix look as Lemma A.1, etc.
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Introduction

In this monograph we give an exposition of the theory of trigonometric sums and its
applications in number theory and analysis. This theory is based on the theory of mul-
tiple trigonometric sums developed by the authors in [2]-[12], [17]-[21], [23]-[34],
[47]-[53]. By a multiple trigonometric sum we mean a sum of the form

Py P,
S=Y" > exp2miF(x1..... %)}, (1)
x1=1x=1
wherer > 1, Py, ..., P, areintegers, and F (xy, ..., x,) is apolynomial in r variables

with real coefficients, i.e.,

ny ny
F(x1,...,x;) = Z"'Zo‘(tl"“vtr)x? coxlr
t1=0 t,=0
where «(t1, ..., t,) are real numbers.

When » = 1, such sums are called Weyl sums. The history of Weyl sums, their
importance in mathematics, the methods available for studying them, and several
results are presented in I. M. Vinogradov’s monograph [165]. Hence here we shall
not dwell in detail on the theory of these sums. We only give the general formulation,
due to 1. M. Vinogradov, of the problem of estimating Weyl sums. Such a sum has the
form

P
S =) exp{2mif ()},

x=1
where
fx)=aix+ - +apx".

It is easy to see that S is a periodic function with period 1 in each coefficient
in f(x). Hence it suffices to study S on the n-dimensional unit cube 0 < o] <
1,...,0 < a, < 1, which we denote by E. All points of E are divided into two
sets E; and E» as follows:

E=E| UE;.

At each point of E1, I. M. Vinogradov obtains estimates for the sum S, and in
many cases these estimates are best possible. The set E itself consists of intervals



2 Introduction

and its measure is small:

mes E1 — O(P—n(n-i-l)/2+1+2/n)
At each point of E» there is an estimate for S which is uniform in appearance and has
the form

SKPP p=pm= @)

nllnn’
the set E7 has measure 1 —mes E. Thus we know rather precise information about | S|
for any values of «y, ..., @, in E. (For the exact statement of Vinogradov’s theorem,
see Section 3.1, Chapter 3, Theorem 3.2.)

By Q2 we denote the m-dimensional unit cube in the m-dimensional Euclidean
space, wherem = (n1 +1)...(n, + 1) and

O<a(t,....t;) <1, 0<ti <ni,...,0<t <n,.

Thus the coefficients in the polynomial F (xy, ..., x;) of the multiple trigonometric
sum (1) give a point in 2. In our theory, we can also obtain estimates for |S| on the
entire 2 with an accuracy corresponding to the accuracy in the one-dimensional case.
We divide the set 2 into two sets € and 2;:

Q=QUQs.

On the point set €2 whose measure is very small, we obtain an estimate for |S|,
which in most cases is best possible. On the set 2>, we obtain a uniform estimate,
which in the one-dimensional case corresponds to the estimate (2) (see Theorem 5.2
in Chapter 5 and Theorem 7.2 in Chapter 7).

Here it should be noted that in many applications it is necessary to have a uniform
estimate for | S| on the entire cube €2;. No estimate, no matter how sharp, on only a part
of 23 can enable one, for example, to obtain an asymptotic formula for the number of
solutions of a complete system of equations (see Theorem 6.1 in Chapter 6).

The basis of our theory is the mean value theorem, i.e., the theorem that estimates
the integral

J=J(F;ﬁ,k,r)=/---/‘
Q

(see Theorem 4.2 in Chapter 4). The mean value theorem is proved by a p-adic
method. It should be noted that the theory of multiple trigonometric sums is one
of the motivations for the development of the p-adic method, but this motivation is
the most important. For this reason, the book includes several problems of number
theory which were solved by the p-adic method and for which this method was, in
fact, created and developed, although these problems do not belong to the theory of
multiple trigonometric sums.

Py P, 2%k
Z exp{2miF(x1,...,x)}| dA

x1=1 xr=1
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By p-adic methods, we mean methods of analytic number theory which are based
on the use of different properties of the system of residues of a power of a prime
number p. The p-adic method used in this book was first invented in 1962—1966 (see
[73], [77], [80], [81]). This technique has been further developed and improved (see
[2]-[12], [17]-[21], [23]-[28], [30]-[34], [47]-[53], [86]) and, at present, includes
several methods and considerations whose concepts are closely related to one another.

We list some of them that are most important:

1. the use of the circle method in the p-adic form,

2. the use of the p-adic analog of Vinogradov’s u-numbers; the implementation
of the Euler—Vinogradov “embedding principle” in the p-adic form for estimating the
number of solutions of “Waring type” equations and congruences,

3. the lowering of the degree of a polynomial by shifting the argument (i.e., by
dividing the values of the argument into progressions) by a number that is a multiple
of some power of a prime number,

4. the recurrent reduction of additive problems for incomplete systems of residues
modulo p* to congruences for complete systems of residues and to problems of the
same sort but with a fewer number of principal and nonprincipal parameters,

5. the use of regularity conditions for solutions to systems of equations and
congruences in the p-adic form,

6. the use of variable parameters in the recurrence processes in items 2—4 and the
optimization with respect to these parameters,

7. the passage from “jagged” systems to complete systems using a local p-adic
variation in the unknowns,

8. the simultaneous use of several moduli of the form p” that correspond to
different prime numbers p,

9. the use of the idea of smoothing in the p-adic treatment,

10. the passages from polynomials to exponential functions and conversely in
congruences, and

11. the p-adic and real methods for estimating the measure of the set of points
at which the values of functions are small in terms of their parameters (coefficients,
etc.) and for obtaining converse estimates of these parameters via the measure; the
real interpretation of the methods and considerations given in items 2—4, 6, and 7.

Now let us discuss the contents of the monograph in more detail. Note that in each
chapter, and sometimes in a section, we give necessary explanations of the results and
of the methods used to obtain these results.

In Chapter 1, we study trigonometric integrals. We mainly find estimates from
above for the moduli of such integrals. We note that integrals of this form are en-
countered not only in number theory, but also in mathematical analysis, mathematical
statistics and probability theory, as well as in mathematical physics. As a conse-
quence of these estimates, we obtain the complete solution of the Hua Loo-Keng
problem stated in 1937 concerning the convergence exponent in the singular integral
in Tarry’s problem. We also give estimates from above for the convergence exponents
in singular integrals in multidimensional analogs of Tarry’s problem.
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In Chapter 2, we study complete rational trigonometric sums. Based on estimates
for such sums, we obtain upper bounds for the convergence exponents in the singular
series in Tarry’s problem and in multidimensional analogs of Tarry’s problem.

In Chapter 3, we present two methods for estimating the mean values of Weyl sums:
the “real” and “p-adic” methods. This chapter will help the reader to understand the
main points in the theory of multiple trigonometric sums. In Section 3.1, we prove
Vinogradov’s mean value theorem and write Vinogradov’s estimate for the Weyl sum.
The mean value theorem is proved by using Vinogradov’s original lemma on the
“number of hits” and then estimating the number of solutions of the “one-sided”
systems of equations. I. M. Vinogradov developed his method for estimating Weyl
sums starting from the new method, which he constructed in 1934, for estimating the
well-known Hardy-Littlewood function G (n) in Waring’s problem.

In Section 3.2, we consider one of the simplest versions of estimating G (n) by
Vinogradov’s method. The “telescopic” construction of #-numbers in estimating G (n)
and the “telescopic” construction of “one-sided” systems of equations in the proof of
the mean value theorem make the relation between the two Vinogradov’s methods
extremely clear.

In Section 3.3, we discuss an “analog of Waring’s problem for congruences” and
a p-adic method for solving this problem. In Section 3.4, we give a new p-adic proof
of Vinogradov’s mean value theorem. Moreover, the method studied in Section 3.4
corresponds to the method in Section 3.3 in the same way as the method considered
in Section 3.1 depends on the method in Section 3.2. In Section 3.4, we also give
estimates for trigonometric sums, which we shall use in the subsequent chapters. It
should be noted that the theory of multiple trigonometric sums originates from this
new p-adic method.

Finally, in Section 3.5 we present Yu. V. Linnik’s method for proving Vinogradov’s
mean value theorem. We follow Linnik’s paper written in 1943, which allows us to em-
phasize the common features of Linnik’s method and the method given in Section 3.4,
as well as distinctions between them.

In Chapter 4, we prove the main theorems in the theory of multiple trigonometric
sums, namely, the mean value theorems. First, we prove the theorem for equivalent
variables of summation (or the unknowns in the system of equations). This is the most
important case in the theory and, at the same time, the simplest case. Then we prove
the general mean value theorem.

In Chapter 5, we give estimates for multiple trigonometric sums. Here we prove
lemmas on the multiplicity of intersection of regions of special form in multidimen-
sional spaces. Based on these lemmas and the results obtained in Chapter 4, we obtain
estimates for multiple sums.

In Chapter 6, some applications of the theory of multiple trigonometric sums are
given. We consider problems of two types: asymptotic formulas for the number of
solutions of systems of Diophantine equations and distributions of fractional parts of
systems of polynomials in several variables.
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There are many different problems in the multidimensional theory. Therefore,
we restrict ourselves to the problems that are, in our opinion, most important and
interesting.

In Chapter 7, we consider singular cases of the theory of multiple trigonometric
sums. This singularity means that the difference between the limits of summation in
a multiple trigonometric sum may be arbitrarily large.

In Chapter 8, we give a solution of the Hilbert—-Kamke problem of representing
natural numbers Ny, ..., N, as sums of finitely many terms in natural numbers of the
form x, ..., x", respectively.

In Chapter 9, we use the p-adic method to solve two problems in number theory. In
Section 9.1, we obtain a principally stronger result for Artin’s problem of representing
zero by values of a form in local fields. In Section 9.2, we give an estimate from
above for G(n) for large n; moreover, we give a simpler proof of the well-known
Vinogradov’s estimate and obtain a result that is even sharper.

In Chapter 10, we find some estimates for multiple trigonometric sums.

In Chapter 11, we consider an application of trigonometric sums in harmonic
analysis.

In Chapter 12, we give some estimates for short Kloosterman sums.



Chapter 1

Trigonometric integrals

A trigonometric integral is defined to be an integral J of the form

1 1
J:/ / exp{2miF(x1, ..., x)}dxy...dx,,
0 0

where F(x1,...,x,) is a real function of r variables x1, ..., x,. Such integrals are
used in analytic number theory, function theory, mathematical physics, probability
theory, and mathematical statistics. One of the main problems concerning J is the
problem of finding an upper bound for the modulus of J.

1.1 One-dimensional trigonometric integrals

In this section we prove exact estimates for integrals J in a certain class of functions
F(x). These auxiliary statements are also of independent interest; they and their
analogs are used in different fields of mathematics.

Lemma 1.1. Suppose that for 0 < x < 1 a real function f(x) has the nth-order
derivative (n > 1) and the inequality

A<|fPw], 0<x<l,

holds for some A > 0. By E we denote the set of points in the interval 0 < x < 1
such that

If ()| < B.
Then the measure . = w(E) of this set satisfies the estimate
p=u(E) < @n—2)(BAHYOD,
Proof. The set E consists of intervals. We move the intervals of the set E together
and thus form a single interval. Its length is . In this interval we choose n points such

that the distance between them is equal to ;t/(n — 1). Then we move these integrals
to their original places and thus obtain n points x1, X2, ..., X, in E such that

e — x| = |k = jlu/(n = 1).
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Next, we consider the polynomial g(x), which is the Lagrange interpolation
polynomial corresponding to the function f’(x) and the points of interpolation
xlax27"~7xns

v = X)Xy — X)Xy — Xpp1) ... (X _xn)‘

glx) = Zf/(xv) (x(x —x1) . (0 = XD (0 = Xpg1) - (X — )
v=1

The difference F(x) = g(x) — f'(x) is n — 1 times differentiable and equal to zero

atx = xp, x2, ..., X,. Hence, by Rolle’s theorem, there exist points £, &, ..., &,—1,
Xy <§1<x2, x2<&&<x3, ..., Xp—1 <&p—1 < Xn,
such that
F'(§) == F'(§,-1) =0.

Applying the same argument to the functions F’(x), F”(x), etc., in other words,
applying Rolle’s theorem to F'(x) subsequently n — 1 times, we find a point & with
0 < & < 1 such that

FOD@E) =" - f" @ =0.

This relation implies

FmE < f'(x)
(n— 1! _;(xv—xl)...

(xp —xp—1)(xy — Xpg1) .. (X — xn)’
and the inequality

A__L/VO1 55 !

(=D (n=D! — 1Cey=2x1) - Gy =X 1) Xy =Xpp1) - - (X = X))

v=1

follows from the assumptions of the theorem and the properties of the points x1, . . ., x;.
Using the fact that

Xk = xjl = |k — jlu/(n = 1),

we obtain

n

(I’l _ 1)n71
(n—1)! =B Z w— L — DI(n —v)!

v=1
_ B(n—1"! (n—1)! _ B@2n—2)"!
T (n— Dlpr! — (v —Dln—v)! T (n—=Dipnt’

wt<@n-2"""BA7!, p<@n-1)(BATHYOTD,

n

The proof of the lemma is complete. O

We shall use Lemma 1.1 to estimate the trigonometric integral.
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Lemma 1.2. Suppose that for 0 < x < 1 a real function f(x) has the nth-order
derivative (n > 1) and the equality

A<|fPw)], 0<x<l,

holds for some A > 0. Then the integral

1
J:/ exp{2mif(x)}dx
0

satisfies the estimate
|J| < min(1, 6nA~/").

Proof. Representing J as the sum of integrals of the real and imaginary parts of the
integrand function, we have
J=U+iV,

where

1 1
U =/ cos2nf(x)dx, V =/ sin 2w f(x) dx.
0 0

First, we consider the integral U. We divide the interval 0 < x < 1 into two sets
E1 and E; as follows: the set E| consists of intervals such that the inequality

|f’(x)| <B= 2—(n—1)/nA1/n

holds at each point of E, and the set E, consists of all other intervals. According to
this partition, the integral U can be written as the sum of two terms:

U=U+ U,

where

Uj =/ cos2mf(x)dx, U2=/ sin 27 f (x) dx.
Eq E

Let u be the sum of the lengths of the intervals that constitute £7. Obviously,
|U1| < w. Lemma 1.1 gives the following estimate for u:

U\l < p < @2n—=2)(BA~Hl/¢=D,

Let us find an upper bound for |U,|. All the intervals in E; can be divided into at
most 2n — 2 intervals in each of which the function f’(x) is monotone and of constant
sign. Indeed, the function f”(x) can have at most n — 2 zeros, since, otherwise,
after Rolle’s theorem is applied n — 2 times to f”(x), we would obtain a point &
(0 < & < 1)suchthat f ) (&) = 0, but this contradicts the assumption of the theorem
that | f®™(£)] > A > 0. Hence f’(x) has at most n — 1 intervals on which it is
monotone and has at most 2n — 2 intervals on which it is of constant sign. Suppose
that x; < x < xp is one of such intervals and Uj is the part of the integral U,
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corresponding to this interval. Without loss of generality, we consider only the case
in which f’(x) is an increasing function on this interval. By setting f(x) = v,
f(x1) = v, and f(x2) = vy, we readily obtain

v2 dv
U3 :/ COS27T’U/—,
v 1)

1

where f’(x) is considered as a function of v. We use numbers of the form 0.5/ +0.25,
where [ is integer, in the interior of the interval v| < v < v; to divide this interval into
intervals whose lengths do not exceed 0.5. Then the integral U3 can be represented
as an alternating sum whose terms are monotonically decreasing in absolute value.
Therefore, for some vy and o such that vy < vy < vg+0o < vy ando < 0.5, we have

v0+6 dv Vi / ! 1"
|U3|sf = = 0, ke = G
i

It follows from the Lagrange theorem on finite increments that
o=f"x) =) =fEC"-x), x<x<&<x<x,
1.€.,
-1 _
=2 =0 () =en
Hence,
Usl = 2B)"!, U2l = @ =2)2B) ' =@~ DB,
U < U] +|U2] < @n = 2)(BA™HYO™D 4 (n — DB~
<2(n— 120 D/ng=tn,
By a similar argument, we obtain the same upper bound for |V|. So we have
|J] < 23/2207 D/ — ATV < enAa=lm,

The proof of the lemma is complete. O

From Lemma 1.2 we derive the following two consequences.

Corollary 1.1. Suppose that a function f(x) satisfies the assumptions of Lemma 1.2
on the interval @ < x < B. Then the following inequality holds:

B
/ exp{27if(x)}dx| < min(B — a, 6nA™/™).

Proof. In this integral, we perform a change of the integration variable of the form
u = (x —a)/(B — a) and thus obtain

B 1
/ exp{2mif(x)}dx = (B — a)/ exp{2mig(u)}du,
o 0
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where g(u) = f(u B—a)+ a). By assumption, we have
18" @)l = (B — )" f (B — ) +a)| = (B —a)'A.

Therefore, applying Lemma 1.2, we arrive at the desired estimate

1
/ exp{2mig(u)}du
0

B
/ exp{2mif(x)}dx

=B -

—1/n

< B - 01)671((,3 —a)"A) — 6nA— /" O

Corollary 1.2. Suppose that g(x) is a piecewise monotone continuous function,
maxo<x<1 |g§(x)| = H, the number of monotonicity intervals of the function g(x)
is equal to p, and f(x) satisfies the conditions of Lemma 1.2. Then the integral

1
I=/ g(x)exp{2mif(x)}dx
0

satisfies the estimate
|I| < Hmin(1, 24pnA~"").

Proof. Wedivide the interval 0 < x < 1 into intervals of monotonicity of the function
g(x). Let x; < x < x, be one of these intervals. Integrating by parts, we obtain

X2

X x
I = f g () exp(27if (x)} dx = / g(x)d(fo exp{znif(snds)

1 X1

X2 X1
— stxn) [ explamif @) de — o) [ explamif @) d
X2 X
- [C( [ ewenir@na) aseo.
x|
Passing to inequalities, we arrive at the estimate

|[I1| <4H max

XI=SYy=Xx2

y
/0 exp{sz@)}ds‘.

Applying Corollary 1.1, we obtain
|I| <24HnA~Y",

Thus we have
|I| < Hmin(l, 24pnA~"").

The proof of the corollary is complete. O
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Note that the estimate obtained in Lemma 1.2 is sharp in the parameters A and n.

Indeed, let us choose f(x) = ax” (@ > 1). Then f™)(x) = nle, and Lemma 1.2
implies the estimate

1
‘f exp(2riax"}dx| < 6n(n) Vo~V < 2497 1/",
0

On the other hand, we have

1
/ exp{2miax"}dx
0

> =U.

1
/ cos2max" dx
0

In the integral U, we perform a change of the integration variable of the form

y = ax” and thus obtain
+00 0o 277 1 T cos 2
/ 1—1/ny dy‘ ——a /" _/ l—l/ny dy"
0 y n o y
la—l/" /+oo cos2my dy = a1/ cos(yr/2n)r 1+ 1 .
n 0 yI=1/n s "

Now we estimate the remaining integral. Integrating one time by parts and passing
to inequalities, we obtain

U = Lamtm
n

+
/ Y cos 2y dy = R Ry
o 2w

1 1 00
+ 2—(1 — —) / y U sin 2y dy,
7 n) Js

ik | 1 1 T o
/ y U cos2mydy| < —a V4 — (1= / y~ 2 gy
o 2w 2w n/) Ju

1 a—1+l/n+ 1 a—H—l/n _ 1 1+1/n.

sin 2w o

= = —o
2 21 T

Hence we have
|U| > a /" MF 1+ 1y _ La71+1/n - lafl/n'
- V27 n n -8

We have thus shown that the estimate obtained in Lemma 1.2 is sharp in the class
of functions f(x) under study. Nevertheless, this lemma does not completely solve

the problem of estimating trigonometric integrals. Indeed, applying Lemma 1.2 to the
integral J with the function

1 n—1
f(x):ozx(x—;)...(x— " >, o> 1,
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we obtain
|| < o~ 1/m

(the constant in < depends on n). However, the integral J satisfies the exact estimate
Il < a2
Let us prove this. Suppose that the polynomial g(x) is given by the relation
gx) =alx —ay)...(x —ay),

where 1 < ap < --- < ay and § = ming<;<p(@j4+1 — a;). Then, for an arbitrary
g'(x), we have

g'(x)=na(x—B1)...(x — Bu-1),
where
ap < Br<ay<Pr<--<op_1 <Py <ap, (a)
lotj — Bil > 8/ In(2e’n — 3¢?). (b)
Inequalities (a) follow from Rolle’s theorem. Further, suppose, for instance, that
min(Bx — ak, dg+1 — Br) = Bx — ok (0 <k < n). Then agy1 — Bx = §/2,
gB 11 1 , 1

= + —_ _
gB)  Br—o Br —oar  agg1 — B oy — Br
1 1 1 1 1

Br —ar  arr1 — Bk

N B 1 2 H/" du
< — — DY — < f—
5/2 " 352 Qk—3)8/2 8 > 2u—3

=51 1n(2€2n — 362),

0=

’

ap — B Br—ai Br — a1

which implies inequality (b).
Now we return to the polynomial

fx)=ax(x—1/n)...(x —(n—1/n), a«>1.
Twice applying (a) and (b), we obtain
fl) =nalx = B)...(x — ),
F') =nm— Dalx —y1) ... (x = ya-2),

B —wl>x, x=(n In*>(2¢%n — 3@2))_1.

We assume that the set E; consists of points of the interval [0, 1] such that the
distance between these points and the roots of the polynomial f”(x) does not exceed
0.5x%. Then for x € Ej, we have [x — y¢| > 0.5% (k=1,...,n —2)and

F'(x) =nm — Dalx — p1]...|1x — yp_a| > n(n — a2 "2 2. ()



1.1 One-dimensional trigonometric integrals 13

The other points x € [0, 1] form the set E>. Then for x € E, and some k
(1 <k <n-—2),wehave
lx — vl < 0.55%;
hence forany j (j =1,2,...,n — 1), we obtain
lx —Bjl=1x—v+w —Bjl =1Bj — vkl — Ix — yx| > 0.5x,
| )l = nalx = Bil...|x — Buoi] > na2 7" The"~L,

(d)

So, using inequalities (c) and (d) and Lemma 1.2 (obviously, Lemma 1.2 also holds
forn = 1 if f(x) is a polynomial), we obtain

1
J:/ exp{2mif(x)}dx :f exp{2nif(x)}dx—|—/ exp{2mif(x)}dx
0

Eq E>
<oV pal a2
Theorem 1.1. Suppose thatn > 1, ay, ..., a, are real numbers, and

@) =apx" + - +aix,  Bx)=fOW/r, r=1,...,n,

n
_ _ . 1/r
H=Hy,...,c1) = J;&‘Ebzl 1B (oI
r=

Then the integral
b
J =/ exp{2mif(x)}dx
a

satisfies the estimate
|J| < min(b —a, 6en”H™ ).

Proof. First, we show that the interval @ < x < b can be covered by nonintersecting
intervals Ay, Az, ..., A, where m < O.S(n2 + n) — 1, so that the inequality

IO @)/r! = (n H)

holds oneach A; (j =1, 2, ..., m) for some natural number r (1 <r <n).
We realize this covering in n steps as follows (the last steps can be empty). For
k=0,1,...,n— 1, we consider the functions

Buoik(x) = fTO ) /(n — k)!

that are polynomials whose degree does not exceed k. First, we note that 8, _¢(x) has
at most k intervals of monotonicity. Therefore, for any D > 0, the number of intervals
such that |8, (x)| < D at each point of these intervals does not exceed k, while the
number of intervals such that |8, _x(x)| > D at each point of these intervals does not
exceed k + 1.
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The first step: k = 0 and the function g, (x) = a,. If
] = (n ™ H)",

then we set Agl) = (a, b], and thus complete the process of covering the interval
(a, b). Assume the contrary, i.e., assume that

lan| < (n~VH)™.

The second step: k = 1 and the function B,_1(x) = noyx + a,—1. If for any
x € (a, b) we have the inequality

1Bu—1(x)] > (n"H)"!, (1.1)

then we set Agz) = (a, b] and thus complete the process of covering the interval (a, b).
Assume the contrary, i.e., assume that there exist points x € (a, b) such that

1Bu—1(x)| < (n~ HY" 1.

The number of intervals at whose points the last inequality holds does not exceed 1.
We denote these intervals by the symbol A’ and proceed to cover these intervals. The
number of intervals at whose points inequality (1.1) holds does not exceed 2. We
denote these intervals by the symbols A(lz) and Agz) (they can also be empty).

Suppose that the kth step (k < n) is realized. Prior to making the (k + 1)st step,
we have the point set A; consisting of k — 1 intervals such that the inequality

|Bu—k1(x)] < (n "L H)" R

holds at each point of these intervals. We proceed to cover the intervals that form the
set A;. But the number of intervals such that the inequality

|Bu—ks1(x)] = (n L H) R H!

holds at their points does not exceed k. We denote these intervals by the symbols
Agk), R A,(ck) (some of them can be empty).

The k + 1st step: the function B,_k(x) is a polynomial whose degree does not
exceed k. If for any x € A} we have the inequality

|Bu—i(x)| > (n~ H)" K, (1.2)

then we denote the intervals comprising A by AEkH), ey A,(ckH) and thus complete

the process of covering. Assume the contrary, i.e., assume that there exist x € A}
such that

1Bu—ik(X)| < (" H)Y"E,

We denote the set of points at which the last inequality holds by A} +1- The
set Ay 41 consists of at most k intervals. We proceed to cover the intervals of the



1.1 One-dimensional trigonometric integrals 15

set A}. But the number of intervals at whose points inequality (2.2) holds does not

exceed k 4+ 1. We denote these intervals by the symbols AII'H, R Alzi}

We show that the interval (a, b) is completely covered after the nth step (if it is
covered earlier, we assume that the remaining steps are empty). Leta < & < b. Then,
by the assumptions of the theorem, we have

H=<Y 1",

r=1

i.e., for some r (1 <r < n) we have the inequality
H <n|p &I,
which can also be written as
f &l = rla HY

Choosing the maximum value of such r and denoting it by the letter £, we see that &
belongs to one of the intervals determined by the inequality

1B(x)| = (n L H)E.

This proves that (a, b) is completely covered by the intervals Aﬁ.k), which we now
denote by the symbols A; (j < m). The number m of the covering intervals does not
exceed

2434---+n=050"+n) — 1.

Now we can estimate J. We have the inequality

m

=<y

j=1

/ exp{2mif(x)}dx]|.

A./
On each interval A ; the inequality
Oz e 1Y

holds for some r (1 < r < n). Applying Corollary 1.1 of Lemma 1.2 (note that for
r = 1, the lemma and its corollary hold in our case, because f(x) is a polynomial and
hence f’(x) has at most 2n — 2 intervals of monotonicity), we obtain the estimate

‘/ exp(2if(x)}dx| < 6r(rin"H" )"V <6e(n 'H)™",
Aq
[J] < 6menH ™! < 6en H!.

The proof of the theorem is complete. O
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The theorem proved above gives a correct (in the order of magnitude of H) estimate
for the integral of a specific polynomial. More precisely, for any polynomial f(x) on
the integration interval [a, b], it is possible to find a point ¢ such that the trigonometric
integral

J(c) = /Cexp{2nif(x)}dx

has both upper and lower bounds of the order of T', where T = min(b —a, H~!) and
H is the same as in Theorem 1.1. Let us prove this assertion.
The upper bound follows from Theorem 1.1, since for any point ¢, we have

n
Y 1B@IVT = H for a<x<c<b.

r=1

Further, assume that the variable ) ._, |B, (x)|'/" takes the value H at a point x
(a < xp < b). We represent the polynomial f(x) in the form

fO) =" Br(x0)(x —x0)".

r=0
It follows from the relation

Y 1B = H
j=1

that
1B x|/ <H, r=1,...,n.

Therefore, if [x — xo| < A = (33H) ™!, then we have

|f) = fxo)l < Y H A" =7 337" <27,
r=1

r=1

and hence
|exp{2nif(x)} — exp{2nif(x0)}| <2727 <471

Obviously, either the interval [a, b] is contained in the interior of the interval
[xo — A, xo + A], or one of the intervals [xg — A, xo] and [xg, xg + A] is entirely
contained in the interval [a, b]. In the first case we take the point » to be c. Then we
have

>

b b
/exp{2nif(x)}dx /exp{Znif(xo)}dx

b
/ (exp{2mif(x)} — exp{2mif (x0)}) dx
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b—a
4

3
>b—a-— =Z(b-a),
>b—a 4( a)
e, |J|>T.
Let us consider the second case. Suppose that x; and x, are the left-hand and
right-hand endpoints of one of the intervals [xg — A, x¢] and [xg, xo + A] that belongs
to [a, b]. Precisely as above, we obtain

3
> —A.
4

sz exp{2mif(x)}dx

1

If now we have .
> —A,
4

fXI exp{2mif(x)}dx

the we take the point x| to be c. Otherwise, we take x; to be c. Since

>

/xzexp{Znif(x)} dx

/xzexp{Znif(x)} dx

1

X1 A
[ exvtemireorax) = 3.
a 2

in both cases, we obtain

1
-A>T.
> 1 >

/C exp{2mif(x)}dx

Thus we have proved the relations
TL<|JOOILT,
as was stated above.

Theorem 1.1 can be generalized as follows.

Theorem 1.1’. Suppose that a function f(x) has the nth-order derivative on [a, b]
(n > 1) andthe number of intervals of monotonicity of its derivative does not exceed K .
Then the following estimate holds:

J < min(b —a, H™Y),

where the constant in < depends only on n and K.

Let us prove one more theorem concerning the upper bound for J that depends on
the lower bound for the linear combination of the derivatives of the function f(x).

Lemma 1.3.! Let 0 < a < b. If a real function f(x) vanishes at n + 1 points in the
interval (a, b) and all zeros of the polynomial agp + a1x + - - - + a,x" are real, then

ao f (&) +arf &) +arf € + - +an f™E) =0

at an interior point £ of the interval (a, b).

IThis lemma coincides with Problem 92 in Section 1, Chapter I, Part II, of the book [133]
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Theorem 1.2. Suppose that for 0 < x < 1, a real function f(x) has the nth-order
(n > 1) derivative, the number of intervals onwhich f'(x) is monotone and of constant
sign does not exceed K , real numbers ay, aa, . . ., ay satisfy the condition that all zeros
of the polynomial ay +axx + - - 4 apx"Yarereal, and a = max(|lai|, laz], ..., lan]).
Suppose also that the inequality

larf' ) +ax f"(x) + -+ a fP )] =A>0

holds for all x from the interval 0 < x < 1. Then the following estimate holds:

1
|J| = / exp{27if (x)}dx| < 24(Kan"~Hl/nA=l/n,
0

Proof. We have
J=U+iV,

where

1 1
U :/ cos2rwf(x)dx, V :/ sin 2w f(x) dx.
0 0

First, we consider the integral U. We divide the interval 0 < x < 1 into two sets E
and E;. The set E; consists of intervals such that the inequality

(n=1/n Un 41/
’ B—=(—" —1/n pl/n
rorss=(gs)

holds at each point of these intervals. The set E consists of all other points. Then we
have

U=U;+U,,
where

U1=/ cos 2w f(x)dx, U2=/ cos2mf(x)dx.
Eq E>

Let u be the sum of the lengths of the intervals that constitute £7. Obviously,
|U1| < w. Let us estimate p from above. To this end, we choose n points (0 < x; <
- <Xx, <1)in E; so that

lxpg —x;1 > |k — jlu/(n —1).

Let G(x) be a polynomial of the form (the interpolation Lagrange polynomial
corresponding to f’(x) with points of interpolation x1, ..., x,):

(x —xp) o (0 = X)X = Xpt1) .- (X — Xp)
v = X1) o (0 = Xy 1) (X — Xpgr) .. (6 _xn)'

g(x) = ; Fle s
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Then the function 2(x) = f’(x) — g(x) is zero at n points and hence, by Lemma 1.3,
there exists a number £ (0 < & < 1) such that

ath(€) + -+ a,h" V&) = 0.
Hence we have
larf'E) + -+ an fPE)| = |ag®) + - +ag" V)| > A.

Let us estimate |g® (&)| fork =0, 1,...,n — 1. We have

n

(n—1)! (n— 11
B Z v =D —v)lur-1’

(k)
1 =

v=1

which implies

A<|aig® +- +ag" V®] <a(lg@l+ -+ 18"V ©))

n— 1) n—DN ¢ (n — D"
SaB((n_l)!—i—..-—i— 0! )2;(V_1)!(n—v)!lun1

<u'en — "2 4B, wu<4mn—1)(@BA”H/0OD,
So, we have the following estimate for |Uy|:
|Ui| < p < 4(n — 1)(@BA~HY =D,

Let us find an upper bound for |U;|. The number of intervals on which the function
S’ (x) is monotone and of constant sign does not exceed K. On each of these intervals,
we consider the intervals from E5. Let x; < x < xp be such aninterval. InLemma 1.2,
we proved that

< @B~

/X2 cos2mf(x)dx

1

This implies the estimate |U;| < K(2B)~!, and thus we have

|U| < |Uj| + |Ua| < 4(n — 1)@BA~HY*=D 4 0.5k B!
S 2(8}’1—1(n _ l)n_lKa)l/nA_l/n.

We shall obtain the same upper bound for |V |. Hence we have
7] < 2v2(8"'(n — 1" "' Ka) " A7V < 24(Kan" "y /m AT,

The theorem is thereby proved. O
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1.2 Singular integrals in Tarry’s problem
and related problems

We consider the following system of equations:

Xpt =yt +

XA = yE A+ Y
(1.3)

where the unknown variables x1, ..., Xk, y1, . . . , Yk are integers ranging from 1 to P
(P > 1). We let Ji ,(P) denote the number of solutions of this system of equation.
The system of equations (1.3) is said to be complete. If some equations in system (1.3)
are omitted, the system thus obtained is said to be incomplete. The problem of solv-
ing system (1.3) is called Tarry’s problem (the history of this problem is discussed
sufficiently complete in the review [70]). In 1938, using the powerful Vinogradov’s
method [165], [159], Hua Loo-Keng derived the following asymptotic formula for
Jen(P)as P — 4o00:

Jk n(P) — O,OOPZk—O.S(Vlz-H’l) + O(PZk—O.S(nZ-i-n)—S)’ (14)

where 8§ = 8(n, k) > 0, k is of order n? Inn, o is a singular series, and 6y is a singular
integral.

We do not consider the singular series o in detail, but only note that this series
converges for some special relations between n and k and is a quantity that depends
only on n and k. These and similar series will be studied in detail in Chapter 2.

The singular integral 6y has the form

+0o0 “+00

—0oQ —00
In [68] Hua Loo-Keng studied the conditions under which the series 8y converges. He
proved that 6y converges for 2k > 0.51n> + n; in the same paper it is also said that

the problem of finding the exact value of the convergence exponent for the integral 6
remains open (see also [69]).

1 2%
/ exp2mi(ayx" + - +ax)}dx| day...do;.
0

Definition 1.1. The convergence exponent of an improper integral

+00 400
9’:/ / IGui, ..., um)*duy ... duy
—00 —00

is defined to be a number y such that 8’ converges for 2k > y + ¢ and diverges for
2k < y — €, where ¢ is an arbitrarily small number.
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Here we prove a theorem stating that 6y converges for 2k > 0.5(n”> 4+ n) + 1 and
diverges for 2k < 0.5(n*>+n)+ 1, which completely solves the convergence exponent
problem for the improper integral in Tarry’s problem.

A formula similar to formula (1.4) is also valid for the number of solutions of
an incomplete system of equations. The improper integral in this formula, which
we denote by 6, differs from 6y only in that the corresponding monomials in the
polynomial in the exponent in 6y are omitted. Here we also prove a theorem that
completely explains for which values of k the integral 6, converges. Moreover, a
significant difference between the convergence exponents of 0 and 6;) is revealed.

Now we state and prove the following theorem about the convergence exponent
of the integral 6.

Theorem 1.3. The integral 6y = 6y(k) converges for 2k > 0.5n®> 4+ n) + 1 and
diverges for 2k < 0.5(n*> +n) + 1.

Proof. 1. We prove the first assertion of the theorem. First, we estimate the volume
of the domain Q2 = Q(wy, ..., a1) of points ¢y, ..., a1 at which the quantity H
determined in Theorem 1.1 does not exceed P (P is a natural number). To this end,
wesetu, =r/Pforr =1,2,..., P and consider the domains 2, = Q,(«y, ..., o)
of points (&, ..., o) at which the inequality |Bs(u,)| < 2"P%, s = 1,2,...,n,
holds.

Let us find an upper bound for 1 (€2;), i.e., for the volume of €2,. We have

n(2,) = /--'/dan...dal.
Q,

In this integral, we perform a change of the integration variables of the form

1 ‘ ‘
oy = s — <s:i_ )ﬂs+1uv 4o (=D (:) n—s,

where B, are new independent variables. The Jacobian of this transformation is equal
to 1. Hence we have

w(2,) = / .. / dBy ...dpy = 2”2+nP0'5("2+n).
|Bn|<2m P |B11<2" P

Now we show that if the inequality
H=H(u,...,a1) <P (1.5)

holds at a point (¢, ..., 1), then (¢, . . ., @) belongs to the domain €2 for some r
(1 < r < P). Indeed, if inequality (10.5) holds, then for some & (0 < & < 1) we
have |8, (£)|'/* < P or |B,(€) < P’ foreachs =1, ..., n.
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We take r = [£P] and prove that (¢, ..., «1) belongs to €2,. Indeed, we set
y=u, —&,u, =r/P, and obtain

1Bs(ur)| = |Bs (€ +y)| = B &)y

1
B &)+ A Gy + -+
< ’f (S +k)PS <2"ps.

k=0 k

So we have proved that each point («,, ..., «1) that belongs to the domain €2 of
points satisfying (10.5) belongs to the domain €2, for some r (1 < r < P) and,
moreover,

(n—s)!

() = 277+ pOStiem),

Hence
P
n(€) = Z w() = on+n p0.5(n*+n)+1
r=1
We let w(P) denote the set of points (o, ..., 1) at which the inequality P <
H = H(oy, ...,a1) < 2P holds. Then for the integral 8y we have the estimate
+00 1 2k
6o < Z//‘/ exp{2mi(ayx" + - +a1x)}dx| day...do
0
m=0 (m)
1 2k
—l—// / exp{2mi(ayx" + - +ax)}dx| day,...do;.
0
Q1)
We apply the estimate obtained in Theorem 1.1 to the integral
1
J= / exp{2mi(ayx" + -+ ax)}dx,
0
where (o, ..., 1) belongs to the domain 7 (2") and trivially estimate the integral

over the domain €2(1). Moreover, estimating the volume of 7 (P), we obtain

+00
60 < (126n3)2k22n2+4 Z 2m(0.5(n2+n)+1—2k) + 2n2+n‘

m=0

The last series converges for 2k > 0.5(n? + n) + 1, which proves the first assertion
of the theorem.

2. For an integer P > (600n)" andr = 1,2, ..., P, we consider the polynomi-
als

f(x;r):Ol,,xn—l—an_lx”*l_p..._;_alx
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with the highest-order coefficient ¢, from the interval P" < «a, < (2P)" and the
coefficients o1, . . . , &1 determined by the relations
anx" + Oln—vcn_1 + - Foax+a

=0, (x —x)" + Buo1(x — xr)n_l + -4+ B1(x — xp),
where 8,1, ..., B2, B1 are arbitrary numbers such that
1Bail < @ PY'' L Bl < (1P, B < 1 P

here ¢; = (600n) ™" and, moreover, x, = 0.25 4+ r(2P)~'. We show that if | # r»,
then f(x;r1) # f(x;r2). Indeed, the coefficient ;1 of the polynomial f(x;r) is
equal to

an—1 = —n(025+r2P) ay + Bu_1.

Therefore, if we let o, and «,_, respectively denote the coefficients a1 of the
polynomials f(x; r;) and f(x; r2), then we have

n _
o, — ol 1|—‘ (r2 — ran + B, ﬂ,’l’,l‘ > S5 P" =2 PY'! >0,

which means that f(x;r;) # f(x;r2). By setting P, = (600n)15™ | we obtain the
following lower bound for 6g:

100 P n@Py)" plcrPa)! ctPu
o> > / / : / |J1* dondBu—i ...dB1,  (1.6)
m=n r=1 (c1Pm)"~ ! —c1 Py

where

1
J = J(an, Ba—1s-- -, B1) =/ exp{27if (x)}dx
0
Fx) = on(x —x)" 4 Boe1(x — )" oo Br(x = x).
Let us find a lower bound for |J|. Weset A = c¢/P,c = (600n)3", and P = P,,.

Then we have

1—x,
J = / exp{27i (px™ + Bu_1x" L4 4 Bix)ydx = J1 + o + J3,
—x,
where

A
J1 = f exp{27i (g x" 4 Bu_1x" 1 4 -+ B1x)} dx,
—A

A
Jr = / exp{27i (px™ + Bu_1x" ' 4+ Bi1x)}dx

Xr
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1—x,
J3 = / exp{27i (cnx™ + Bp_1x" 1 4+ Bix)} dx.
A

First, we find upper bounds for |J2| and |J3|. For any x from the intervals —x, <
x < —Aand A <x <1 — x;, we have the inequality

(@ux" + Bt~ - Bro)| = Inlapx + (2 — 1)1y

n—1
‘dxn—l
> nlay|x| — (n — DYBui] = n!P"A — (n — D1 P)"~! > 0.5¢n! P 1.

Hence the quantity H determined in Theorem 1.1 does not exceed
(0.5cn P~ Hl/ =D > 1/@=Dp

Therefore, as a consequence of Theorem 1.1, we obtain the following estimates for
|J2] and [J3]:

| 2| < 6enc V=D p=l | 5| < 6en’c= /=D p=1,

Now let us calculate J;. We have

A

A
J1 = / exp{2mia,x"}dx —l—/ @ (x) exp{2mia,x"}dx,
—A A

where
®(x) = exp{27i (Bp_1x" " -+ B1x)) — L.

For |x| < A, we trivially obtain the following estimate for |® (x)]:

|©(x)] = 2| sinw(Br—1x""" 4+ + 1)
<27(|Bu—11A" + - 4 [B1|A)
<27((c1APY" ' 4+ 4+ c|AP)

<27r(cc1 +(ccl)2+--~)
_ dmecy
T 1l—cc’

Hence we have

2rncler
< P

A
‘/ ®(x) exp{2mio,x"}dx
_A 1 —cc

Further, we note that

A 400
/ exp2mio,x"}dx = / exp{2mio,x"}dx + R,
—A

—00
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where
+o00
|R| < 2‘/ exp{2mio,x"}dx|.
A

Performing a change of the integration variable of the form u = o, x" and following
the usual reasoning (e.g., see the proof of Lemma 1.2), we obtain the following estimate
for the last integral:

V2 1

2 _
L2 g yay N P,
n n et1
i.e.,
2 1
|R|§£- n—lPil'
n e

Moreover, we have

+00 1 +oo
/ exp{2mia,x"}dx =« /n/ exp{2miu"}du

—00 —0o0

1 400 400
=a, " (/ cos2mu" du +i / sin 2w u” du),
o0 oo

/+°° N 2 /+°° cosu_ T
COS ZTTuU u = u =
oo nd2x Jo ulmln nY2xT(1 — 1/n) sin(z/2n)
_ 2cos(/2n)

1
% F(l + ;) =2x(n),

i.e.,

400 .
/ exp{2mia,x"}dx| > 2x(n)a, /n

—0o0

Combining the above estimates, for | J| we obtain the lower bound

_ 4 c? 272 1
1| > 2% (myay /" — 12en3c V=D p=1 _ ZTCC pot V2 1L

1 —ccy n et!
2
> P x(n) — 12en3c= /=D dncfer 2 .
1—ccy et

Further, we have

_ cos(mr/2n) 1 b4 1 1 V2

¢ = (600n)%", ¢ = (600n)~",

2
x(n) — 12en3c= /=0 _ nctar 2 > l
l—cc; e 17 4
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Thus we have proved that |J| > @p)~L. Substituting this estimate into formula (1.6),
we obtain

400 1 2k
m=n m

+00
_ C(l).S(nz—n)4—2k Z (600n)15m(0.5(n2+n)+1—2k)'
m=n
It follows from this relation that the integral 6y diverges for 2k < 0.5(n +n) + 1.

The proof of the theorem is complete. O

Now we state and proof the following theorem about the singular integral 6
corresponding to the incomplete system of equations.

Theorem 1.4. Suppose that natural numbers r, . .., m, n satisfy the conditions 1 <
r<---<m<nandr+---+m+n <05n*+n),

+00 +00
e(gzgé(k)z/ /
—0oQ —0oQ

1
/ exp{2mi(a,x" + opx™ + - -
0

2k
co-t+axNDdx| dapdayy, .. .day.

Then the integral 0 converges for 2k > n +m + --- + r and diverges for 2k
n+m-+---+r.

IA

Proof. Let P be a natural number, and letu,, = v/P (v =1, ..., P). We define the
domain 2, = Q,(«y, ..., a,) as follows:

[Bs(uy)| <2"P°, s=1,...,n,
where B; = fB;(u,) can be found from the relation
X" A U xX™ A apx” = B (x — )"+ Bae1 (x — )" -+ Bos
in other words, we have

ap = By, oap1=PBp1—npuuy,

: s+1 n—s (T n—s
oy = fs — ( s ),Bs+1uv+"'+(_1) (s),gnuv ,

: 2 n—1 n n—1
ap = p — 1/32u,;+---+(—1) LBty
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and gy = 0ifs #n,m, ..., r. Let s be the largest number for which o; = 0. Then
we express f; in terms of Bs11, - . . , B, and substitute this expression into the equation

K _ n _
51 = fs_1 — Bsty + -+ (=15 Bt S
s—1 s—1

We perform this transformation for equations withay = 0 (s # n, m, ..., r). Then we
see that the previous system of equations for the unknown variables 8,, B,—1, - .-, B1
is equivalent to the following one:

ayp = PBn, o =P+ anmﬂnuﬁ_m,

o =P+ + amrﬂmuly_r + anrﬁnuﬁ_r,

where dy., . . ., Ay, anr are some real constants. Since n+m—+- - -+r < 0.5(n®+n),
we have oy = 0 for some s (1 < s < n). Then the sth equation in the original system
can be rewritten as

1 —1
By — (sj )ﬁs+1uu+---+(—1>"—1(” ) )ﬂn_luﬁ‘l“‘

n )
- (—1)"—1< )ﬂnu,’fﬂ.
s
Hence, we have

~1
1 —1
1Bl < (:) ui*"Z" (PS + (S —; )PSJrluv + ... 4 (I’L S >Pﬂ1uﬁls)

< 112”P"_1u;1 =n2"pry~L,

Let us find an upper bound for the volume of the domain €2,. We have

M(Qv)zf.../dandam...doer
Q)

nan anfl on pm on pr

= / / o / dﬂndﬁm .. dIBr
—_ponpny—1 J_onpm _n pr

— n2(n+l)lv71Pn+m+-~~+r

where [ is the number of nonzero coefficients «,,, &y, . . ., «,. Further, we show that
if the inequality

H = H(anaam,---»ar) 5 P
holds at a point (&, &y, - - . , &), the point (&, &y, - - . , 0) belongs to €2,, for some v

(1 < v < P). Indeed, from this inequality for some & (1 < & < P) and each
s=1,...,n, we have

1Bs()'* < P, e, |Bs(€)| <P
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We set v = [£ P] and show that the point (&, &, ..., o) belongs to ,. Let
y = u, — &. Then we have

1Bs (ur)| = 1Bs(§ + y)| =

1 1
Bs®) + B @y + -+ BT (E) S

(n—s)!
n—s
s+ k
<E Ps < 2"pS, =1,...,n.
_k—0< k ) - ’ "

So in the domain €2 of points at which the inequality H < P holds, each point
(otn, Oy - - ., @) belongs to €2 for some v (1 < v < P). Hence, for the volume of
the domain 2, we obtain

P

u() <D () < 20TV Pt g p o),
v=1
We let 7 (P) denote the set of points («y,, &, - . ., &) at which the inequality

P<H=H(u,,ap,...,ap,) <2P

holds. Applying Theorem 1.1 that estimates trigonometric sums, we obtain

—+00 1
96:96(]()52/.../‘/ exp{2mi (ot x™ + apx™ + - - -
m=0" zmy " 2k

oot oapxNdx| dopday, ... do, + p(22(1))

+00
< (6eIn2(n + 1)3)2kn2(n+1)12n+m+---+r ZSZ—S(Zk—(n+m+---+r)) + 2D
s=0

Hence the integral 6) = (k) converges for 2k > n+m +--- +r.
For integer P > (600n)'9", we consider the domain of points o, &y, . .., O
whose coordinates satisfy the inequalities

P" <a, < (2P)", lam| < (c1P)", ..., lay| < (c1P)", ¢1 = (600m)~"".

Let us find a lower bound for the integral J for points in this domain:

1 A 1
J =/ exp(2mi (o x" + apx™ + - +arx")}dx =/ +/ ,
0 0 A
A=c/P, c¢=(600n)".

It follows from Theorem 1.1 that

1
'/ exp(27 f (x)}dx| < 6en’c™ V=D p=1
A
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Fx) =apx" +apx™ + - +ayx”.

Indeed,
_ /P
Buo1 ()] = ' "
—D...(m— 2
(n—1)! 2

|ﬂn_1(x)|—1/(n—1) Sanfl/(nfl)A—l/(n—n < p-lo—l/@m=1)

Next, we have
A
/ exp{2mi(ayx" + opx™ + -+ o x")}dx
0

A A
:/ exp{2nianx”}dx+/ @ (x) exp{2mia,x"}dx,
0 0
where

|®(x)| = 2| sinw(yx™ 4 - - - + apx")|
m r r
2

P l1—cic ~ 1=cqc’

Moreover, we have

A +o00 +o00
/ exp{2mia,x"}dx| > / exp{2mia,x"}dx —‘/ exp{2mia,x"}dx
0 0 A
- COS(7T/2’1)F(1 n 1) B Qc—l/(n—l)P—l'
T 2may n n
Hence,
2
J>p! —cos(n/2n)r 1—|—l —\/—z- ! o Gendcm /(=D
2427 n n ¢l 1 —cic
|
> —pP .
— 10

We set Py = (600n)1%*. Then

0 = (k)

+oo 2P)" (c Ps)™ (c1 Ps)"
= / /
s=n -

Py —(c1P)™ (c1Py)

1 2k
/ exp{2rif(x)}dx| dopday, ...do, >
0
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+o00o 100
= Z(loPr)_ZkPanT+'”+rPSm+m+r = 10_2ch+"'+’ Z PS—2k+n+m+---+r
s=n =
+o00
— 100—kclin++}’ Z(6oon)15s(—2k+n+m++r)
s=n

It follows from this relation that 6 (k) diverges for 2k < n +m + - - - + r. The proof
of the theorem is complete. O

1.3 Multiple trigonometric integrals

In this section we derive several estimates for multiple trigonometric integrals. First,
we obtain one more estimate for the one-dimensional trigonometric integral with a
polynomial in the exponent.

Lemma 1.4. Suppose that f(x) = opx" + --- + ayx, where a,, ..., a1 are real
numbers. Let the symbol o denote the maximum modulus of these numbers. Then the
integral

1
I=/ exp{2mif(x)}dx
0

satisfies the estimate
|I| < min(1, 32a~"/").

Proof. We assume that n > 1 and @ > (32)", because, otherwise, the lemma is
trivial. We have
I=U+iV,

where

1 1
U =/ cos2nf(x)dx, V =/ sin 27 f (x) dx.
0 0

Let us consider the integral U. We perform the following partition of the interval
0 < x < lintotwo sets E| and E> each of which also consists of intervals: the set E;
consists of the intervals such that the inequality

n—1 (n—1)/n

)<A= (—) a”t/n
4e

holds at each point of these intervals; the other intervals form the set E;. Then we

have

U=U;+U,,

where
Uy =/ cos2mf(x)dx, U2=/ cos2mf(x)dx,
E E>
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Let u be the sum of lengths of the intervals comprising the set E1. Obviously, we
have |U1| < u. Let us find an upper bound for p. To this end, we move the intervals
of the set E together and thus form a single interval (its length is w). In this interval
we choose n points such that the distance between them is equal to i /(n — 1) and then
move these integrals to their original places. Thus we obtain n points x1, x2, ..., X,
in Eq such that

lxk — x| > [k — jlpn/(n —1).
Foreachk =1, ..., n, we consider the relations
a1+ 200x, + -+ (r + Dapprxg + - +napx) ' = f(x)

as a linear system of equations for the unknowns «y, 2wy, ..., no,. Let o = |op41],
where 0 < r < n — 1. Then we have

(r + Da = |A/Al,

where
1 x x{’_l
1 x x) -1
n—1
I x X,

and the only difference between A’ and A is that the (r + 1)st column in A’ is replaced
by the column consisting of the right-hand sides f/(x1), ..., f'(x,). Expanding A’
with respect to the (r 4 1)st column, we obtain

INEDNRFAEAIM]

k=1

where A} is obtained from A by crossing out the (r + 1)st column and the kth row. The
quotient obtained by dividing A by the (n — 1)st-order Vandermonde determinant
made up from the numbers xy, ..., Xg—1, Xk+1, - - - , X 1S the (n — 1 — r)th elementary
symmetric function of these numbers and does not exceed (n ﬁ?l,) = (”: 1) . (Indeed, if
we let s;,, denote the mth elementary symmetric function of the numbers z1, z2, .. ., 2/,
then foreachk =1, ..., [ we have

l
0= l—[(zk —2Zy) = zf{ - slzi_l + szzf:2 — (—l)lsl,

v=1

1.€.,

Dy D s e = k=1,
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and we find s, from this system of equations.) Therefore,

<> |f/(xk)|(n B 1)(1‘[ = xjl)
k=1 j=1

J#k

n—1 _1yn—=1,, —n+1 . 1
SA( r )(” Dem ];(k—l)!(n—k)!

2n —2\""! 1
=A ,
7 rin —1—r)!

n—1 1/n
w< A~V =D gpn—1/(—1) _ 4e< ) o Un
= 4e ’

_ 1/n
|U | S4e<n4 1) o~/
e

Now we estimate |U;|. All intervals comprising £, can be divided into at most
2n — 2 intervals on each of which the function f’(x) is monotone and of constant
sign. Let x; < x < x, be such an interval, and let I’ be the corresponding part of the
integral U,. Without loss of generality, we assume that f’(x) is an increasing function
on this interval. Setting f(x) = v, f(x1) = vy, and f(x3) = va, we readily obtain

, /‘”2 dv
I = cos2mv —
v f (x)

where f’(x) is considered as a function of v.

In the interval v; < v < v, we take numbers of the form 0.5/ + 0.25 with integer [
to divide this interval into subintervals whose lengths do not exceed 0.5. So the
integral I’ can be written as an alternating series. This implies that, for some vg and o
such that v < vg < vg + o, where 0 < 0.5, we have

A/
1 = | —
(r + Do ‘ X

!/ UO+O- dv 1 / / 4
IIIE/ o T vo = f(x), vo+o=f(x").
vo

By the Lagrange theorem on finite increments, we obtain
o=f")=f&)=fEG"-x), x1<x'<E<x"<x,

i.e.,

Hence we have
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—1 1/n
|U|§86<n4 ) o~/
14

By a similar argument, we obtain the same upper bound for |V|. So we have

and thus

1 1/n
1] < 8eﬁ<”4—) a1/ < 3007V,
€
The proof of the lemma is complete. O

Theorem 1.5. Let

o= max J|a(t,....t)], «,...,0)=0,

0<ty,...,t<n

1 1
Ir:/ f exp{2miF(x1, ..., xr)}dxy ...dx,,

0 0

where

oz(tl,...,tr)xi1 cooxlr
0

F(xl,...,xr)zz

n n
11=0 t, =
Then

1I,| <min (1, 327a" /" In" (@ +2)).

Proof. The assertion of the theorem holds for r = 1 (see Lemma 1.4). We shall
proceed by induction over the number of variables in the polynomial. We assume that
the assertion of the theorem holds for » — 1 variables and prove this assertion for r
variables. Without loss of generality, we assume that the coefficient of the variable x|

raised to a nonzero power has maximum modulus. Let ¢ = |(x(s1, ..., s))|; then
s1 = 0. We set
n n
F(x X)) = X (x,)
1y evon Xr) = 1 X 1Pretro X)),
t1=0 tr—1=0

t=[n(le+DI+1, Eo={x1l@s,. . s_ x| =<1},
Ep = {x a® V1 <o ()] <y, k=120 1,

L 7 e 1)}

E; = {x;|a
By mes Ej we denote the sum of lengths of the intervals in E;. The estimate
mes{x| | f(x)| < A} < de(Aa™")!/"

was proved in Lemma 1.4. Hence we have

mes Ey < dea "R/ — 0.1, .1,
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The integral [, satisfies the inequality
t—1

| 1| <mes Eg —1—2 mes E; max
k=1 erEk

1 1
/ / exp{2miF(x1, ..., x,)}dxy...dx,—1
0 0

1 1
/.../exp{ZniF(xl,...,x,)}dxl codxy_q
0 0

+ max
xr€E;

By the induction hypothesis, we have

max
xr€Ey

1 1
/ / exp(2mi F(x1, ..., xs)}dxy...dx,—1
0 0

< min (1, 32" 1o~ ®=D/M 1" "2 (¢ 4 2)).

Hence

t—1
|Ir| S4€O[_I/n+Z4€a(_t+k)/(tn)32r_1()[_(k_1)/(tn) lnr—Z(a+2)
k=1
+32r—1a—(t—1)/(tn) lnr—Z(a+2) S32}’(x—1/l’l ]nr—l(a_"_z).

Moreover, the trivial inequality |7.| < 1 is satisfied. Combining this estimate with the
previous one, we arrive at the statement of the theorem. O

The following lemma shows the accuracy of the estimate obtained.

Lemma 1.5. Let o > 1, and let

1 1
I () = / / exp2miaxy ... x/}dxy ... .dx,.
0 0
Then we have the following upper bound:

1
()] = oM (Ine)

r—1n!
Proof. First, we note that

(_1)r—1 ! - on r—1
I () = —— exp{2miax"}(Inx)" "  dx.
(r—"D! Jo
We shall prove this formula by induction. This formula holds for r = 1. We
assume that this formula also holds for » — 1 variables and prove it for r. By the
induction hypothesis, we have

1 1 (_1)r72 1 5
I (o) =/ I _1(ax™) dx = —(fexp{Zniax"y"}(ln y)' dy) dx.
0 o =21\ o
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After the change of variables 7z = xy, we obtain

(_1);’—2 1 dx X . s
I (a) = / —/ exp2riaz*}(Inz — Inx) ~~ dz.
(}" - 2)! o X Jo

We integrate the last integral by parts:

; B (_1)}’—2 1 1 X N
(o) = (r—2)!/0 ( nx)/0 exp{2riaz"}
- k(T2 k r—2—k
X (g(—l) ( . )(lnx) (Inz) )dz

)23 =Dk (r —2> ! e [ . e
= da +1/ 2 M(lnz) 2% 4
r=2' = k+1\ k /0 (Inx) A exp{2riez}(Inz) z

- /x 2riaz"}(nz) "' d
_(V—2)!k:0k+1< k ) OCXP{ mioz" }(Inz Z.

Since

- F—1(r—2 1
r—lg( )k+1<k > r—1°

this implies the desired formula for » variables.
Let us find a lower bound for |/, («)| with @ > 1. Let J = Im(/,(«)). Then we

have
1 1 1 r—1
J = / sin(Znay”)(ln —) dy
(r—=D!Jo y
! ! A 1+1/
_ : 2 - n
= oD /0 51n(27raz)<ln Z) z dz
1 ! 1! 1+1/ 2
= In — - " d(si
wan - — D! /(; ( n Z) z (sin“(raz))
1 ) 1! —141/n
= sin“(waz)d| | In— Z .
man”(r — 1! Jy z
Moreover,
1
J =

_noen’(r — 1!

141/Qa) 1 r—1 1\~ lH/n
X / cosz(mxz) di{In ——— 7= — .
1 z—1/Qa) 20

/Qa)
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. -1 . . .
Since —dd—z((ln %)r z7H1/m) > 0 (0 < z < 1) is a monotonically decreasing
function, summing the expressions for J, we obtain

1 1 1\"! 1
2]>——/ d{ | In- YA [ ———eat VALY] PP Ut
wan”"(r — D! Ji/ z an’(r —1)!

Thus we have

1 1
—1/n r—1
()] = J > e — 1)!04 (Ina) ",
The proof of the lemma is complete. O
Theorem 1.6. Let
o= tma>§ lee(ty, ..., )|, «(,...,0)=0,
Toeees r

1 1
Ir:/ / exp{2miF(x1, ..., xr)}dxy ...dx,,
0 0

where

n n
t
F(xl,...,xr)zZ~-Za(l1,...,tr)xll...xﬁ’.

t1=0 =0

Then the integral I, satisfies the estimate

|1,] < min (1, 327¢~"/" In" " (a +2)),

where n = max(ny, ..., n,).
Proof. The polynomial F(xy, ..., x,) can be written as
n n
13
Fp,....x) =Y =Y Bltr.....t)x ...xl,
n=0 =0
where the coefficients (71, ..., t,) are determined by the relations
alty,....t,) if0<ti<mny,...,0<t <n,,
Blti, ... 1) = . !
0 otherwise.
Suppose that B = maxo<y,,...r,<n |B(t1, .. ., tr)|. Then, obviously, wehave 8 = a.

Now we use Theorem 1.5 to estimate I,. We obtain
1I,| <min (1, 32"~ " In" "1 (B 4+ 2)) = min (1, 32"~ /" In" " (a + 2)).

The theorem is thereby proved. O
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Theorem 1.7. Suppose that k = ky + --- + k., k1, ..., k, are natural numbers,
v=1/k,ay,...,a are real numbers, and the inequality
*fxy,...,
fg(xl er) - H
axy' ... 9x,"
holds for all points (x1,...,x,) (0 <x(,...,x <1).
Suppose also that there exist v = (kfifl) directions (o1, . .., o) such that

(a) the number of monotonicity intervals of the derivative

akf(xl +a1t,---,xr +art)
atk

t=0

does not exceed m on any of the intervals that contain any of the v directions
(a1, ...,0) andlie in the cube 0 < x1,...,x, < 1;
(b) the modulus of the determinant of the matrix

Koo
_— 1 S,
M_<—S' ot ),
hoous!

where 0 < s1,...,8 < k,s1 +---+ s = k, and the vectors (ay, ..., a;) run
over the v vectors mentioned above, is larger than R > 0, while the modulus of the
algebraic complement of each element of the matrix M does not exceed T > 0.

Then the integral

1 1
J:/ / exp(2mwif(x1,...,x)}dxy...dx,
0 0

satisfies the estimate
|J| < 6kv>™’mT"R™"H™".

Proof. We have the relations

k k
8kf(x1—|—oz1t,...,xr+otrt) —Z Z k! asl aSrakf(xl,...,Xr)
ark = o st SR P P
s1+--+s.=k
for each of the directions («q, ..., «,). Considering them as a system of linear equa-
tions for the unknowns .
8 f(-xla'-'axr)
axy' .. ox"
we find
ok Xlyeuos X ok X1 +ait, ..., x, + ot
f(511 Sr)=2”'20(011,---,01r) f(l 1 . r rt) ’
oxy ...0x;' ot =0
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where ) --- Y denotes the summation over all directions (¢, . . ., ;) determined by
(a1,...,00)
the assumptions of the theorem; the coefficients |c(«1, .. ., ;)| do not exceed TR
Since the inequality
ok £ (x sy X
fi 1 r) <~ H
axy' ... 9x"
holds for each point (x1,...,x;) (0 < x1,...,x, < 1), for any point (xq, ..., x;)
there exists a direction (¢, ..., «;) such that
ok F(xy + « t, ..., X +ayt
f(l 1 r rt) >v_1T_1RH.
otk =0
Now we arrange the directions (¢, ..., &) in some order and divide the cube
Q= {(x1,...,x) | 0 < xqp,...,x, < 1} into nonintersecting domains Q2 (s =
1,...,v).
The first domain €2; consists of all points (x1, ..., x,) at which the modulus of

the kth-order derivative in the first direction is larger than
—1p—1 .
v 'T ' RH,

the second domain €2 consists of all points (x1, ..., x,-) that do not belong to €2; and
at which the modulus of the kth-order derivative in the second direction is larger than
the same value; the third domain 23 consists of all points (x1, ..., x,) that do not
belong to 21 and 27 and at which the modulus of the kth-order derivative in the third
direction is larger than

v !IT7IRH,

etc. (some of the domains €2; can be empty).

Each interval parallel to the sth direction contains at most sm intervals from the
set ;. Indeed, each interval parallel to any of the v directions («1, ..., o) satis-
fying the assumptions of the theorem contains at most m intervals from ;. By the
construction of the set €27, each interval (starting from the second) that is parallel to
any of the v directions (¢, ..., &) contains at most 2m intervals from €2, (we throw
away at most m intervals belonging to the set €21 from at most m intervals lying in the
corresponding monotonicity intervals of the kth-order derivative in some direction),
etc. We write the integral J as

J=Ji+- 4y,
where

Jg = /---/exp{ZTrif(xl,...,x,)}dxl...dxr
Qs

fors=1,...,v.
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Now let us estimate the integral J;. We perform a linear orthogonal change of
the integration variables so that the axis y; is parallel to the sth vector (¢, ..., &),
while the other coordinate axes y», ..., ¥, are chosen so that the coordinate system
Y1, Y2, ..., yr is orthogonal and oriented in the same way as the coordinate system
X1, X2, ..., xr. Under this change of variables, the domain €2 turns into the domain
Qi and f(x1,....,x) = fi1, ..., yr).

For each fixed point (y7, ..., y»), we let T(s; y2, ..., y,) denote the set of y; for
which the point (y1, ..., y,) belongs to ;. The set T'(s; y2, ..., y») contains at most
sm intervals. We let g denote the range of the variables y», ..., y, corresponding to
the points (y1, ..., y-) belonging to the domain Q. Then we obtain

|Js|=‘/---f/ exp(2ifi (31, s v}y . dyy
© T(s;52,.,9r)

5//‘/ exp{27ifi(y1, ..., yr)tdyi|dys...dy,
T(s:y25053r)
Wy
< / exp(27ifi(y, ¥y - v )} dy / / dys...dyr,
O 0
T(s;yy seesyr )
Wy
where (yéo), cees yr(o)) is the point of the maximum modulus of the integral
/ exp{27ifi(yt, y2. ..., y)tdyi|.
T(s3y2,:)r)
Since the kth-order derivative of f1(yy, ..., y,) with respect to y; is larger than

v !T~'RH, it follows from the estimate for the integral of a single variable (see
Lemma 1.2) that
|Js| < sm-6kv'T"R™VH™".

Summing all estimates for Js, we obtain

v
I <AL+ 4 L <) sm- 6" TR H™" < 6kv*™'mT "R™VH™".
s=1

The proof of the theorem is thus complete. O

Corollary 1.3. Suppose that

FF(x1, ..., x)
oIk

in a direction I, F(xy,...,X,) satisfies the assumptions of Theorem 1.7, and on

any interval parallel to | and lying in the cube 0 < x1,...,x, < 1, the function
G(xy, ..., Xx;) is monotone and piecewise continuous and satisfies the condition

>A>0

|G(x1,...,x)| < H.
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Then the integral

1 1
J=/ f G(xy, ..., x,)exp{2ni F(xy, ..., x:)}dxy ... .dx,,
0 0

satisfies the estimate
7| <« HA™VE,

Proof. We perform a linear orthogonal change of variables so that the axis yj is parallel
to [, while the other coordinate axes are chosen so that the obtained and the original
coordinate system are oriented in the same way. Under this change of variables, the unit
cube 0 < xy,...,x, <1 turns into the domain Q, G(x1,...,x) = G1(V1,---, V),
and F(x1,...,xr) = F1(y1, ..., yr). We obtain

J = /.../Gl(yl,...,yr)exp{ZniFl(yl,...,y,)}dyl coodyr
Q

For fixed y7, ..., y,, we let T(yz, ..., yr) denote the set of points (yi, ..., y,)
from Q2. By w we denote the range of the variables y», ..., y.. Integrating by parts,
we obtain

J = /f(/ Gl(yl,..-,yr)eXp{ZﬂiFl(yl,...,yr)}dyl) dy...dyy
» T(y25ee59r)

.....

0 i
X B_yl</ exp{2niFy(&1, y2, .. - ,yr)}d%'l) dyl) dyy...dy,
0

1
=//</(; exp{zniFl(‘i:l’ y21"‘7yr)}d‘i:l>Gl(11 YZv---’)’r)dyZ---dyr

.....

x G155 ) dyl) dyy...dy,.
Estimating the integral by Theorem 1.7 as

Y1
‘/ exp(27i Fi (51, y2, ..., v} d& | < A7VE,
0

we obtain the desired estimate. The proof of the corollary is complete. O
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Theorem 1.8. Suppose that n,ky, ..., k, are integers n > 1, ky,...,k > 0,
ki+---+k <n), aky,...,k) are real numbers, and

F(xl,...,xr):ii- Za(kl,...,kr)xlf' ...xf’,

k=1ki=0 k=

k4 4k = k
- 1 kit th F(xy, .o, xp)
pER) = : =
ki!... k! 8x1.,,3xr’
n
H= x; k)|/k.

™ ;kz 2 IBG D

1=0 r=

ki Ak =k

Then the integral

1 1
J=/ / exp(2miF(x1,...,x:)}dxy...dx
0 0

satisfies the estimate
7] < min(1, H™1),

where the constant in < depends only onn andr.

Proof. We choose v = (”Jrrr) — 1 directions (a7, ..., a,) so that the rank of each
matrix

'
My = (—(Sl +' +'Sr)'ai‘ ...(xS”),
sl s

0<si,...,8% <n, si+--+s =k, 1=<k=n,

is maximal. In the matrix My we choose vy = (k+r ) directions (ap, ..., a,;) SO

that the determinant of the obtained submatrix is nonzero. In particular, we can take

1 r—1 L.
(a1, oz"“, R a§"+ ) ), where o1 runs through v distinct nonzero real numbers, to

be the v directions with the required properties. Further, we have

8kF(x1 +agt, ..., xr +apt)

otk -0
I DTS 3 L B T
k1=0 k,:okl!“-krzl N 8x L 0xeT
ey -k =k

We consider these vy relations as a system of linear equations for the unknowns

1 akF(xl""axr)
k1!...kr! 8xlf1...3xrr .
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Since the determinant of this system is not equal to zero, its modulus does not
exceed some constant c(n, r) > 0. From the system of equations we find

1 8kF(xla---,xr)
kilookel axkr | axk

akF(xl +ot, ..., x +apt)
:Z"‘Zc(al"--aa}’) ’

k
ot /=0

(ap,...,0)

where ) --- )" denotes the summation over the vy directions mentioned above and

(a,..., ay)
the moduli of the coefficients c(«q, ..., @) do not exceed some constant ¢; =
ci(n,r) > 0.
We divide the cube 0 < x, ..., x, < 1 into nonintersecting domains wy, ..., W,

so that at the points of w; some kth-order (k < n + 1) partial derivative is larger than
(H /v)* (some of the domains can be empty). To this end, we need to order the partial
derivatives

KF(x1, ..., x)

) Ofkl,---ykrfn,k=kl+"'+kr§n‘
ax{”...ax,r

First, we set k =n and arrange the numbers in lexicographic order for
ki + -+ 4+ k, = n. Then we set k = n — 1 and again arrange (k{,...,k,) in
lexicographic order, etc. The domain w; consists of all points at which the lowest-
order derivative is not less than (H /v)", the domain w; consists of all points at which
the next (in order) derivative is larger than (H /v)" and which do not belong to w1, etc.

We consider the domain w; for an arbitrary s. The corresponding partial derivative
can be expressed in terms of directional derivatives. We divide the domain w; into
nonintersecting domains wyi, .. ., wg, SO that the domain wg; consists of all points
at which the derivative along the first direction is not less than (H/ v)kv_lcl_l, the
domain wy; consists of all points at which the derivative along the second direction
is not less than (H/v)kv_lcl_1 and which do not belong to wy, etc. (some of the
domains w;s, can be empty). The intersection of the domain w;s, with any straight
line parallel to the vth direction contains at most n2v intervals, since the number of
solutions to the equations

KF(x1 4+ ot ..., xp +opt) B <H)k

8x1f1 L 0xT v
FF(y+ant,....x, +at)  (H\* | _
T ={—]) v ¢

ot v

for the unknown ¢ does not exceed n, while the number of such equations is not less
than 2v. Let us estimate the integral

J = f--~/exp{2niF(x1,...,x,)}dxl .dxy.
Wysy
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We perform a linear orthogonal change of the integration variables so that the
axis y; is parallel to the vth direction, while the other axes are directed so that the
coordinate systems x1, ..., x, and yi, ..., y, are oriented in the same way. Under this
change of variables, the domain wy, turns into the domain w}, and F(xy, ..., x;) =
F’ (y1,...,yr). For each fixed point (yy, ..., y,), we let T(yz, ..., y,) denote the
set of y; for which the point yi, y2, ...,y belongs to w;,. The set T(y2,..., yr)
consists of at most n2V intervals. We let w denote the range of variation of the variables
y2, ..., yr. Then we obtain

[J| = ‘/-u/exp{ZniFl(yl,...,yr)}dyl ...dy,
),

sV

dyy...dy,

3 T (2, ¥r)

< < H™ .

......

Summing the obtained estimates over all domains ws, (1 <s, v < v), we obtain
|J| < H™!. Since we always have |J| <« 1, we arrive at the desired estimate. The
proof of the theorem is complete. O

1.4 Singular integrals in multidimensional problems

The integrals studied in this section are closely related to the number of solutions of
systems of Diophantine equations similar to system (1.3) in Section 1.2 but much more
complicated (see Chapter 7). They have the form

+00 400 1 1 2K
9:/ / ‘/ ~--/exp{2rriF(x1,...,xr)}dx1...dxr da, (1.7)
—00 —00 0 0

where
ny ny
F(x1,...,x;) = Z---Za(rl,...,tr)xi‘ coxlrn
t1=0 t,=0

Precisely as in Section 1.2, some of the coefficients « (¢, . . ., #) can be identically
zero. The problem of estimating the convergence exponent for integrals 8 significantly
depends on the polynomials F(xy, ..., x;), i.e., on the systems of Diophantine equa-
tions to which 6 correspond. Therefore, the methods for solving these problems are
different.

Theorem 1.9. Suppose thatm = (n1 +1)...(n, + 1) — 1, & is an m-dimensional
vector whose coordinates are coefficients of the polynomial F(xy, ..., x,), and 0 is
the singular integral (1.7) corresponding to F(x1, ..., x;). Then 6 converges for

2K > nm, n=max(ny,...,n;).
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Proof. By Theorem 1.6, we have

1 1
|1r|=‘/ / exp{2miF(x1, ..., x,)}dxy...dx,
<min (1, 327" In""!(a +2)) < min (1, «*71/"),

where o = max;, _; la(t, ..., )], «(0,...,0) = 0, & > 0is an arbitrarily small
fixed number, and the constant in < depends only on € and 7.
Further, we have

min(1, o®~1/")
= min { min (1, (0, ..., DI"Y"), ..., min (1, [a(ni, ..., nr)|8_1/n)}

< l—[ l—[ m1n , e, ..., tr)|(*l+sn)/(nm)).

11=0 t,=
i+ +fr21

Hence

|| K€ 1_[ l_[ m1n , Ja(ty, ..., [r)l(—l-i-an)/(nm))’

t,=0
ll+ =1

—+00
o< ] ]_[/ (min(1, la(r, ..., ) CHONVE Go ),

t1=0 t,=0
ittt >1

Each of these single integrals has the form

+00
/ min (1’ |a|2K(—1+8l’l)/(ﬂm)) da

—00

Since ¢ > 0 is an arbitrarily small fixed number, the last integral converges for
—2K/(nm) < —1, 2K > nm.
This implies that 6 converges for 2K > nm. The proof of the theorem is complete. O

Theorem 1.10. Suppose that the singular integral 6 corresponds to a polynomial
F(xy,...,xy) of the form

F(xy, ... x,)—Z Za(tl,...,t,)xil...x?.

1=0 t,=0
t1+ +1.<n
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Then the integral 0 converges for

2K>r<n+r>—|—r
r+1

Proof. Let us estimate the volume of the domain 2 = Q(«; P) consisting of points
alky, ..., k) O<ky,..., k-, ki+---+k- <n)atwhich the quantity H determined
in Theorem 1.4 does not exceed P (P is a natural number). For 1 <sy,...,5, < P
we set u(s) = (s1 /P, ..., s/ P) and consider the domains 2 (s) = Q(5; @) of points
at which the inequalities

B; u(3)| < (r + D"PRY R 0 <ky, ke ki ke <,

are satisfied.
Let us find an upper bound for the volume (€2 (5)) of the domain 2 (s). We have

n(82(s)) = /---/da-

QE)

To perform a change of variables in this integral, we find new variables from the
relations

n n
Fxit —ut,...,xr —uy) = Z ---Zﬂ(sl,...,sr)(xl —u)™ (e —u)™
s1=0 s=0
1<si+--+sr=<n

= i...ia(rl,...,tr)x? ...Xﬁr,

11=0 t,=0
fiFtte <n
n n s s
s1—t 45—t [ O] r
a(t1’7tr)=zz(_1)v] s (t)(t)ﬁ(slvssr)
s1=H Sp=t, 1 r
xul' 7w T 0<t, .t el <

The Jacobian of this transformation is equal to 1. Hence we have

m(QE)) = / : / dB = 2(r +1)")'P~,

|BR)| < (r+1)" Prit-+hr
0<ky,....kr, ki+-~4k,<n

Here v is the number of coefficients S(k) (0 < ki,.... k., 1 <kj+---+k- <n),
v = ("T") — 1, and the value of A is determined by the relation

n

- s+r—1
A=Y Z(n+---+tr)=Zs( S )

n
n=0 =0 s=1
fi++t<n
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It follows from the relations (‘Y+§_1) = (‘Ytr) — (‘+r 1) that

A= Z s+r s+r—1 . n+r\ (n+r _ n+r‘
s—1 n n—1 n—1
We show that if the inequality H < P is satisfied at a point &, then this point
belongs to Q2(s) for some s = (sq, ..., s;). It follows from this inequality that there

existsapointg =(¢1,...,&) (0<é&,...,& < 1suchthatforeachky, ...,k >0,
1<k +...k <n,wehave

1B(k; &)|VF < P,
i.e.,
|B(k; &) < PRitthr,

We choose s1 = [£1P], ..., s, = [& P] and show that & belongs to Q(s). Let

y=u@) -, @) = (% %)
Then, using the Taylor formula, we obtain
|B(k; 7(3))|=Bk; § + )]
_ ]ﬂ@; B+ (B B+ B @ By +

n—s

1(8 a) -
tooose ) AED

Thus the point & belongs to the domain 2. Hence we have

< (r 4 1rphiteth

P P
P <Y Y uQE) = 20+ 1)) AT

s1=1 sp=1

We let w(P) denote the set of points @ at which P < H < 2P. Then for the
integral 6 we have

2K

0 = exp{ZmF(xl, X))} dxy .. dx, da

7 (2m)
2K
do.

1
exp{2wi F(x1, ..., x,)}dxy...dx,
0

Qe 1)
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Applying Theorem 1.8 to estimate the trigonometric integral, we obtain

+o00
0 <« Z(Z(r + 1)n)v2A+r2m(A+r—2K) + (2(7’+ 1)n)v’

m=0

which implies that the integral 6 converges for 2K > A +r. The proof of the theorem
is complete. O

We note that the problem of the convergence exponent for singular integrals 0 in
multidimensional Tarry’s problems remains open. Apparently, here each integral 6
will have its own convergence exponent depending on the form of the corresponding
polynomial F(xy, ..., x,).

Concluding remarks on Chapter 1. 1. Lemma 1.1 is a generalization of Vino-
gradov’s assertion (see Lemma 4 in Chapter II in [165]. In the special case n = 1, 2,
Lemma 1.2 was proved in [145]. In the general case, this lemma was proved in [27],
[28].

2. In Theorem 1.1, the modulus of the trigonometric integral of a polynomial is
estimated via a positive function of the coefficients of this polynomial such that this
function is invariant under shifts of the integration variable. This estimate is the best
possible with respect to this function and the length of the integration interval.

3. Theorem 1.2 on estimating trigonometric integrals via the lower bound for
a linear combination of the derivatives of the function contained in the exponent
was generalized by I. A. Ikromov to the case of linear combinations with variable
coefficients ([71]).

4. Theorem 1.3 ([27], [28]) gives a solution of the Hua Loo-Keng problem about
the convergence exponent in the singular integral in Tarry’s problem.

5. In Theorem 1.4, the convergence exponent in the singular integral is found for
an incomplete systems of equations in Tarry’s problem ([27], [28]).

6. Lemma 1.4 (in Section 1.3) was first proved by I. M. Vinogradov ([165]).

7. Theorems 1.5 and 1.9 were proved by V. N. Chubarikov ([47], [48]).

8. Theorems 1.7, 1.8, and 1.10 are contained in [28].

9. Estimates of trigonometric integrals are used in the mathematical theory of
tomography, in harmonic analysis, etc. (see [135], [136], [137], [134]).



Chapter 2

Rational trigonometric sums

A complete rational trigonometric sum modulo q is defined to be a sum of the form

q

q
S=8(qg. F(xi,....x)) =Y -+ Y exp2miF(x1,....x)/q}, 2.1

x1=1 xr=1
where ¢ is a natural number and

ny ny

!
F(x1,...,x;) = Zu-Za(t],...,tr))cl1 coxln

=0 t =

here a(ty, ..., t,) are integers.

In this chapter we shall study the following two problems:

(1) finding upper bounds for the moduli of such sums;

(2) finding the convergence exponents for singular series in Tarry’s problem and
its generalizations.

In most detail, we shall study the case of one-dimensional complete rational
trigonometric sums modulo ¢, i.e., sums of the form

q
S(q. f(x)) =Y _exp{2mif(x)/q}, 2.2)

x=1

where f(x) = a,x" + --- + a1x is a polynomial with integer coefficients. An upper
bound sharp in order of increase of g was obtained for the absolute value of such a
sum by Hua Loo-Keng in 1940 [70]. Here we present the derivation of this estimate
given by Chen, Theorems 1 and 2 in [45], (see also [49]).

Next, we obtain exact values of the convergence exponents for singular series
in Tarry’s problem [68] and in its generalization to the case of “incomplete systems
of equations.” Finally, in the last sections, we obtain estimates for multiple com-
plete trigonometric sums modulo ¢ and present an upper bound for the convergence
exponent of the singular series in the “multidimensional Tarry problem.”



2.1 One-dimensional sums 49

2.1 One-dimensional sums

In this section we estimate one-dimensional rational trigonometric sums modulo g.
First, we prove some auxiliary lemmas.

Lemma 2.1. Suppose that f(x) is a polynomial with integer coefficients and
f(0) = 0. Then the relation

S(q1, g2, () = S(q1, 45" £(22))S(q2, a7 ' £ (q1)

holds for any coprime natural numbers q and q;.

Proof. Any residue x modulo g1¢> can be uniquely represented as
X = qax1 +q1x2 (mod q192),

where 1 < x; < gj and 1 < x3 < g;. This implies

f(x) = fgax1) + f(qi1x2) (mod q192).

Hence we have

q192

> expl2rif (1)/(q142)}

x=1

S(q1, q2, f(x))

q1 q2
= Y expl2migy ' flgaxn)/qn) Y exp(2migy ! f(q1x2)/q)

x1=1 xo=1

= S(q1, 95 " f(q2x)S(q2, 47 f(q1x)).

The lemma is thereby proved. O

Lemma 2.2. Suppose that g(x) is a polynomial with integer coefficients and a is a
root of g(x) modulo p of multiplicity m. Suppose also that u is the largest power of p
that divides all the coefficients of the polynomial

h(x) = g(px +a).

Then the number of roots of the polynomial p~"h(x) modulo p, with their multiplicity
taken into account, does not exceed m.

Proof. Since the residue a is a root of multiplicity m of the congruence g(x) = 0
(mod p), the polynomial g(x) can be represented as

g(x) = (x —a)"k(x) + pl(x),
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where the degree of /(x) is less than m and (k(a), p) = 1. This implies
P h(x) = pTg(px +a) = p" X" k(px + a) + p' “I(px + a).

It follows from this relation that m > n. Hence the congruence p~“h(x) = 0
(mod p) is equivalent to the congruence

P X" k(a) + p' T l(px +a) =0 (mod p).
Its degree does not exceed m, and hence the number of its solutions does not exceed m.

The proof of the lemma is complete. O

Lemma 2.3. Let f(x) = apx" +---+aix, pt(an, ..., a1), and let u be the highest
power of p that is a divisor of all the coefficients of the polynomial

gx) = f(h+px) — f(A).

Then
1<u<n.

Proof. Since the constant term in g(x) is zero and all other its terms are divisible
by p, we have u > 1.

Let 7 be the largest number such that (a;, p) = 1. Then the coefficients of x* in
the polynomial g(x) are divisible by p” but not divisible by p**!. Hence we have
u < v < n. The lemma is thereby proved. O

Lemma 2.4. Leta > 1, and let r, k be integers such that 1 <r < k. We set

,
M(r)= max E a™i,
mi+-+m,=k 4
j=l1
where my, ..., m, are positive integers. Then

M (r) < max(ka, ak).

Proof. Note that form > n > 1 we have
a™ +an Sam—i—n—l +a.

Indeed, for a > 1 we have (@ — a)(a" ' — 1) > 0 and hence
r r
Za”’f <qgmtm-l g Zami +a<-. <gmtotmertl G a.
j=1 Jj=3

For M(r) (1 <r < k), this implies the upper bound

M) < (r — Da+d" 7+ = g(r).
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Since g’ (r) = a*"*!(loga)? > 0, we obtain
M(r) < max (g(0), g(k)) = max(ka, aby.
The proof of the lemma is complete. O

Theorem 2.1. Suppose that n > 3 is an integer, f(x) = apx" + --- +ajx + ag is
a polynomial with integer coefficients, (ay, ...,a1, p) = 1, p is a prime, and l is a
natural number. Then

ISP, fN] < er(m)pt =™,

where
1 if p=@n—1>0-2,
( ) n2/n lf (n _ 1)2n/(n—2) >p> (n _ 1)n/(n—2)’
ci1(n) =
! n3/n if m—1DY0"2 > p>np,

(n — D" if p <n.

Proof.  First we consider the case p > n. We write the estimate of the rational
trigonometric sum with a prime denominator (see Lemma A.5, i.e., the Weil estimate)
in the form

IS(p, )| < min (p/", (n — 1)p~O5T/m) pl=t/n,

This implies the estimate of the sum in Theorem 2.1 for/ =1 and p > n.

Now we suppose that [ > 2. Let uy,..., u, be distinct roots of the congru-
ence f/(x) = 0 (mod p), and let my, ..., m, be their multiplicities. We set
mi + .-+ m, = m. Obviously, 0 <m < n — 1. Then we have

p
NESIENTED T

v=1

where
So= ). expmif(0)/p').

0<x§p1
x=v (mod p)

We transform the sum S, by using the substitution x = y 4+ p'~!z, where y and z

take the values y = 1, ..., pl_1 and z =0, ..., p — 1 independently. For/ > 2 we
obtain the relations

p—1
So= Y, Y explmify+pl/p = 2.3)
0<y§p’_1 z=0
y=v (mod p)
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p—1
= Y exp{2mif(n)/p'} ) exp2mif (v)z/p}-
O<y<p!~! z=0

y=v (mod p)

This yields that the relation S, = Oholds forv # pu; (j=1,...,7).
Leto; (j =1,...,r)be the largest power of p dividing all the coefficients of the
polynomial

fpy + i) = fwj)=p7g;().
Then it follows from the expansion

2 ¢ . mj ¢(mj) .
Py) 7S o e )
2! m;!

Fpy+uj)— fuj) = pyf'(nj)+

that2 <o; <m; + 1.
Relation (2.3) with 1 < j < r and/ > 2 implies

pl—2_1
Swy=p Y, expRuif(/p'y=p > explemif(u;+py)/p'}. 24
0<y<p'~! y=0

y=p;j (mod p)

We assume that / > oj. We estimate the sum S,,; by mathematical induction and
thus obtain

p1—271

1Syl =p| D expl2mig; (/')
y=0

= p% NS, g; ()| 2.5)

< pﬁj—l-‘r(l—oj)(l—l/n) max(l, min(pl/n, (I’l _ l)p—OAS-'rl/n))
— pl(l—l/l’l)—l-i-o'j/n max (1, min(pl/", (”l _ 1)p—0.5+1/n)).

We assume that [ < o;. It follows from (2.4) that ISMI < pl_l. Thus (2.5) also
holds for / < o;. This implies

,
S(p!, F)I < max (1, min(p'/™, (n — 1) p=03F1/my) plA=1/m 3~ y=lres/n
j=1

For p > (n—1)"/"=2) by the inequalities oj <mj+landmi+---+m, =m <n—1
and Lemma 2.4, we obtain

r r
Zp—1+oj/n < p 11/ mej/n < p~ /7 max ((n— Hp'/, p(n—l)/n) <1
j=1 j=1
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Hence Theorem 2.1 is proved for p > (n — 1)"/*=2)_ For the case n < p <
(n— 1)”/ (n=2) and [ > 2, it suffices to obtain the estimate

IS(p!, FO)| < mp™!H3/mHA=1/m), (2.6)

It follows from (2.4) that (2.6) holds for / = 2. Now we proceed by induction. We
assume that (2.6) holds forn < p < (n — 1)/*=2 and 2 < [ < L. We shall prove
the estimate (2.6) forn < p < (n — DM ®=2) and | = L + 1. Since we have p>n
and 2 < 0; < m; + 1, we obtain the relation

gy =p™% <pf’(uj) +e

pmiymiT D gy pmityms femiE
(mj—1)! m;!

+ > (mod p).

Hence the number of roots of the congruence g;. (y) =0 (mod p)doesnotexceedm ;.
If 0; < L, then using (2.4), the inequality o; < m; + 1, and the induction
hypothesis (2.6) forn < p < (n — 1) "=2) we obtain
|S;,Lj| — p(fj—l ‘S(pL+l_Uj, g](y))’ < mjpO'_/'—2+3/n+(L+l—Uj)(l—1/n) (27)
< mjp—2+(mj+1)/n+3/np(L+1)(1—1/n)_
If o; > L, then (2.4) implies
1,1 < ph. (2.8)
We set fi(y) = yp!/" — p¥/". Then we obtain

[y =p"=n7tpMogp,  fl(y») <0, fi(h)=0.
It follows from the conditionn < p < (n—1)"/=2 that f{(1) > Oand fi(n—1) > 0.
Hence we have fi(y) > 0forl1 <y <n—1.Sincel <m; <n — 1, we derive
mjp'/" = p"i" forn < p < (n— 1", (2.9)

The following two cases are possible: (1) L > o1 > --- > 0,; (2) o1 > -++ >
oy, > L > 0y41 = -+ > o,. Suppose that conditions in case (1) are satisfied. Then
from (2.7) (1 <m; <n — 1) we obtain

r
j=1

< mp—1+3/n+(L+1)(1—1/n)_

Hence (2.6) holds in case (1). Now we assume that conditions in case (2) are

satisfied. From (2.7) and (2.8) we obtain

r
Jj=ri+l
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We set my + -+ +m, = My and m; 41 + -+ + m, = M>. Then we have
My +M;=m.Sincem; +1>o0; > Lforj=1,...,r,wehave M| +r >r(L,
ie., L <1+ M;/r;. Hence

2 L

L= (L+1)(1—%)—1+;+T_1 < (L—i—l)(l—%)—l—l—%—i-%.

rin

Q2.11)

We set f1(y) = yp™1/0™ and calculate the derivatives
) = pM'-/<y">(1 - %) S () = pr/@")% >0
Hence for 1 < r; < M we obtain
rpM/ ™ < max(pM/", Mip't) = A,
and (2.9) implies the inequality
A < M p'/". (2.12)
It follows from (2.10) and (2.12) that

r

|S(pL+l, f(.X'))| < (rlle/(”")_|_ Z mjp(mj+1)/”_1+7l)p(L+1)(1_1/”)_1+2/”
Jj=ri+l

< (Mlpl/n + szl/n)p(L+1)(lfl/n)fl+2/n — mp(L+l)(lfl/n)fl+3/n.

This implies that inequality (2.6) holds for / = L 4 1 and hence Theorem 2.1 holds
forn < p < (n — 1)~ The case p > n has been studied completely.

Let p < n. From the condition p’ || (nay, ..., 2az, a1), we find an integer . Since
(an,...,a1, p) = 1, we have p' < n. Suppose that w1, ..., u, are distinct roots of
the congruence f/(x) = 0 (mod pH’l) 0 < x < p)and my,...,m, are their
multiplicities. Obviously, by setting m| + - - - +m, = m, we obtainm < n — 1. For
p <nand!/ > 1, it suffices to prove that

1S(p!, £ < n?/" max(1, m)p' =", (2.13)
Let! < 2(¢t + 1). Then it follows from the inequality p’ < n that
q yp
ISP, FOo)| < pl = plA=1im plin < p@i+D/n lA=1/m) < 3/n IA=1/n)

Now we assume that [ > 2(¢ + 1) and transform the last sum by using the sub-
stitutionx = y+ p/~"" 1z (y=1,...,p "1,z =0,1,..., p*! —1). Then for
[ > 2(t + 1) we have

p1+171

So= > > expl2mi(f )+ P2 )P = 0,

0<y5p1—r—l z=0
y=v (mod p)
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wherev #p; (j=1,...,r).
Let p% || (f(py + 1j) — f(1j)). Then we set

g =p 7 (f(py 4+ 1)) — fu))).

It follows from Lemma 2.3 that 1 < o; < n. If 0; < [, then we can apply the
induction hypothesis (2.13) and Lemma 2.2. We obtain

Pl Pl
S, = | > CXp{Z]Tif(x)/pl}‘ = ‘ > exp{2mig(y)/p'~)
x=1 y:()
x=mj (mod p)
= p7 TSP, g ()] < m /" poiTHIZep(L/m (2.14)

— mjn3/npl(lfl/n)+aj/n71 < mjn3/npl(lfl/n)‘

We assume that o; > [. Then we have

|Sllj| < pl—l [(1=1/n)+1/n—1 < p1(1_1/,,)+aj/n_1

=) 1a=1/n)

=p

Thus we have proved (2.14) for o; > [. Further, we have the inequalities

r
j=1

The case p < n is also studied. The proof of the theorem is complete. O
Theorem 2.2. Suppose that n > 3 is an integer and f(x) = apx" +---+ajx +ap is

a polynomial with integer coefficients, (a,, . .., a1, q) = 1, and q is a natural number.
Then we have

1S(q, DI < ctmg' ™",
where c(n) = exp{4n}forn > 10and c(n) = exp{nA(n)}for3 <n <9,A3) =6.1,
A(4) =55, A05)=5,A(6) =47, A(7) =4.4, A(8) = 4.2, and A(9) = 4.05.

Proof. Let A= (n—1)>/"=2 andlet B = (n — 1) *=2_ Then from Lemma 2.1
and Theorem 2.1 we obtain

|S(q, f(x))| S ((n _ 1)n3/l’l)7'[(l’l)(n3/n)7'[(B)—7r(n)(nZ/n)JT(A)—JT(B)ql—l/n
=(n— l)ﬂ(n)nn(B)/nnZH(A)/nql—l/n — Dql—l/n’

where 7w (x) = prx 1.
It is well known that the inequality

w(x) < 1.25x/logx
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holds for x > 3. It follows from this inequality that D < exp{F (n)}, where

log(n — 1 — D=2 —2)1
Fny = 1250 (220=D | (1= DO D0 =2 log
logn n’log(n — 1)
N (n — D212 — 2)logn
n3log(n — 1) '
After simple calculations, we obtain the statement of the theorem. O

We will derive an estimate for the complete rational trigonometric sum modulo p?,
which depends on whether the coefficients of the polynomial in the exponent are
divisible by powers of the prime p. We shall need this estimate to prove theorems on the
convergence exponents of “singular series” in Tarry’s problem and its generalizations.

Let f(x) = aix + --- + a,x" be a polynomial with integer coefficients,
(an,...,a1,p)=1 (n>3), w=[logn/log pl, and p* | (na,, ..., 2as, ar). Then
T < w. We set

g =fO+E =) by,
s=0

where the coefficients of the polynomial g(y) are given by the relations

1

' s+ 1 n _
by =ag + < )as—i-lé +-- 4 ( )an%-n 5
S A
. 2 n
b] =a) —|— (1)(125 + e + <l)al’l§nl-

Note that p® || (nby, ...,2by,b1). Now let&§ = &,...,&, (m < n) be roots of
the congruence

n
by =ay, bi_1=ap1+ < )ang,

p " fE)=p b1 =0 (mod p). (2.15)

For each root £ of this congruence, we define the exponent 1 = u1(£) as follows:

P (P by, - .., p*ba, pby).

We choose a root of congruence (2.15) and then set

fpy+8 — & =p" iy) =p" Y ey, (2.16)

s=1

n
Ples=p'hy, s=1....n. () =fAG+n=) dy'.
s=0
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Now we assume that p™ || (nd,, ..., 2d>, d1) and the numbers n = ny, ..., n, are
roots of the congruence

p U fim) =p Td; =0 (mod p). (2.17)

As before, for each root n of congruence (2.17) we define the exponent u; =
ur(n) = ur (&, n) as follows:

P2 (pdy, ..., p*da, pdy).

By f2(y) we denote a polynomial of the form

P HG) = filpy +0) — i) =p2 ) ey, (2.18)
s=1

and by g2 (y) we denote the polynomial f>(y+£). For the polynomial g>(y) we define
the exponent u3, etc. So we have a set of exponents (u1, ua, ..., uy) corresponding
to the set of roots (&, n, ...) of congruences (2.15) and (2.17). Moreover, from the
inequalities /| —uy — -+ —u;—1 > 2w+ land! —u; —--- —uy < 2w + 1 we find
the number r = ¢(§, n,...). Then the following assertion readily follows from the
definition and Lemma 2.2.

Lemma 2.5. Suppose that f(x) is a polynomial of degree n with integer coefficients
that together with p are coprimes. Then the number of sets of exponents (uy, ua, ...)
of the polynomial f(x) does not exceed n.

Lemma 2.6. The following inequalities hold:

Proof. Suppose that s1 = maxj<y<,{v|(by, p) = 1}. Then, by the definition of cy,,
we have p*lb;, = p"lcs,. Hence u; < s1 < n. We assume that s, = maxj<y<,{v|
(cy, p) = 1}. Then p*by, = p“ics, (51 < up).

Further, since by = 0 (mod p) and pb; = p"“lcy, we have u; > 2. It follows
from the definition of d,, that (dy,, p) = 1 and p*? | p*2d;, (u2 < uj). Sinced; =0
(mod p) and p*? || pd;, we have uy > 2. So

n>s1>up >8> uy > 2.

The lemma is thereby proved. O

Theorem 2.3. Suppose thatn > 3isinteger, f (x) = apx" +- - -+aix is a polynomial
with integer coefficients, (ay, ..., a1, p) = 1, p is a prime, and l is a natural number.
Let j be the least length of the set of exponents (U1, uy, . ..) defined above. Then the
following estimate holds:
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@ IS, )] <np!~/.
If, in addition,s — 1 = uy + - -- + uj, then the following estimate holds:
®) IS fO) = n?pIm2,

Proof. Let p* || (nay, ..., 2az,ar). Then we leté(l) = 51(1), e, ,1(11) denote distinct
roots of the congruence

pTf () =0 (mod p), 0<&<p.

Further, we assume that/ > 2w+ 1, since, otherwise, j = 0 and the theorem obviously
holds. We represent the sum S(p’, f(x)) as

14
IS, FeNl =) Se,

v=1

where

So= ) exp2mif(0)/p').
lgxgp[

x=v (mod p)

[—7+1

Substituting x = y + p z(y=1,....p 7L z=01,..., pTtl — 1), we

obtain

PT_H*I

So= Y. Y exp{ami(fo)+p () /P

0<y§p[_r_l z=0

y=v (mod p)
p‘t+1_1
= > exp2mif(y)/p'} Y explamizf'(y)/pTH).
0<y<pl-T-1 7=0
y=v (mod p)

Hence for v # Sj(.l) (j =1,...,m), we have S, = 0. In the case v = gj(.“
(j =1, ..., m), taking into account the notation in (2.15)—(2.18), we obtain

plfl

So = exp {2mi(bo(v) + bi(W)py + - + bu(0) p"y") [ p')
y=1

= exp(2mibo(v)/p'}p" ISP T c1y + -+ eny™).
Next, following the preceding argument, we consider the sum

ST ety 4 eny™).
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Then, using the notation in (2.15)—(2.18), we obtain

bo(EDY  do(@
S fan= ) exp{hi( 0(51 2+ O(f_ul)>}p"l+“2zs<pl“l“2,f2<y)).
(GURIED P u

For each set of roots (6D, @ . ) of congruences (2.15) and (2.17) and for
the corresponding set of exponents, the number r = (£, €@ .. .) is uniquely
determined by the conditions

l—uy——u g >2w+1, I —uy— - —u <2w+1.

Therefore, repeating the preceding argument appropriately many times, we obtain

1 (@) )
SG fon= Y exp{2ni<b0(§l ) | do& )+...+M)}

= [

(M, £D) p uj p u w1

X S(plfulf...fu,’ gly + - _}_gnyn)plfulf...fu,,t. (219)

By Lemma 2.5, the number of sets (¢, ..., £®) does not exceed n. Now we

use the following trivial estimate of the sum:

IS(p! T T gy e gy < pl T (2.20)
forl —uy —---—uy > 1. Ifl —u; —--- —u; = 1, then we apply the Weil estimate
(Lemma A.5):

IS(p, g1y + -+ gay")| = n/p. (2.21)

After the substitution of inequalities (2.20) and (2.21) into (2.19), we obtain the
desired assertions (a) and (b) of the theorem. The proof of the theorem is complete. O

2.2 Singular series in Tarry’s problem and in its
generalizations

Suppose thatn > 3, f(x) = (a1/q1)x+---+(an/qn)Xx", (a1, q1) = - = (@n, qn) =
l,andg =¢q1 . ..qn.

Definition 2.1. The mean value o of the complete rational trigonometric sum

q
S(q, f(x) =) _exp{2mif (x)}

x=1
is defined by the expression

—+00 qn—1 q1—1

+00
o= 3 Y T s@ Fenl*

qn=1 q1=1 a,=0 a1=0
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where the prime on the summation sign means that a; runs through the reduced system
of residues modulo g5 (s = n, ..., 1). The series o is also called the singular series
in Tarry’s problem.

We find the convergence exponent of the singular series o. For this, we first
perform several auxiliary transformations.
We write ¢ as

400 400 400 dn— q1—1
o= 3 ) Z Y omts@, ren
0=1 gn=1 q1=1 ay= a1=0
[% ~~~~~ ql] 0

By Theorem 2.2, we have

+00
oK Z Qn+s—2k/n‘
0=1
Hence the series o converges for n — 2k/n < —1, i.e., for 2k > n(n + 1). Next, by
Lemma 2.1, we rewrite the trigonometric sum S(Q, f(x)) with O =[] pto p% and
Qp = Q/p* in the form

S(Q, f) =[] Sw* ;' F(Qpx)).
rlo

Since the series o and o, converge absolutely, the latter relation implies o = [ | »Op>
where o), is determined as

+o0 ps_l p\_l
— 2k
op=1 +ZA(pS), A(p®) = Z Z [P S(p*, anx" + -+ a1x)|
s=1 a,=0 a1=0
pf(an,....a1)

We show that the infinite product [ | p» Op converges for 2k > 0.5n(n+ 1) +2. But
first we prove a lemma concerning the arithmetic nature of the series o,.

Lemma 2.7. The following relations hold:

-1 pl—1

PN )_Z Z Z lp7IS(p!, apx™ + - +a1x)|2k, (2.22)
=0 a,=0  a1=0
pt(an,....a1)

op = lim p7 TN (p"), (2.23)

r—0o0

where the number N (p') is the number of solutions of the congruences

X =yt 44y (mod ph), 1<h<n,

L <Xtyeoo s Xk Y1k <P
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Proof. Obviously, we have

p—-1  p-1
NP =p7™ Y Y ISQ  anx" + -+ arx)*

a,=0 a;=0

r p—1 p—1
_ Z Z Z IS(P", anx" + -+ arx)|*

m=0 a,=0 a1=0
(an,..., ap,p")=p™"

r prM71 pr7"171
=p " D PSP T bax + - byx) [
m=0 b,=0 b1=0
p*(bn ----- by)
pl-1 p'—1

_ p2kr—rn Z Z .. Z |p_lS(pl, bpx" + - +b1X)|2k.

=0 b,=0 b1=0
P)f(bnv---abl)

Relation (2.22) is proved. Passing to the limit as r — o0 in this relation, we
obtain (2.23). The proof of the lemma is complete. O

Theorem 2.4. The singular series o converges for 2k > 0.5n(n+1) 42 and diverges
for2k <0.5n(n + 1) + 2.

Proof. First, let us find an upper bound for

—1 pP—1
AP = P S( anx + - arx)

a,=0 a1=0
pt(an,....a1)

We fix a solution & = £ 4 pg@ ... 4 pi=1£() of the congruence f'(x) =0

(mod pl ) defined before the statement of Lemma 2.5. A set of exponents (u1, ..., u;)
corresponds to this solution. We shall find an upper bound for the number of polyno-
mials with this set of exponents. From the definition of the numbers bg, by, ..., by,
we have

f) =) ax' =) bo(x —£),
s=1 s=0



62 2 Rational trigonometric sums

ag = by — ( ' 1>bs+1§ e (=1 (Z)b,g”ﬂ, (2.24)

ay =by — (?)bzg 4+ (_1)'2_1(’;)%5"_1.

Since p*! || (p" by, ..., pb1), we have the relations
p'b, = p“icy, ..., pb1 = p*ici, (cp,...,c1,p)=1.

Hence we have by = p*!™¥c¢ forall s < u; — 1. A system similar to (2.24) (see the

definition before Lemma 2.5) uniquely determines the numbers ¢,, .. ., c1 in terms of
dy, ..., d;. From the definition of the exponent > we have

ptd, = p*ey, ..., pdy = p**e;, (en,...,e1,p)=1.
Hence we obtain dy = p“2~S¢; for s < upy — 1. By writing similar relations for each
exponent u, (r < j)and fixing the coefficients with numbers u,, u, +1, ..., u,—1—1,
for some constants A, 1, ..., A1, we find

ay,—1 = puli(ulil)Bu]—l + Aul—la

Qyy—y = pt1emDtue=te=hp A, (2.25)

a; = p(ul*1)+(M2*1)+~~+(Mj*1)31 + Al

Since the coefficients ay, . .., a; of the polynomial f(x) take values in the com-
plete system of residues modulo p?, it follows from relation (2.25) that the number of
polynomials with the set of exponents (u1, ..., u;) does not exceed pA,

(wy—Duy  (wa—Duy ;= Du;
2 2 2 ’

Letuy+---+uj=sy;thens —2w —1 <s1 <s. Weset B=A —n(s — s1) and
show that the inequality B < jn(n + 1)/2 holds. Obviously, from (2.25) we have

A=ns—

B=sin—(uy —Duy — (uz2— Dup —---— (u; — Du; (2.26)
+u—14u =24 +D+wr—14+-4+1)+---
+@j—14+---+1)
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=sin—ui+ D)+ @j— (1 —uy —up— -+ —uj)
+(ujr —uj)s —uy— - —uj—1) + -+ (U —u2)(s —up)
iy =1 A D+ G = Doy = 1 Fuj) + -
+ @ — 1+ +u).

Lemma 2.6 implies the inequalities n > u; > up > --- > u; > 2. Hence we
have
(uj—1—uj)st—ur —--—uj—1) + (G — D@j—1 =1+ +uj)

=j—1—upuj+ G —D@j—r =14+ Fuj) < flujo1 — 14+ +uj),

(g —up)(sy —uy) +(uy —1+---+up)
=@ —u)(up+---+uj)+u— 1+ +uz)
<@ —u)(j—Dug+ @y —1+---+up) <juy —1+---+un).

Substituting these inequalities into (2.26), we obtain
B <sin—uy+ D+ (1 =1+ @ —2)+---+1).
Then we use the inequality s = u1 +--- +u; < ju; and obtain

B<sin—ui+D+j(—D+ @ —2)+---+1)
<jm—ur+Dur+j(@ =D+ @ —2)+-+1)
<jn+@—1+---+1)=jnn+1)2.

Now we find an upper bound for the number of exponents (u1, uz, ..., u;) satis-
fying the conditions

n>uyp>up>--->ujp =2, s>up+---+uj>s—2w-—1

Let e, be the number of u,, equal to n; . ..; and let e be the number of u,,, equal
to2 (1 <m < j). Thenne, + - -- + 2ep = s1 and the number of sets (u1, ..., u;)
coincides with the number of sets (e, ..., ep),sincen > u; > up > -+ > u; > 2.
The first coordinate e, can take at most s/n + 1 values, . . ., the coordinate e; can take
at most 0.5s + 1 values. Hence the number of sets (e,, ..., e2) does not exceed s”.

This means that the number of roots with j coordinates (€1, ..., £€()) does not
exceed pj , the number of sets (u1, ..., u;) does not exceed s™, and the number of
polynomials corresponding to the set of exponents (u1, ..., u;) does not exceed

pO.Sjn(n—',-l)—',-n(x—sl) < pO.Sjn(n+1)+n(2w+1).
We divide all polynomials f(x) = a,x" +---4+a1x 0 <ay,...,a;1 <p*—1),

(ay,...,a1, p) = 1, into classes according to the length of the minimal set of expo-
nents (uy,...,u;). The class A; consists of all polynomials for which the minimal
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length of the set of exponents is equal to j (j =0, 1,...). By Theorem 2.3, for the
polynomials contained in the class A, we have the estimate

P S(p*, fFONl <np™,
and the number of such polynomials does not exceed

s pd p0Sin(+DnQul),

Hence
A(p ) < Z n2k n n(2w+l)p(0 5n(n+l)+l Zk)j (227)

Jo<Jj

where jo = max (1, (s — 2w — 1)/n).
Let us consider the case p < n. If s — 2w — 1 > n, then (2.27) implies

A(ps) §n2k npn(2w+l)p((s 2w—1)/n)(0.5n(n+1)+1— 2k)

Butif s — 2w — 1 < n, then (2.27) implies
A(ps) < n2ksnpn(2w+1)(1 + pO.Sn(n+1)+1—2k).

Let p > n. Then w = [logn/log p] = 0 and s is equal eitherto s — 1 or to s. If
s > n, then formula (2.27) implies

A(ps) < Z n2ksnpn(2w+l)pj(0.5n(n+l)+172k)
J=(s=1)/n

2ksnpn(2w+1)p((s 1)/n)(0.5n(n+1)+1— 2k)

Now if p > n,2 < s < n, then formula (2.27) implies the estimate

A(pv) < l’l2k npn(2w+1)p0 Sn(n+1)+1— 2k

Finally, if p > n and s = 1, then it follows from the Weil estimate (Lemma A.5)
that (for k > 0.25n(n + 1) +1>n+1)

p—1 p—1

Ap) =D D Ip7 S(poanx" + -+ an) P < p'npTh < np2,
a,=0 a1=0
pt(an,....a1)

So for P > n we have the estimate

+o0
s=1
4 ank n n(2w+1)p((s 1)/n)(0.5n(n+1)+1-2k)

s>n
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< p72 + pO.Sn(n+1)+172k+£’

where & > 0 is an arbitrarily small fixed number and s < pc¢—D/,
Let p < n; then we have

00
O_p =1 + ZA(pS) < 1+ (ﬂ +2w)n+1n2kpn(2w+l)(1 + p0.5n(n+1)+172k)
s=1
4 Z nZkSnpn(2w+1)p((s—Zw—1)/n)(0.5n(n+1)+1—2k). (2.29)
s>n+2w+1

For 2k > 0.5n(n + 1) + 1, this formula implies the inequality o, < 1.
So, by the estimates (2.28) and (2.29), the series

O'=1;[O'p=l_[0'pl_[0'p

p=<n p>n

converges under the condition that 2k > 0.5n(n 4+ 1) + 2.
Let us prove that the series o diverges for 2k < 0.5n(n + 1) 4 2. Indeed, we have
o > o1, where

p—1 r"
Yy S Dewlami( e +or s
p>n  a,=1 (a1,p)=1 ¢=0
(an,p)=1 I<a1<p 2k
+ ;(x +c)

For p > n, we have the equality

pn
S1 = Zexp{Zm’(a_’:’xn 4t a_1x>} ——
p
x=1

4

After the substitution x = y + p”flz I<y< p"’l, 0 <z < p—1), we obtain

n—1

£ p1 n—1
S1 = Zexp{Zni(a_’;yn+...+a_ly)}zexp{zmnanzy }
p )4 p

z=0

Therefore, the series o} satisfies the estimate

— Z i Xp: Iip—zk < o Zpo.Sn(n-H)-H—Zk‘

p>n  a,=l1 ai=1 ¢=0 p>n
(an,p)=1 (a1,p)=1
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Since the series ) pon p~! diverges, it follows from the last inequality that the
series o1, as well as the series o, diverges for n(n + 1)/2 + 1 — 2k > —1, i.e., for
2k < n(n 4 1)/2 + 2. The proof of the theorem is complete. O

Letl <m < r < --- < n be natural numbers, and let the number of num-
bers m,r,...,n be equal to I, I # n. Then the polynomial of degree n containing
monomials of degrees m, r, .. ., n is said to be jagged (see [77]).

We consider the polynomial f(x) = (an/qm)x™ + -+ - + (an/qn)x" of degree
n>3@auqn) == @nqn) =1,9g =qn...q,. We define the mean value of
the complete rational trigonometric sum with jagged polynomial in the exponent as
follows:

+o00 +o00 gn—1 gm—1
o=y Y > e Y g7 S(g, af
gn=1 gm=1 a,=0 ay=0

(an,qn)=1 (am»qm)=1

Similarly to the series o, for k > n(n + 1), we represent the series ¢’ as an infinite
product over all primes p from the series o, i.e., we represent it as 0’ = [], 0,
where

+00
o, =1+ Ai(p"),

s=1

pi—1 p—1

AL =D D AP TIS( anx -+ amx™) P
a, =0 a,;, =0
p'f(an ~~~~~ am)

We show that the infinite product ‘71/7 converges for2k >n+---+r+m+1and
diverges for2k <n+---4+r+m+1.

The statements and proofs of Lemmas 2.1 and 2.2 and of Theorems 2.1-2.3 are
given in the form that is also suitable for jagged polynomials.

Theorem 2.5. Suppose that1 <m <r < --- <n (n > 4) are natural numbers and
the number of the numbers m,r, ...,nis equal tol,l % n. Then the singular series
o' converges for2k > m+r +---+n+1anddiverges for2k <m-+r+---+n+1.

Proof. Wefixasolutionf = &M 4pe@4...4 pi~1g() of the system of congruences
written before the statement of Lemma 2.5. To this solution there corresponds a set

of exponents u1, ..., u;. Let us find an upper bound for the number of polynomials
with this set of exponents u, ..., u;.

As before, we assume that the numbers by, by, .. ., b, are determined by the rela-
tion

F) = anx™ 4+ apx™ = bo + bi(x — ) + -+ by(x — )",



2.2 Singular series in Tarry’s problem and in its generalizations 67

which can be written explicitly as

an =bp, ay_1 =by_1 —nbyé,

. s+1 —S n n—s
as :bs_< s )bs+1€+---+(—1)" ’ (s>bn§ S (230

. 2
ay =by; — <1>b2§ 4+ (_l)nfl (?)bn%‘"l.

Since a; = 0 for g # m,r, ..., n, the numbers b, (¢ # m,r,...,n) can be
expressed in terms of by, by, ..., b,. We substitute the resulting expressions for b,
(g # m,r,...,n)Iinto the relations for a,,, a,, ..., a,:

an = by,
: _ (2.31)
ar =by + -+ cyb&" ",

am = by + Clersrim + -+ Cllbnénim7

where the coefficients cy2,...,c1y, ..., cy are some integers. For convenience,
from now on we denote the natural numbers m, r, ..., n as follows: m = ny,r = ny,
..o, n=ny.

We will find necessary conditions on the coefficients of the polynomial f(x) =
amx™ +ayx" +- - -+ a,x" under which f(x) has a given set of exponents u1, ..., u;
and which allow us to estimate the number of polynomials with such exponents. By
the definition of the integers cy, ..., ¢,, we have

p"b, = p*'cy, ..., pby = p*'c1, (cp,...,c1,p) =1. (2.32)

Lemma 2.2 implies the inequality u; < n. Let us consider the following two
cases: (a) u; < n and (b) u; = n. In case (a), we have ny < u; < nyqq for
some f <[ — 1. We fix the values of b, ...,b,,f+1 and, instead of b,,f, coaabpy,
substitute their expressions interms of ¢, 4, . . ., ¢, into the system of equations (2.17):
by, = cnfp“l*”f, vy by =y p T,

The numberscy,, ..., ¢, can be uniquely expressed interms of dy, , . . ., dy, f from
a system similar to (2.17). Next, from Lemma 2.2 we have the inequality u> < uy,
and hence, for some g < f, we obtain ng, < uy < ngyq. We fix the values of
dnf, o ,dng+l. By definition, dy, .. ., d, can be written as

ptd, = p*2e,, ..., pdi = p*?e;, (ey,...,e1,p)=1. (2.33)
Therefore, we have

_ ur—n _ uy—ny
dng—engp £, ..., dy =epp .
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Now we define the variable ¢ by the inequalities u; > n| andu;4] < n{ and find the
number 4 from the inequalities n, < u; < ujp41. Henceforsome Ay, ..., Ag, ..., Ay
we have

anf — plll*nfo +Afa
an, = pU IO A

ap, = p(ul—nl)+(”2—”1)+“'+(’4t—”1)Bl + Ay

Since the coefficients ay, . .., an, of the polynomial f(x) run through the values
of the complete system of residues modulo p*, we see that the number of polynomials
with exponents uy, ..., u; does not exceed pA,

A=Is— fuy—guy—---—hu,+my+---+ny)

Let uy + --- +u; = s1; then we have s — 2w — 1 < 51 < 5. We show that
B=A-Il(s—sp)and B < j(ni+---+n; —1).
Obviously, we have the relations

B=(—fisi+h(si—ur—-—u)+-+(f =81 —u)
Fty 4 np) o+ (g 4o +ng)
= (= st +hr - +u)+ o (f— Q- +u))
ity 4 ng) 4o+ (g 4+ np).

By the definition of uy, ..., u;, we have
Ny 2 U4l =" 2 Uj, Npy] 2 U 22 2 Uj, Hgy] Z U2 = 2 Uj,
hence
B=(U—-f)si+h(j—0Oni+--+(f =8> — Dnga

Using the relations
h(j—tni+t(ni+---+np) < jnr+---+np),

: (2.34)
(f =8 —Dngy1+ (ngr1+---+nyg) < j(ngyr +---+ny),

weobtain B < (I — f)si + j(ny +---+ny).
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Moreover, we have either the inequalities s1 = uy + -+ +u; < jnygyy orsy <
Ja=Dif f+1=0L (- flisi=U—fjnp <jpp+-+n—1.

We substitute the last inequality into (2.34) and thus obtain the estimate B <
j(mi+---+n; — 1) stated above.

Further, we note that the number of the sets of exponents (u1, ..., u ;) satisfying
the conditions

n>up>-->2uj =22, szup+---+uj=s—2w-—1 (2.35)

does not exceed s”.

Starting from this fact and the estimate of B, in case (a), we see that the number

of polynomials having j exponents uy, uy, ..., u; with conditions (2.35) does not
exceed
Snpjpj(n1+-~-+n1—1)+l(s—s1) — snpj(m+r+--~+n)+l(s—sl).

Let us consider case (b), where u; = n. We first assume that p > n. Let
uy = - = ug = n. We will show that §) = @ = ... = £~ = 0. From the
definition of b,,, b,,_1, ..., b;, we have

an = by,

as = by — (S j l)bsﬂs“) 4o (=1 (Z)bn@(”)"—% (2.36)

ay = by — (T)bgg(l) + oo (=D (T)bn(é(l))”_l_

Since u1 = n, the values of ¢,,, ..., c] are determined as follows:
bp = cny, bp_i = pen_i, ... by=p"Scs, ... bi=p"ler. (237
The values of dj,, . .., d; are determined similarly to the values of b, ..., b;:
Cn = dp,

Ch—1 = dn—l - ndnE(Z)a

¢y = dy — <S Jsr l)dms(z) e (:)dn@(z))”“, (2.38)

c1=di — <?>d2§(2) 4+ (=) (’:)dn@(Z))n—l.
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Since the polynomial f(x) = a,x™ +a,x" + - - -+ a,x" is a jagged polynomial,

there is an s such that a; = 0; in other words, we have
1
(—1yrs! (”)b EDys = b, — (S " )bsHs(“ T (2.39)
S S
_|_ (_1)"—5‘—1 (n - 1)bn_1(g(1))n—&‘—l
S

It follows from relations (2.37) that by, bs41,...,b,—1 are divisible by p.
Hence (2.39) implies that either b, is divisible by p or £ is divisible by p. If
we assume that up = n, then d,,_1, ..., d; are divisible by p. In the case of p | by,
because of the equalities a, = b, = ¢, = d,, we have p | d,. This and (2.38)
implies that p | (¢, cp—1,...,c1), but (¢, ..., c1, p) = 1. Hence S(l) is divisible
by p, but 0 < €@ < p — 1, and hence we have £) = 0. In this case, rela-
tions (2.36) can be written as a,, = b,, ..., a; = by, and hence we have ¢, = 0. We
can also treat & @, ..., S(‘f —D in a similar way. So we have proved that, in the case
uy =--- = uy = n, the variables S(l), e, é("_l) are zero.

As in case (a), we see that the number of polynomials having the solution
£ =D 4 pe@ 4 ... 4 pi~1g() defined in Lemma 2.5 does not exceed p*,
where

A=Ils—(U—-D@w+---+uy) — fuger — - —hug +---
+gni+---+n_)+m+--+np) -+ + -+ np);

As in case (a), we let B denote the variable A —I(s —s1), where s1 = u1+---+u;
and s — 2w — 1 <1 < 5. We perform the transformations

B=Ilsi—(—-D@y+--+uyg)— fuger — - — huy
+qni+- )+ 0+t + o+ (- )
=st+h(sr—ur—--—u)+--+@=1= st —ur —---—uy)

+tmy 4t A+ qgmppr 4 )
=si1+h@ur+-+ujp)+--+0=-1— Hlugyr + - +uj)
+t(r+-+np)+ g + -+ nog).

Sinceny > upp1 = - = Uj, ..., 01 = Ugy] = -+ > Uuj, we have

h(uppr +---+uj) +t(ny+---+np) <h(j—0Ony +t(my +---+ny)
<jmi+-+np),....,0=1—= g1 +---+uj)+qnper+---+n-1)
<U-=1-HG—-q—Dnpri+qnp+---+n-1)
<jmpyr+---+n-1),

si=uy+---+uj=qntugyr +---+u+up1+---+u; < jin—1)+gq.
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Therefore, as in case (a), we see that the number of polynomials having all possible
solutions £V + pg@ 4 ... 4 pi~=1£() with the condition u; = n does not exceed

J
sn—l ij—qu — sn—l ij—qu+l(s—s1)
g=1 g=1

J
< "1 Zpj—qu(m+r+---+n)+q+l(s—s.)
g=1

< snpj(m+r+---+n+l)+l(s—s1)‘

In case (b), it remains to consider the case p < n. We estimate the number of
polynomials corresponding to the solutions £ = &1 4+ pg@ ... pi~1£() similarly
to case (a), but at the last step, estimating B, we use the inequality

C=Ps1i=0=Hur+--Fuj)<U—=fHjnr < jnrp + - +np).

Then we can estimate the number K of polynomials as

K < snpj(n1+r+-~-+n+l)‘

Now let us estimate o 1/7, i.e., the p-adic density of the series o/,

+00
o, =1+ A(p"),

where s=1

pA' pS pS 2k
aph=Y - Z‘pﬂzexp{zm(amxm ot ax™/p

am=1 ap=1 x=1
PT((lm ----- an)

First, we estimate A1 (p*). For polynomials f(x) = aux™ + - - - + a,x" with the
set of exponents (u1, ..., u;), Theorem 2.3 implies the estimate

S

p
‘p_s > exp{2mi(amx™ + -+ + apx™)/p*}| <np~.

x=1
Further, for p > n the number K of such polynomials satisfies the inequality

K < Sﬂpj(m+r+-~-+n)+l(s—S1)’

and for p < n this number satisfies the inequality

K < Snpj(m+r+--~+n+l)+l(sfs1)'
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It follows from the conditions n > uy > --- > u; > 2ands > uy + - +u; >
s — 2w — 1 that j exceeds the largest of the two numbers (s — 2w — 1)/n and 1.
We estimate the variable A (p®) for p > n and p < n in different ways. First, we
consider the case p > n. Then w = [logn/log p] = 0, and the variable s is equal
eitherto s — 1 or to s.

If, moreover, s > n, then Theorem 2.3 readily implies the inequality

AL(p®) < Z snpj<m+r+--~+n)n2kp—2kj+ Z snpj(m+r+~-~+n)+ln2kp—2k/—k
j=s/n j=(s=1)/n

< 4n2ksnp(m+r+-~~+n72k)(sfl)/n.

If p>nand?2 <s < n, then we have
AL(p*) < anpj(m+r+---+n)n2kp—2kj + Zsnpj(m+r+---+n)+ln2kp—2kj—k
j=1 j=1

< 4n2k+n pm+r+---+n—2k )

However, if p > n and s = 1, then the Weil estimate (Lemma A.5) implies (for
2k>n+---+r+m+1>20+42)

P P P "
Apy= )Y ‘p_l > exp{2ianx™ + - +apx™)/pl| < n*pE.
am=1 ap=1 x=1

rt@m,.... an)

Hence for p > n, we have the estimate

+00
0,1/7 — 1= ZAl(pS) < n2kpl—k 4 4n2k+i’l+1pm+}’+"'+l’l—2k

s=1

+ 4n2k ZSnp(m+r+---+n—2k)(s—l)/n < pl—k + pm+r+---+n—2k+s

sS>n

where & > 0 is an arbitrarily small number and s" <« p¢¢—D/7

Now we consider the case p < n. If s — 2w — 1 > n, then

as s — +o00.

Al(ps) < Snpl(2w+1) Z pj(n1+r+»--+n+1—2k) < znsneanpm+r+---+n+l—2k'
j=(s—2w—1)/n
Forp <mand1 <s —2w — 1, we have
AI(PS) < snp1(2w+1) Zp,i(m+r+~-+n+l—2k) < 2nsn62nlpm+r+~-~+n—2k.
Jj=1

Therefore, for p < n the series a; converges form +r+---+n+1—-2k <0, ie.,
for2k > m +r +---+ n 4+ 1. This implies that the series

’_ r_ / /
o' =[lop =11 I 1
p

p=<n p>n
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converges for2k >m +r +---4+n+ 1.
Let us prove that the series o’ diverges for 2k < m +r +---+n + 1. Indeed, we
have ¢’ > o, where

pﬂ’l pﬂ p” 2k
a a
n=X X X | ew{ani(S et S )}
p>n  ap=1 a,=1 x=1 p p
(am,p)=1 (an,p)=1
Further, for p > n we have
pn a a
. n m —
S| = Zexp{2m<;x" + .+ p—mx’”)} =p" I
x=1
Let us prove this relation. We can write each 1 < x < p" as
x=y+p" 'z (mod p"), 1<y<p” ' 1<z<p.
Hence for 1 <t < n, we have
xt = yt _l_tpnflzytfl (mod pn).
Consequently,
" a a P
Si=) eXp{Zﬂi<P—Zy” +ot p—'f,iym)} > expl2minayzy"~! /p} = p"".
y=I z=1

Therefore, we have the lower bound for the series o7y:

o] = Z pZm: ... i p72k > 271 Z pm+r+--~+n72k.

p>n  a,=1 a,=1 p>n
(am,p)=1 (an,p)=1

But the series ) pon p~! diverges and hence o7, as well as o, diverges for m + r +
co-+n—2k>—1,ie.,for2k <m+r +---4+n+ 1. The proof of the theorem is
complete. O

2.3 Multiple rational trigonometric sums

In this section, we obtain the upper bound for the modulus of the complete rational
multiple trigonometric sum, i.e., for a sum of the form (2.1).

Lemma 2.8. Let F(xy,...,x;) be a polynomial with integer coefficients, and let
F(,...,0) = 0. Then the following relation holds for any positive coprimes q
and q3:

S(q1, g2, F(x1, .., %)) = S(q1, g5 ' F(qax1, ..., q2x,))
x S(q2, a7 " F(qrx1, ..., qixr)).
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Proof. Ify;; (i =1,...,r,j =1,2)runs through the complete system of residues
modulo g;, then x; = q1yi1 +q2yi2 (i =1, ..., r) runs through the complete system
of residues modulo g. Hence we obtain

F(xt,...,x,) = F(@yit, ..., @yr1) + F(qiy12, ..., q1y2) (mod g).

This congruence readily implies the statement of the lemma. The proof is complete.
O

Lemma 2.9. Suppose that f(x) = ap+aix+---+ay,x" is a polynomial with integer
coefficients, (ag, ai, ..., ay, p) =1, and Ny, (a, B) is the number of solutions of the
congruence f(x) =0 (mod p?),a > B, 1 < x < p®. Then we have

Ny(a, B) < 3ci(n)p* =P/,

where c1(n) is the constant in Theorem 2.1.

Proof. Without loss of generality, we assume that (ay, . .., a,, p) = 1 (otherwise, the
congruence f(x) =0 (mod pﬂ ) does not have solutions) and n > 2 (for n = 1 the
estimate is trivial). Since the congruence x = x; (mod pP) implies f(x) = f(x1)
(mod pﬁ ), we have

pP pf
Np(a, B) < p* Y~ "expf2miaf (x)/p’}.

a=1x=1

We divide the sum over a into 8 + 1 sums and collect together the sums over a
for which (a, p) = 1 and p|a, but p>{a, etc. Then we obtain

B p? PP
Np(a, B) < p* Y S, Se= )" ) expmiaf (x)/pP}.
k=0 a=1 x=1
Prlla

It follows from Theorem 2.1 (a = a1 p* and (a1, p) = 1) that
.
ISkl < pﬂ‘k‘ Zexp{Zn'ialf(x)/pﬁ_k}‘ < c1(m)pBr—B=ho/n
x=1

Hence

B B
Np(ar, B) < p* P [Skl < cxmypP/m Y~ p=htkin
k=0 k=0

<ci(n)(1 — p~IHm=t pe=pin,

The proof of the lemma is complete. O
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Lemma 2.10. Suppose that n > 2 is an integer and F(x1, ..., x,) is a polynomial
with integer coefficients

n n
t
F(xl,...,xr):Z-uZa(tl,...,tr)xl'...xﬁ’,

t1=0 t,=0

Whe}e (a(oy---, 1),._,’[1(}’1,...,”), p) 1 a‘ldp lsapl””e. jhe”W h ne
estimate e nave [‘h
|S(1 (xl""axr))l <_ Cz(l’l)p /I’l

where
ca(n) = Ber(m) (@ + DL

Proof. We prove this lemma by induction on the number of variables in the polynomial
F(x1,...,x;). Forr = 1 the statement of the lemma holds (Theorem 2.1). We assume
that the lemma holds for » — 1 variables and any « and prove it for r variables.

Let (a(sy, ..., sr), p) = 1. Without loss of generality, we can assume that s; > 0.
We represent the polynomial F(xy, ..., x,) as

n

n
o t tr—1
F(xl,...,xr):Zxrzlp :Z Z 'xll""xrrflgpll ..... tr_l(.xr).

t1=0 tr—1=0

Then

o p* 2 p*
ISP PGty = Y ) Yo explwiFxr, e x0)/p%)-

k=0x,=1 x1=1 x,_1=1
Pl sy ()

By the induction hypothesis and by Lemma 2.9, we have

o
IS(p% Fx1, ..o xe ) D Ber(m) ™ (a4 1) 2 pt= D@ bin3e r) pet/n

k=0
= Be1() (@ + 1)~ pre=ein,
The proof of the lemma is complete. O
Theorem 2.6. Suppose that n > 2 is an integer, n = max(ny, ..., n;),
ni nr
F(xy,...,x,) = 2:---2:51(1‘1,...,@))6{1 Xl

t1=0 t,=0
is a polynomial with integer coefficients, and q is a natural number. Then
1S(q, F(x1,..., x)| < ™3V D(x(g)) g7, (2.40)

where v(q) is the number of distinct prime divisors of q and t(q) is the number of
divisors of q.
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Proof. Letqg = p‘l)‘1 ... ps* be the canonical decomposition of the number g. Then,
since the sum S(g, F(x1,...,x,)) is multiplicative (Lemma 2.8), the estimate of
S(p%, F(x1,...,x,)) in Lemma 2.10 implies that

1S(g, F(x1,..., x| < [ [Berm) (z(g)) g™ !/"
rlg

-
=< (l_[m(n)) 3@ (7 (q)) " lg" VM < &T3V@ (g (g)) gV,
plq

The proof of the theorem is complete. O

Lemma 2.11. Suppose that p > 3 is a prime, m and n are natural numbers, n > 1,
(n,p)=1,0a =mn, (a, p) =1, and

»* »*
S(p®, ax}...xl) = Z Z exp{2miaxy ...x)/p®}.
x1=1 xr=1

Then

S(poz axn xn) > mr_l 1 _ l r_lprafm
s 1 Ar = (r _ 1)! p .

Proof. We prove this lemma by induction. For » = 1 the statement holds (see [162],
p- 270). We assume that it holds for » — 1 variables and prove it for r variables. We
have

m—1
S(p*,ax]...x}) = Z T + p &=,
k=0

p” A
Ty = Z Z Z exp{2rwiaxy ...x}'/p“}.

x1=1 Xr—1=1 x,=1
PE I x

By the induction hypothesis, we obtain

) -2
(r—1ykn (M — K)’ (1 1>r plakm—D=m

Te = o(p* ™ )p

(r—2)! P
(m — k)2 1\"!
— 1 — — pa—k+(r—l)kn+(a—kn)(r—1)—m+k
(r—=2)! P

_(m_k)r—Z 1 1 -l ra—m
-2 <"> e
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Therefore,
S(pot ax" xn) >(1= l -t ra m Z (m — k)r 2
) 1-++X) = » i (r — 2)'
r— r—l
> m : 1— l prafm'
(r=1! p
The proof of the lemma is complete. O

2.4 Singular series in multidimensional problems

Suppose that n > 2, n = max(ng,...,n,), F(xy,...,x,) is a polynomial with
rational coefficients, and

ni

a(ty, ..., ty)
Fln =Y Z L
’ .. r

t1=0
(a(t17‘--’tr)vq(tl7‘~-’tr))=19 C](O,, )=11
q=q@,....,1)...qn1,...,n), m=m+1)...(n+1).

We consider a singular series o of the form

+o0 +00 qnt,...ns)—1 ¢(0,...,1)—1

o= Z Z Z/ Z/ lg7'S(q, qF (x1. ..., x) %,

q(ny,..., n)=1 ¢(0,..., H=1 a(ny,..., n;)=0 a(0,..., 1)=0
where the prime on the summation signs means that
(a(nl,...,nr),q(nl,...,nr)) =1,..., (a(O,..., 1),4(0,..., 1)) =1.

The series o is the mean value of complete multiple rational trigonometric sums.

Theorem 2.7. The singular series o converges for 2k > nm.

Proof. 1In the series o, we collect all terms for which the numbers g(¢1, ..., )
O <#n <nyg,...,0 <t <n;)have the same least common multiple equal to Q.
Then Theorem 2.6 implies

+00
oL Y o(Q)QETMHk, (241D
0=1
where
+00 +00
o(@= Y o > qmu....n)....q0.. ).

q1sen)=1  q(0....D=1
[q(112np)s0q (0,1, D=0
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For o (Q), we have 6 (Q) < 0" 1(z(Q))" ! < ¢(e) QU TV =D where e; > 01is
an arbitrarily small fixed number. Substituting the estimate of o (Q) into (2.41), we
see that the series o converges for 2k > nm. The theorem is thereby proved. O

Concluding remarks on Chapter 2. 1. Estimates for complete rational trigonometric
sums with polynomials in the exponent were obtained by Hua Loo-Keng in 1940 [70].
Here Theorems 2.1 and 2.2 are proved following Chen’s paper [45] (see also [144]).

2. We present the proofs of Theorems 2.3 and 2.4 closely following Hua Loo-
Keng’s paper [68].

3. Theorem 2.5 was proved by V. N. Chubarikov ([51]). Theorem 2.5 gives a
solution to the problem of finding the convergence exponent of a singular series for
the incomplete system of equations in Tarry’s problem.

4. In connection with the problem of estimating complete trigonometric sums,
A. A. Karatsuba ([83]) studied the accuracy as p — 400, n = n(p) — —o0 of the
Weil estimate for a complete trigonometric sum with an nth-degree polynomial in the
exponent. The following theorem was proved:

For any e,0 < ¢ < 1/2, there exists an infinite sequence of prime numbers p and
a sequence of polynomials f,(x) = ax", (a, p) =1,

1p—1 p—1 1

log —,
log p e

1
= log— <n <
2 log p €

such that

2me

9>p, where 0] < 1.
1—c¢

p
S(fa) =Y _exp(2mify(x)/p} = <1 +
x=1

The problem of finding similar estimates, if possible, for values of n less than
p/log p, say for n of order ,/p, was posed in [145]. V. M. Sidel’nikov [142] and
V. I. Levenshtein [110] found that S(f;,) is related to some problems in code theory.
V. A.Zinov’ev and S. N. Litsyn [169] used the code-theoretical approach to solve the
problem of estimating the accuracy of the Weil estimate. They proved that the Weil
upper bound for complete trigonometric sums with a polynomial of degree n in the
exponent is precise for n of order /Q if these sums are considered in Galois fields Fp,
where Q = p™, m > 2, and p is a fixed prime number.

L. A. Bassalygo, V. A. Zinov’ev, and S. N. Litsyn [38] found a relation between
complete trigonometric sums with a polynomial in the exponent in Galois fields and
the multiple trigonometric sums. They proved that the Weil estimate is exact already

forn < /0.



Chapter 3

Weyl sums

In this chapter the letter S denotes a trigonometric sum of the form

P
S=S8,...,ay) = Zexp{Zm’f(x)}, 3.1
x=1
where f(x) = a1x + -+ opx" and «y, . . ., o, are real numbers.

The sums S are called Weyl sums. This name was proposed by I. M. Vinogradov
and became conventional.

3.1 Vinogradov’s method for estimating Weyl sums

Vinogradov’s method consists of the following two steps: first, one needs to reduce

estimating an individual sum S = S(«7q, ..., ®;,) to estimating the “mean” value of an

even power of the modulus of S; second, one needs to estimate this “mean” value. The

accuracy of averaging and estimating must satisfy some additional severe conditions.
First, we prove the simplest properties of the sum S.

Lemma 3.1. The sum S = S(ay,...,a,) treated as a function of the arguments
o1, ..., 0, is a periodic function in each of the arguments o, (v = 1,...,n) with
period equal to 1.

Proof. We need to show that the congruence

(o1, ... ) =(B1,...,Bn) (mod 1) (3.2)

implies the relation
S, ..., 00) = S(Brs-- -, Bn)- (3.3)
For any integer x, (3.2) implies
arx + -+ ax" = Bix+ -+ Bpx" (mod 1),
and hence we have
exp{2mi(a1x + - - - + apx™)} = exp{2mwi(B1x + - - - + Bux™)},
which leads to (3.3). O
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So, to know the behavior of all possible S, it suffices to know the behavior of S
for which
(Ol], . ~-»an) e Q»

where €2 is the unit cube of the n-dimensional Euclidean space of the form 0 < ] <

1,...,0<qa, < 1.

Definition 3.1. An integral J of the form

1 1
J=J(P;k,n)=/ / IS(ar, ..., a0 day ... day,
0 0

is called the mean value of the 2kth power of the modulus of S, or, briefly, the mean
value of S.

The integral J is also called the Vinogradov integral. 1t is easy to see that J is equal
to the number of solutions of the following system of equations in integers x, . . ., X2k:

Xyt X = X1 e+ Xk,

b =y g

3.4
x’f+~-+x,§’ :xZ+1+'-~+x’21k,
1 <xp,...,xp <P.
The sum S = S(«1, ..., o) is a continuous function of the arguments «y, . . ., oy,

and therefore, any small variation in any of the arguments «,, (1 < v < n) results in
small variations in S. More precisely, we state this property as Lemma 3.2.

Lemma 3.2. Suppose that the inequalities
log — Bil < APV, . Jay — Bul < APT"
are satisfied for a given A > 0. Then

S(@t, ... an) =SB, ..., Bn) +270nAP, 0] <1.

Proof. Forany x (1 <x < P), we have
|Bix + -+ Bpx" —ajx — - —apyx"| < An
and, moreover, for a real ¢, we have
|exp{(2mip} — 1| =2|sinwp| < 27w|p]|.

The lemma is thereby proved. O
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Lemma 3.3. The relation

P P
S=P7 'Y N expamif(x+ )} +20P, (0] <1,
y=1x=1

holds for any integer P;.

Proof. Let y be an integer (1 < y < Pp). Then

y+P

P y
S=Y exp2mif(x)} =) exp2mif()}+ D exp{2mif(x)) (3.5)

x=1 x=1 x=y+1
y+P P

— Y expl2mif ()} =Y expl2mif (x + )} + R,

x=14+P x=1

where
y y+P
R=R(y) =) expmif(n)} = ) exp(2mif ().
x=1 x=14+P
The modulus of each term in these sums is equal to 1. Hence the modulus of R does
not exceed 2y. In other words, R = 20;y, where |6;] < 1. Summing both sides

in(3.5)overy (y =1,..., P1), we prove the statement of the lemma. O
Definition 3.2. Suppose that fi(y), ..., fu—1(y) are arbitrary real functions of an
integer-valued argument y and Ay, ..., A,_ are arbitrary positive numbers that do
notexceed 1. Foreachy (y =1, 2, ..., P;), we consider domains €2(y) of points in

the (n — 1)-dimensional Euclidean space of the form

W1 V1) = (A + 81, Afam1 (D) +85—1)  (mod 1),

where [§1] < Ay, ..., [0h—1] < An—1. For each point (a1, ..., ®,—1) of the unit
(n — 1)-dimensional cube €2, we let g(«q, ..., o,—1) denote the number of domains
Q(y) (y =1,..., Py) containing this point («y, ..., ®;—1). The number

= max gloy, ..., 0p—1)

is called the multiplicity of intersection of the domains Q2(y).

It follows from the definition of G that 1 < G < Pj.

Using Lemmas 3.1-3.3, we reduce estimating the individual sum
S = S(oy, ..., a,) to estimating the mean value of the 2kth power of the modu-
lus of the trigonometric sum and then to estimating the multiplicity G of intersection
of the domains 2 (y) defined by the polynomial f(x) = ajx + - -+ + o x".
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Lemma 3.4. Suppose that f(x) = ajx + -+ a,x", 0 < A < 1, f,(y) =
A/ D), Ay =AP™Y (v=1,...,n—1),1 < P; < P,and G is the multiplic-
ity of intersection of the domains Q2(y) corresponding to given f1(y),..., fu—1(y)
and Ay, ..., A1 (y = 1,..., Py). Then for any natural number k, the following
inequality holds:

IS| = |S(at, ..., an)] < B+2P +2anAP,
and moreover,
* = @a)y ™t pr=DRpAIG (P ko — 1.
Proof. By Lemma 3.3, we have
IS| < W+2P,

where

PP
W = PI*1 Z ‘ Zexp{Zﬂif(x +»}
y=1 x=1

Py P
= Pl_1 Z | Zexp{zni(fl()/)x +-+ fnfl(Y)xn_l + o x™)}|.

y=1 x=1
Suppose that 81, ..., 5,1 are arbitrary real numbers satisfying the conditions
[61] < A1, ..., [6n—1] < Ap—1. Using Lemma 3.2, we find
W < W, +27nAP,
where
Py

P
‘IZ Z exp {27i (/1)) + 81)x + -

F (U O+ Bx" ).

Raising W) to the power 2k and applying Holder’s inequality (Lemma A.1), we
obtain

Wi < P

y=1 x=1
1 2k
+ U1 )+ 8" + e |
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Then, integrating the last inequality over —A, < §, < A, with respect to §,
(v =1,...,n—1) and recalling the definition of the multiplicity G of intersection of
the domains 2 (y), we find

w2 <27 Da AT P!
+A +An—1

—A —Ap

P
ZCXP ri({ iy +8Dx +---
x=1

2k
+ Ut O+ 805" o)} dby L dsy
1 1, P
0 0 =1

2k
+ .Bn—lxni1 + anxn)}‘ dpr...dBn—
< @A) pre=DR PG (P k0 — 1),

The lemma is thereby proved. O

So we have reduced estimating | S| to estimating the quantities G and J. For G,
we have the trivial inequalities 1 < G < P;. Suppose that for a given polynomial
f(x) = a1x 4+ - -+ + a,x" and the parameters given in Lemma 3.4, the value of G
does not exceed Ao Py, i.e.,

G < AoP1, Ag= Pl_c < 1. 3.6)

To what accuracy is it necessary to estimate J by using Lemma 3.4 in order to
obtain anontrivial estimate for |S|? There is another question. What is the best possible
upper bound for J = J(P; k,n)? To answer these questions, we first consider the
simplest properties of J and of some generalizations of J.

Lemma 3.5. Suppose that Ly, ..., A, are integers and Ji, (A1, ..., Ay) is the number
of solutions of the system of equations
X1+ — X2k = A,
: 3.7
A = A,
1 <xp,...,x < P.

Then the following relations hold:

1 1 2%
@ i = [ [ explamitanr + o+ aa)
0 0 x<P

x exp{—2mi (@11 + - + apip)}dog ... day;
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© D> JenOa.oo k) = P

) |ri| <kP, ..., |Aal < kP

() J=J(Pik,n)> (2k)" pR-+m/2,
(f) together with x1, ..., xak, the set of numbers x|y +a, ..., X2k +a
is a solution of Egs. (3.4) for any a.

Proof.  Assertion (a) becomes obvious if we raise the modulus of the integrand to
the power 2k and integrate with respect to oy, . . ., a,; assertion (b) follows from the
fact that the modulus of the integral does not exceed the modulus of the integrand;
assertion (c) follows from the fact that the right-hand side of the relation is the number
of all possible sets x, . . ., xp; of system (3.7), i.e., does not exceed P2k; agsertion (d)
follows from the conditions on x1, ..., x2x; assertion (e) follows from assertions (c),
(b), and (d); assertion (f) can be proved by substituting the numbers x;+1, ..., xor +a
successively into the first, second, ..., last equations of system (3.4). The proof of
the lemma is complete. O

It follows from assertion (e) in Lemma 3.5, i.e., from the estimate
J=J(P;ik.n) > (2k) " pR-n*tm/2,
that the best possible estimate for J has the form
J=J(P;k,n) < c(n, k) pPPA=0+m/2, (3.8)

where c(n, k) is a positive constant depending only on »n and k. The estimate (3.8)
holds for k that are comparatively large as compared to n. Indeed, if (3.8) holds for
k > ko = ko(n) and any P > 1, then the obvious inequality

J > pko
implies
pko _ C(n’kO)szo—(anrn)/z’
i.e.,
1 < ¢(n, ko) PRo—@*+m/2,

Thus we have kg > (n? + n)/2, since for kg < (n> + n)/2 and P — +o0, the last
inequality leads to a contradiction.

So we assume that (3.8) holds for k > kg and the estimate (3.6) holds for G. Then
we obtain the following estimate for |S| (applying Lemma 3.4, replacing n by n — 1
where it is necessary, and setting P; = P!=¢/Zkotn=1+c) gnd A = p—¢/Ckotn=lI+c)y.

S| < c1(n, ko) p1=c/CGlotn=lte,
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Obviously, this implies that, to obtain a more precise estimate of |S|, it is necessary
to have (3.6) with Ag = Pl_c with 0 < ¢ < 1, where c is a constant, and to have (3.8)
with the least possible value of kg = ko(n).

We also note that, instead of (3.8), it is possible to use a less precise inequality,
namely, an inequality of the form

J < C(n, k)PZk—O.S(nz-‘rn)-‘r(S’ (39)
where § = §(n, k) > 0 but satisfies the condition
AoP® < P, ¢/ >0.

Estimates of the form (3.8) and (3.9) are called Vinogradov’s mean value theorem.
They play a fundamental role in Vinogradov’s method for estimating Weyl sums. Now
we prove inequality (3.9). We shall follow [165].

First, we prove the original Vinogradov’s lemma on the “number of hits,” which
sets the foundation of the mean value theorem.

Lemma 3.6. Suppose thatn > 2, P > n)*", H = (2n)*, and R is the least number
satisfying the condition HR > P. Finally, suppose that vy, ..., v, run through
integers in the intervals

Xi<v <Y, ..., Xy <v, <Yy,

where, for some w such that 0 < w < P, we have

—-w<Xy, Xi1+R=Y;, Y1+ R<Xy,...,X,+R=Y,, Y, <—-—w+ P.
Then the number E\ of systems of values v1, ..., v, such that the sums V| =
vi+--4v,, ..., V,= v{' + .- 4 vy lie respectively in some intervals of lengths
1,...,p! (3.10)

satisfies the inequality

2
3 3
Ei <exp{r(n) — JH"""D/2 r(n) = 2 nn + Zn? + Zn.
2 4 2
Moreover, if v}, ..., v, run through the same values as vy, . . ., v, (independently
of the latter), then the number E of the cases where the differences Vi — Vl’ R A
lie respectively in some intervals of lengths
pi=iim . prd=im (3.11)

satisfies the inequality

E < 2exp{r(n)}[-["(”—3)/2p(3n—1)/2_
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Proof. First, we estimate E. Let s be an integer such that 1 < s < n. If for given

Us+1, - - - » Up the sums Vp, ..., V, lie respectively in intervals of lengths (3.10), then
the sums vy +-- - + vy, ..., v] +- - - 4 vj lie respectively in some intervals of lengths
1,..., P51,
Letny,...,nsand n1 + &, ..., ns + & be two sets of values of vy, ..., vy having
this property and the least value 7, (hence & > 0). We obtain
1+81) —m + &) — s
(n &) —n é:1_’__“_’_(775 &) ns%_S:QO’
Sl é:s
+ s __ S S _ .8 ' 0.
e+ —m, L OkE Gt
s&1 s s
and thus derive
AE — A =0, (3.12)
where
(1 +&€1)—m (ns+&5)—ns
3 Tt s
A=l ,
(n1+&1)° —mj (ns+&)* —ng
s&1 T s&s
m+§)—m (Ms—1+&—1)—ns—1
& T [ %
A = e .
(n1+£1)°—n3 (s—1+&—1)°—nm_, 0s_71Ps—1
s&1 T sE5—1 s

Next, we apply the following transformation to (3.12). We decompose both deter-
minants in this relation with respect to the elements of the first column and, treating
the result as the difference of values of some function of vy for vy = 1| 4+ & and
v1 = 11, apply the Lagrange formula. We obtain a new relation where the elements of
the first column are replaced respectively by the numbers 1, .. ., xf_l with some x|
such that X1 < x; < Yj. Further, carrying our similar transformations for the second,
third, ..., and penultimate columns and, finally, for the last column, but only in the
first determinant, we obtain

Asss - A; =Y,
1 1 1 1 6o
AS e 5 A/ e Y ,
T
Xi<x1 <Y, ..., Xy <x5 <Y,

Hence we find
s—1 9
Al = Z "_pPU,,

r=0r+1
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where U, is the coefficient of x in the decomposition of
Ay = (x5 —x1) ... (xg — X5-1) A5

in powers of x;, and hence it is equal to the product of Ag_; by the sum of products
of the numbers —xq, ..., —x;_1 taken till s — 1 — r. Therefore, we have

s—1 s (S_I)PS_1
U < As_ Ps—l—r’ ) r )
- 1< r ) 3 <;(r+1)(xs_xl)---(xs_xs—l)

Because the inequality x; 11 — x; > (2t — 1)R holds for ¢ > 1, we have

a1 s+l _ 9y grs—1
€S<Z 0 <! ) < LyH' -1,
1:3...2s—3)s  3...@2s—1)
4
L=

2-05)...(s 0.5
Further,
N
In2—-0.5)+---+In(s —0.5) > / Inxdx =slns —s+ 1,
1
and therefore,

Ly <4157

So we have proved that, for s > 1 and given vg41, ..., v,, the number v; can
take only less than 4¢* —lg=s g5=1 distinct values. Since, for given vy, ..., U,, the
number vy lies in an interval of length 1 and hence cannot take more than two distinct
values, we have

n n
Ey <2[]@e ™ s H ™) =2. 4" (eH)" " V2T 575
s=2 s=2

Hence, because of the inequalities
2 2

" n n n
Zslns>/ slnsds > —Inn — —,
s=2 1 2 4

we obtain
E| < exp{r(n) — l}H"(”_l)/z.

Further, since

1-1/n (n—=1)(1-1/n)
(P +1).. (P—H) <ep® D,
pn 1
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the number E’ of sets of values vy, ..., v, such that the sums Vi, ..., V, lie respec-
tively in some intervals of lengths (3.11) satisfies the inequality

E' < explr(n)}H""~D/2pt=/2,

Finally, taking into account the fact that the number of all sets vy, ..., v, is less
than 2P" H™", we obtain

E < 2exp{r(n)}H""=3)/2 pGn=D/2

The proof of the lemma is complete. O

Theorem 3.1 (Vinogradov’s mean value theorem). Suppose that t > 0 is an integer,
k>nt,and P > 1. Then

J = Jk(P) = Jgn(P) < D, P20,
where

A(t) =0.5n(n + 1)(1 — (1 — 1/n)7), Dy = (nt)%"* 2n)*¢+07,

Proof. Obviously, it suffices to prove the theorem only for k = nt. For 7 = 1 and
any P the theorem hold, since the integral J,, (P) is equal to the number of solutions
of the system of equations

XA A Xy = Xpgp1 — = X2 =0,

n n n no__

xl+"'+xn_xn+1_"'_x2n_0’
l<x; <P, i=1,...,2n,

which does not exceed
n!P" < D P>,

Moreover, fort > 1 and P < Di/ A(T), the theorem is trivial. Therefore, we shall
consider only the case where 7 > 1 and P > D%/ A,

Let m and Py be natural numbers, and let the theorem be true for t < m and
P < Py,aswell as fort <m + 1 and P < Py. We shall prove that it is also true for
T <m+ 1 and P = Py. Thus, according to the principle of mathematical induction,
it will be proved that the statement of the theorem is always true.

We set k = n(m + 1), H = (2n)*,and R = [PH~' 4 1]. Then P < RH and
Jk(P) < Jx(RH).

We transform the integrand in the integral J; (R H). First, we write

RH H-1
S = Zexp{Znif(x)} = Z S,
y=0

x=1
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where

R
S =) expl2mif 2+ Ry)},  f(x) =a1x 4+ +apx".

z=1
Hence we have
H-1 H-1
SE=2 > S-Sk,
=0 wu=0
The set of numbers yq, ..., yi, as well as the product S(yy) ... S(yk), is said to be
regular if among the numbers yy, ..., y; there are n numbers such that the modulus

of the difference between any two of them does not exceed 1. The other sets and the
corresponding products are said to be irregular. Now we set

SK =Wy + Wa,

where W; consists of regular products S(y1) ... S(yx) and W, consists of irregular
products. Then (see Lemma A.1) we have

J(RH) <2J1+ 22,

1 1
J :/ / |WM|2da1...dan, w=172.
0 0

Let us estimate J;. Applying Lemma A.1, we find

where

1 1
Ji < H** max f / ISy ... S|P da ... day,.
Y Yk J 0

We assume that the maximum is attained at the numbers yy, ..., y, arranged so that
yvi<---<ysandy,y1—y, >1 (v=1,2,...,n—1). We divide the sum S(y,)
(v > n + 1) into at most + = [RP~1*t1/" 4 1] small sums each of which has the
summation interval of length P'~1/" or, perhaps, of length less than P'~1/7 (the last
sum). Then the product S(y,+1) ... S(yx) can be represented as the sum of at most
t*=" terms of the form S"(y,+1) ... S'(yx), where S’(y,) is one of the sums obtained
by dividing the sum S(y,). Next, using the fact that the geometric mean of numbers
does not exceed their arithmetic mean, we obtain

|S'(yn+1)|2(k_") 4+ 4+ |S/(yk)|2(k—n)

1S Gus )+ 18" i) 12 < ;
—n

Hence

1 1
Iy < P2 / / 1SG1) - . SOWIPIS OPE day . . day,
0 0
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where y is one of the y,y1,..., yr. But the last integral is equal to the number of
solutions of the system of equations

(z1 + Ryl)v + ot (zn + Ryn)v — (Zn41 + Ryl)U — o — (220 + Ryn)v
=@m1+a) +- —G@u+a)y, v=12,...,n,

where yi, ..., yn,a are fixed integers, 0 < a = A+ Ry < P, yui1 — yu > 1
(w=1,2,...,n—1),the unknowns z, ..., 72, vary from 1 to R, and the unknowns
2041, - --» 22k vary from 1 to P/ < P1=1/" This system is equivalent to the following
system (Lemma 3.5, (f) ):

@1+ Ry —a)' +-+ @+ Ry —a) — (@1 + Ry —a)" — -+
_(ZZn'f_Ryn_a)v:ZEn_H+"‘—Z‘2)k, v=1,2,...,n.

Let J be the number of solutions of the last system of equations, and let
J' (A1, ..., y) and J”(Aq, ..., Ay) be the numbers of solutions of the systems

@+ Ry —a)’ + 4 @+ Ry —a)’ = (@1 + Ry1 —a)" — -+
_(Z2n+Ryn_a)v=)¥v’ v:1725'--7n7

and
v v v Voo _
Z2n+1+"‘+2k+n_zk+n+1—"'—ZZk—}\.y, V—l,z,...,l’l.

Then we have
J = Z J Oty oo AT Oy e h).

Applying Lemma 3.5, (b), we obtain

JT"O0, 00 Y T ) < een P T T ).
Alseenshy Alseenshp

But the last sum is equal to the number of solutions of the system of inequalities

[(zi+Rytr—a)’"+---+ @y + Ryp —a)’ — (Zu41 + Ry1 —a)’ — - -
— (o + Ry —a)’| < k—n)P"I=m = 1,2, ... n.
(z2n Yn )

Applying the second assertion in Lemma 3.6, we obtain

0 T k) < 2K)"2explr(m)}H Y2 PO,

Combining these estimates, we arrive at the inequality

Ji < 22k)" exp{r(n)}(RP~H/M 4 1)2k=m
X H2k+n(n73)/2P(3n71)/2Jk_n(Plfl/n)
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By the induction hypothesis, we have
Jk—n(Pl_l/n) < DmP(l—l/l’l)(2k—2n—A(m)).

l/A(m-‘rl))

Next, we find (using the fact that P > D,/

k=nm+1) > A(m+ 1) =0.5n(n + (1 — (1 — 1/n)™")
<05m+1n+1)

and

P>2n)¥ form<n: P>V form > n;
Am+1) <0.5n(n+1).

Therefore, we have

(RP—H-l/n + 1)2(k—n) < P2(k—n)/nH—2(k—n)(l + 2P—1/nH)2mn
< 2P2(k—n)/n H—Z(k—n)’

Jl < 2(2k)n exp{r(n)}zpz(k—n)/n H—Z(k—n)H2k+n(n—3)/2P(3n—1)/2
« DmP(l—l/n)(2k—2n—A(m)) < 0'25Dm+1P2k—A(m+1)'
Now let us estimate J,. Among the numbers 0, 1, ..., H — 1, an increasing series
of n — 1 numbers can be chosen in at most H"~!/(n — 1)! ways. To each such series,

there correspond (2n — 2)¥ sets of yi, ..., yr. Hence the total number of irregular
sets yi, ..., yx does not exceed

n—1

- 1)'(211 —2)¥ = B.

Hence J, does not exceed

1 1
BZ/ / |S(y1)...S(yk)|2dO(1...d()tn,
0 0

where y1, ..., yi is the set for which the last integral takes its minimal value. Using
again the inequality relating the arithmetic and geometric means, Lemma A.1, and the
induction hypothesis, we obtain

1 1
32/ / IS day ... day
0 0
= B2Ji(R) < B?D,, 1 RP*=2m+D - 025D, p2—A0m+D,

J2

IA

The statement of the theorem follows from the estimates for J; and J,. The proof
is complete. O
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Choosing / = /(n) in an appropriate way, one can obtain an arbitrarily small A (/).
This, together with Vinogradov’s lemma on estimating G, allows one to estimate the
sum S = S(«1, ..., o) for all possible values of the coefficients oy, . .., &;.

The lemma on estimating G is stated as follows.

Lemma 3.7. Suppose that P > n", v = 1/n, m is a positive integer that does not

2 . . .
exceed P, and to each integer y there corresponds its own point (imY,_1, ..., mY1)
determined by the expansion

mf(x +y) —mf(y) = moyx" +mYy_1x""' 4.+ m¥ix

of the polynomial mf (x +y) —mf (y) in powers of x. Toeachs = n, ...,2,weassign
its own number t; = P57 and, moreover, represent ag (this is always possible) in
the form

a 6

as:_x"i‘ s’ (as,qs) =1, 0 < gy < 7.

ds  4sTs

We also let the symbol Q denote the least common multiple of the numbers q,, . . ., q2.
Let G be the number of points corresponding to the numbers y in the series

0,1,..., P—1which, by adding to their coordinates some numbers that numerically
do not exceed

Lyi=P7" . Ly=pP7",

can be made congruent to the point corresponding to some definite number yq in the
same series. Then for Q > P304 ye have

G < mn2n—2P05+04V

Proof. For the proof, see [165], p. 63. O

This lemma and Theorem 3.1 imply the general Vinogradov’s estimate of the Weyl
sum.

Theorem 3.2. Let n be a constant number such that n > 3 and v = n~'. We divide
the points of the n-dimensional space into two classes: points of the first class and
points of the second class. A point of the first class is defined to be a point

dn a
<_+Zn9"'7_+zl>
4qn q1

whose first summands are rational irreducible fractions with positive denominators
whose least common multiple is a number Q < PV and whose second summands
satisfy the condition

lzs] < Pty
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A point that is not a point of the first class is called a point of the second class. Then,
by setting

. 1

© 8n2(Inn+ 1.5Inlnn +4.2)’

)
form < P2P  we have
IT(m)] < c(m)P'™", () = 2n)*" 2 (n(n + 1)Inp~")*/?
for the points of the second class and, by setting
3y = zs P°, 8o = max (|8n|, e |51|),

2
form < P*" we have

T (m)| < P(m, Q)" Q~"F

for the points of the first class or, which is the same,
IT(m)| < POQ™VT08;" if 80> 1,
where we introduced the notation

T(m) = Z exp2rim(ayx + -+ - + o x™)}).
O0<x<P

Proof. For the proof, see [165], p. 66. O

Finally, from Theorem 3.1 and 3.2 we derive the “simplified upper bound” for J.

Theorem 3.3. Suppose that n is a constant (n > 3), k is an integer, and
k> [n*2Inn +Inlnn +4)].
Then the following estimate holds:
J = J(P) = J(P;k,n) < c(n)p?=0n0+D),
Proof. For the proof of this Vinogradov’s theorem, see [165], p. 70. O

In what follows (Theorem 3.9), we obtain a slightly more precise statement (where
we estimate the value of c¢(n)).
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3.2 An estimate of the function G (n)

The function G (n) was introduced by Hardy and Littlewood while solving Waring’s
problem.

Definition 3.3. Letn > 3. Then G (n) is equal to the least k for which the equation
N+ +x =N
is solvable in natural numbers for any N > Ny(n).
In 1919, Hardy and Littlewood found for G (n) an upper bound of the form

Gn) <n2"%h, lim h=1,
n—+o0o
increasing with n as a variable of order n2".

In 1934, 1. M. Vinogradov developed a new method for estimating G (), which
led him to the lemma on the “number of hits” and to a new method for estimating
Weyl sums.

We present one of the simplest versions of estimating G (n).

Theorem 3.4. The function G(n) satisfies the inequalities

n<Gm) <4nlnn+ 16nInlnn + 8n.

Proof. We consider a sequence of numbers X of the form X = P" 4+ P"~2, where
P > Py(n) is a natural number. Since [X!/"] = P, there is at most

Pk < P" <X =p"4 pr?

natural numbers that do not exceed X and can be represented as the sum of k < n
natural terms of the form x”. This implies the first statement of the theorem.
To prove the second statement, we consider the equation

x{ 4o xg Fuy AUy, Fupy 4o+ uy, =N, (3.13)
where xq, ..., Xg, Uy, ..., Uy, are natural numbers and

P =025N"Y" <uy,  upp1 <05NY"=2p;,

Pr=05P " <us,  upya < PV =2p,

P, = 0.5Pn11:11/n < Up, Uy < pl-t/m _ 2P,.

m—1
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First, we have
47"N = Pln < ”rll +"'+”Z1 _|_u"m+1 +"'+”gm <402P)" — 2N

Next, the equation
Wi 4 =l (3.14)

has solutions only of the form

Ul = Um+1, U2 = U2, -« oy U = Uy
Indeed, if, forinstance, us 7# upmys (s <m)andu| = U4, -y Us—1 = Upts—1,
then
lu" — | > nP! !
s m+s
n n n n—1
|M‘g+1+“‘+um_um+s+l_"'_u2m|§(2Ps+l) =PS ,

and relation (3.14) is impossible.
Let 7 (N) be the number of solutions of Eq. (3.13). Then

1
I(N) = / S )T (@) ... T () exp{—2miaN} da,
0

where
S(a) = Z exp{2riax"}, Tj(a) = Zexp 2mom }
O<x<P
P=NY" = lm
Following the partition procedure described in Theorem 3.2, we divide the points

of the interval [0, 1) into points of the first class £ and points of the second class E».
The points of the first class are points of the form

a
a=—+2z (a.q)=1, 1<g<Pl/" |z1<pFl/n
q

All the other points of the interval [0, 1) are points of the second class. We present the
integral / (N) as the sum of two integrals

I(N) =1 (N) + L(N),

I;(N) = / K@) TE (@) ... T2 (a) exp{—2miaN} da.
Ej
Let us find an upper bound for |I(N)|. By Theorem 3.2, for @ € E,, we have

1
8n2(Inn + 1.5Inlnn +4.2)°

1S(@)| < c(m)P'™F, p=
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and hence

1
|L(N)| < c(n)Pk“P)/O IT1(@))? ... | Ty (@) da.

The last integral is equal to the number of solutions of Eq. (3.14), i.e., to the number
of sets uy, ..., u;, and does not exceed

P\Ps... P, <c(n,m)N'=0="

Hence
|L(N)| < c(n, k)PP ... Py, PKI=P),

Let us find a lower bound for /;(N). By the definition of /1 (N), we have

LNy =) Z/ SK (@) exp{—2mia(N — u"! — - — ull )} da.
uy o ¥ E
The number Ny = N —u{ —--- —u), lies between the bounds

(1-2""")N <Ny < (1 =272")N;

hence for the integral

S*(a) exp{—2mia N} da
E;

with k > 4n, we have the asymptotic formula

— n—1— n3
/ Sk (@) exp{—2miaN |} da = yo (NDNY " 4 o/~ 171y
E;

where

=+ )) (G))

+00 q k
o(Ny) = Z Z (q_l Zexp{2niax"/q}) exp{—2miaNi/q},
q=1 0<a<q x=1
(a,9)=1

and moreover, o (N1) > c(n, k) > 0. This assertion is proved as in [10]. Hence for
N > Ny(n), we have the following estimate for /1 (N):

NN = e ) Y- Y NS = e (P PPN G

ui Uzm

For the inequality /(N) = I1(N) + I>(N) > 0 to hold, it suffices to have the
inequality
(Pr... Py’ N /" > c(n, k) Py ... P,y PXI7P)
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or the inequality
NKn=A=vY" 5 o, k) N*—ke)/n

The last inequality holds for k = 8n, m > 2nIn+8nlinlnn, and N > No(n). So
Eq. (3.13) is solvable, i.e., we have

Gn) <4nlnn+ 16nlnlnn + 8n.

The proof of the theorem is complete. O

3.3 An analog of Waring’s problem for congruences

In 1961 A. A. Karatsuba posed and solved a problem, which is called an analog of

Waring’s problem for congruences. This problem and the method used to solve it

allowed one, first, to develop a new p-adic method for proving Vinogradov’s mean

value theorem and then to develop a general p-adic method that set the foundation of

the theory of multiple trigonometric sums. In this section we consider this problem.
Let us consider the congruence

xX{+--4+x'=N (mod Q), 1=<x,...,x <P. (3.15)

We define a parameter r by the relation »r = In Q/In P. We set 1 < r < n. For
r>n, P - +00, N < (Q, and fixed n and ¢, congruence (3.15) becomes an equation.
Hence the larger r is, the “nearer” congruence (3.15) is to an equation. It follows from
Section 3.2 that for P > Py(n) and ¢t > 4nlnn + 16n Inlnn + 8n, congruence (3.15)
is solvable for any N. The problem of improving the lower bound for ¢ arises. We
give a sufficiently complete answer for a special form of moduli Q.

Theorem 3.5. Suppose that m and r are natural numbers, 1 < r < /n/3, pis
a prime number, p > n% Q = p*" P = p*" and P > Py(n). Then for
t > 4r + 4, congruence (3.15) is solvable for any N. For t < r there exist N such
that congruence (3.15) does not have solutions.

Proof.  The second part of the theorem follows from the fact that the number of
all possible values of the left-hand side in (3.15) does not exceed P! < P’ -1 =
p¥mr=2mn and the number of all possible values of the right-hand side in (3.15) is
exactly equal to Q = p2™" .

Let W(N) be the number of solutions of (3.15). Then

0-1
W(N) = 07" )" §'(a) exp(—2miaN/Q},

a=0

where

P
S(a) = Z exp{2miax"/Q}.

x=1
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Each positive a can be written asa = bQp~", 1 <v < 2mnr,0 < b < p*, and
(b, p) = 1. Then
2mnr
WN)=PQ + ) T,

v=1

where

P
Tw)=Q! Z/ (Zexp{Zﬂibxn/p”})texp{—27ribN/p”};

O<b<p’ x=1

the prime on the sum over b means that (b, p) = 1.
By Wy(N) we denote the sum

2mn

Wo(N) = P'Q™" + 3 T ().

v=1

First, we prove that
Wo(Np) > 0.5P1 Q!

for any integer N1 and ¢t = t] > 4.

We note that the method used to prove this inequality can be treated as a discrete
analog of the Hardy-Littlewood circle method in the form of the Vinogradov trigono-
metric sums (the partition of the sum over v into two parts corresponds to the partition
of the Waring’s problem integration interval into the principal and additional intervals;
small v, i.e., v < 2mn, correspond to principal intervals; so Wy (V) gives the leading
term of W(N)).

Since P = p*™ (1 < v < 2mn), using the periodicity of the trigonometric sum
in T (v), we find

P p’
Zexp{Znibx”/p”} =Pp"’ Zexp{eribx”/p"}.
x=1 x=1

The well-known lemmas on complete trigonometric sums in Waring’s problem
(e.g., see [159], p. 270) easily imply the following formulas:

» prv/n ifv=0 (mod n),
Zexp{Znibx”/p”} = p==D/n=lg@p, p) ifv=1 (mod n),
x=1 prv/ni=1 ifv=£0,1 (mod n);
P
S(b.p) =) exp{2mibx"/p}. |S(b. p)| <n/p. (3.16)

x=1
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We divide the sum over v into the corresponding progressions:

2mn n 2m-—1
k=) T(w)=Y_ Y T +v)=B+B+B,
v=1 =1 v1=0
where
2m—1 n—12m—1 2m—1
B = Z T(mvi+1), B =Z Z T(nvi +v2), B3z= Z T (nvy +n).
v1=0 vpy=2 v1=0 v1=0

From (3.16) we find

T(uvi+ 1) = P1Q~" p= 001 N §i1(p, p) exp{—2mibN1/p).

O<b<pV
T(nvy 4+ 1p) = P~ p~it+hn Z/ exp{—27ibN1/p"}, 2<w <n.
O<b<p¥
Next, we have
’ p'—1
3 exp{—2mibNi/p*) = Y exp{~2xibNi/p")
O<b<pV¥ pr
p'—1
— Y exp{=27ibN;/p" "'} = p's(Nip™*) — p" Lo (Vi pU T,
b=0

where §(§) = 1 if £ is an integer and 6(£) = O otherwise. This and the preceding
formulas yield

n 2m—1
By + B3 = Z Z T (nvy +v2)
=2 v1=0
2m—1
— Z ph Q—lp—(v1+l)t1 (pn(vl+l)5(N1p_n(V1+l)) _ anI—H(S(Nlp_nvl_l)).
v1=0

Let Ny = p"N, and (N, p) = 1. If h > 2mn, then §(N;p"1tD) =
S(N1p~™™ 1) =1and

2m—1

By+By= PO (p" = p)pT" 3o pnT
v1=0

4 p2m(n—t1) -1

=P1O7'(p" — p)p

pn—tl _ 1
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Moreover, we always have

|T(n\)1 4 1)| < ntIPtl Q_lp_(VI+l>tl+0.5tl+nV1+l,

1 05 12m_1 (n—t1) | o5 PP -1
t ph n—1,,—0.51+ n—t)vy _ 1 pt1 n—1 ,,—0.51+
|Bil <n"P1Q™"p ,Zop =n"P"Q7p T
=
Hence
 pP — 1 0.50+1
Bi+By+ B3> P'Q" = (P~ (p" = p) —n"tp0T).

It is easy to verify that, for p > n® (n > 9) and any 1 > 4,
Bi+ B+ B3y > —0.5P1 Q"L

Leth =0. Then B, + B3 =0and T (nvy + 1) =0 forv; > 0, i.e.,

Bi+By+Bs=P10 ' p Y §b, p)exp(~2ribNi/p)
O<b<p

- _nl‘] Pl] Q—lp—O.Sll—H ~ —O.SP“ Q_l-

Nowletl <h <2mn,h =nhy+hy,0 <h; <2m,and 1 < hy <n. Then

h 2mn
’ = ZT(V) +Th+1)+ Z T ).
v=1 v=h+2

Obviously, 7T(v) = 0 for v > h 4 2. Next, for v < & we have

IT (v + 1| < PtlQ_lp_(vl+1)t1+nv1+1+tl/2,
T(nvy+vy) = PO~ p= D (pY — p'=h,my £ 1,

h hi—1 n hy
DT =) Y Tavi+v)+ Y Thi+w)
v=1 v1=0 =1 =1
hi—1 n
- Z Z PtlQ—lp—(v1+1)t1+nv1+v2(1 _ p—l)
v1=0 =1
hy
_ Z ph Q—lp—(V1+1)ll+HV1+l+t|/2
v1=0
hy

_|_ Z Pfl Q—lp—(h1+1)t1+nh|+v2(1 o p—l)

vy=2
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If hy = n, then
|T(/’l + 1)| < nl‘lpll Q—lp—(l’l1+1)l1+nh1+l’l+1—l‘1/2;
if by < n,then T(h + 1) = =P @~ p~(mtDutnhithy g4 we always have

T(h 4 1) > _Pl‘1 Q—lp—(h|+1)t1+nh1+h2.

Hence
hi—1 n
% > _Ptl Q—lp—(h|+1)t|+nh1+h2 + Ptl Q—lp—tl Z p(n—ll)l)l Z pvz(l _ p—l)
v1=0 =2
hy hy
. nllptl Q—lp—O.StH—l Zp(n—tl)vl +Pt1 Q—l(l_p—l)p—(/’ll-i-])t]-i-nhl va2~
v1=0 V=2
If hy = 0, then

% > Pl‘] Q—l(ntlp—0.511+1 +p—t1+1) - _O.SPtl Q_l;

if h1 > 1, then

(n—t1)hy _ 1 n—ty _ ,1—11
n-t] (P )(p p"
x >P"1Q { T
—t) (£
_ Cosnar PO ED 1 —n
p P :

It is easy to verify that for all values of the parameters admissible by the assump-
tions of the lemma, the expression in braces does not exceed —0.5.
Sox > —0.5P"Q~ ! and

Wo(N1) = P"Q 7' +x >05P1Q7 .

We consider the following expression
o-1 P " )
w Ny =0 Y <Zexp{27riax"/Q}) (Zexp{Zm'au/Q})
a=0 x=1 u
X (Z exp{Zniav”ug/Q}) exp{—2miaN/Q},
ug,v

where u, ug, v run through natural numbers from the sets U, Uy, V each of which
contains the sets U, Up, V of distinct elements. As above, we represent the sum
W*(N) as the sum of two terms:

W*(N) = WG (N) + Wi (N). (3.17)
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But W (N) can also be written as

P f
Wy =33 0"y (Zexp{ZTriax”/Q}) exp{—2miaN;/ 0},
x=1

u,uq ug,v a

where Ny = N —u —uy — v"uy.
As already shown,

P
Wo(N) =07' " (Zexp{Zniax”/Q})tl exp{—2miaN;/Q} > 0.5P" Q7 ,
a x=1

i.€.,
WE(N) > 0.5U%UV P17

Let us construct the sets U, Uy, V. We assume that &,41 run through the natural
numbers that are not multiples of p and are not less than p?"™"=2"™V (v =0, 1,...,r—
1). We let A, denote the set of &,;1 for which & 1 are pairwise noncongruent
modulo p?™". Since the congruence &, =b (mod p¥™") has at most n solutions
for a fixed b coprime to p, the number of the numbers &, contained in A, is not
less than

n—lgo(pZmn—QmV) > (zn)—1p2mn—2mv‘

By U we denote the set of all numbers u of the form

u= g? + (pstz)n +- 4+ (p2m(r71)§.r)n’ & e Ay

2mnr

the numbers u are pairwise noncongruent modulo Q = p , and the number U of

them is equal to

r—1
U=n" l_[ gl)(pZmn—ZmV) > (zn)—rp2mnr—mr(r—l) — (2n)—rpr—r(r—l)/(2n)_
v=0
Moreover, forv =0, 1, ...,r — 1 we have

pZmV%_v_H - p2mn = P.

The set Uy is constructed similarly. We choose an integer Py = p™" and let
Cy+1 run through the values of natural numbers that are less than p™* =" (v =
0,1,...,2r — 1) and not multiples of p. We let B,;; denote the set of ¢, for
which ¢, | are pairwise noncongruent modulo p™". By U we denote the set of all
numbers uq of the form

uo =+ ()" 44+ (" Vo), Lot € Buts
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all ug are pairwise noncongruent modulo Q, we have the following lower bound for
the number Uy of them:

Uy > (Zn)—ZrPZmnr—mr(Zr—l) — (2n)—2rPr—r(2r—1)/(2n).

We let the symbol V denote the set of all numbers from 1 to Py that are not multiples
of p. For the number V of these numbers, we have the lower bound

V=pP0-pH>05P.
We consider the product
v up = (05" + (p"v5)" + -+ (p" P Dugy,)"
Since ¢,+1 < p™* ™", for the (v + 1)st bracket we have the upper bound
p" v < PPy = Py = P.

Afterthesets U, Uy, V are constructed, it is easy to see that W*(N) in (3.17) is the
number of representations of the number N modulo Q as the sum #; +2r+2r = t; +4r
of terms each of which is the nth power of a number less than P.

‘We estimate the sum

T(a) =) exp{2miav'uo/Q}

v,uo

under the condition that a belongs to the integration interval on which W[(N) is
defined. It is easy to see that in this case

a/Q=>b/p’, b,p)=1,v>2mn+1.
We define the integer s by the inequalities smn < v < (s + 1)mn. Then
uo = up = ¢+ (p"e)" -+ (p™E1)" (mod p).
For a fixed u), the number uo congruent to uj, is equal to

2r—1
L < l_[ pmnfmv — pmn(2r7s71)7m(r(2r71)7s(s+1)/2)'

v=s+1
Hence, applying the Cauchy inequality, we find

2
< (3.18)

IT@P <UL Y ‘Zexp{zmbugv"/p”}
up<p” Vv

P
< UyL Z ‘ Zexp{2m’av"/p”}

a=1 v

2
<nUpLp"V <




104 3 Weyl sums

< nUOLp(s+1)mnV < nUOVPZmnrfm(bfl)
— 2nU§V2Pr(2r71)/2n7(2r71)/2n71/2 < 2nU§V2P71/3,
IT(a)| < v2nUyVP~S,

Finally, we estimate W{*(N) using (3.18). We have

Wi (N)| < V2n UV P~Y0P1 Q71 Y ‘ " exp{2miau/ Q)
a=0 u

=2nUUyV P~V/0 P11,
For the inequality W*(N) > 0 to hold, it suffices to have W} (N) > W (N) or
O.SIJZU()VP"‘IQil > +/2n UUOVPHP*l/G;

hence we obtain
U > 23/2n P18, (3.19)

But for U we had the estimate
U~ (2n)—rPr—r(r—1)/(2n);

therefore, for r < /n/3 and P > Py(n) inequality (3.19) holds. The theorem is
thereby proved. O

3.4 A new p-adic proof of Vinogradov’s
mean value theorem

I. M. Vinogradov, developing his method for estimating G (n) and using the lemma
on the “number of hits” to prove the mean value theorem, obtained a new method for
estimating Weyl sums. Similarly, Karatsuba, starting from his own “analog of Waring’s
problem for congruences,” arrived at a new p-adic method for proving Vinogradov’s
mean value theorem. As an analog the lemma on the “number of hits,” he used Linnik’s
lemma on the number of solutions of a “complete system of congruences.” A similar
lemma was used earlier by Yu. V. Linnik in his p-adic proof of the mean value theorem.
We shall discuss Linnik’s method in detail in Section 3.5.

First, we prove the following three lemmas: Lemma 3.8 is an analog of the Bertrand
postulate proved by P. L. Chebyshev; Lemma 3.9 gives the number of solutions of the
complete system of congruences; and Lemma 3.10 gives the fundamental recursive
inequality in the p-adic method.

Lemma 3.8. For any natural n and x > (2n)2, the interval [x, 2x] contains at least n
distinct prime numbers.
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Proof. For x < 16, the statement of the lemma is proved by a straightforward
verification. Hence we assume that x > 16. First, we prove that

Y(x) < xInd. (3.20)

For x < 15, this inequality is obvious. We assume that (3.20) holds for all y
(2 <y <x —2)and prove it for y = x. For any natural m we have

2
4m)~V? < 22’"( m) < @m+ 172
m

Since

In(k!) :Zlnt:ZZA(d) :ZA(d) Z 1 :ZA(d) Z 1

t<k t<k d|t d<k t<k d<k u<k/d
t=ud
2m 2m)!
=D > Ad) =) yk/w, =—,
m (m!)
u<k d<ku-! u<k

we have
A=1In <2’Z> =vQ2m) —¥vy2m/2) + ¥y (2m/3) — -+ W(2m/(2m — 1)).

The function ¥ (x) does not decrease; hence we have

A <Y 2m) — Y 2m/2) + ¥ (2m/3), (3.21)
A >y 2m) — ¥(2m/2). (3.22)

It follows from (3.22) that
Y(2m) < A+ ¢(m).

We assume that 2m is an even number that is the nearest to x. If x = 2r + 1, then
2m = 2r + 2. By the induction hypothesis, we have (since m < x — 2)

v (@2m) <2mIn2 —In~2m + 1 +2mIn2 <2mIn4 —Inv2m + 1.
Next, if 2m < x, then
Y(x) =¥ (2m) <2mlnd < xIn4.
But if 2m > x, then 2m < x + 1; hence
Y(x) <Y @2m) <xInd+1In4 —Invx + 1.

If x > 15, then In4 < In+/x + 1. Hence ¥/(x) < xIn4. So we have proved
inequality (3.20). Next, from (3.21) we obtain
2 2
W (2m) — Y (m)> A — W(Tm) >mIn4 — In/4m — Tm In4= % In4 — In+/4m.
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‘We note that

yem —ymy= Y Am= ) Am+ Y A,

m<n<2m m<n<2m m<n<2m

where the symbol ), denotes the sum over prime numbers and the symbol ),
denotes the sum over all other numbers.

In the second sum, to each number n for which A(n) # 0 we assign a prime p,
such that p, |n. Obviously, A(p,) = A(n) and p, < +/2m. This implies

E:ZAM)SWQﬂm)SanmQ
m<n<2m
hence we have
m
S1(m) = Zl Amy= Y Inp> 3 Ind- Inv4m — ~/2m In4.
m<n<2m m<p<2m

Next, since
A(n) <2m forn <2m,

we have
In4 V
Yoz 2 2 s — S(m)
3 In2m 1
m<p<2m
Now we show that S(m) > /m/2 form > 28 or, which is the same,

fm)=S8S@m)—/m/2>0. (3.23)

The derivative of the function f(m) has the form

f’(m):ﬁ- 1 (1_ 1 )_ In4 (1_ 2 >_ 1 '
3 In2m In2m 2m In2m In2m 22m
Hence
f/(m) - 1 _ 1 _ 1
T 3In2m  2mIn2m 2/2m

1 1 1 1 1
_mMXE_u%)+(Mﬂm_%@»'
For m > 28 both terms in the last expression are positive (since In2m > 6 and
21In2m < +/2m in this case). Therefore, for m > 28, the inequality f’(m) > 0 holds

and hence the function f(m) increases. So to prove inequality (3.23), it suffices to
verify it for m = 2. But we have

£ = 28 2In2 4522 s
3 9In2 9In2

Inequality (3.23) is thereby proved.

> 0.
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Now we note that the interval [x /2, x] contains all primes that are contained in the
interval (m, 2m]. Moreover, if x > (2n)2, then 2m > (2n)>.

Next, if n > 12, then x > 4122, 2m > 4 - 122, m > 2- 122 > 28, and hence
the interval [x /2, x] contains at least (see inequality (3.23)) \/m /2 > n distinct prime
numbers.

If n < 11, then for x > 2 - 2% we have

vm/2 > /128 > 11,

and it follows from (3.23) that the interval [x/2, x] contains at least n primes.

It remains to prove the lemma for n < 11 and 24 < x < 2% Let k be a natural
number (6 < k < 50). A straightforward verification using the table of primes (see
[163], p. 166) shows that the interval [0.25(k + 1)2, 0.5k?] contains at least k+1)/4
primes.

We let ¢ denote the largest of the numbers k for which k% /2 < x. Then

0.25( + 1)> > x/2, 0.5¢> < x.

Hence the interval [0.25(t+1)2, 0. 5¢] is completely contained in the interval [x /2, x].

If2° < x <2 then2* < 025 + 1)? < 2%,2° < (+ + 1)? < 2!, and
8 <t + 1 < 50. Hence the interval [x/2, x] contains at least 0.25(t + 1) > /x/8
primes. This trivially implies the statement of the lemma. O

Lemma 3.9. Supposethat1 <r <n, pisaprime (p >n),and1 < P < p". Then
the number T of solutions of the system of congruences

X1+ +xp=y1+---+y, (mod p),
2

x4 x2 =y 4 4y (mod p?),
xf+-day =y 44y, (mod ph),
lixla-"’x}’hyly--'aynfp; xi7_éxj (mOdp)7 l7+_,]a

satisfies the estimate
T <nlp C—D/2pn,

Proof. Obviously, we have T < P"' Ty, where T is the number of solutions of such
a system of congruences (for some fixed set of numbers A, ..., A;):
xXi+--+xp =41 (mod p),

x12+"'+xr% =Xy (mod p2), (3.24)

x4+ +x) =1, (mod p"),
1<xi,....,x, <p"; xi#x; (modp), i#].
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To estimate 77, we represent x; foreacht =1,2,...,n as

Xt = X1t + pXor+ -+ Pr_lxrt~

For a set x1, ..., x, to be a solution of system (3.24), it is necessary that the
variables x11, ..., x1, satisfy the system of congruences

x{;+--+x{, =% (modp), v=12,...,n,

and the variables x5, ..., x,s (s = 2,...,r) satisfy their own system of linear
congruences (for fixed x11, ..., X1p)

xis )T+ s x)TH = Ay (mod p), v=s, ...,
where Agg, ..., Ay are some integers.

The number of solutions of the first system does not exceed n!, since it follows
from the elementary theory of symmetric functions that, for p > n and fixed A, all
solutions of this system are permutations of some unique solution. Next, because the
variables x; are pairwise noncongruent modulo p, the matrix of coefficients of each
of the linear systems of congruences has the maximum rank. Hence the number of
solutions of this system does not exceed p*.

For T} and T, we obtain the estimates

Ty <nlp-p>...pr L=np =02 T <pp=bl2pn

The proof of the lemma is thus complete. O
Lemma 3.10. Suppose that k > n, 1 < r < n,and P > 1. Then in the interval
[PV 2PV there is a prime number p such that

J = J(P;n, k) <4k p?k=2ntr=D/2pn y(pi-n k —n) + 2n)*K PX, (3.25)
where Py = Pp~! 4 1.
Proof. If P < (4n?)", then, by setting p = 2P/” we see that the second term in
the inequality is less than P2¥, while the first term is always nonnegative, i.e., in this
case inequality (3.25) becomes trivial. Therefore, we assume that P > (4n%)". Then,
by Lemma 3.8, on the interval [P1/7 2PV there are at least r distinct primes. We

choose some r primes on the interval [P!/",2P1/"] and denote them by the letters
P1,---, pr- Now, as above, we assume that

f) =ox 4+ +apx”.
Then J can be represented as the multiple integral

x) J=J(P;n,k)

1 1 )
:/0 /0 ‘ YooY epl2mi(f () + -+ f))}| de . da,.

x1<P  x<P



3.4 A new p-adic proof of Vinogradov’s mean value theorem 109

We divide all sets x = (xq, ..., xx) into two classes A and B as follows: a set
= (x1,...,x) belongs to the class A if among the numbers pj, ..., p, there is
a number p® such that among the numbers x, ..., x; there are at least n numbers
pairwise noncongruent modulo p; all other sets belong to the class B.
For brevity, we introduce a new notation (the explicit form of this notation is
obvious) and then transform relation (x) into the inequality

J—/(Z+ ‘dQ<2/)Z‘ d52+2/‘2‘ dQ =27, + 2.

X€eA XxeB

Let us estimate the integral J;. The value of J; is the number of solutions of
Egs. (3.4) under the assumption that

)?:(xl,...,xk)eA, i:(yl,...,yk)eA.

We divide all sets x = (x1,...,x;) € Aintor sets Ay, ..., A, as follows: the
sets corresponding to their own number p; = p (s = 1, ..., r) belong to the same
set; if a set corresponds to several py, then, for definiteness, we assume that it belongs
to the set corresponding to the least p;. Again we use the obvious notation and find

2 " 2 d 2 "
n=[|Xfde=[ XS [asry [| 3 [dae=r3 .
£ Fea 7 =1 3eA, s=1"$ Fea, s=1
Let us estimate Ji;. The sum whose squared absolute value is the integrand in Ji

has the form
> = Z Z

X€eA

and moreover, X = (xq, ..., Xx) € As, i.€., among the numbers x1, . .., x; there are n
numbers pairwise noncongruent modulo p. We divide all sets in A into possibly
intersecting classes as follows.

Let #1,...,t, be natural numbers (1 <t < < --- < t, < k). We let all
sets X = (xi, ..., Xx) such that the numbers xi, ..., x; are pairwise noncongruent
modulo p; belong to the same class. Let Ry and R, be two distinct classes from the
set A;. Renumbering the unknowns, we easily obtain

2 2
‘ ‘ dQ:/‘ ‘ 9.
/Q x;; Q2 ng;z

Since, obv1ously, the total number of classes is ( ) denoting the set corresponding
tot; =1, tp =2,...,t, = n by the symbol A, we obtain

2n

h < (i)%\;ﬁm < ( ) [AD> ] )Zexp{sz(x)} g,
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Here the prime on the first sum means that the sum is taken over the sets of numbers
X1, ..., Xx pairwise noncongruent modulo p; = p. Dividing the second sum into p
progressions with common difference p and applying Holder’s inequality, we obtain

Jis < (:)2/9 ‘XIZ/ ’ ) Z exp(2mif(x)}

----- Xn x<P

< (:)ZPZk—Zn—IXP:/‘ Z/

2k—2n
> expl2mif (v + p2)) ds.
Q

y=l o Xn OSZSPP71

2k—2n
‘ a9

|

Let yg be the value of y for which the last integral takes its maximum. Using the
fact that ifx?, e, x,?, y?, el y,? is a solution of system (3.4), then x? +a,..., x,? +
a, y? +a,..., y,? + a is also a solution of system (3.4), we obtain the inequality

2 ” n
Jis < (i) szzn/g‘ XIZ 2‘ Z exp{2mif(pz)} “ s,

..... Xn OSZSPP71

where the symbol Z” means that the sum is taken over all sets of numbers x1, ..., X,
that lie within the limits from —yg to P — yg and are pairwise noncongruent modulo p.
The integral in the right-hand side is equal to the number of solutions of the following
system of equations (we denote this number by J'):

X1+ d X =y == ya=p@1 A+ F T — VL= = Vkn),
2 2 2 2 2,2 2 2 2
_xl ++ n_yl __yn :p (Z1++Zk—n_v1 _..._vk_n)’
XAty = =y = g, v =),
where the unknowns x, ..., x, and y1, ..., y, satisfy the condition stated above for
the variables xy, . . ., x,, while the variables z1, . . ., Zx—n, V1, . . . , Uk—, take all integer

values from zero to Pp~'.

We let the symbol J’(Pp’l; n,k —n; A), where A = (A1,...,A,) 1s a set of
integers, denote the number of solutions of the system of equations

Z‘1’+...+Z;(’_n_vi’_...—vl‘:_”:}W, v=1,2,...,n.
Obviously, we have the inequality
J'(Pp~tink—n; A) < J(Piin k —n)

(we use the fact that if a certain number is added to the solution of system (3.4), then
a solution of system (3.4) is again obtained).
Let D(A) be the number of solutions of the system of equations

XAtx, =y ==y =p"h, v=12...n
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Then, denoting the sum over all possible sets A by the symbol ), we obtain
A

J'=Y "D (Pp~tink—ni A) < J(Piin.k—n) Yy D(A)=J(Py; n, k—m)T,
A A

where T is the number of solutions of the system of congruences

x4+ 4x, =y ==y, =0 (mod p¥), v=12,...,n,

1 <Xx1,.c0, %0, Y1sovovosn < P.
The estimate in Lemma 3.9 can be applied to 7T':
T < n!pO.Sr(r—l) P

Hence, collecting the estimates obtained, we obtain the following inequality for J;:
k 2
I < n!< ) p2 pH=2nt0Sr =D pn y(py k),
n

where p denotes one of the numbers p; for which the expression in the right-hand
side takes its maximum.
Now we estimate J,. The value of J; is the number of solutions of system of equa-

tions (3.4) under the assumption thatx = (x1,...,x,) € Bandy = (y1, ..., Y») € B.
We find the upper bound for the number of elements X € B. Let p; be one of the
numbers pi, ..., pr. Foreachsetx = (x1,...,x,) € B, we consider the set x®

consisting of the remainders obtained by dividing the coordinates of X by p;:

‘(s)

1

) = (xf“'), e ,x,ES)), Xi=x (mod py), 0 < xl.(s) <p, i=1... k.
We let B, denote the set of the sets X thus obtained. Let us estimate the number
of elements of B;. It does not exceed the number

Ps 1k
(n—l)(n 1H*.

Thus for each X — (x1,...,xx) € B we have obtained the system of congru-
ences x = x®) (mod ps) (s = 1,...,r). It is possible to replace this system of
congruences by a single congruence of the form ¥ = M (mod pj ... p,), where
M= (Mj,...,My)isafixedsetand0 < M; < p1...pr (i =1,...,k). Since each
coordinate of X does not exceed P < pj ... p,, the last congruence is equivalent to
the equation ¥ = M.

So the number of set B does not exceed the number of sets M, i.e., the product

P1 k Pr k
<n_1>(n—1) ...<n_1>(n—1) .
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Now we estimate the number of ¥ = (y1, ..., yx) under the assumption that
they satisfy system (3.4). If we fix k — n of them, then the remaining numbers are
uniquely determined with accuracy of the order of the terms, i.e., the number of all

y = (y1, ..., yx) does not exceed n! P¥~".
So we have
Ty < (n— ¥ P1 Pr ) pk—n _ ,2kr pk=1
< w_1) < .

Combining the estimates for J; and J,, we find the recursive formula

k 2
J <2420 < 2r2( ) nlp? 200D pr (P, k — n) 4 2n)* PR
n

Making the right-hand side less sharp, we arrive at the statement of the lemma:

J S 4k2np2k—2l’l+0.5i’(r—l)PnJ(Pl; n, k _ n) + (2n)2krpk

Theorem 3.6 (The mean value theorem). Let n, k, T be natural numbers, and let
A(r) = 0.5(n® +n) —0.50%(1 — 1/n)%,  x(x) = 1.5(n + 1)’z.
Then the estimate
J = J(P: n. k) < n2A@n0x(0) gjy2n7 p2k=A(D)

holds for k > nt and P > 1.

Proof. Without loss of generality, we can assume that k = nt and n > 2. We proceed
by induction on the parameter t. For T = 1 the statement of the theorem holds, since
in this case k = n, A(1) = n, »(1) = 1.5(n + 1), and the estimate takes the form

J< n2n221.5(n+1)2 (8n)2nP2k—n’
which is somewhat less sharp than the estimate
J < npHm

which we can simply obtain.

Now we assume that the theorem holds for t = m > 1 and prove it fort = m + 1.
We estimate J (P; n, n(m + 1)) by using the estimate in Lemma 3.10 with » = n. We
obtain

J(P;n,n(m + 1)) < 4(n(m + 1)) p2H0n+D+2040.5n(=1) (3.26)
x P"J(Py; n, mn) 4 (2n) 20 D) pnim+1),
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To estimate J (Py; n, nm), we use the estimate in the theorem with 7 = m:
J(Py; n,nm) < p2A00n%00 (g gy 2nm panm=a0m. (3.27)

We substitute (3.27) into (3.26) and show that the estimate thus obtained is not
less sharp than the estimate in the theorem with T = m + 1. We can assume that
P > (4k)?, since otherwise the estimate in the theorem is less sharp than the trivial
estimate by P%¢. Indeed, we always have A(m + 1) < n(m 4+ 1), and hence for
P < (4k)*, k =n(m + 1), and T = m + 1, we have

P2k < (4k)2n(m+l) < (gk)Zn(m+1)n2nA(m+l)P2k7A(m+l)'

Solet P > (4k)%. Then we have

pP—l SZP_I—H/H Szp—l/z S (2]()_1,

PIZk—Zn—A(m) — (Pp—l + 1)2k—2n—A(m)

2k
< pA-2n=AGm) =2+ 20+ Am) <1 + %)

< 3 p2k=2n=A(m) =2kt 2n+A(m)
Hence the first term in the right-hand side of (3.26) does not exceed
12420 210X (M) (g gy 200 1 M) +0.5n(1=1) p2k—n—AGm)
< 12k2nn2A(m)nz}t(m)+A(m)+0.5n(nfl)(8nm)2nm
% P2k—n—A(m)+A(m)/n+O.5(n—1)

< 0.5p280n+Dnx(mt1) (gpy2n(m+1) p2k—Alm+1)

because it follows from the definition of A(7) and »(t) that

Am+1) = A@m)+n+0.5— (0.5n 4+ A(m)/n),
x(m+1) > x(m)+ A(m) +0.52(n — 1).
Since we always have A(t) < k, we can assume that P > (2n)2”. Otherwise, the

product of the first two factors in the estimate in the theorem exceeds the contribution
of lower P and the statement becomes trivial. So we have

21?

1.€.,

< 0.5p280m+Dnox(m+1) (8k)2n(m+1) ph—A(m+1)
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Thus we have obtained the desired estimate for J(P; n,nt) with T = m + 1. The
proof of the theorem is complete. O

From this theorem and estimates of trigonometric sums we obtain a “simplified
upper bound” for J. Now let us study a slightly more general variable /. To this end,
we consider the system of equations

X1 +x2 4+ xp = Ny,

x12+x22+-'-+x,3=N2,

(3.28)

X{ x5+ x) = Ny,
where n > 3, k, N1, ..., N, P are natural numbers, and xp, x2, ..., x; are integer-
valued unknowns such that 1 < x,...,x;y < P. We let I denote the number of

solutions of this system.

Theorem 3.7. Fork > n*>(4Inn+2Inlnn+9)andk < P!, the asymptotic formula
holds:

I =I(P;n,k;Nyi,...,Ny)

— gy Pk0Sn0+D) 95,300 pk—0.5n(n+1)~(30Q2+1n n))*l’ (3.29)
as well as the estimate I < 30 pk=0.5n(+1)  frore g (10| < 1) is a real number and
o,y are nonnegative numbers. The value of o is equal to the sum of the “singular
series in the Hilbert—Kamke problem,” and the value of y is equal to the value of the
“singular integral in the Hilbert—Kamke problem.”

Namely,

o0 [e.0]
o=y > Y o Y g FvEexp(amial,
q1=1

qn=1 0=<ai<q 0=<an<qn
(a1,91)=1 (an,qn)=1

+o00 +00
/ / Wk exp{—27i B} dBi .. .dBn,
—00 —00

y =
where
q=4q1..-4n,
x=1 q1 qn 2 0
W:/01exp{2m’(ﬂ1x+...+ﬂnxn)}dx’ B ,31]1\]1 L 13’;)]:,"'

The absolute convergence exponent of the singular series o is 0.5n(n+1)+2, while the
absolute convergence exponent of the singular integral y is equal to 0.5n(n + 1) + 1.
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First, we note that the absolute convergence exponents of the series ¢ and the
integral y were found in Chapters 1 and 2. Next, for / we have the trivial estimate
I < P*, because the number of all possible sets of integers xi, ..., x; satisfying
the inequalities 1 < xp, ..., x;x < P is, obviously, equal to Pk, If the value of P in
Theorem 3.7 is less than n%" , then the estimate of the remainder term in the asymptotic
formula in the theorem is less sharp than the above trivial estimate of / and this formula
becomes meaningless. Therefore, in what follows, we assume that P > n40n . We
rewrite [ as

1 1
I =/ / S*(A) exp{—27i (| N1 + - - - + apn Ny} d A, (3.30)
0 0

where A is a point of the n-dimensional space with coordinates oy, ..., ®, and S(A)
is the trigonometric sum,

P
S(A) =) exp2mif(x)}, f(x) =onx + - +apx".

x=1
Since the integrand function is periodic in a7y, ..., @, with period 1, the interval
of integration with respect to the variables «1, .. ., o, in the multiple integral can be

replaced by the domain €2 determined by the inequalities

— P93 cq <1 =P s=1,2,...,n.

We let w(a, q) denote the domain A of points satisfying the conditions

a _
g = = +2zs, sl < P0'3 5
qs

(as:CIs):L 05a5<q_y, S=1,...,n.

Here the numbers a; and g5 are the sth coordinates of the sets of integers a and g.
Next, let Q be the least common multiple of the numbers g1, . . ., g,. We divide all
points of the domain €2 into two classes. All points of the domains w(a, ¢) for which
Q < PY3 belong to the first class Q1. All other points of the domain € belong to
the second class £2,. We note that two distinct domains w(a, g¢) and w(a’, ¢") whose
points belong to the first class do not intersect. Indeed, we assume that such domains
w(a, q) and w(a’, qg’) have a common point A. Thenforalls (s = 1, ..., n) we have

the relations ,

ag a
Oy = _+Zs = —S,-f—Z/Y,
qs s
in addition, |z;|, |z,] < P%3~ and for some s (1 <s < n) we have a/q;s # a,/q..
Consequently,
/
dg as ,
— - = =2z, — 2.

gs 9
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Passing to inequalities, we obtain

as a,

qs q;

p06 L

<— < = |z} — 25| 2P <2P707,
CIsqs

which is impossible, since P! > 2 by the inequality P > n*".

Prior to proving the theorem, we prove two lemmas.

Lemma 3.11. Suppose that a point A belongs to the domain 2 and its coordinates

oy (s =1,...,n) are represented in the form ag = as/qs + 25, where (as, gs) = 1,
lzs| < 'L'S_l = P55 Suppose that the least common multiple Q of the numbers
q1, ..., qn satisfies the condition Q < P°3. Then for the sum

P
S(A) = Zexp{2m’(a1x + o ayx™,

x=1
we have the asymptotic formula
S(A)=PQ 'VW + R,

where

0 n
V=ZGXP{2ni(CZ—;C+--~+a”x )}

=1 4n

1
W:/ exp{2wi(z1Px + - -+ z, P"x"}dx, |R| <9nQ.
0

Proof. We represent the summation variable in the sum S(A) as x = Qy + ¢, where ¢
satisfies the condition 1 <t < Q. Then S(A) = S;(A) +6Q, where |0]| < 1,

0 P
S1(A) =) Y exp{2mif (Qy + N},

t=1 y=0
f)=aix +--+ax", P =[PO'1+1.

Since Q is a multiple of all numbers ¢, ..., g,, we have

fQQy+t)=a1(Qy+1)+ - +a,(Qy +1)"
= %(Qy FO A QY+ 1)+ 21 (QY + O+ 20 (Qy + )"

dn

ai an , n
q—t+---+q—z +z21(Qy +1) + -+ 2, (Qy + )" + H,
1 n
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where H is an integer. Therefore,

S1(A) = Zexp{Znt(q—-i— +a”tn>}

=1 qn

Py
X Zexp {27i(z1(Qy + )+ + 2, (Qy + ")}
y=0
Let S(¢) be the internal sum in the right-hand side of the last relation. Then

Q n
S1(4) = e)S(),  e(t) = exp {zm-<a_1t L Gt )}
q1

t=1 an

We set p(y) = z1(Qy + 1) + -+ + 2,(Qy + t)" and obtain

do(y) = —1ps—1
< E T, P50
‘ s=1

< ZsP0~5—SPS—‘ P%? < 0.5n(n + 1)P~0% < 0.05,
s=1

Zzs(Qy+t)‘ :

because |z5| < pO5—s, 0< P93 and Oy—+t<P.

Next, since the derivative of the function ¢(y) is a polynomial of degree n — 1,
the interval 1 < y < P can be divided into at most 2n — 2 intervals on which this
derivative is monotone and of constant sign. Hence the sum S(¢) can be divided into m
sums (m < 2n — 2) so that each new sum satisfies the assumptions of Lemma A.2
with § = 0.05. Consequently, each such sum can be replaced by an integral so that
the error does not exceed 3 4+ 26/(1 — §) < 4a. Hence for some |01| < 1 we obtain

P
S(t) = / exp{2mip(y)}dy 4+ 801(n — 1).
0

We change the variable in the integral by setting x = P~'(Qy 4+ 1) and thus obtain

P=l(QP+1)
Sit)=pPQ7! exp{2mig(x)}dx + 801 (n — 1) = PQ™'W + 86,n,
tP—1

where g(x) = z1 Px + --- + z, P"x" and |6;| < 1. Now, because |V| < Q, we have

0
S1(A) =D e()S(t) = PQ™'VW + 86, 0.
t=1

and hence
S(A) = S1(A)+00=PQ 'VW+R, |R <90,

as required. The proof of the lemma is complete. O
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Lemma 3.12. Suppose that the point A belongs to the second class. Then the sum
S(A) satisfies the estimate

IS(A) < @)1 P12 p = (8n*(nn+ 1.5InInn +4.2)) .

Proof. According to the well-known theorem in elementary number theory, each
coordinate «; of the point A can be represented as

a
Oy = q_S+ZSa (as,gs) =1, 0<gs ffS:PS_O'S,
N
sl < (gst) ™', s=1,....n.
Let QO be the least common multiple of the numbers gy, ..., g, i.e., let O =
[q1, - .., gn]. First, we assume that Q < P93 In this case, by Lemma 3.11, the sum

S(A) satisfies the asymptotic formula
S(A)=PQ 'VW+R, |R <9Q <9nP3.

Since the point A belongs to the second class, we have |z5| > P93=S for some s
(1 < s < n). Therefore, using Lemma 1.4 (see Chapter 1) to estimate the integral

1 n
14 =/ exp{2rig(x)}dx, gx) = ZzsPsxs,
0

s=1

we obtain
|W| 525P70.3V’ V:nil,

because in this case we have
max (|z1|P, ..., |za| P") = P2
Consequently,
1S(A)| < POV IW[+|R| < 2°P'70% < @n)> ! P17,

i.e., the statement of the lemma is proved for Q < PO3.

Now let Q > P93, and let Q) = lg2,...,q,]. If it turns out that
Qo > P%570% then the desired result follows from Theorem 3.2, since |S(A)|
satisfies the estimate

IS(A)| <P, p=(8r%(Inn+ L.5InInn +4.2)) ",

where )
c = C(l’l) = (}’l(}’l =+ ]) In ,0_1)3/ (2n)2(n+1) < (21’1)2n+11;

hence |S(A)| < (2n)# 11 P1=P  ag stated in the lemma.
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Now it remains to consider the case where Q > P93 but Qg < P%3-04"_ Here,
as in the proof of Lemma 3.11, by setting

Qo
SA)=Y > expl2mif(x),
=1 I<x<P
x=t (mod Qq)

we divide the interval of summation in the sum S(A) into progressions. Then S(A) =
S1(A) + R, where

Qo P

S1(A) =YY expf2mif(Qoy + 0}, Pi=[PQ;'1+1, IRl < Qo.

t=1 y=1

The number Qg is a multiple of all ¢», . .., g, but possibly not of ¢g;. Therefore,

FQoy+0 = a(Qoy+1° =3 (;’— + zs)(Qoy +0)

s=1 s=1

by = agtt z
:q—+z — 3 " 2(Qoy + 1) + H,
1 s

s=1 s=1

where b is the least in the absolute value residue of the number a Q¢ modulo ¢g; and
where H is an integer. Hence we have |bg, 1| < 0.5 as well as

Qo

t t"
S1(A) =D exp {2m'<’i ot 2 )}S(t),
=1 q1 qn
where
Py by n
Sy =) exp2migi (M}, @ () = ot > 2 (Qoy +1)*.
y=0 s=1

We estimate the derivative of the function ¢; (y) with respect to the variable y:

'df;iy ! = [bar! + 003 sza@oy + 7|
s=1

n
<0.54 po3-04v ZSPO-HPH <0.54+n2P 0% 0.6,

s=1

because Qo < PO3704 |70 < 771 = PO5=5, P > n0" which implies n? P04V <
n~8 < 0.1. Dividing the range of the variable y into intervals on which the derivative
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of the function ¢; (y) is monotone and of constant sign (the number of such intervals
is at most 2n — 2) and applying Lemma A.2, we obtain

Py
S() =f0 exp{(2mig;(y)}dy + Ry

1
= PQg‘fO exp{2mig(x)}dx + Ry = PQy' W (1) + R,

where |Ry| < 12(n — 1), |Ry| < 12n — 1,

th b &
(x)=— +P< +z1)x+ Pizex’.
§ Ooq1 Qoq1 Z '

s=2

Obviously, the variable W (¢) is determined by the last relation. The number b is
integer and if b # 0, then the absolute value of the coefficient of the first power of the
unknown in the polynomial g(x) can be estimated as follows:

(g +2)| = ot
2| = -—
Qoq1 Ouq1  qiT1

>0.5P7; PO — o 5p0 = p !

Therefore, applying Lemma 1.4 (see Chapter 1) to the integral W (¢), we obtain
This implies the estimate

Qo
IS(A)| < [S1(A)| +|R| < ZIS(t)I + [R|

t=1

Qo

0 0412

= Z(PQ()lIW(t)I + |R1l) + IR| < 102 p1-047
t=1

and this estimate is much sharper than the desired estimate.
Butif b = 0, then Qg = Q and Qg > P°3. In this case the coefficients of the
polynomial g(x) are independent of ¢ and we have the relations

W) =W, S(A)=PQ 'VW + Rs,
Qo

R3] < [RI+ Y |Ry| <1200 < 120 P2,
t=1

where V and W have the same values as in Lemma 3.11.
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Now, estimating the sum V by Theorem 2.2 (see Chapter 2), we obtain the fol-
lowing estimate for S(A):

|S(A)] < 2¢7 P10,

which is sharper than the desired estimate. So the proof of the lemma is complete. O

Proof of Theorem 3.7. According to the partition of the domain €2 into the classes €2
and €2, we can represent the integral I as the sum I = I1 4 I», where I is the integral
over the domain €2; and I is the integral over the domain €2;. So we have

I :f S¥(A) exp{—27i (@1 N1 + - - - + a, Ny)} dA,
Q)

L= f Sk(A) exp{—2mi(¢1 N1+ -- -+ o, Ny)} dA.
Q0

In what follows, we derive an asymptotic formula for the integral /1 and find an
upper bound for the modulus of the integral /5.

First, we consider the integral 1. Let kg, k1, and k> be natural numbers such that
ko = k1 + 2ky < k. Then we have

|12 <

f S*(A) exp{—2mi(a|Ni + -+ +ayN,)} dA
Q0

5/ 1SK(A)|dA < P¥%0 max |S(A)|k1/ 1S(A) %2 dA.
Q A€ Q

Now we set k; = n? and ko = n%([In p— '] + 1), where
p=(8n*(nn+1.5nnn +42))"".
Applying Lemma 3.11 to estimate maxg, |S(A) |1 and estimating
/ 1S(A)|**2 dA
Q
by Theorem 3.6, we obtain
I < P¥%0 max |s(A) " / 1S(A)|**2 dA
Ae Q
< Pksz (2n)2n3+11n2 Pnzfnzp 22n2r n2nA(8k2)2nr P2k27A = pe

where T = kon~!, A = 0.5n(n 4+ 1) — 0.522(1 —n~1)7, and ¢ and c; are obviously
determined by the last relation.
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Since (1 —n~1)" < ™!, we have
A=n"H"<p, A>05nm+1)—0.57%p.
In addition, since n > 3, we have
0.52%p > (302 +Inn)) ",
T =n[ln ,0_1] +n < nln(8n2(lnn 4+ 1.5Inlnn+4.2)) <n(lnn+Inlnn + 4),
ko = ki +2ky < n*(4lnn+2Inlnn +9).
Hence
) = (zn)2n3+l1n222n2tn2nA(8k2)2nt < 0_5n30n3’
¢ =k —ko+n*—n’p + 2k —0.5n(n + 1) + 0.5n%p
=k—05n(n+1)—050%p =k —05n(n+1) — (302 + lnn))_l.
Thus we obtain the following final estimate for |13 |:
| < 0.5,,307° pk—0.5n(1+1)~(30Q2+Inn) " (3.31)
Now we consider the integral /;. Since the domains w(a, g) do not intersect

pairwise, the integral can be represented as the sum of integrals

po.3

h=Y lug
a.q

0.3
where the sum ) 5 q is taken over all pairs of sets of integers (a, ¢ ) such that (as, g5) =

1 0<a; <gs)fors=1,...,n, Q0 < P93 and the integral I, ;4 is given by the
relation

Lug :/ SK(A) exp{—27i (a1 Ny + - - - + @y Ny)} dA.
w(a,q)

Recall that Q is the least common multiple of the numbers ¢y, ..., g, i.e., Q =
[g1, - .., gn]- The trigonometric sum S(A) in the last integral satisfies the assumptions
of Lemma 3.11. Hence we have the following asymptotic formula for S(A):

S(A) = PO™'VW + R,

where

0 ]
V:Zexp{Zni<%x+m+a"x )}

x=1 4n

1
W:/ exp{27i (z1 Px + - - + 2, P"x")}dx, |R| <9nQ < 9nP"3.
0
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Substituting this formula into the expression for I, ,, we obtain

Lug :/ S*(A) exp{—2mi(a|Ni + -+ +ayN,)} dA
w(a,q)
=/ (POT'VW + R)Xexp{—2mi (@1 Ny + - - - + anNy)} dA
w(a.q)

_ / (PO VW) exp{=2mi (@ Ny + - -+ + anNy)} d A
w(a,q)

k—1

‘ [k
+3 :f (PQ_IVW)*‘R"_“( )exp{—Zni((xlNl Fo A+ auNy)}dA
s—=0 Y @(a.q) §

k—1
=05+ er
s=0

(the integrals Iz and ry (s =0, ...,k — 1) are determined in an obvious way by the
last relation).

Now we estimate each of the integrals ry. For s < 2n2, using the trivial estimates
POl = 18n, [W| <1, and (I;) < 2% we obtain

k
iz [ feortvwrre ()| aa
w(a,q) §

< PS(9n)k—S P0.3k—0.3s . 2/{ < (lgn)kP0.7S+0.3k < PO'7S+O'4k.

For s > 2n2, it follows from the estimates

k
( > <k k= PO PO s oo,
N

lrg| < /
w(a,q)

S |Q—1 V|Y PS(9nPO.3)k—Skk—S / |W|X dA
w(a.q)

w(a,q)

that

(PO VW) RN (’s‘)'dA

Now we consider the integral

n =/ [WI°dA.
w(a,q)

We change the integration variables in this integral by setting

a a

qn
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We obtain

P0.3 P0A3
—po03 —po03

We divide the domain of integration over the variables u1, ..., u, into the parts
W, @1, ..., w, ... as follows. Suppose that uyg = max(|uy|,..., |u,|). For each
value of the subscriptt (t =1, ..., T), we define the domain w; by the condition

1 K
/ exp{2mi(uix + - - - +uyx™)}dx| duy ... du,.
0

2 g <20,
The points (u1, ..., u,) for which ug < 1 belong to the domain wg. We note that,

starting from the number 7' = [log, P*3] + 1, the domains w; are empty. Hence for
the integral 14 we have the estimate

T

where (41, ..., u,) is a point of the domain w;. By Lemma 1.4 (see Chapter 1), for
the integral

\

1 ‘
f exp{2mi(uix + - - +uyx)}dx| du,
0

1
W = / exp{2mwi(uix +--- + upx")}ydx,
0

we have the estimate
IWi| < min(1, 32ug /™).

Since for t = 1,...,T the volume of the domain w; is, obviously, equal to
20+Dn _2in \e use the above estimate for I4 and, taking into account the inequality
s > 2n2, obtain

S5n T
I < P—O.Sn(n+1)<1 +Z(2(H—l)n _2m) n Z (25—t/n)s2(t+l)n)
=0 t=5n+1

T
< P—O,Sn(n+1)<2(5n+l)n + Z 210n2+n—tn) < P—O.Sn(n+1) _25n2+n+1
t=5n+1
< 26n2P—O.5n(n+l)‘

Hence, for s > 2n?, the integral rg can be estimated as

2 .
|rs| < 26l’l P0.55+0.5k—0.5n(}’l+1) |Q—1 V|Y

So we have obtained the asymptotic formula

Ia,q == 13 + Rla
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where

k—1
|R1| < 2n2P1.4n2+0.4k + 26n2P0.5(k—n(n+1)) Z P0.5S|Q—1 V|S

s=2n?2
Hence for the integral /; we have the relation

po3 po3 po3

L= lag=)Y I+> Ri
a,q a.q a.q

We let the symbol Z/Z denote the summation over positive integers d that so

not exceed b and run through the above system of residue modulo b. If [g1, ..., gx]
denotes, as usual, the least common multiple of the numbers ¢, ..., g,, then the sum
0.3
P ” can be written as
4
po3 5];1
a9 Q<PO3 q1 an  a
[q1,--qn]1=Q
Further, we set
PO 3 PO 3
=2 =)
a.q

We estimate the variable R,. For a ﬁxed 0, we have

q1 qn
Yoy =Y v Y gy = 0" (332)

q1 4n ap an Q0 qnlQ
[q1,.-.qn]=0
Hence
po3 po3
Zl < Z o" < l—I—/ " dx < pO3ntDh,
QSPOS 1

Therefore, |Ry| < A+ B, where

A = 22 pLAPH04KH03(t ) p  96n® pO.S(k—n(n+1)

q"l
2= 2 Z > ZZ ZPOS‘IQ VI
Q<P03S =212 q1 4dn ai
[q1,...qn]=0

We divide the interval of summation over Q in the sum ), into two the parts:
Q < exp{7n®} and Q > exp{7n?}. If it turns out that P*3 < exp{7n?}, then we



126 3 Weyl sums

assume that the second part is empty. We obtain ), = ) ,+ ) 3, where ) , is the
part of the sum ), corresponding to the first interval of summation and ) 5 is the
part of the sum ), corresponding to the second interval.

Using the trivial estimate |Q ™! V| < 1 and inequality (3.32), we estimate the sum

k—1
0.5s n 2 0.5k—0.5
ZZ < Z pPUs Z Q" <exp{Tn“(n + DH}P .

s=2n2 Q<exp{7n?}

In the sum ), we estimate | o~ 'v| by using Theorem 2.2 (see Chapter 2). We obtain

k—1
D=2 MY Qexp(TnjQ MY

s=2n2 Q>exp{7n?}
k—1
< > PO¥05exp{Tn*(n + 1)} < exp{Tn’(n + 1)} POH03
s=2n?

From the above estimates for the sums ) , and ) 5, we obtain the following
estimate for the sum ) _;:

Zl = Zz + 23 < 2exp{7n’(n + 1)} PO*03,

Next, since k > 9n2, we have

A= 2n2P1.4n2+0.4k+0.3n+0.3 < Pk—0-5n(n+l)—0,5
|R2| <A+ B Zl < CXp{8n3}Pk_O'S”(”‘H)—Oﬁ‘

Now we consider the variable /5. By definition, we have
— _ -1 k .
Is=) I BI= / (PO 'VW)kexp{—2mi(ai Ny + - + &, Ny)} dA.
w(a,q)

We extend the integration over A in the integral /3 to the entire space R” by setting

Ie= | (PO 'VW)kexp{—2mi(i Ny + -+ ayNy)} dA.
Rn

Let Rz = Is — 25 (;3 Is. We estimate the variable R3. Let I7 be the difference
between the integrals I and /3. Then

I =1g— 13 = / (PQilVW)k exp{—2mi(o1 N1+ -+ a,Ny)}dA,
wi(a,q)
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where
wi(a,q) = R" \ w(a, q).
We estimate the integral /7 as follows:
|| 5/ |PQ‘1VW|de=|PQ_1V|k/ IWIKdA.
wi(a,q) ®

1(a,q)

We shall estimate the integral | o1@.q) |W|¥ d A just in the same way as we estimated
the integral /4. First, we change the integration variables by setting

uy=z1P = (al - ﬂ)P, ces Uy =7 P = (an - a—")P".
q1 qn

We obtain

/ [W|kdA
wi(a,q)

1 k
= P_O'S”("+1)/- . /‘/ exp2mi(uix + - +upx™}dx| duy...duy,,
0
ug> P03
where ug = max(|uy|, ..., |u,|). We divide the domain of integration over the vari-
ables uy, ..., u, into the parts w; (¢t = T,T + 1,...) determined by the condition

2171 < yp < 2!, where T = [log, P%3] 4 1. Using the estimate in Lemma 1.4 (see
Chapter 1) for the integral

1
W = ‘ f exp2mi(uix + - +uyx™}dx| < 32u61/",
0

we obtain (here u = (uy, ..., u,))
+o00
[RRLORTED oy IR
ug> P03 =1 o1
+o0o
< Z (25—t/n)k2(l+l)n < P—k/n25k+k/n+l < P_l.
1=T—1

It follows from this estimate that

P0‘3 P0'3 P0'3
el = |15 = 3" 16| = ‘Zh <Y in
a.q a.q a.q

P0'3 P0A3

a.q w1(a,q)

a.q
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. . 0.3
Repeating the argument used to estimate the sum ) 5 q |Q~'V|* word for word,

0.3
we obtain the following estimate for the sum 25 q |Q~ LV |k

po3
D107V < exp(TnP(n + D).

a.q

Hence
PO‘B
R3] = ‘15 - 16‘ < exp{7n2(n 4 1)} PkOSn@+D=1
a.q

0.3
Now we extend the summation in the sum 25 ¢ I6 to all natural numbers Q. We
let the symbol ) aql6 denote the series obtained after this change of the summation
interval. We estimate the difference R4 between these variables, i.e.,

P0.3

Ry=Y Is— Y I
a.q a.q

For this, we use the estimate in Lemma 1.4 (see Chapter 1) and relation (3.32) just as
in estimating the variable R,. We obtain

107V <107 'VIP < exp{l4n’}Q ",

q1 qn
Rl 3 335 Yl
Q>P0’3 q1 qn ai An
lg1,-.. qnl=0
q1 , 4dn ,
SP"/ WiEdA Y Y- exp{lan’} Y Y
ke 0>PY3 qi qn aj ap
[g1,....qn1=0
st/ W dA -exp{l4n®) Y Q7"
" Q>P0‘3

<(n-— 1)exp{14n3}Pk_0'6/ (WIkdA.
Rn

The variable || o [W ¥ d A is estimated similarly to the integral I4, only the summa-
tion over the parameter 7 is extended to the summation from zero to infinity. Therefore,
we have

/ (WkdA < 260° p=0Sn(ntD) (3.33)
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We also note that the sum ), q |Q~ V¥ is estimated according to the same
0.3

scheme as the sum 25 q |0~V ¥ and we have the same estimate for this sum:

107V < exp(Tn®(n + D).

a’q
Substituting estimate (3.33) into the last inequality, we obtain

|R4| < exp{15n3} PK05n(1+1)=06,

At the same time, we have proved that the series ), ¢ Ie converges absolutely
and, moreover,

> Is < P* / (WEdA Y 107! VI < exp{8n?) P70t D, (3.34)
Rn
a,q

a.q

It follows from the above estimates for R, R3, and R4 that

|1 =" 15| = IR2 + Ry + Ra| = exp{15n%) PR 050405,
a’q

Along with the above estimate for the integral I, this implies

Rs=|1=Yts|= |0 =Y to+b| = |0 =Y 1| + 10l
aq aq aq

< exp{15"3}Pk—0.5n(n+1)—0.5 + 0‘5n30n3Pk—O.Sn(n+1)—(30(2+lnn))_l
< n30n3 Pk—o.Sn(n+1)—(30(2+1nn))*l.

So for the variable I, we have obtained an asymptotic formula with the desired
remainder term. Now, to complete the proof of Theorem 3.7, it suffices to show that
its leading term can also be written in the form given in the statement of the theorem.

But, first, we use this formula to estimate the integral / and thus to obtain the second
assertion in the theorem.

From the estimate for the variable Rs and inequality (3.34) we obtain

I <Rs+ ‘ 216‘ < n3on3 Pk—O.Sn(n+l)—(30(2+lnn))_l
aq

+ exp{8n3) PA0Sn(+D) < 5300 pk=0.5n(n+1)

Now we show that

a’q
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Indeed, let ¢ = g ... q,. Then we have

+00 —+00 —+00
Yy =Yy
0=1 q Gn q=1  qn=

[q1-qn]=0

Hence

YIUTD 3D I 35 SET B I RILY:

0o=1 q1 qn  ai R
[g1,..es qnl=0
x exp{—2mwi(ai N1 + -+ + @, Np)}d
+o0 41

3303 z/wgww

q=1  gq=1 a1
x exp{—2mwi(¢; N1 + -+ -+ o, Ny)} dA.

We consider the integral /g under the summation sign in the right-hand side of the
last relation. We have

L= | (PO 'VW)lexp{—2mi(ai Ny + -+ + ayNy)} dA
Rn
1k .(a1Ni an Ny
=(PQ 'V)'expy —2mi +--
q1 qn

+00 +00
X / wk exp{—2mi(ziN1 + -+ z,Ny)}dz1 .. .dzy,

—00 —00

because o1 = ai1/q1+ 21, - .., % = an/qn + 2n. We change the integration variables
by setting 81 = Pz, ..., By = P"z, and obtain

+00 +00
/ Wk exp{—2mi(zi1N1 + -+ zuNp)}dz1 ... dzy

+00 +00 k
/ / (/ exp(2mi(zi Px + -+ -+ Znann)}dx)

x exp{—27i(ziN1 + -+ z,Ny)}dz1 ...dzp

+00 +00 1 k
— p—05n(n+D) / . / (/ exp{2i(B1x + - - - + Bux"))} dx)

xexp{ —2m'<'311f]1 + -+ ﬂnp n)}dm .dBn = .

Hence

N N,
I3 =VPk_O’sn("+1)(Q_1V)kexp{ —271i<a1 L An ”)}
q1 qn
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Now we note that

n

0
1y _ o {2 ,(alx  anx )}
0 0 E exp | 2wi _Q1 + +

x=1 Gn

il ax a,x"
=q_1Zexp{2ni<—+~--+ - )}

=1 q1 qn

Therefore,

400 41 4qn

le— Z >3 Z Z y pk=0.5n(+D)

q=1  g=1 ai

—1ink .(a1Ni an Ny
X (Q7 V) expi2mi +---+
q1

qn

+o0 41

_ )/Pk 0.5n(n+1) Z Z Z Z

q1=1 qn=1 ai

n k
X (q_IZexp{ —2ni<ﬂ+'~+anx )})
x=1 an n

N N,
% exp{ . an_(al 1 Tt [ n)} _ O_yPk—O.Sn(n—i-l)’

1 qn

as required. The proof of the theorem is complete. O

The argument used in the proof of Theorem 3.7 allows us to obtain a somewhat
more general result. Moreover, the proof of this result differs from that of Theorem 3.7
only in the notation. In what follows, we state this result as Theorem 3.8 and assume
that it has already been proved together with Theorem 3.7.

Theorem 3.8. Let k > n?(4Inn +2Inlnn +9), and let k < P%'. Then for the
number I’ of solutions of the Diophantine equations

1 k
Zx,il Zx = s=1,...,n,

m=1 m=I[+

wheren > 3,1 <k,1 <x, <P (m=1,...,k), the following asymptotic formula

holds:
I = o'y pk=0Sn@+D) | ' p30n* pk=0.5n(n+1)~(30(2+Inn))~"!

as well as the estimate
[ < p30n® pk=0.5n(n+1)
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Here|0'| < 1ando’ andy’ are the singular series and the singular integral determined
by the relations

+00 +oo 41 , qn , ki
o' = Z Z Z Z g VIV T expl2mi A},
q1=1 =1 ai Gn

+o0 +00 —k—]
y/z/ W!W" ™ exp{27i B} dBi . . .dBs.

—0oQ —0oQ0
The variables q, V, A, W have the same meaning as in Theorem 3.7.

As a corollary of Theorem 3.8, we obtain a simplified estimate in Vinogradov’s
mean value theorem for trigonometric sums.

Theorem 3.9. Let the variable J be the mean value of the sum S(A), namely, let

1 1
J:J(P;k,n):/ / IS(A)**dA,
0 0

where k is a natural number, k > 0.5n%(41nn +21Inlnn +9), and the other notation
has the same meaning as previously. The following estimate holds:

3

Proof. The statement of the theorem follows from the estimate of I’ in Theorem 3.8.
O

We point out the following fact. The problem of estimating J can be considered
as the limit case of the problem of estimating the number K of solutions of a system
of congruences of the form

Xyt X = Xy o X2k

X S e

1 <xp,...,xp <P.

Indeed, if Q > k(P" — 1), then K = J. So the problem of estimating J is a
problem in comparison theory for an incomplete (“short”) system of residues. The
method considered above reduced this problem to the problem of estimating 7, i.e.,
to a problem in comparison theory for a complete system of residues. Hence, the
use of the p-adic proof of the mean value theorem allows one to reduce estimating
incomplete trigonometric sums and even the Weyl sums (that can be treated as incom-
plete trigonometric sums) to estimating complete trigonometric sums. This general
consideration underlies the construction of the theory of multiple trigonometric sums.
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3.5 Linnik’s p-adic method for proving Vinogradov’s
mean value theorem

As already noted, the p-adic method for proving Vinogradov’s mean value theorem (in
a weaker form) was first proposed by Yu. V. Linnik. Here we state Linnik’s theorem
and outline the ideas underlying the proof.

Theorem 3.10. Suppose that n > 3, v = 1/n,o =1—v,t = [100nInn], and
Q1 =P’ 0, =P7,...,0; = P’ where j =1,2,...,t. Suppose that
9j1:4j2: -+ 40 are all primes between 0.5Q j and Q j such that Q/j >cQ;/InQ;.
Suppose also that the variables x1, . . ., x, takes values of the form qj,, 2, - - -, qij,-
Then the number V of solutions of the system of equations

X1+ x4+ xy = My,

X +xy 4 x) =M,
where v = 32tn, satisfies the inequality

V < Pv70.5n(n+l)+n_50

Outline of the proof (here we follow Linnik’s paper [114]). 1. We consider a 16-dimen-
sional cube consisting of points of the form (x1, ..., x16,), Where x; are the variables
used in the theorem. Itis easy toseethat0 < x; < P. Letqyy, ..., q 0] be the primes
in the statement of the theorem. A point M = (x1, ..., X16,) is called a singular point
of the first order if there exists precisely one number g;; such that, among any 2n
numbers xi, ..., X1, there exist two numbers congruent to each other modulo g ;.
The number g1 ; will be called the modulus belonging to the point M.

A point M = (x1, ..., X16,) is called a singular point of the second order if there
exist precisely two moduli g1 and g1 (j # k), and so on. All singular points whose
order is larger than m = [n /4] are said to be essentially singular, while the points of
zero order are said to be regular. The set of all singular points of order j corresponding
to given moduli g11, . . ., g1; will be denoted by the letter G(q11, - .., q1;).

2. The number V can be represented by the integral

1 1 , ,
V=/ / (Z-"ZCXP{27Ti(Ol1(X1+-~-+xv)+‘-'
0 o N o

o]+t xi) fexp { = 2mi@i My + -+ 0y My)) ) dar . da,

1 L,
<[ [ X exoterireon

32nt
’ doy...day,,
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where the prime on the sum means that x takes values of the form
Gijis -G, f) =a1x 4+ +apx”.

By S4,; we denote a sum of the form
> expl2mif ()
X

under the assumption that the first factor in the representation of x is equal to g7 ;. Let
Y~ denote the summation over regular points. Then we have

32n(t—1)

1 1 2 , .
/0 /0 )Z) |; exp{me(x)}‘ day...day,

0\ 1

< Q?Zn(t—l)—lp?ﬂnQ1—0-5”("+1)Z/ / |Sq1j|32"(’_1)da1...dozn.
— Jo 0
j=1

This estimate can be proved using Holder’s inequality and the following Lemma «.

Lemma o. Suppose that q is a prime (n! < g < P"),0 <y; <P (j=1,...,n),
yi # yj (modgq) (i # j). Then the number W of solutions of the system of
congruences

yit+y2+--+y. =M (mod g),

ylz—l—yzz—l—u-—}—y,%EMg (modqz),

Y+y+-+y, =M, (modg"),
where My, My, ..., M, are fixed numbers, satisfies the estimate

3. The number of points in the set G(q11, ..., q1;) can be estimated using the
following Lemma S.

Lemma B (V. A. Tartakovskii). If V(q11, ..., q1;) is the number of points in the set
G(q11,--->q15) (J < m),then

V(qit, - q1)) < P'qu ... qp)7
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4. By o; we denote a trigonometric sum of the form

Z Z exp {27i (f(x) + -+ f(x16n)) }»

X16n
where the sum is taken over all singular points of order j and ) (¢11, .. ., g1;) denotes
a similar sum, but already over the set G(q11, ..., q1;). Then we have

)

. 2
o)1 < Q{(‘ > (an, .-.,6111')‘ +-+ ‘ Z(CI]Q’I—]'-H’ 2 q10))
The Holder inequality implies
/ 32n(t—1)
‘ Z exp{Znif(X)}‘ < |Sq |32n(t_1) toot |Sq1_i |32n(t_1)
X
32 1)—1 _
+ Q n(t—1)— (| qu+l|32n(l 1) 4t |Sq]Q/1|32n([ 1))

For k > j, we use Lemmas « and S to obtain

ol 1 2
Q{,/o /o ‘Z(CIU,--‘,CIU)‘ |Sq "D des .. daty

1 1
i _0. —14nj _
« Q)1 p16nT0SnGED pion -1 nJ/ / 1S PV day .. da,
0 0
| - 1 1 ~
< Epﬂn Ql O‘Sn(nJrl)‘/0 . /(; |Sqlk|32ﬂ(f 1) daj ...da,.
1

For k < j, estimating the number of terms in ) "(q11, ..., ¢1;) by Lemma 8, we
find

. 1 1 2
Q{/ / ‘Z(Q11,---,Q1]‘)| D R LT
0 0
<0 Q32n(t D=1 p32n ) —05n(n+1)/ / 1S, 27D day .. daty
5. Let o be a trigonometric sum,

o = Z” Z exp{2mi(f(x1) + -+ f(x162))},

X16n

where the sum is taken over essentially singular points. The number of terms in this

sum does not exceed
P16n Q1—14n[n/4] Q[n/4]([n/4]*l).
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Hence we have

1 1
/ .. / |0,|2|S|32n(t—1) dOll . .dO[n << Q?Zn([—l)—IP:SQn
0 0

o 1
-28 41+2[n/4 4]-1 -
« 2/ 2An /404 >Z/0 /O 1S3, 122D dary ... daty.
j=1

6. Since we have
712
ISP < ot foa o Lo+ o P+ | Y[

collecting the above estimates, we find

0 . 1
o) o _
V< Q12n(t 1 1P32nQ105n(n+1)Z/0 /0 |5q1j|32"<f Dday ...day.
=1

7. Applying the same argument to the sum S ;, we pass to an inequality containing
apower of |Sg,; 45 | in the right-hand side and, continuing this procedure, arrive at the
statement of the theorem.

A similar estimate can be obtained from this theorem for J = J(P; n, k). To this
end, in the trigonometric sum in the integrand of J, we must perform a shift of the
summation variable of the form x — x + x’, where x’ takes values of the variables in
the theorem. Applying Holder’s inequality, we can estimate a variable similar to V;
then proceeding by iterations, we obtain the estimate

J = J(Pin, k) < P05,
where k > 16¢tn and t = [100n log n].
3.6 Estimate for Vinogradov’s integral for k small
relative to n?

We now prove a generalization of Theorem 3.6 from which, as consequences, we
obtain estimates of J(P; n, k) for k small (large) relative to n2.

Theorem 3.11. Let t,r1,...,7r¢,m, k be natural numbers, where T > 1 and
1=r1 <rp <---<r; <n. Further, set

e R e [ P

-0 (-0) (1) (=),
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T

we =Y (r} + AG)).

j=1
Then the following estimate holds for k > nt and P > 1:
J=J(P;n, k) < n2A@re gxr (Sk)an pR—A@)

Proof. Without loss of generality, we can assume that k = nt and n > 2. We proceed
by induction on the parameter t. The assertion of the theorem holds for T = 1, since,
in this case, we have k = n,r1 = 1, %1 = n + 1, and A(1) = n, and the estimate has
the form
J << 8n+1n4n sz—n
which is somewhat weaker than the following easily obtained estimate:
J < ntp¥*n,

Now we assume that the theorem holds for t = m > 1 and prove that it
holds for t = m + 1. We apply the estimate in Lemma 3.10 with r = r, 4] to
the number J(P; n,n(m + 1)). We assume that r,,41 > 2, since otherwise we have
rp=ry=--+-=rps+1 > land A(m + 1) = n, and our assertion becomes trivial. We
obtain the inequality

J(P;n,n(m + 1)) < 4> R* =20 met Cnt=D/2pn p(prop ko —n)  (3.35)
+ @n)2krmti pk k= p(m + 1).
We apply the estimate in the theorem with t = m to J(Py; n, k — n):

J(Pyin, k —n) < n800m % @pp)2nm pRe=2n=awm,

It remains to substitute this estimate into (3.35) and to show that the resulting estimate
is no weaker than the estimate in the theorem for T = m 4 1. We note that we can
assume that P > (4k)2, since otherwise the estimate in the theorem is weaker than
the trivial estimate PZ*. In fact, we always have A(m + 1) < n(m + 1), and hence
for P < (4k)* we have

P2k < 2+ 2rm g1 A1) p2k—A(mt1)
In this case
pP~1 < 2p~1HUGni) < 2p=1/2 _ (op)~1,
and so
P]Zk—Zn—A(m) — (Pp~! 4 1)H—2n=Am)
< p=2n=Am) =2+ A0m) (1 4 1 /(2k))2

< 3P2k—2n—A(m)p—2k+2n+A(m)'
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Consequently, the first term on the right-hand side in (3.35) does not exceed
12k2nn2A(m)rm 2}{m (Snm)anpA(m)+rm+1 (rn,+1 —1)/2 PZk—Z}’l—A(m)
< 12k2n2}fm+A(m)+rm+1 (rm+1 —1)/2n2A(m)rm (Snm)an

. Pk= (A +n+1/2= (41 /24 8(m) /1))
< %nZA(m+l)rm+12}fm+l (gk)2n(m+1)p2k—A(m+l)’

since it follows from the definition of A(7) and x; that

Am+1)=A(m)+n+ 1 (rm+1 " A(m)>’

2 2 m+1
r T —1
K1 > X + A(m) + %

Now we show that the second term in (3.35) does not also exceed

%nZA(m—i-l)rmHz}me (8k)210m+1) p2k=A(n+1),

Since we always have A(m + 1) < k, we can assume that P > (2n)m+1 because
otherwise the first factor in the estimate in the theorem exceeds the lower bound in P,
and the assertion becomes trivial. Thus we have

k—A(m+1)

P > 2n)¥m+t, ((2n) "2+ p) > 1,

(2n)2krm+1 Pk ((2n)72rm+1 P)k_A(’n+1) > (2n)2krm+1 Pk,

i.e.

(2n)2Krm1 pk < 280Dy p2k=AGnt1).

%(zn)ZA(m—H)rmH Pk < %nZA(m"‘l)”rnHz}me (Sk)Zn(m—H)PZk—A(m-H)‘

We have thereby obtained the desired estimate for J(P; n, nt) with t = m + 1. The
proof of the theorem is complete. O

Now let us estimate J (P; n, k) for k relatively small with respect to n?.

Theorem 3.12. Let r1 = 1, and let ryp+1 = [v2mn] for all m in the interval 1 <

m < n/2. Then
A(m) > mn(1 —+/8m/(On)).

Proof. We note that

1
A =n,  Am) < mn= (s +6)°.
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Since

! A
A(m+1)=A(m)+n+——<rm+1 T (m)>,
2 2 Fm+1

it follows that
Am+1) — A(m) > n —~/2mn,

because
Fmrl  AM) gt Gt 0% g1 P 62 s, 1
< = 9 2 -~.
> T S 2 T A T
Therefore,
m—1 m—1
Z (AGs+1) = A@s)) = A(m) — A1) = A(m) —n > n(m — 1) — Z V2sn
s=1 s=1
m 2
>n(m —1) —/ V2snds =n(m —1) —/2n gmﬂ
0
We hence finally obtain
A(m) > mn(1 —/8m/(%n)),
as required. O

Corollary 3.1. For every e, 0 < & < 1/2, and k = mn, k < &2n?, the following
estimate holds:

Proof.  Obviously, it suffices to show that A(m) in the relation J <« pk=Am)
satisfies the inequality

A(m) > k(1 —e) =mn(l — ¢).
It follows from Theorem 3.12 that

A(m) > mn(l —/8m/(9n)).

, we have

m/n < €2, V8m/(On) < ¢e./8/9 < e.

But since k = mn < &2n?

Hence
A(m) = mn(l —/8m/(9n)) > mn(l —¢e) = k(1 — ¢),

as required. O

Before estimating J (P; n, k) for large values of k, we prove an auxiliary assertion.
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Lemma 3.13. The quantities r,,, m = 1, ..., 1, in Theorem 3.11 can be chosen so
that

Am+1)— A(m) >n—+/2A(m).
Proof. Wesetr; = 1andryr1 =+/2A(m)—60,0 <6 < 1. Then
1 2
A(m) = E(rm—i-l +0)°,
1 <rm—|-1 n (Vm+1+9)2)

A(m+1)—A(m)=n—|—§—

2 2Vm+1
92
=n+ - —+2A(m) — >n—+/2A(m).
2 "m+1
The proof of the lemma is complete. O

We consider the function ¢(y), 0 < y < 1, defined as
1

) /y tdt 41
= —_— = n
o= | T =y 0

This function increases from zero to infinity with the argument increasing from zero
to one. It is monotone along with its derivatives. We define a function z(x) by the
equation ng(y/2z/n?) = x.

Theorem 3.13. If the quantities ry, are chosen as in Lemma 3.13, then
A(m) = z(m).
Proof. We consider the function m (A) that is defined on the range of values of A(m)
and is inverse to the latter function, i.e., m(A(m)) = m.
To prove the theorem, it suffices to show that x(A) > m(A), where x(z) is the
inverse of z(x). The function m(A(m)) increases by 1 with m increasing by 1. Since

the theorem follows immediately from the definition for m = 0, to prove the theorem
completely, we need to show that

R =x(A(m+1)) —x(A@m)) = 1.
Applying Lagrange’s theorem on finite increments, we obtain
R=(Am+1)— (Am)x'(@Am+ 1)+ (1 —a)A(m)), 0<a <l
Since x’(z) is monotonically increasing, it follows from Lemma 3.13 that
R > (A(m+1) — A(m))x'(A(m))

V2A(m)/n? 2 1 _
> n(n — \/2A(m)) . —ZA(m)/nZ 22 D) =1,

as required. The proof of the theorem is complete. O
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Theorem 3.13 enables us immediately to choose t for the required lower bound
in Vinogradov’s theorem, and hence in many cases this theorem is convenient for
applications.

Suppose that we would like to obtain the lower bound for A(t) > an?. Theo-
rem 3.13 shows that to do this it suffices to take 7 to be the least integer such that
7 > ne(y/a). For example, if @ = 1/4,thent = [n(In2 — 1/2)] + 1, and if &« = &2,
then T = [n(—In(l — &) — )] + 1.

In conclusion, we note that, in general, the fundamental theorem can be used to
obtain results which are somewhat sharper than Theorems 3.12 and 3.13. However, in
that case both the statements and the computations involved in the proofs become more
complicated. For small values of n, one can successively choose r;, in the optimal
way.

In particular, in principle, this allows one to estimate trigonometric sums by Vino-
gradov’s method more precisely than by Weyl’s method as soon as n > 11.

Corollary 3.2. Ifin Theorem 3.11 we setrp = r3 = - -+ = r; = n, then we obtain the
estimate

J(P, n, k) < nZA(T)I’l % (Sk)Zn‘L’ PZk—A’

where
A D nt TN
2 2 n
1 2n—1 1\* 3 1)?
%=n21:+n(n+ )T_n(n )1— 1 —— <M,
2 2 n 2

i.e., we obtain the statement of Theorem 3.6.

Concluding remarks on Chapter 3. 1. The contents of this chapter was discussed
in detail in the Introduction. We only note that the new p-adic method appeared
after A. A. Karatsuba (see [72], [74], [75], [73], [76]) studied rational trigonometric
sums with denominator equal to the power of a prime. The sums considered by
A. G. Postnikov [138], where he considered the boundary of zeros of the Dirichlet
L-functions with character whose modulus is equal to the power of a prime, turned
out to be especially interesting. The class of such sums and of their generalizations
was studied in [76], where they were called the L-sums.

2. In number theory, problems modulo the power of a fixed prime were studied
by S. M. Rozin [140], Yu. V. Kashirskii [105], M. B. Barban, Yu. V. Linnik, and
N. G. Chudakov [37], V. N. Chubarikov [46], and M. M. Petechuk [132].

3. An analog of Waring’s problem for congruences described in Section 3.3 led
to a local analog of the Hardy-Littlewood hypothesis stating that G(n) = O (n) (see
[99], [101], [102]).
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Suppose that m is a natural number, m > m; > 0, E,, is a complete system of
residues modulo m, A C E,,, ||A| is the number of elements in A, and ||A| > 2. A
set A is called a basis of E,, of order k = k(A) if each £ € E,, can be represented as

Xt+---+xx=¢ (mod m), xi,...,xx €A,
and there exists an £; € E,, such that
Xy + -+ xp #4£1 (mod m)

for any xq, ..., xx—1 € A. A set A is said to be regular (c-regular) modulo m if it is
a basis of E,, of order k = k(A) and there exists an absolute constant such that

k < clogm/log| AJl.

The function k = k(A) is precisely a local analog of the Hardy-Littlewood func-
tion G(n). If A is a regular set, then this analog has a right upper bound (the function
G (n) itself does not have such an upper bound), since the inequality

k =k(A) > logm/log|All

holds trivially.

The following assertion can be regarded as a local analog of Waring’s problem and
the Hardy-Littlewood hypothesis on G (n): for any ¢ > 0 and any natural number 7,
there exists an m; = m(¢g; n) > 0 such that the number set A = {x", 1 < x < m?}
is regular modulo m for any m > m;.

The hypothetical estimate G (n) = O (n) readily implies a local analog of Waring’s
problem for any modulus m. In [99] a local analog of Waring’s problem was proved
for moduli equal to the powers of fixed prime numbers. In [101] regular sets with
special moduli related to ind x were considered.

4. A problem similar to the problem of the existence of regular sets, but in a more
general form, is known in the literature as Rohrbach’s problem for finite groups (see
M. B. Natanson’s paper [125]).

5. If an arbitrary set A is considered, then (as Yu. Belyi noted in his letter to
A. A. Karatsuba) for any ¢ > 0 and § > 0, for each m > m; = m(g,§) =
(e~ +2)(+8)/5(e=1 1 1), there exists a set A C E,,, ||A|l < m?, such that

logm
k=k(A) < (1+9) .
log [|A]
The set mentioned by Yu. Belyi consists of the so-called k-regular numbers x,
x=1,2,...,m, k = [¢~!] (a number x is said to be k-regular if the congruences
e1 = --- = ¢ (mod k) hold for this number written in the binary number system,

x =261 4 ... 420,
6. At the end of Section 3.4, we noted that the p-adic proof of the mean value
theorem and its further use in estimating the Weyl sums, in fact, reduces estimating
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the incomplete (short) trigonometric sums to estimating complete trigonometric sums.
This was realized by A. A. Karatsuba in [77], [ 78], [79], [80], [82], where he estimated
the number of solutions to systems of congruences and to incomplete systems of
equations.

7. Theresults obtained by the p-adic method, in particular, the asymptotic formulas
for the number of solutions to Diophantine equations of Waring type in numbers having
small prime divisors, were delivered by A. A. Karatsuba at the International Congress
of Mathematicians in Vancouver [87] (see also [88]).

8. Vinogradov’s mean value theorem found numerous applications in various
problems in analytic number theory. We mention only the monographs by K. Chan-
drasekharan [44], by S. M. Voronin and A. A. Karatsuba [166], and by A. A. Karat-
suba [98], where some applications of this theorem in the theory of the Riemann zeta
function are given, as well as some generalizations of this theorem to algebraic number
fields obtained by Y. Eda [61] and 1. M. Kozlov [109].

9. Theorems 3.7 and 3.8 were proved by G. I. Arkhipov in [8].

10. Theorem 3.9 was proved by G. 1. Arkhipov in [6]; this is a refined version of
the theorem proved by A. A. Karatsuba in [86].

11. The statements presented in Section 3.6 were proved by G. 1. Arkhipov and
A. A. Karatsuba in [17], [18].

12. Some estimates obtained by O. V. Tyrina in [146] make the statements of
theorems in Section 3.6 more precise.



Chapter 4

Mean value theorems for multiple
trigonometric sums

In this chapter, we use the p-adic method to prove two fundamental theorems in the
theory of multiple trigonometric sums. In Theorem 4.1, the variables of summation
are equivalent. This restriction simplifies both the statement of the theorem and its
proof and allows us to concentrate our attention on the key points of the method.

4.1 The mean value theorem for the multiple trigonometric
sum with equivalent variables of summation

Precisely as in the particular (one-dimensional) case r = 1, the mean value of the 2kth
power of the modulus of an r-multiple (» > 1) trigonometric sum gives the number of
solutions of a system of Diophantine equations. The system is written as follows: it is
symmetric, i.e., its left- and right-hand sides differ only in the names of the variables;
the system consists of m = (n1 + 1) ... (n, 4+ 1) equations; the left-hand side of each
equation contains k terms of the form x*y" ...z", where u, v, ..., w are nonnegative
integers, and the number of them does not exceed n (so the number of all possible sets
u,v,...,wisequaltom = (n; + 1)...(n, + 1)). All terms in one equation have a
fixed set of exponents u, v, ..., w. To avoid introducing extra letters, we reindex the
variables as follows: we shall write x| instead of x, x; instead of y, .. ., and x, instead
of z. To distinguish the terms in equations, we introduce the second subscript on the
variables. This subscript is just the number of the term in the equation. Moreover, we
number the terms in the left-hand side by even second subscripts and the terms in the

right-hand side by odd subscripts. We also denote the exponents u, v, ..., w by the
letters 1, 12, . . ., t-. So our system of equations can be written as
Z( Dxfl . xp =0, 0<n<n,..,0<t <n,. (4.1)

Now we assume that each unknown x;; takes all integer values from 1 to P. If we
denote the number of solutions of this system of equations by J, then we see that J
depends on P, ny,...,n,, k,r, where P is the main parameter. In all our estimates,
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we assume that P — 400, while ny, ..., n,, k, r are constant. However, our goal

is to obtain estimates that are also uniform in ny, ..., n,, k, r. This means that these

parameters can increase together with P, but, as we shall see later, not too fast.
Precisely as in the one-dimensional case, it is easy to see that

P P 2%
J:HPﬁkm%:/~/wquz}mMMFmpnwm de,
Q

xr=1 xr=1
where n = (ny,...,n;),
ny ny
t !
F(xl,...,xr)zz--- alty, ... t)x) o.x7.
t11=0 t,=0

Here 2 is an m-dimensional im = (ny + 1) ... (n, + 1)) cube of the form
O<a(ty,....,tr) <1, 0<t;<ny,...,0=t <n,.

Our goal is to obtain an estimate of the integral J(P; n, k, r) so that this estimate
be sharp in the main parameter P for the correct order of the parameter k, (about the
exact estimate, see below).

To realize this goal, we use the same p-adic method as in Section 3.4, Chapter 3.
We note that at present we cannot obtain the desired result for the integral J (P; 7, k, )
in any other way.

First, we outline the scheme for proving the mean value theorem for multiple
sums. A preliminary analysis shows that, using the p-adic method, we can reduce
estimating the variable J to estimating the number of solutions of some systems of
congruences and to estimating Ji, where J; is a variables of the same nature as J, but
with a fewer number of parameters. In this case, we can vary the parameters of the
system of congruences.

However, this is not sufficient for obtaining the desired estimate of J, because
the number of solutions of the system of congruences will be too large. However, it
should be noted that if not all the values of the set of variables are admitted in the
integral J, then we obtain several conditions on the unknown variables in the system
of congruences, and we hope that these conditions decrease the number of its solutions
till some admissible value. Moreover, it is also necessary to estimate the integral J
over the remaining set of values of the sets of variables. In the one-dimensional case,
the required condition can be imposed rather simply (see the partition of solutions of
the system of equations into sets of the first and second kind in Section 3.4).

The main difficulty consists precisely in finding such a condition in the multidi-
mensional case. Here the role of this condition is played by the condition that the set
of variables in the integral J is regular, which we introduce later.

The further argument significantly repeats the proof of the one-dimensional the-
orem, although, of course, the corresponding calculations are more cumbersome and
sometimes require other technical solutions.
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4.1.1 Definitions

For convenience, we introduce several new abbreviations. We arrange the terms de-
termining F(xy, ..., X,), i.e., the monomials

t -
alty, ..., )Xy .ox),

in ascending order of the numbers t; + (n;+ 1)to+- - -+ (1 +1) ... (n,—1+1)t.. By A
we denote the vector whose coordinates are «(t1, . . ., ¢, ) in the same order as they enter
F(x1,...,x). By S(A) we denote the multiple trigonometric sum in the integrand of
J(P;n, k,r). We arrange the integers A(t1, ..., t) for0 <t <ny,...,0<t <n,
inthe sameorderasa (¢, ..., t;). By A wedenote the vector composed of A(¢1, . . ., t,)
arranged in this order.

We consider the system of equations similar to Eqs. (4.1), but with arbitrary not
necessarily zero right-hand sides:

2%
Z(—l)jxilj'-~-x£} =Mty ...ty), 0<ti<np,....,0<t <n, (42)
j=1

1§x1j7"'1xrj§P’ j=1,2,...,2k.

We denote the number of solutions of this system by J(P; 7, k, r; A). As pointed
out above, system (4.1) is said to be complete, while a system of equations similar
to (4.1), but without several equations, is said to be incomplete.

Definition 4.1. If x = (a1, ...,a;) andy = (by, ..., by) are two vectors with integer
coordinates, then the congruence x = y (mod ¢) means that ¢; = b; (mod q)
i=1,...,s).

Definition 4.2. We consider the matrix
t 1t .
M= (xl'j...xrj), 0<t<niy,...,0<t,<n, j=1,2,...,k,
(so the matrix M has m = (ny + 1)...(n, + 1) columns and k rows). We shall
say that the matrix M corresponds to the vectors X1 = (X11, ...y Xr1)y«c-r Xk =
(X1k, - - - » Xrk) and, conversely, the vectors X1, . .., Xx are said to be corresponding to
the matrix M.

Definition 4.3. Let k£ be a natural number. A set of vectors x1, ..., X} is said to be
regular modulo q if the rank (modulo ¢) of the matrix M corresponding to these
vectors is maximal. Otherwise, the above set is said to be singular.

We note that if kK > m and the vectors X1, ..., X} are regular modulo ¢, then the
rank modulo ¢ of the matrix M corresponding to these vectors is equal to m.

For brevity, the solutions of system (4.1) that are regular (singular) sets are also
said to be regular (singular).
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4.1.2 Simple lemmas

Here we state and prove two simple lemmas.

Lemma 4.1. The following relations hold:
(a J=JP;n,k,r;A)= /.../|S(A)|2k exp{—27iA x A}dA;

by J=JP;ak,r;A) <J(P;a,k,r)<P*)ryppP:ak—ki,r);
©) ZJ(P; .k ri A) = PP

(d) |S(A)|2k > J(Pin k. ri A)exp(2miA x A);
A
) J(P;m,k,r)> (2k)~ m p2kr—0.5m(ni+-+ny)

Proof. For integer A, we have

1 .
1 ifa=0,
f exp(2riai}ld a = 1
0 0 ifa#0.

This relation implies assertion (a) if we raise the absolute value of the integrand to the
power 2k and integrate over €2; assertion (b) follows from the fact that the absolute
value of the integral does not exceed the value of the integral of the absolute value of
the integrand; assertion (c) follows from the fact that the left-hand side of the relation
is the number of all possible sets X1, .. ., Xk of system (4.1), i.e., it is equal to pkr.
to prove assertion (d) we first raise the sum S(A) to the power 2k and then collect
similar terms with exp{2wi A x A}; assertion (e) follows from assertions (b) and (c).O

Lemma 4.2. (a) If the vectors X1, ..., X2k form a solution of system (4.1), then for
any vector a = (ay, . .., ay), the vectors x| + a, . . ., Xox + a also form a solution of
system (4.1).

(b) If the vectors X1, . .., Xy form a regular (singular) set modulo q, then for any
vectora = (ay, ..., ay), the vectorsx +a, . .., Xor +a also form regular (singular)
set modulo q.

Proof. (a) Let x; = (x1j,...,x,; be a solution of Egs. (4.1). Removing the
parentheses, we find

2k

DD g +an” . (xy +an)”

j=1

151 ty
1, o
- Z( 073 (0 artaty e 3 (1 o =

v1=0
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T

v1=0 vp=

The proof of assertion (a) is complete.

Remark 4.1. Assertion (a) remains valid if congruences modulo any arbitrary value
of g are considered instead of (4.1).

(b) If the vectors x1, ..., x; form a singular set, then the rows of the matrix M
corresponding to this set are linearly dependent modulo ¢. Since the matrix M has a
special form, this statement is equivalent to the existence of a polynomial in  variables,
F(®) = F(1,..., yr),such that the coefficient of the highest-order (in lexicographic
order) term in this polynomial is equal to 1 and the congruence

F(X;) =0 (mod q) (4.3)

holds for any X (s = 1, ..., k) from the set mentioned above.

In this case, the degree of the polynomial does not exceed n; in each variable.
Obviously, the polynomial G(¥) = F(y — a) has the same coefficient of the highest-
order (in lexicographic order) term as the polynomial F'(¥), but relation (4.3) implies

G(xs+a)=0 (mod g),

i.e., the vectors X5 + @, . .., X; + a also form a singular set.
If the original set is regular, then it remains to be regular under the shift by @, and
performing the shift by —a, we return to the original set. Assertion (b) is proved. O

Lemma 4.3. Let g be a prime number, and let Ty be the number of solutions of the
system of congruences

Z( Dy v =0 (mod g),

0§t1§n1,...,0§t,§nr, m=m +1)...(n, +1),

where each unknown variable y;; runs through the values of the complete system of
residues modulo q. Then Ty satisfies the estimate

TO < (m _ 1)!q2mr7m+1.

Proof. We write the variable T as

q q

To=q™" Z [ 3 explami Faton. /gl

V1= 1 Vr—l
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where
t
FA(yl,...,yr)—Z Za(tl,...,tr)xll...xﬁ’;
t1=0 t,=0
here A is an integer-valued set consisting of numbers a(ty, ..., #.); Y 4 denotes sum-

mation over all sets A that are different modulo ¢g. We make the following change of
summation variables:
_ ni+1
=z, y2=22+2

y3 =23+ Zgnl-‘rl)(nz-‘rl)

(n1+1)(n2+1) A(nyp— 1+1)

Yr=2zrtz
If the coordinates y; of the vector (yy, ..., y») run through complete systems of
residues modulo g, then the coordinates z; of the vector (z1, ..., z,) also run through

complete systems of residues modulo ¢, and conversely. Therefore, we have

_mZ‘Z Zexp{2mFA(Z1,zz+z1 e

Zl—1 Zr—l

r+ (n1+1) Anp— 1+1))/ )})

Applying Holder’s inequality (Lemma A.1), we obtain

q q
To<q" MDDy .. 3", (4.4)

22=1 zr=1
where
2m
=q " Z ‘ ZCXP{ZTHFA(Z o+ Z111—&—1 e+ Z(n1+1)---(nr71+1))/q}
z=1

The variable V is equal to the number of solutions of the following system of
congruences (for fixed z2, ..., z;):

2m
S D e 2 e 2D =0 (mod g), (4.5)
j=1
0<t1<n,0<Hp=<ny ..., 05t <n,.
By Lemma4.2 (a), together with the solutionXx ; = (x1j,...,x;)(j =1,...,2m)
ni+1 (n14+1)...(np—1+1)

of system (4.5), where x1; = z1;, x2; = Zyj ek = , the set
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of vectors x1 +a, ..., xXom +a, where a = (0, —z», ..., —2,), is also a solution of
system (4.5), and conversely, i.e., system (4.5) is equivalent to the system

2m
i 1+t (D 1
Z(_l)lelj 2(ni+1) r(n1+1)...(nr—1 )EO (mod q).
Jj=1
However, since for0 <t <ny,...,0 <t <n,,the sum

n+nm+H+--+40m+D...(n,—1 +1)

turns without repetitions through all integer values in the interval 0 < ¢t <m — 1, we
can rewrite the last sum of congruences as

2m
D =1yt =0 (modg), 0<t<m-—1. (4.6)

j=1
We prove that the number of solutions of system (4.6) does not exceed (m —
1)!g™*!. We arbitrarily fix variables with odd numbers and a variable with the num-

ber2m. Then, forsomeAq, ..., A;—1,the remaining m—1 variables y;, y4, ..., yam—2
satisfy the system

m—1
Zyéjz)\t (mod g), 1<t<m-—1. 4.7
j=1

If ¢ > m, then system (4.7) has at most (m — 1)! solutions (see the proof of
Lemma 3.9 in Section 3.4, Chapter 4). But if ¢ < m, then the number of solutions
of system (4.7) can be estimated as follows: we omit all the congruences for which
t > ¢q. Obviously, the number of solutions can only increase after this. To estimate the
number of solutions of this system, we use the last estimate of the variable V (where
the values of the parameters are changed appropriately). We find

V < (g - DIg” 7 < (m— )ig" T
Substituting this estimate into (4.4), we obtain the desired estimate,
TO < (m _ 1)!q2mr—m+l.

The proof of the lemma is complete. O

4.1.3 Lemma on the number of solutions of a complete system
of congruences

In this section we prove a fundamentally important lemma on complete systems of
congruences. For simplicity, we assume thatn| = - - - = n, = n. The case of arbitrary
ni, ..., n, will be studied in Section 4.3 in general situation.
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Lemma 4.4. Let p be a prime, and let T be the number of solutions of the system of
congruences

2m
D (=Dxfi . x =0 (mod p"tt0<n,.. .t <0, (48)
j=1

where B < x5j < B+ p™ (s =1,...,r; j =1,...,2m) and the vectors X; =

X1, .- xrj) (J=2,4,...,2m) satisfy the regularity condition modulo p. Then

2mrin—0.5rnm

T <m!p

Remark 4.2. In general, the proof of the lemma on complete systems is as follows.
First, each vector is represented p-adically in the form

Xj =Xjo+ pXji o pt

X jrn—1-

Next, the fact that X1, .. ., Xo,, satisfy (4.8) is used to derive necessary conditions
on the coordinates of the vector x j written p-adically, i.e., conditions on the vectors
Xjy (v=0,1,...,rn—1). Foreachfixed v > 1, these conditions say that the vectors
X jy satisfy a certain system of linear congruences, where the rank of the matrix of
coefficients of the system is maximal, since the set X», . .., X2, is regular modulo p.

The fact that the rank of the matrix of coefficients is maximal allows us to estimate
the number 7,, i.e., the number of admissible sets X1, ..., X2,y for v > 1. Butif
v = 0, then T}, can be estimated by using Lemma 4.3. Since we have the inequality

T<TT...Try-1,
we obtain the final result multiplying together the estimates for 7), for all v.

Proof. The unknowns in the system of congruences (4.8) run through a complete
system of residues modulo p™”, the regularity condition modulo p is independent of
which representatives of the residue classes modulo p are taken, and the congruences
in (4.8) are taken modulo p® (s < nr). Hence the number of solutions of the complete
system of congruences (4.8) is independent of precisely what the integers run through
a complete system of residues modulo p™". So we can set B = 0. We shall further
assume that p > n. In the case p < n, there are no solutions to (4.8) that satisfy the
regularity condition modulo p.

In fact, if n > p, then the matrix M has a row (x12, X14, ..., X12,») and a row
(xfz, xf 4o x1pzm)? obviously, these rows are linearly dependent modulo p, so that M
has less than maximal rank modulo p.

We write each unknown in the form xy; = x;j0 + pxsj1 + - + p’”_lxsjrn,l,
0 < x5j0, .- Xs5jrn-1 < p—1(¢6=1,...,r,j =1,...,2m) and find necessary
conditions that are satisfied by the variables x,;,. The congruences in (4.8) for which
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t + -+t > 1 are satisfied modulo p. Since x;; = x4j0 (mod p), it follows that
the unknowns x;; satisfy the system of congruences

Z( /x5y x50 =0 (mod p), 4.9)

where 0 <t,...,t <n,t; +---+1t > 1, and the unknowns Xy, ..., X2,,0 form a
regular set. We let Ty denote the number of solutions of this system.

Let us estimate 7Tp. We omit the regularity conditions on the unknowns in (4.9).
Obviously, Ty < T’, where, by Lemma 4.3, the value of 7’ does not exceed (m —
Dip2mr—m+l e,

Ty < (m . 1)!p2mr—m+1.

Letnow v > 1. We set
vV
Usjv = Z P“iju-
u=0

For a fixed v (1 < v < m — 1), we consider the system of congruences (we denote
this system by the symbol W)

2m

o =DJul =, ) (mod ptTh,

j=1
where ty +--- 4+ > v+ 1,0 <1,...,t =< n, and moreover, the unknowns u
satisfy the regularity condition modulo p. We let T(W,) denote the number of its
solutions.

It is obvious that if the unknowns X ; satisfy system (4.8), then the unknowns u;,

satisfy the system W,,. Next, we fix an arbitrary solution of the system W,,_; and find
conditions that must be satisfied by the unknowns u ;,, in this case. We have

v
Usjvy = Usjv—1 T P Xsjv-

Hence
1 t [r
uljv‘ urjv_uljv 1 r/v 1
ts 1 Is—1 541 tr . v+1
+p Ztéul]v 1 S*l]v luSJU 1”s+l]v 1 rjvflx“'JV (mOdp )’
s=1

where we have the corresponding term in the last sum to be zero for #; = 0. Conse-
quently, modulo p", we have the system of congruences

Z( D/ uils, .y, =M, .., 1) (mod pY),
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where iy +---+t, > v+1land 0 < tq,...,t < n. Therefore, for some fixed
A(t1, ..., t), the system W, is equivalent to the system of linear congruences
2m r r
) . .
S 3t (T g Jugmraoj = X1 o) (mod p).
j=1 s=1  g=1
whereti +---+t >v+1and0 <1,...,1 <n. Welet T, denote the number of

solutions to this system. Then
T(W,) < TUT(WV—I)-

Thus if we are given an estimate for 7 (W,,_1), then to estimate 7 (W), it suffices to
estimate 7),. To do this, we construct r subsystems of congruences from the system of
congruences W,,. The first subsystem includes those congruences for which #; > v4-1
and r, = --- = t, = 0. The second subsystem includes those congruences for which
t1+t >v+1,t0 #0,andt3 = --- = 1, = 0. The (r — 1)st subsystem includes those
for whichty + 6+ -4+ t_1 >v+1,t_1 # 0, and t, = 0, and the rth subsystem
includes those for which#{ +--- 4+t > v+ 1and ¢ # 0.

We let R, (v) denote the number of solutions inintegers 71, . . . , t, of the inequalities
t1+--+t>vand0<1,...,t <n.

We note that the first subsystem consists of R;j(v + 1) congruences, the second
consists of Ry(v + 1) — Rj(v + 1) congruences, the (r — 1)st subsystem consists
of R—1(v + 1) — R,—>(v + 1) congruences, and the rth subsystem consists of
R.(v+1) — R,_1(v + 1) congruences.

We shall estimate 7,, as follows. For the first subsystem of congruences, we

estimate the number of its solutions x1;, (j = 1,...,2m). Next, we fix the xy,
and for the second subsystem, we find an estimate for the number of its solutions
x2jv (j =1,...,2m). We next fix x1jy, x2jv, ..., X5—1jv (fj = 1,...,2m) and

find the number of solutions of the sth subsystem. Let us consider the first system of
congruences

2m
Z(—l)fx;]folxljv =1/'(¢,0,...,0) (mod p), n>t>v+1.
j=1

Because of the regularity condition modulo p, the congruences of this subsystem
form a system of linearly independent congruences modulo p, i.e., the matrix of its
coefficients has maximal rank modulo p. Hence, we can find #u = R{(v + 1) indices
1 <ji1 < jo <--+ < ju <2m such that the determinant of the matrix

v+1 v+1 v+1
xljlo x1j20 xlju()

n n
X0 X150 X1j,0

is not congruent to zero modulo p. Thus, by adding certain values from a complete
system of residues modulo p to the unknowns x1;, (j # js, s = 1, ..., u) in the first



154 4 Mean value theorems for multiple trigonometric sums

subsystem, we uniquely determine x1 .y, ..., x1j,» (j = 1,...,2m). This implies
that the number of solutions of the first subsystem does not exceed p>"~Ri(+1),

Suppose that we have found x1jy, ..., xs—1;» (j = 1,...,2m). We estimate the
number of solutions x;, of the sth subsystem. For some A, ..., t,0,...,0),this
subsystem is equivalent to the system of congruences

s—1 =1 —
Z( DY x0T oxs Xsjw = 4, 15, 0,...,0) (mod p),

0<t,....,t;<n, tj+--+t;>v+1, t #0.

Because of the regularity condition modulo p, we find that the congruences in this
system form a set of linearly independent congruences modulo p. Since the number
of congruences in this system is equal to Ry(v 4+ 1) — R;_1 (v 4 1), it follows that the
number of its solutions does not exceed p>"~Rs(+D=Rs-10+D) = Consequently, T,,,
which is the number of solutions of the vth system of congruences, does not exceed

T, < pZm—Rl(u+1)p2m—R2(u+1)+R1(u+1) ) 2m—R, (v+1D+R,—1(v+1)

)
2mr—R; (v+1)

=p
Earlier, it was shown that 7 < TyT; ... T, ,—1, which implies
rn—1
T < m!p2mr—m+1 l_[ p2mr—Rr(v+1).
v=1

We note that R, (1) = m — 1. Hence

We let R (v) denote the number of solutions of the equation #; + - - -+ = v in
integers 0 < ¢, ..., <n. Then

A=>"R() =) > RikK).
v=1 v=1k=v

Changing the order of summation, we obtain

A= ZkR (k)Zl _ZkR k).
v=1

From the definition of R (k) we have

A= ZkR;k(k) Z Z(l‘l +---+1)=0.5rnm.
k:1

t11=0 t,=

Thus the proof of Lemma 4.3 is complete. O
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4.1.4 The fundamental lemma

In this section we prove the fundamental lemma, which then readily implies the mean
value theorem. In the lemma, we obtain a recurrence inequality which is the basis of
the p-adic method in the class of problems under study.

Fundamental lemma. Suppose thatn > 2,r > 1,k > 2m, and P > 1. Then there
exists a number p in the interval [P/ 2 PV sych that

J(P;n,k,r) < 2k2mp2mr2n+2rk—0.5rnm—2rmJ(Pl; nk—m,r)

+ (zrrn)ZrnkP2rk7k/8’

where Py = Pp~' + 1.

Before giving a formal proof of this lemma, we outline it.

1. We divide the sets of vector solutions X1, ..., X2, of system (4.1) into two
classes. The first class includes the solutions for which the sets X1, X3, ..., X2/
and the sets X2, X4, . .., X2k satisfy the regularity condition modulo p for at least one
p = ps, where p; (s = 1, ..., rn) are pairwise distinct prime numbers that are larger
than P!/ and do not exceed 2P/ ™ (these prime numbers exist if P > (2nr)?r,
but if P does not exceed (2nr)2"", then the inequality in the lemma becomes trivial
because of the second term). The second class includes all of the other solutions of
(4.1). It is convenient to carry out the partition of the solutions into two classes using
the representation of J as the square of the modulus of the kth power of a multiple
trigonometric sum (see formula (4.10) below).

2. We estimate the number of solutions to (4.1) belonging to the first class. To do
this, we use successive transformations to reduce everything to estimating the number
of solutions of (4.1), but with fewer values of the parameters P and k.

The first step in the transformation consists in reducing everything to estimating
the number of solutions of (4.1) satisfying the condition that the first m vectors among
the X1, X3, ..., X2¢k—1 and the first m vectors among the X2, X4, ..., X2 satisfy the
regularity condition modulo p. All of the other solutions in the first class are obtained
from these by permuting these m vectors among the k places possible for them. By
the same token, it suffices to estimate the number of solutions of (4.1) with the above

condition and then to multiply the resulting estimate by (r];l)2 in order to obtain an
upper bound for the number of solutions of (4.1) in the first class.

The second step in the transformations is the following. If all of the remaining
k — m vectors in the left- and in the right-hand side of (4.1) have coordinates that are
multiples of p, then it is clear from (4.1) that the first m vectors X1, X3, ..., X2m—1
and X3, X4, . .., X2, must satisfy the system of congruences in Lemma 4.3, which
is precisely our goal. In order to obtain what we need, we partition into arithmetic
progressions with difference p the integers in the interval of variation of the coordinates
of the last k — m vectors corresponding to the left- and right-hand sides of (4.1),
i.e., we represent the vectors x; (j = 2m + 1,...,2k — 1,2k) in the form x; =
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Yj + pzj, where the coordinates of the vector y ; vary from 1 to p, and the coordinates

of the vector z; vary from 0 to Pp~!. Next, if we bring the summation over y j

(j=2m+1,...,2k — 1, 2k) outside the absolute value sign and apply Holders’s
inequality, we find that all of the X; (j > 2m + 1) will have the form X ; = a + pz;,
where @ is some fixed vector. We can now apply Lemma 4.2 (a) concerning shifts.
In this case the regularity condition modulo p for the first m vectors in the left- and
right-hand sides of (4.1) will not be disturbed, while the last k —m vectors will become
multiples of p.

The third step is rather obvious. If we move the terms in (4.1) correspond-
ingtoXx; —a (j = 1,...,2m) to the left and the terms corresponding to pZ;
(J=2m+1,...,2k — 1, 2k) to the right, then in the right-hand side, we obtain a
product of powers of p by terms in parentheses. Each of the terms in parentheses
has the same form as the left-hand side of (4.1) except that, instead of 2kr variables,
there are 2(k — m)r variables, and they run through the nonnegative integers up to the
number Pp~!. If each of the terms in parentheses takes all possible integer values,
then the resulting system is a system of congruences corresponding to the first 2m
vectors, i.e., the complete system of congruences given in Lemma 4.3. But for fixed
values of terms in parentheses, the maximal number of unknowns is obtained if all of
the terms in parentheses vanish (see Lemma 4.1 (b)). If we take this maximal values
outside the summation, which is over all values of the terms in parentheses, we arrive
at the product of two factors: the first factor is the number of solutions of (4.1) with
2(k — m) vectors of unknowns, where the coordinates of these vectors vary from 1 to
P; = Pp~! + 1; the second factor is the number of solutions to the complete system
of congruences given in Lemma 4.3.

So we can estimate the number of solutions of (4.1) which belong to the first class.

3. We estimate the number of solutions of system (4.1) which belong to the
second class. We immediately note that they will be few in number (the second term
in the fundamental lemma). By definition, the second class includes the solutions of
(4.1) for which the vectors x1, X3, ..., X2k—1 (Or X3, X4, ..., X2r) do not satisfy the
regularity condition modulo p = p, for asingle s = 1, ..., rn. This means that for
any p = ps (1 < s < rn) the matrix M corresponding to the vectors y; = X1,
Vo = X3, ..., Y = X2k—1, has rank modulo p lower than m. This fact, in turn, means
that the rows of this matrix are linearly dependent modulo p = py, i.e., there exist
numbers cy, ..., ¢, not all congruent to zero modulo p = py such that the linear
combinations of the rows of M with coefficients cy, ..., ¢, are congruent to zero
modulo p = ps. The numbers cy, ..., ¢, themselves depend on p = p, and on the
set of vectors yi, Yo, - . ., Y-

We find necessary conditions satisfied by the vectors ¥y (p), y,(p), . .., Y, (p) that
are congruent to the vectors yi, ¥5, ..., ¥, modulo p = p; (s = 1,...,rn). We
partition all of these vectors into sets corresponding to a fixed choice of the numbers
€1, ..., Cp (this last set depends only on p = p; (1 < s < rn)). We put the vectors
y1(P), ¥2(p), ..., Yi(p) in the set B(ci, ..., cy) if the linear combinations of the
rows of the matrix M corresponding to y(p), Y,(p), ..., Y (p) with coefficients
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c1, ..., Cpy are congruent to zero modulo p. Clearly, the sets B(cy, ..., cy) can be
empty, and they can overlap. We find an estimate from above for the number of
elements in B(cy, ..., cp,). Multiplying our estimate by 2p™ !, which is not less
than the number of all sets ¢y, ..., ¢, (it should be noted that we can assume that
c1 = 0 or 1 without loss of generality), we obtain an upper bound for the number of
sets of vectors y1(p), Yo (p), - .., Vi (P).

The number of elements in B(c1, ..., ¢, ) does not exceed the number of solutions
of the following system of congruences: the linear combination of the columns of the
matrix M corresponding to ¥, (p), ¥»(p), - .., Y (p) with coefficients cy, ..., ¢, is
congruent to zero modulo p, where the variables in the congruence, i.e., the coordi-
nates y; (p), take values from a complete system of residues modulo p. Each of the
congruences in the resulting system is independent of the others, since it includes un-
knowns in the columns. By the same token, the number of solutions of the system does
not exceed the product of the numbers of solutions to all separate congruences. An
individual congruence has the following form: a polynomial in r variables of degree
that does not exceed rn, which is not identically zero modulo p = p; (the numbers
€1, - .., cy are not all zero modulo p = py), is congruent to zero modulo p = p;.

The number of solutions of such a congruence does not exceed nrp’~!, i.e., the
number of elements in B(ci, ..., ¢,) does not exceed (nrp; —1)k "and the number
of vectors y;(p), y2(p), ..., ¥, (p) does not exceed 2p§”_1 (nrpg_l)k (recall that we
take c; = O or 1, while ¢y, ..., ¢, are arbitrary).

Thus we have proved that the vectors yq, ..., y; are congruent to the vectors
y1(p), ..., Y, (p) modulo p = ps (s = 1,...,rn) and the number of all possible
vectors y{(p), ..., Y, (p) does not exceed Zp;"_l(nrpg_l)k for each p = p,. All of
these rn systems of linear vector congruences can be replaced by a single one modulo
D1, ..., Prn, Where the number of right-hand sides in this single system cannot be
larger than [T, 2p"~ ! (nrpi=Hk).

The coordinates of the left-hand sides of the resulting system of congruences do
not exceed P < pi,..., Prn, the coordinates of the right-hand sides do not exceed
Pls---, Prn, and the congruences themselves are considered modulo p1, ..., pr
and have the formy; = a (mod p1,...,pm) @ = 1,...,k, ie., this system of
congruences is equivalent to a system of linear vector equations. By the same token,
we find that the number of vectors y; = X1,y = X3, ..., ¥ = X2x—1 which satisfy
(4.1) and belong to the second class does not exceed nfil (2p§"’1 (nrpg’l)k).
Proof of the Fundamental Lemma. The proof will be given in subsections correspond-
ing to the steps in the outline.

We first exclude the trivial cases. If P < (2nr)?"", then we obtain p = 2P /")
In that case, the second term in the inequality in the lemma exceeds P>"¥, while the
first term is always nonnegative. Hence the lemma becomes trivial.

Thus we assume that P > (2nr)2"".

1. If P > (2nr)*", the interval [P/ (") 2 P1/("] contains at least rn distinct
prime numbers (Lemma 3.8, Chapter 3). We take rn of such prime numbers, and denote
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them by the letters pp, ..., p,,. Recall that, for convenience, we have introduced the
following abbreviated notation: we let X; denote the vector X; = (x1;,..., X;})
(G=1,...,2k). If F(x,y,...,z) is a polynomial in r variables x, y, ..., z, then
F(xj) = F(x1j, ..., xrj). We can write the number J(P; n, k, r) as the integral

J=J(Pink.r)= /[’ Y3 Y e 2ni(Fa)  410)
Q

X1 X3 X2k—1
2
+F@) + -+ Fu)| a2,

where the summation is over the vectors X1, X3, ..., X2x—1 whose coordinates take
integer values and vary from 1 to P.

‘We divide all of the vectors X, X3, . .., X2r_1 into two classes A and B: the class A
includes those satisfying the regularity condition modulo p = p; for at least one value
of s (1 <s < rn), while the class B includes the remaining vectors. Recall that a

set of vectors (X, X3, ..., X2r—1) satisfies the regularity condition modulo p if the
corresponding matrix M (0 <ty,...,t <n)
_ 1 I 1 I 131 1,
M = (x11 C X Xm e XS, s X ...xrrzk_l),

which consists of k columns and m = (n 4+ 1)” rows, has maximal rank, which in our
case is m < k, modulo p. In accordance with the partition into classes, we rewrite
(4.10) as follows, where we use the obvious abbreviated notation:

2
1= [ [|2+ X[ ae
Q A B
From this we arrive at the inequality (we apply the Cauchy inequality)

J <201+ 2,

J1=/-S~2-/‘;‘2d9, 12:/-5.2-/‘§)2d52.

2. Let us estimate J;. We partition the class A into rn disjoint classes Aq, ..., Ay
as follows: the vectors X1, X3, ..., X2¢—1 belong to the class Aj if they satisfy the
regularity condition modulo p; and do not belong to the classes A, ..., As—1. We
transform J; as follows (applying Holder’s inequality):

rn 2 rn 2
n= [ [ dazmy [ [| ] ag < enia
Q s=1 AS s=1 Q As
where Jy denotes the largest value attained by integrals of the form

2
//‘Z‘ d, 1<s<rn.
Q Ay

where
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Thus, the summation in the last sum is over those vectors X, X3, . . ., X2k—1, which
satisfy the regularity condition for some modulus p = p; and which do not belong to
the classes Ay, ..., As—1. The number Jy can only increase if we remove the assump-
tion that X1, X3, ..., Xpr—1 do not belong to Ay, ..., A;_1; in addition, everywhere
below (when estimating Jy) we omit the index of p, and only use the fact that p = p;
lies on the interval [P1/'™) 2 p1/mM)] Thus we must estimate Jy:

JOZ/.S.Z./‘XA:)de,

where A now denotes the class of sets of vectors (X, X3, ..., Xx2x—1) satisfying the
regularity condition modulo p.

First step. Because the vectors X, X3, ..., X2x—1 satisfy the regularity condition
modulo p (in other words, because the matrix M corresponding to y; = X1, y, =
X3,...,Yx = X2k—1 has rank m), there exist m columns in the matrix M that are
linearly independent modulo p. To these m columns, there correspond m vectors
Xj,...,Xj, that, by definition, satisfy the regularity condition modulo p (we shall
say that to the vectors X1, X3, ..., X2¢—1 in A there correspond vectors X, ..., X},
ifxj,..., X, satisfy the regularity condition modulo p). We consider the elements
of A to which the first m vectors of X1, X3, ..., X2;,—1 correspond. It is obvious that
the other elements of the class A differ from these only by the indices of the vectors
to which they correspond. Since m elements can be put in k places in ( r’; ) ways, we

have
k 2
<
(o)

where the prime on the sum in the integrand denotes summation over the elements
of A which correspond to the vectors X1, X3, . .., X2,,—1. The integral in the right-hand
side can only increase if we sum over those X1, X3, ..., X2x—1 for which the first m
vectors satisfy the regularity condition modulo p and the other vary arbitrarily. In the
rest of the argument, we shall make this assumption.

Second step. The sum in the integral in (4.11) has the following form:

2
de, 4.11)

(4.12)

X2m—1 X2m+1 X2k—1

where no restrictions are placed on summation over X1, - - ., X2k—1. We partition
into arithmetic progressions with difference p the intervals over which the variables
vary; these variables are the coordinates of the vectors x; (j =2m+1,...,2k—1).
In other words, we representx; (j =2m+1,...,2k—1)inthe formx; =7y ; + pz;,
where the coordinates of the vectors y; vary from 1 to p, and those of the vectors Z;
vary from O to P p~! (below we shall also write X = y + pZ).

If we assume that the coordinates of z; take on all integer values from O to P p‘l,
then the integral in the right-hand side in (4.11) can only increase; we make this



160 4 Mean value theorems for multiple trigonometric sums

assumption. If we take the summation over y; outside the absolute value sign in
(4.12) and apply Holder’s inequality, we obtain the following inequality (with the
obvious abbreviated notation):

2133l
P fztz >z

X2m—1

We obtain the following estimate for Jo:

ws (o) S [ f|E - ST

X2m—1

< (5) P [ /\Z polEby

2(k— m)
2(k— m)

Suppose that this last maximum is attained for y = y(O) = (y(o) ey yr(o)), SO

that the above integral is equal to the number of solutions of the following system of
equations:

Z( Dixf . Z D7 + pa ) 00+ pa)”
Jj=2m+1
0<ty,....,t <n,
where the vectors x1, X3, . . ., X2,,—1 corresponding to the left-hand side of this system
of equations satisfy the regularity condition modulo p, theunknowns z;; (i =1, ...,7r;
j=2m+1,...,2k)take arbitrary integer values from 0 to Pp~ I and y(o), e, yr(o)
are fixed integers. By Lemma 4.2 (a), we can perform a shift of the unknowns in this
system by the numbers y(o), cees yr(o) We rewrite the system as follows:
2m
Y =D =y Gy =y )" (4.13)
j=1
2k
= phtttr Z (— l)lej j’] 0<t,...,tr <n.
Jj=2m+1

Third step. We let J'(Py; n, k — m, r; A) denote the number of solutions of the
system of equations

2k

l‘,~
Z ( I)JZIJ rj:A‘(tlv""tr)v OStl""thSn,
j=2m+1
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where A(tq,...,t ) are certain fixed integers, A is the set of A(?q, ..., ), and the
unknowns z;; vary in the range indicated above. By Lemma 4.1 (a), we have the
inequality

J'(Piink—m,r; A) < J'(Pi;n, k—m,r;0),

where 0 denotes the set A in which all the A (71, . . . , #,) are zero. Using Lemma 4.2 (a),
we shift the interval of variation of the variables z;; by 1 to the right; then we find that

J'(Pi;ink—m,r;0)=J(Pi;n, k—m,r).

Next, we let J'(A) denote the number of solutions of the system

2m

j 0
Y =D @ =y @y — O = p A L),
j=1

Oitls"'vtrini

and we let T denote the number of solutions of the system

2m
=Dy =y Gy — ) =0 (mod phtTT, (4.14)
j=1

Oftls"'vtr Sni

where all terms have been defined earlier. From the definition of the congruences it
follows that )", J'(A) =T.
Furthermore, the number of solutions of (4.13) is equal to

D TPk —m,ri A) T (A),
A

and this, in turn, does not exceed J(Pi;n, k —m,r)T.

By Lemma 4.2 (b), the sets of unknowns in the system of congruences (4.14)
satisfy the regularity condition modulo p, i.e., Lemma 4.4 on complete systems of
congruences can be used to estimate 7. Consequently, we have

2,
T < m!p2mr n—0.5rnm

’

k 2
Jo < ( ) pre=mT (P —1ink—m,r),
m

2
(rn) 2, _ —
Ji < (rn)2J0 < : k2mp2mr n—0.5rnm+2kr 2rmJ(P1; nk—m,r)
m!
2
< k2mp2mr n+2rk—0.5rnm—2rmJ(P1; n, k — m, r).

3. Letusestimate J,. To do this, we estimate the number of elements in the class B,
i.e., the number of terms in the trigonometric sum the square of whose modulus is
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contained in the integral J,. The vectors X1, X3, ..., X2r—1 belong to the class B; this
means that the matrix M corresponding to these vectors has rank modulo p = p; less
than m forany s = 1,2, ..., rn, i.e., the rows of M are linearly dependent modulo
p = ps (1 <s < rn). In other words, for any set X1, X3, ..., Xx2¢—1 in B and for
any p = ps (1 <s < rn), there exist integers cy, ..., ¢, not all congruent to zero
modulo p, such that the linear combinations of the rows of M with these numbers
c1, - .., Cy as coefficients are congruent to zero modulo p.

Note that:

(1) the numbers cy, ..., ¢;; can take any values in a complete set of residues
modulo p;

(2) the numbers cy, ..., ¢, depend on X1, X3, ..., X2k—1 and on p = pyg;

(3) we can assume that the number c; takes one of two values, namely O or 1, since
the relations in which ¢y, ..., ¢;, appear are homogeneous in cy, ..., Cj;

(4) if we let Xx(p) denote the vector obtained by taking the least nonnegative
residue modulo p of the coordinates of the vector X, then regularity (or singular-
ity) of the set X1, X3, ..., X2x—1 modulo p implies regularity (singularity) of the set
x1(p), x3(p), ..., X2k—1(p) modulo p.

To estimate the number of elements in B, we proceed as follows.

First step. For each s (1 < s < rn), we estimate the number of sets
x1(ps), X3(ps), ..., X2k—1(ps). For each set of integers cy, ..., ¢y, where ¢c; = 0
or 1 and not all of these numbers are congruent to 0 modulo ps, we let B(cy, ..., cn)
denote the sets x1(ps), X3(ps), - - -, X2k—1(ps) for which the linear combinations of
the rows of the corresponding matrix M having coefficients c1, .. ., ¢, are congruent
to zero modulo ps. Let us estimate the number of elements in B(cy, ..., ¢;). If the
sets X1(ps), X3(ps), - .., X2k—1(ps) belong to B(cy, ..., cn), then their coordinates

xij(ps), i=1,...,r, j=13,...,2k—1,

satisfy the congruences

n n
DD el )X (py) . x](ps) =0 (mod py),
t11=0 t,=0
j=1,3,...,2k—1,

where c(t1, ..., t,) are the same as cy, . . ., ¢, except with a different indexing, which
is more convenient in our argument.

Each of these k congruences is independent of the others, i.e., the unknowns in the
congruences do not overlap. The left-hand side of one of the congruences is a poly-
nomial in r variables whose coefficients are not all congruent to zero modulo p; and
whose degree does not exceed rn. Consequently, the single congruence has no more
than rnpj —! solutions. Hence we see that the number of elements in B(cy, ..., ¢m)
does not exceed (rnpg_l)k and the number of sets X1 (ps), X3(ps), ..., X2k—1(ps)

does not exceed 2p§”_1 (rnpg—l)k.
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Second step. By definition, if the sets X, X3, ..., X2¢—1 belong to B, then for each
s =1,2,...,rn, the vectors X ; (py) satisfy the congruences

X, =xj(ps) (mod py), j=1,3,...,2k—1.

If the right-hand sides of the congruences are fixed, we can replace the congruences
modulo pi, p2, ..., prn by asingle congruence modulo py, ..., py, having the form

Xj=aj(py) (mod pi...pm), Jj=1,3...,2k—1, (4.15)

where the right-hand side @ of the resulting congruence is uniquely determined by
the right-hand sides X ;(p;) (s = 1, ..., rn) and the coordinates of a; are residues
modulo py, ..., pyy, nonnegative and less than py, ..., p,,. The number of possible
right-hand sides @ is no larger than

rn
U= 1_[ (2p;"_1(rnp§_l)k).
s=1

Since p; < 2PYM (s =1, ..., rn), it follows that

U < 2rn(m+k(r—1)) (rn)rnkpkr—k—i-m—l

Each coordinate of the vector X ; does notexceed P < py ... pr,. Hence, congruences
(4.15) are equivalent to the relations

Xj=a;, j=13...,2%—1,

i.e., there are no more than U elements in B.
Consequently (recall that k > 2m), we obtain the following estimate for J;:

1
J2 < U2 < 2—2mrn (2rrn)2rnk P2kr—2k+2m—2 < E(ern)2rnk P2kr—k'
The above estimates for J; and J; give us the statement of the fundamental lemma:

J< 2k2mp2mr2n+2rk—0.5rnm—2rmJ(Pl; ok —m,r)+ %(zrrn)ZrnkPZrk—k. 0

4.1.5 The mean value theorem

In this subsection we prove Theorem 4.1 on the mean value of the 2kth power of the
modulus of an r-fold trigonometric sum.

Theorem 4.1. Suppose that v > 0 is an integer, k > mt, and P > 1. Then the
following estimate holds for J = J(P;n, k, r):

J < k2m1:4mr2nr(nr)anA(t)PZrk—O.Srnm-i—S(r)’

where
8(t) = 0.5rnm(1 — 1/(rn))*, A(r) = 0.5rnm — §(1).
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Proof. We show that the theorem holds fort =0and 7 = 1. Fort =0 and k£ > 0,
we have
§(t) =0.5rnm, A(r) =0,

and the estimate in the theorem takes the form J < P2 which is always the case.
For t = 1 and k > m, we have

8(t) =0.5rnm — 0.5m, A(tr) =0.5m,
and the estimate in the theorem takes the form
J < k2m4mr2n (nr)mrn) P2kr—0.5m‘

We show that in this case J satisfies an even sharper estimate. From Lemma 4.1 (b)
(k = m) we have

J(P;n k,ry < PTE™ (P nom,r).

We take a prime ¢ in the interval [P, 2P] and note that J(P; n, m, r) does not
exceed the number of solutions of a system of congruences modulo ¢ having the same
form as (4.1) with k = m and in which the unknowns take values in a complete set
of residues modulo g. The number of solutions of such a system of congruences does
not exceed the number Ty in Lemma 4.3, i.e.,

2mr—m+1 22mr—m—HP2mr—m+1
9

J(P;n,m,r) <mlq <m!
J(P:n,k,r) < m,22mr—m+1P2kr—m+1 < k2m4mr2n(nr)mnrP2kr—0.5m

Thus, it remains to prove the theorem for T > 2 and k > mT.
Again from Lemma 4.1 (b) (k > mt), we have

J(P;n,k,r) < Pzr(kf””)J(P; n,mrt,r).

If we prove the theorem for J(P; n, mt, r), then it also follows for J(P; n, k, r).

We assume that the statement of the theorem holds for J(P;n,mrt,r)
(r = 1), and we prove it for J(P; n, m(t + 1), r). We apply the fundamental lemma
toJ(P;n,m(t+1),r):

J(P; n, m(_’: 4 1), r) < 2(m(‘[ + 1))Zmp2mr2n+2rm(r+1)—0.5rnm—2rm
X J(Pll n.mt r) + l(2rrn)2rnm(r+1)P2rm(r+1)—m(r+1)
9 b 9 8 9
where P; = Pp~! 4+ 1. We apply the induction assumption to J (Py; n, mt, r):
J(Py;n,mt,r) < (mf)2m14mr2nr(nr)2nrA(r) P]Zrmr—O.Srnm—HS(r)‘

Substituting this estimate into the previous one, we obtain

J(Pin,m(t +1),r) < Wi + Wa,
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where

W, = Z(m(t + 1))2m (mt)QmT4mr2n‘L’(nr)2nrA(‘L’)
x p2mr2n+2mrr—0.5rnmP12rmr—0.5rnm+5(f)’

Wy = é(zrrn)Zrmn(t—H)PZrm(f—i—l)—m(r_;_])‘

It remains to show that W; < 0.5W;, and W> < 0.5W;, where

WO — (m(.[ + 1))2m(r+1)4mr2n(r+l)(nr)anA(r-i-l)p2rm(r+1)—A(r+l).

We first show that W; < 0.5Wy. First, we can assume that P > (2rmt)2, since
otherwise the theorem is trivial. Furthermore,

P <3P*p™*,
where x = 2rmt — 0.5rnnm + §(t), since

(PipP™ )Y =1+ pP 7Y <e <3,

12 1/2.

which holds because p < P'/“ and x < 2rmt < P
Consequently, setting x| = 2mr?n 4+ 2rmt — 0.5rnm, we have

pJfl P < 3[)%1—}: p* < 3. 2x1—qu+(%1—}t)/(rn).

Butx + (¢ —2)/(rn) =2rm(z + 1) — A(r + 1) and 217 = 4’"’2", and hence

pxlpz <3 _4mr2nP2rm(t+l)—A(r+l)‘

From this we have

W = 2(77’1 (‘L’ + 1))2m (mT)Zmr4mr2nt (nr)anA(r)p2mr2n+2rmr—0.5rnm

% P]Zrm 7—0.5rnm+6(7)

— 2(m(‘l,' + 1))2m (mr)2m14mr2nt (nr)anA(r)pul PlJ{

< 05(1’}1(1’ + 1))2m(r+1)4mr2n(r+1)(nr)anA(r—i-l)P2rm(r+1)—A(r+1)

T 2mt
X 12( >
T4+1

=05W - 12(

T 2mt
) < 0.5W - 0.1875 < 0.5Wj.
T+ 1

Thus the inequality W; < 0.5W has been established.
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We now show that we also have W, < 0.5W,. Indeed, we can assume that
P > (nr)¥", since otherwise the theorem holds trivially. Furthermore, m(t 4+ 1) —
A(t + 1) > 0 and hence

(nr)anA(r-H) P2rm(r+1)—A(r+1)

_ (nr)anm(rJrl)P2rm(r+l)7m(r+l)((nr)anPfl)A(T'i‘l)—m(T'i‘l)

-~ (nr)Zrm(r—i-l)—m(t—i-])P2rm(r+1)—m(r+1) -8. 4_r2nm(r+1)W2‘

From this we have

Wy = (m(‘L' + 1))2m(r+1)4mr2n(t+l)(nr)anA(r—',-l)P2rm(r+l)—A(r+l)
> 87 (m(t 4+ 1) Dw, > 2w,

The last inequality now trivially implies that W» < 0.5W,. Hence the proof of the
theorem is complete. O

Remark 4.3. It is obvious that Theorem 4.1 remains true if the unknowns in (4.1) are
subjected to any additional restrictions.

As a supplement to the theorem, we now show to what extent the size of the
parameter k in this theorem is the correct one. As an example, we examine how small
k can be in order for the lower bound in the estimate of the integral to be equal to
A(rn). Recall that, to obtain such a bound, we must take k > mt = mrn from our
theorem.

Thus let k be such that J(P;n, k,r) < PZ*r=A0m forall P > 1. Among all
the solutions of (4.1), the number of which is expressed by the integral J (P; n, k, r),
we consider those for which x; = 0 forall s = 1, ..., 2k. There will obviously be
J(P;n,k,r — 1) such solutions and

J(P;n,k,r—1) < J(P;n,k,r) (4.16)

for all admissible values of the parameters.
In Lemma 4.1 it was proved that

J(Pin,k,r —1) > P2k(r—1)—0.5(r—1)n(n+1)"1.
Hence in order that (4.16) hold for all P, it is necessary that
2kr — A(rn) > 2k(r — 1) — 0.5(r — Dn(n + 1)L

‘We hence conclude that we must have

N r—1 rn —
2k g - D TR (1)) -

rom 1 1 rnm
>—1—--— >
- 2 e n+1) ™
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This implies that, in order to obtain the required lower bound, the parameter k must
in any case be chosen no less than rnm /12, as compared to rnm in our theorem. This
gives us grounds for saying that the order of k in the theorem estimating the integral
J(P; n, k, r) is correct with respect to all parameters.

4.2 The mean value theorem for multiple trigonometric
sums of general form

Here we find an upper bound for the mean value of the 2kth power of the modulus
of a multiple trigonometric sum with the summation variables xp, ..., x, varying in
the range 1 < x; < Pp,...,1 < x, < P,. Since the unknowns in the complete
system of equations (for the notation, see below), as well as the summation variables
in a multiple trigonometric sum, are not equivalent, we shall estimate the contribution
of each unknown taking this fact into account. In the mean value theorem, using the
main principle of the p-adic method, we reduce estimating the number of solutions
of a complete system to estimating the number of solutions of the same system in
which the unknowns vary in a smaller range as before, but the original “degree” of
nonequivalence is preserved. To realize this consideration, we must prove several
statements about the complete system of congruences and the recurrence inequality
that are more general than those in Section 4.1. The parts of the proofs that coincide
with those given in Section 4.1 we perform without detailed explanations.
The complete system of equations has the form

2k
Y (=Dixf . x =0, 0<t<ni,....,0<1t <n, 4.17)
j=1

where the unknowns vary within the limits
l<xij <P, 1=5x; <P, ..., 1 x5 < Pr.

In what follows, without loss of generality, we can assume that 1 < P; =
min(Py, P>, ..., P.).

We let J = J(P;n,k,r) denote the number of solutions of system (4.17)
(for brevity, we sometimes write P, which means that we have the vector
P=(P, P,..., P)).

If in system (4.17) some equations are omitted, such a system is said to be incom-

plete.
We let F(xy, ..., x;) denote a polynomial of the form
ni ny
t
F(x1,....,x)) = Fa(x1,...,%) = Z-'-Za(tl,...,tr)xll...xﬁ’,
n=0 =0
where «(fq, ..., t;) are real numbers, the monomials a(zq, ..., tr)xil .. .xﬁ" are ar-

ranged in ascending order of numbers t; 4+ (ny + D)t + (n; + D)(ny + Dtz + - - - +
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(n1+1)...(n—1 + D, Aisthe vector whose coordinates are the coefficients of the
polynomial F(xy, ..., x,) in the same order as they enter F(x1, ..., x;).
Let

S(A)y= Y - > exp(2mitF(x1,....x)),  S(A) = Si(A).

xX1<P Xp <Py

In the m-dimensional Euclidean space, by €2 we denote the unit m-dimensional
cube m = (n1 + 1)(np +1)...(n, + 1)) of the form

O<a(t,....ty) <1, 0=ty <ny,...,0=<t <n,.

4.2.1 Lemma on the complete system of congruences

The following lemma is one of the two fundamental lemmas in the p-adic proof of
the mean value theorem for multiple trigonometric sums.

Lemma 4.5. Suppose that |1, ..., u, are arbitrary natural numbers, 0 < t; <
ng,....,.0 <t, <nom=m+0)...n, +1),n =ny+---+n,, x =
winy + -+ + wpn,, p is a prime number, and T is the number of solutions of the
congruences

2m
j 1 4 o_ 4ty
D (=1)xlL . xy =0 (mod prittheiny
Jj=1
O0<ti<np,....,0<t <ny,
where each of the unknowns x1j, ..., x;j of the system takes p* successive values,
and By < x5j < By +p* (s =1,...,r, j = 1,...,2m) Suppose also that the
vectors xXj = (x1j, ..., Xpj), where j = 2,4, ..., 2m, satisfy the regularity condition

modulo p. Then T satisfies the estimate

T < m!px(Zmr—O.Sm).

Proof. Using the fact that » > uit; + - - - + Wu,ty, i.e., each unknown runs through
the complete system of residues, we can set By = 0 (s = 1,...,r). Moreover, we
can assume that p > max(ny, ..., n,), since in the case p < max(ny, ..., n,), there
are no solutions satisfying the regularity condition modulo p. We represent each
unknown x;; as

—1
Xsj = Xsj0 + PXsj1 + 0+ P gy,

where

OSXSjO’ijl7""ij){—l Sp_lv S:1,...,r; j:17”"2m7
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and find necessary conditions which are satisfied by the variables x,;,. Considering all
the congruences in the system modulo p and using the fact that x;; = x;;0 (mod p),
we find the conditions on xg;(:

2m
Z(—l)fxiljo .. .xﬁ’jo =0 (mod p),
j=1

0<n<ny,....,0=t, <n,, w1 +---+purty > 1.

Let Ty be the number of solutions of this system. Then, by Lemma 4.3 with ¢
replaced by p, we have the estimate

The further argument completely coincides with the corresponding argument in

Section4.1.3, but, instead of the conditions #{+- - -+#, > vand0 < t{,...,t < n,one
must consider the conditions p1t{+- - -+t > vand0 <t <ny,...,0<t <n,.
We let R, (v) denote the number of solutions in integers t1, . . . , ¢, of the inequalities
witt+- -+t >v,0<t <ng,...,0 <t <n,. Thenfor T we have the estimate
x—1
T < m!pZmran»l l_[ pZmrfR,(v+l)'
v=I1

Since R, (1) = m — 1, we also have

If R)(v) is the number of solutions of the equation w1t + -+ + purt, = v in

integers 0 < t; <ny,...,0 <t <n,,then we have the relations
x x  x x k
R=) RO)=) ) RE=) R I
v=1 v=1 k=v k=v v=1
x ni nr
=D kRI.(k)=) - (uiti + -+ + prty) = 0.5mx,
k=1 =0 t,=0
which implies the statement of the lemma. O

4.2.2 Recurrence inequality

Lemma 4.6. We consider the sets consisting of k > 2n vectors (X1, X2, ..., Xg) such
that each of the vectors X in this set has r coordinates, i.e.,

x:(y17'~-ayi’)7
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where yi, ...,y are natural numbers, 1 < y; < Pi,...,1 < y, < P, (hence
if P1,..., P, are integers, then the total number of sets is Plk . Prk), and P, =
min(Py, ..., P.).

Suppose also that »x > 1 is a natural number, xy = 1, and py, ..., p, are distinct

primes such that
05P <p; <P/, j=1,...,x

We divide all these sets into two classes A and B. Class A consists of the sets
satisfying the regularity condition modulo p = p; at least for a single value of j
(1 < j < x); all the other sets belong to class B. Then the number of sets in class B
does not exceed

D = %Py POR(py ... py) KL

Proof. We reduce estimating D to estimating (already carried out in Section 4.1) the
number of vector sets in the second class, which was defined in the same section. As
shown above, we have

x=Yy (mod gq)

(i.e., the vector X is congruent to the vector y modulo ¢) if their corresponding co-
ordinates are congruent modulo ¢g. It is easy to see that if there are two vector sets
(x1,%2,...,xx)and (¥, ¥, . . ., y;) and the vectors from the second set are congru-
ent to the corresponding vectors from the first set modulo p1, ..., pk, then these sets
belong to the same class (either A or B). Thus

D<(Pipr....p)” D) L (Ppr )T )Y

where V is the number of sets (¥, ¥,, ..., y;) consisting of k vectors y such that
each of their coordinates is an integer strictly less than p ... p,. But we have already
proved (see Section 4.1) that V satisfies the inequality

X
v < [Tery wp=hh,
j=1

where n = ny| + - - - + n,. This implies
D < a2 (P P (pr. )T
as required. O

Lemma 4.7. Let Py = min(Py, P>, ..., P;). For P > 1l andeachs =1, ...,r, we
determine natural numbers | and v from the relations

1 - In Py 1 In P

—= —Us <=, —1l<
2= mp T2 In P, =
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We also set
x=ping 4+ peny,  oxy =1,
where ny, ...,n, are natural numbers. Let p be a real number in the interval
()_5p17’ <p< Ply. We determine numbers Qg (s = 1, ...,r) by the relations

Qs = Psp™Hs 4 1.
Then foralls = 1, ..., r the following relations hold:
. 01=0s 2. InQs<vInQ;.
Proof. 1.1f uy = 1 forsome s (1 < s <r), then we obtain
Qi=pPp ' +1=Ppl+1=0;
Let now ug > 1. Then it follows from the definition of u, that
InP/In Py > py —1/2, Py > P12
and hence
Pop~hs = Pl pmis — (ppThyrs P2 > PR p2,
Since x = piny + -+ + pupny > 2,y < 1/2, we have

p<Pl <P Plpr=ppt PpH>pp!
O, =Pp ™ +1=Ppl4+1=0;.

’

The first assertion in the lemma is proved.
2. We first note that for x > y > 1, we have the inequality

In(x+1)/In(y+1) <Inx/Iny. (4.18)

Indeed, in this case we have the relation x = y”“ for some o > 0. Therefore,
inequality (4.18) is equivalent to the inequality

In(1 + ") /In(1 +y) < 1 +a,
which, in turn, follows from the inequality
L+ =14y
Using (4.18), we successively obtain

In Q; _ In(Psp=™s + 1) _ In Pyp—Hs _ InP; — uslnp
InQ; In(Pip~'4+1) ~ InPip=! WP —Inp
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LetIn Py/In P; = pus + o5, where —0.5 < oy < 0.5. Then

In Py = pyIn Py 4+ a4 In Py,
In Q; </Ls(lnP1—lnp)+(xslnP1 o osln Py '
InQ; — InP,—Inp S InPp!
Ifa; <0, then uy — 1 < g + a5 < ug, i.e., by definition, we have vy = ;.
Hence

In In P
QS 5 MS (xs—rll 5 US'
In Q4 InPp-!
IfO < oy < 0.5, then uy <In Py/In P = ug + a5 < s + 1 = v;. Further,

In P InPpt+1 1
nP InPp +np_1+ np <2

In Plpfl a In Plpfl o In Plpfl
Hence we obtain

In Q; oy In Pp
no; < Us Wfﬂs+2as<us+1=vs.

The second assertion is the lemma is also proved. O

The following lemma is the second fundamental lemma in the p-adic proof of the
mean value theorem and is called the lemma on the recurrence inequality.

Lemma 4.8. Suppose that r > 1, ny,...,n, are natural numbers, k > 2m, and
min(Py, ..., P,) = Py > 1. Foreachs = 1, ..., r,wedetermine natural numbers i
and vs by the relations

In P P b <0,

—-0.5 < — 0.5, -1
“InP; s = = n P;

We also set
x=pun1+---+pun, yx=1, pu=pur+---+ u,.

Then there exists a number p in the interval [0.5 pIV , Ply] such that the following
inequality holds:

J(Pi 7, k) < k2?22 (Py ... PP pPk=m=mx/2 1 (-1 k — m)
+ 27 ()R (Py L PP,

where P = (Py,...,P,), O = (Q1,...,0,), and the variables Q1, ..., Q, are
determined by the relations

Qs=Pp "™ +1, s=12,...,r,
and also satisfy the conditions

Q1 =min(Q1, Q2,...,0;), InQs <vilnQy, s=1,...,r
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Proof. We assume that P; > (4x)>* because, otherwise, by setting p = Ply , We see
that the second term in the right-hand side in the assertion of the lemma is larger than
(P;...P)%*, By Lemma 3.8 (see Chapter 3), the interval [O.SPIV , Ply] contains at
least » prime numbers, which we denote by p1, ..., p,. The further argument repeats
the argument in Section 4.1, and we successively obtain the estimates

k 2
J <2 420, Ji<x*J3, 3 5( ) Ja,
m

)

where the prime on the distinguished repeated sum denotes summation over the sets
X1, X3, ..., X2;m—1 satisfying the regularity condition modulo p. Now the summation
over x = (x1,...,X,) in the last sum can be represented as the summation over
arithmetic progressions whose form depends on the number of the coordinate of the
vector x as follows: if x; is the sth coordinate of x, then

2(k— m)

Xom—1

Xs=ys+phzg, 0<y;<pl, 0<zz<Pp ™, s=1...,r

The rest of the argument in Section 4.1 concerning the estimate of J4 is preserved.
Applying Lemma 4.5 when necessary, we obtain the final inequality

Jy < p2(M1+-~+Mr)(k*m)m!(Plp*% + 1)2m
. (Prp—x + 1)2mp2mrx—0.5muj(§; i,k —m),

2m
J < %2k_‘22mrp2(,u1+~~~+u,~)(k—m)—0.5m}t(Pl B )2mJ(Q k— m).

m:

We see that the estimate obtained for J corresponds to the first term in the statement
of the lemma.

Let us estimate J,. The value of J, does not exceed the squared number U of
terms from class B. But class B contains sets of vectors X1, X3, ..., X2, that are
singular modulo p for p = p; (1 < j < x). By Lemma 4.6, the number U does not
exceed

n* 2k (py L POK(pr .. p)" TR L

Hence J; satisfies the estimate

J2 S U2 S n2kx22kr+2x(Pl L. Pr)zk(pl L. px)—2k+2m—2
< nlklekr+4x+2k}t—2m}f(Pl o Pr)Zk P1—2k+2m—2‘

Hence, for k > 2m, we obtain the estimate

Jo < 27 () (P L PP PE,
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which corresponds to the second term in the statement of the lemma. The estimates
obtained imply the desired estimate in the lemma.
The last part of the statement of the lemma, namely, the relations

Q1=min(Q11---er)a anSSV.T]ani S=1,...,

D

follow from the definition of Qg and Lemma 4.7. O

4.2.3 The mean value theorem

Theorem 4.2. Suppose that t > 0 is an inte&er andny, ..., n, are natural numbers.
Then for k1 > k = mt, the variable J = J(P; n, k) satisfies the estimate

J < k2m7%4z2A(t)28mzt(Pl o Pr)Zk] P—;{A(r)
where x =nvy+---+nv, yx=1m=m +1)...(n, + 1), and

A() =0.5m(1 — (1= y)7), P=(P"...P")

Here vy, ..., v, are natural numbers such that
In Py
-1 < —v, <0, s=1,...,r.
In P;

Proof. Tt suffices to prove the theorem for ky = k = mt. If T = 0, then the
statement of the theorem becomes trivial. Suppose that T = 1 and k = m. We choose
a prime number ¢ in the interval P} < g < 2Pj. Let T be the number of solutions of
the system of congruences modulo g corresponding to the system of equations (4.17)
(instead of Egs. (4.17), we consider the system of congruences modulo g with the
same conditions on the unknowns). Obviously, we have

J<T <Pig '+ 1) . (Pg”' + 1Ty,

where Ty is the variable estimated in Lemma 4.3. We obtain

TO < m!q2mr7m+l ,

J < m!24mr(P1 o Pr)Zm P17m+1 < m2m28m}t(Pl o Pr)ZmP—O.Sm'

The last inequality becomes obvious if we recall that

lnP2+ n lnP,< n n ! -
n niy nyv, = x, xy =1, X =r.
In P, rlnPI_ 1V1 rVr Y

ny+ny

Thus we see that the statement of the theorem holds fort =0 and 7 = 1.
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We assume that the statement of the theorem holds for T = s and prove it for
T =5 + 1. Since s> I,s+1>2,and k = m(s + 1) > 2m, we can use Lemma 4.8
to estimate J = J(P; n, k):
T < KPP (Py L PP pP T TO0I (i k — m) (4.19)
+ 27 ()R (Py . PP,

where © = uy + -+ + u, and @y, ..., 4, are natural numbers determined by the
conditions
05< b 05 j=1
—0. = — ;i < 0.5, =1,...,r
=P Hj J

05P <p<P/, 0=(Ql,....,0,), Qs=Pp ™ +1, s=1,...,r

We apply the induction assumption to estimate J (Q; 7, k — m). For this, we note that
Q1 = min(Q1, ..., Q;) > 1. Next, we determine natural numbers v{, ..., v, from
the relations

—1<InQ;/InQ, —v} <0, j=1,...,r

and set x; = ny vi +---+n,v. and % y; = 1. We note that Lemma 4.7 readily implies
the estimates

InQ;/InQ; <vj;, ie. v} <vj, j=1,...,r
Hence x; < x andy < y.
So it follows from the induction assumption that (k —m = ms, T = s)
— _ 4 A -
J(Q: 7, k —m) < (ms)*™ ! Oosmsxi (g, 0,)2ms QM)

where Aj(s) = 0.5m(1 — (1 —y1)*) and Q = (Q}' ... Oy ).
From (4.19) and the last inequality, we find

J Wi+ W,

where

2
Wl — (m(s + 1))2m%222mr(ms)2ms%?}‘lAl(s)szs;q

X (Py... P! pPHmsm0mA (L 0,2 g ED,
Wy = 277 (4x) D% (py . py2mGtD pk,
It remains to prove that
W <0.5W, W, <0.5W,
where

2
W — (m(s + 1))2m(s+l)%4x A(s+l)28m(s+1)z(P1 . Pr)Zm(s+1)P7}cA(s+l)
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(W is the right-hand side in the inequality in the statement of the theorem). As already
noted, we have
P .. P! < P} (4.20)

Moreover, A(s + 1) = 0.5m(1 — (1 — y)”l) < 0.5m(s + 1)y. Hence

(le Pn,)—A(s—',-l) > P—O.Sm(s—s—l)
... r iy 9

i.e., the lowering obtained in the theorem is not better than Pl_o'sm(sﬂ), and hence

if P; < (m(s + 1))*, then, taking the first factor in W into account, we obtain W >
(Py...P)%"G+D  The statement of the theorem thus becomes trivial. Hence we
assume

Py > (m(s + 1)* > 2ms)>.

Moreover, we can assume that Pln Lo.Pr > %4"2. Otherwise, the estimate of J
becomes trivial because of the second factor in the statement of the theorem. Thus we
can assume that P; > P

Now we estimate W;. By the definition of the variables Q7y, ..., Q,, we obtain

(Q1...0)™ < (P1... P 1+ pPy )™ . (1+ pP7hy»msp=2ims,

Next, y < 0.5, p < VP, and P; > P (j=1,...,r). For uj = 1, we have the
estimates
wip—1 _ -1 0.5,
. . n;j—0.5 . .
for j > 2, the inequality P; > P, implies

So we always have (because P; > (2ms)?) pti Pj_1 < Pl_o'5 < 1/(2ms). There-
fore, we obtain

1+ p P71 < (14 1/@ms)™™ <3,
(Q1...0)"™ <37(Py... P p2mms,

We again use the definition of Q; to obtain

Pip™" < Qj,
(Qllu Q;lr)_Al(S) < (Plnl ”'P;’lr)_Al(S)p(”ll/vl+"'+”rllr)Al(5)’

(Pr... P pPms=0ame(gy . Q)™ (QY' ... Q)1
< 3r(Pl e Pr)zm(s—i_l)(Plnl .o Prnr)_Al(S)p_o'sm}f""(nl:“'1+"‘+”r/~"r)Al(S)'
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Now we show that
4 2
3" (m(s + 1))2m%222mr (ms)st}fl x A1(5)28ms>61
x (Pl o Pr)2m(s+l)(P1n1 L Prn,)7A1(s)pfO.Sm}tJr(nlu1+~~~+nru,)A1(s)
< Os(m(s _|_ 1))2m(S+1)}{41(2A(S+1)28m(5‘+1)k(Pl . Pr)lm(s—i-l)P—xA(s-i-l)'

We increase the left-hand side of the last inequality replacing »; by ». It is easy to
see that

3r(m(s + 1))2mx222mr(ms)2m328msu < Os(m(s + 1))2m(5+1)28m(s+1)x‘

Indeed, after cancellation (with some roughening of the left-hand side), we obtain the

relation
3rx222mr < 28mx—1

which is always trivial (one must only have in mind that x > n; +--- 4+ n, > r).
Now it remains to prove the inequality

2
%4}{ Al(s)(Plnl o Prnr)—A1(s)p—O.Smx-i-(nlul+--.+n,ur)A1(s)

< %4}52A(s+1)(P1n1 o P:L,)—A(s—i-l)’

or the equivalent inequality

(P '__Prnr%—4x2)A(s+1)—A1(s> < pOSmx—(mipit et ) AL (s), 4.21)

It follows from the definition of u jthatu; <v; (j =1,...,r). Hence we have
x=nv1+---+nv.>n1pu1 + - -+ nu-. Moreover,

A(s) = O.Sm(l -1 - yl)s) <0.5m.
Hence
0.5mx — (1 + - +nru)A1(s) > 0.

Next, as noted above, we have

A2
P Pl S,

r

Therefore, if A(s + 1) — Aj(s) < 0, then inequality (4.21) holds trivially. Let
A(s + 1) — Aj(s) > 0. We have the inequalities

4,2 2 4,2 2 2
PN P < P, Py <2%p*, PP < 0 et o g

pO.Smxf(n1u1+~-+n,pcr)A1(s) > p0‘5m%7J{A1(S)'
Now we prove the inequality

pxz(A(s+1)fA1(s)) < pO.SmufJfAl(s)



178 4 Mean value theorems for multiple trigonometric sums
or the equivalent inequality x(A(s +1) — Aq (s)) < 0.5m — A1(s). We successively
obtain (xy = 1)

0.5mx((1—y1)* — (1 — )" <0.5m(1 — ),
I—p) ==y <yd—y)', A—p)’A—y)<d—y)>,
Y = V1.

Thus we have proved the inequality W; < 0.5W.
The inequality W> < 0.5W can be proved much simpler. If

(4%)2"1(3'-‘1-1)}[ < 28m(s+1)zP1m(5+1)(P{11 o Prnr)—A(s—i-l)’
then the desired relation holds trivially. But, as already noted, we have
(P ... Pi)AGHD < pOamGHD o py o dx

Hence we obtain the obvious inequality

24m(s+1)%%2m(s+1)% < 28m(s+1)%%2m(s+1)% .
The proof of the theorem is complete. O

Remark 4.4. The statement of the theorem remains valid if the unknowns in sys-
tem (4.17) are subjected to any additional restrictions.

4.2.4 On the accuracy of the estimate in the mean value theorem

We note that the estimate in Theorem 4.2 is correct in the order of magnitude of in-
creasing variables Py, ..., P.. Indeed, following the argument similar to the argument
in the proof of Lemma 4.1 (e), it is possible to prove the inequality

J(P;, k) > (k)" (Py ... P (P ... PIry~0om,

On the other hand, for k = cmox log mx, where ¢ > 1 is a constant, i.e., for the k
for which the upper bound for J (P; n, k) is usually used in applications, Theorem 4.2
implies the inequality

J(P; 7, k) < exp{cimx®logmax}(P; . .. Pr)Zk(PI"l ... Pr"’)_O'SmJ“S,

where c¢; > 0 is a constant, § does not exceed y /2, and § — 0 with increasing c.
Moreover, essentially using Theorem 4.2 for the above-mentioned values of k, we
obtain an asymptotic formula for J (P; 7, k) (see Theorems 6.1 and 6.2 in Chapter 6).
We also show that the variable k = k(t) = mt in the mean value theorem has
a correct order of increase in the variables ny, ..., n,. More precisely, we show
that it is impossible to set k(t) = 0.1mt instead of k(t) = mt in the statement of
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Theorem 4.2. The outline of the proof coincides, in general, with the outline of the

corresponding argument in Section 4.5.1. We assume that, for all s = 1,2,...,r,

In Ps/In Py < a(m, r), where a(n, r) > 1 is a constant depending only on 7 and r.
Let ky(7) be the least positive integer such that the estimate

J(P;7, k1) < (Py... PP ... prry~20 (4.22)

holds for all Py, ..., P, and all k; > k> (7). Hereafter, we assume that the constant in
Vinogradov’s sign depends only on 77 and r. By the condition In P/ In P; < « (71, r),
the variable » in the statement of Theorem 4.1 satisfies the inequality » < 1. Hence
Theorem 4.1 implies that the estimate (4.22) holds for k; > k(). Hence we have
ko = ka(t) < k(7).

Since the theorem is proved for k(t) = mt, we have k; < mt. Our goal is to
prove the inequality

ko = ka(t) > 0.1k(r) = 0.1mt forany 7 < 1.

By m = m, we denote the value of (n; + 1)(n2 +1)...(n, + 1) and by m,_; we
denote the value of (np + 1) ... (n, + 1). We consider the solutions of the system

2kn
Z( l)jxlj tr_O’ Oftlfnl,'-woftrfnr,
that contain the unknowns x;; = 1, j = 1, ..., 2k;. We denote the number of such

solutions by J,_1. Obviously, it coincides with the number of solutions of the system

2k
Z( D/xf . x=0, 0<n<nm, .., 0<t<n,

where the unknowns vary in the limits 1 < X <P, ..., 1 x5 P, j =
1,...,2k.
As already noted, since kp <« 1, the variable J,._1 has the lower bound
Jro13> (Py.. PPy prryT03met, (4.23)

Moreover, we have the trivial relation J, = J(P; 7, k») > J,_;. This and in-
equalities (4.22) and (4.23) imply

(Pr... P (P PMYTAD s T (P PYPR(P)2 L Py O

It follows from the last inequality that

ey = A7) In P, n n In P,
T n nr
2= In P; 2 In P;

In P, In P, )

—0.5m,_ — -
m 1(nzln Py . In P,
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We transform the right-hand side and thus obtain

In P, In P, )
ny

lnP1n2+“'+lnPl

X (A(x) —0.5my—1) +0.5(my —m,—1) > 0.2m,x = 0.2mx

2ky > (m +

forn| > 2 and 7 = x. Hence k» = k2 () > 0.1mx = 0.1k(x), as required.

Concluding remark on Chapter 4. The mean value theorem for trigonometric sums
of arbitrary multiplicity was proved by G. I. Arkhipov and V. N. Chubarikov [11],
[10]. The statement of this theorem contained a new result even for the case of one-
dimensional sums, i.e., for the case of the classical Vinogradov’s mean value theorem.
The improved results in these papers were obtained by induction on the set of two
parameters one of which it the length of the summation interval and the other is the
“accuracy” of averaging [11]. Simultaneously, a less precise result was obtained by
S. B. Stechkin by the method of successive iterations [143].



Chapter 5

Estimates for multiple trigonometric sums

In this chapter we obtain a general estimate for the trigonometric sum S(A) intro-
duced in Section 4.2. We divide all points «(?, ..., ) with the condition 0 <
a(ty, ..., ;) < 1, where t; + --- + ¢, > 1, into two classes depending on their ap-
proximation by fractions. We obtain a uniform, rather sharp estimate of |S(A)| for
points of the second class, which comprise the overwhelming majority of points. We
obtain an estimate which in many cases is best possible for points of the first class. In
deriving the estimate of |S(A)| for points of the first class, we shall use the estimates
obtained in Chapters 1 and 2 for multiple trigonometric integrals and complete mul-
tiple trigonometric sums. In addition, we shall also need a generalization of van der
Korput’s lemma to the multidimensional case.

In deriving the estimate of |S(A)| for points of the second class, we shall need the
theorems on the multiplicity of the intersection of regions that we prove in Section 5.1.

5.1 Theorems on the multiplicity of intersection
of multidimensional regions

The theorems in this section give an upper bound for the multiplicity of regions. We
shall use this bound to estimate the trigonometric sums of general type.

We now explain the logical interrelation of the results in this section.

In Chapter 3 we describe in detail the general scheme for reducing an estimate of
an individual trigonometric sum to an estimate of its mean value. In particular, in this
reduction a point of the m-dimensional space whose coordinates are the coefficients of
the polynomial F (X) in the exponent of the multiple trigonometric sum is enclosed in
a rectangular region w in such a way that the absolute value of the trigonometric sum
is almost the same throughout the region. If the interval of summation is shifted by a
vectory = (yi, ..., yr), then the coefficients of the polynomial F(X) in the exponent
of the trigonometric sum change and become themselves some polynomials in y. In
the argument below, we shall denote these polynomials by B(f) = B(ty, ..., t) =
B(7; y). The condition that the region @ = Q(¥;) intersects with a fixed region €2 (yo)
essentially means that the respective coefficients of B(z; ¥;) and B(Z; y,) are close to
one another modulo 1 forallz = (¢4, ..., ). In other words, if these regions intersect,
then some congruences nonlinear in y hold modulo 1.
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In order to use these congruences to obtain an upper bound for the number G
(the number of distinct vectors y; satisfying these congruences, i.e., the number of
regions that intersect the fixed region), we use a technique of I. M. Vinogradov, which
enables us, from the above system of nonlinear congruences, to derive a system of
congruences that are linear in y;.

Unlike the one-dimensional case, this system contains several unknowns. Hence,
to realize Vinogradov’s technique for obtaining an estimate of the correct order for G
in dependence on the value of the least common multiple of the denominators in
rational approximations of the coefficients of F(x), we must use some additional
considerations.

The method by means of which a nonlinear system can be reduced to a linear system
splits into two parts. The first step consists in finding for the B(7; y;) a particular
representation in terms of the linear forms contained in the other coefficients, i.e.,
in the other polynomials B(7; ¥;). We think that every polynomial is the sum of a
constant term, a linear form, a quadratic form, a cubic form, and so on. At the second
step, we use this representation to derive congruences in linear forms from the system
of nonlinear congruences for the coefficients of B(7; y).

In the one-dimensional case, the first step is trivial, and the main difficulty is with
the second step. In the multidimensional case which we shall study here, both steps
are of approximately equal difficulty. The first of these steps is studied in Lemma 5.1
and the second in Lemma 5.2.

In Lemma 5.1, to obtain the required representation of the coefficients in terms of
linear forms, we construct a system of polynomials with nonnegative integer coeffi-
cients by means of generating functions; then the required representation is demon-
strated by direct transformations.

The proof of Lemma 5.2 is to a large extent similar to that in the one-dimensional
case. The multidimensionality yields new parameters; hence, one must use the multidi-
mensional induction and, in order to preserve the accuracy, once again select numerical
factors.

To estimate G, we prove the following three assertions. First, we recall some old
notions and introduce new ones.

Let F(xy, ..., x;) be a polynomial introduced in Section 4.2, i.e.,

ni nr
F(xi,...,x,) = Z.--Za(tl,...,tr)xil ...xﬁ’.
t11=0 t,=0

We define a function B = B(uy, ..., u,) = B(u) by the relation
Fxi+y,....x+y)—Fxi+z1,..., % +2)

=Y Yttt (YD ) = G ) (e +20)7)

11=0 t,=0
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—Z ZB(tl,...,t,)x?...xﬁ’.

t1=0 t,=0
Hence the function B(t1,...,t) depends not only on t#1,...,t but also
onyg,...,¥r,21,--.,Z and (by definition) can be written as

Bui,....u =Y Y. a(tl,...,tr)(;l)...<;r>

H=uy ty=u,

n— u1 tr—u n—ui tr—u
x (¥ R e 4] L.

Next, wesetu = u; +---+uy,,v=vy+---+v,,n =n;+---+ n,, and
t =1t +---+1t. Wedefine a function A = A(u1,...,u,;s) = A(u; s) as the sth

degree form in the polynomial B(ty, ..., t,); in other words,
_ v
Ay, ..., u;8) = A(u; s) = Z Za(vl,.. vr)( 1><u:>
v1=Uu1 Vp=U,
v=s-+u
X (yvl ul yvr Ur _ 21111*141 Zvr—u,
- ez .
It follows from the definitions of B and A that
n—u
B@) =Y _ A s).

s=0

Moreover, we note that
;
AW 1) =) (uj+ Doy, ...ouj+ 1, .. u) () — )
j=1
Lemma 5.1. There exist polynomials H(u;v; s) in the unknowns yi, ..., Vr, Z1,
.., Zr such that
A ) ————— R Z Z vi!. . v H @@ v s) A 1):
vi=u1 Vp=U,
v=s—1+u

the sum of the coefficients of each of the polynomials H (u;v; s) does not exceed

sr3~1 and the sum of powers of the variables vj,» zj (j =1,...,r) contained in any

monomial in the polynomial H does not exceedvj —u; (j =1,...,r).
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Proof. We define a function g(wy, ..., w,; s) which will be the generating function
of the polynomials H (u; v; s) by the relation

- wy + -+ yw)’ — (Zqwy + -+ Zrw,)®

gwy, ..., wps)=w
' : Dwr + -+ yrwp) — (Z1wy + -+ + Z,wy)
+00 +00
=Y > H@usw! . w (5.1
vi=u1 Vp=Uy
v=s—14u
The definition of g(wy, ..., w,; s) implies
g(wy, ..., wy;s)

ui u — t s—t—1 (5'2)
= w ...w,’Z(y1w1+--‘+y,wr) (ziwy + -+ -+ Zpwy) .
=0

The coefficient of the monomial wlf1 ... wy" in the right-hand side of this relation
is the polynomial H (u; v; s) in the variables yy, ..., yr, z1, ..., Zr. Hence it is easy
to see that the coefficients of the polynomial H (u; v; s) are integers. If we now set
w =-=w=1,yy=---=y =1l,and z; = --- = z = 1 in (5.2), then
the right-hand side of this relation is, first, equal to the sum of all coefficients of all
monomials H (u; v; s), where vi > uy,...,v, > u,, and, second, is equal to the
number

Zrt s—t—1 _ s—l‘

Therefore, the sum of the coefficients of each monomial H (u; v;s), vi > uj,

.., v, > u,, does not exceed sr*~!. Moreover, the sum of powers of the variables
yj, zj contained in each monomial in the polynomial H (u; v; s) is equal to v; — u;
(j =1,...,r). Indeed, to thls end we set z; = y; in the right-hand side of (5.2).
Then the power of y; before w' j 7 will be the required sum. But it is easy to see that in

J

this case the power of y; before wj isequal tov; —u;.

We transform the product
g, ... wes ) (wr + -+ + yrwy) — Qw4+ zrwp)), (5.3)

first using the second part of relation (5.1) and then the first part. Equating the coeffi-
cients of w'f1 ... w," to one another, we obtain the desired statement of the lemma.

So, from relation (5.1), we have obtained the following system of relations (here
we change the order of summation and change the summation variable):
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gwy, ..., wes )1 —zDwr + -+ (yr —27)wy)

.
— Z ZH(E;E;s)w'f‘...wf’ Z(yj—Zj)wj
1

vi=ug Vr>Ur j=
v=s—1+u

— Z ZH(UI,...,vr;ﬁ;S)

V=g Vr=Ur
v=s—1+u

,
) ) vy vi—1 v+l vy v
X E yj —zj)w, C W W W coew,”

j=1
j=1 vizuy Vi1 ZUj—1 vj+1Zuj+1 V12U jy1 Up Uy

vt A0 D) Fvj v =s Uy e tuy

><H(vl,...,vj,l,vj+1—1,Uj+1,...,vr;ﬁ;s)

. V1 vi—1 v+l v vy
x (yj — zj)w, G W PW W W,

Jj=1 vizuj Vj—12Uj—1 vj>uj+1 Vjp12Uj4] Ur ZUty
v=s-+u
X H(vl,...,vj_l,vj —Lvjy, ..., 050 s)
Vi1 Vi Vji] v

X (yj—zpwi' .ow /S w w L w
J=17G g+ r

We show that the summation over v; in the last sum can start from # ;. A new term
equalto (yj—zj)wf' ... w;" multipliedby H (vy, ..., Vic, U= vy, ., 05 U5 S)
appears in this sum for v; = u;. But, according to definition (5.1), the last fac-

i—1
w?’

g =g(wy, ..., wr;s)inpowers ofw’f1 ... w,". Allthe monomials contained in g have
U

the degree in the variable w; no less than u ;, because g is the product of w'f1 R V)
by some polynomial in the same variables, namely, by

Oiwi + -+ yw)’ — (1w + -+ z,wp)’
iwy + -+ ywp) — (qwy + - -+ Zwp) )

Therefore, the factor H(vy, ..., vj_1,uj — L, vjq1,..., v, ;) is equal to zero.
Hence we can start the summation in the last sum from v; = u; and rewrite this sum
as

tor is the coefficient of the monomial u)f1 .wy" in the decomposition of

Z Z Z Z vl,...,vj—l,...,vr;ﬁ;s) 5.4

j=1 vizuy Vi>uj Vp>Uy
v=s+u

X (yj —zpwi' ... w
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_ U] v
T S

v =ug U >Uy
v=s+u

-
X Z(yj —zj)H@i,...,v;j —=1,...,v:;1; 5).

j=1

Now we use the right-hand side of (5.1) to transform product (5.2). First, by the
Newton binomial formula, we have

mwir + -+ yrw)’ = Z lq's—!k'ylf'...yf’wlfl...wf’.
kitothe=s T
Therefore, after obvious transformations, we obtain
gwi, ..., wrys) (1 —zDwi + -+ + (v — 2r)wy)
=w' .. wr(w + -+ yw)' — @w o+ zw,)’)

s!
wi” CLWpT E —_—
k!

ki!...
kit =s 1
ki kr ¢ k1 k k1 k
Xwp w2
S! k
1+ui kr+ur o K1
Z WU)I ...wr' r(yl
ki+otke=s T
IREDD
— ' - '
s v,zu,(vl u)!... (v, —up)!
v=s+u
V] v v1—ui Vr—Uu v1—ui
X wp...ow. (Y N

U

k
Yoy

vr—ur)

(in the penultimate sum, we made a change of the summation variables of the form
ki +uy =vy, ..., ks +u, =vp).

Comparing the coefficients of wzl)l .

obtain

or

vp—uj

N1

!
s! —uy

(i —up) ... (v, —u)!

GUT Ly

vi—uj Uy_ur)

-2 R 4

.
=Z(yj —zj)H@i,...,vj —1,...,v:50u;5),

Jj=1
— v1—Uu —_
Ly T T g
_(vl—ul)!...(
o s!

j=1

w," in the last sums in (5.4) and (5.5), we

v — uy)! A _
r r Z(yj_zj)H(vl,_,.,vj—1,...,vr;u;s).
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We first substitute this identity into the expression for A(u; s) and use the relation

<v) _ v!
u)  ulv—u)!

Then, again using the relation H(vy,...,u; —1,...,v,;u;s) = 0, we change the
order of summation and apply the formula for A(u; 1). We obtain

1 Mt | '
A(u;s) = Z Za(vl,...,vr) o ) o

| — [T — |
vt Nl up!(vy — uy)! u (v, — up)!

v=s+u

(v —up)!...(
X

U — )] — _
Y G — 2 H L vy — 0 s)

s!
j=1
1 ny ny
= E E vi!.ovda(ug, ..o, )
up!...u,ls!
vI=uy Vp=U,

v=s+u

.
XZ(yj—z,-)H(vl,...,vj—1,...,vr;ﬁ;S)
j=1

ouy! . upls!

V1=uq vj—1=Llj—1 Vr=Uur
v+t (v — D4 Fvr=s—14u+tur

xvl...(v; =1+ Dl vla(uy,...,v; —1+1,...,0,)

-
xZ(yj—Zj)H(v1,...,vj—1,...,vr;ﬁ;s)

j=1
1 ni nj ny
=———— > o > Dl i+ DLyt
ur!...u'ls!
v1=ug szuj—l VUr=Ur
v=s—1+u

-
xa(vl,...,vj—I—l,...,vr)Z(yj—zj)H(vl,...,vj,...,vr;ﬁ;S):

Jj=1
1 ni ny
=——— > > w4 D)
up!...uls!
vi=ui vr=uy
v=s—1+u

p
xoc(vl,...,vj+1,...,v,)Z(yj—ZJ)H(vl,...,v,;ﬁ;s)=
j=1
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ni

n r
- _ vl .o
E E H(U,u,s);:lm(vj-Fl)()’j—Zj)

v1=ug Vr=Ur
v=s—1+u

xa(y,...,v;+1,...,0,)

ni

1 -
Z Z vi!...v.'H@; u;s)A(v; 1).

up!...uls!

vi=u] vr=Uu,
v=s—1+u

The proof of the lemma is complete. O

Lemma 5.2. We let L denote the number of solutions of the system of inequalities

IB(ui,...,u)|| < Pl_”1 R (5.6)
uy=0,1,...,n1; ...; u,=0,1,...,n,,

n=n+---+4+n,, u=ur+---+u,, 1<u<n-—1,

under the assumption that the unknowns yy, ..., y, run respectively through the inte-
gers in the intervals [—Y1, Y1), ..., [-Y, Y —r], z1, ..., 2, are fixed integers from
the same intervals, Y1 < Py, ...,Y, < P., and Ly denotes the number of solutions

under the same conditions of the linear system

n! (n+ 1!
. Alur, ..., ur 1) 5.7
@+ 1D (w+2)!
! !
<" (”J“1)'(4mz)”—“—lpl‘“1 I
w+1! (u+2)
uy=0,1,...,n1;...;u,=0,1,...,n,, 1<u<n-—1.

Then the following inequality holds:

Ly <L,

Proof.  We divide all inequalities in (5.7) into groups of inequalities E, (u =
0,1,...,n — 1). Each group E, contains the inequalities for which the sum u =
u1+- - -+u, has the same value equal to ;1. We show that each solution of system (5.6)
satisfies all inequalities in E,, for any u, which readily implies the statement of the
lemma.

We prove the last assertion as follows: at the first step, we prove that each solu-
tion of system (5.6) is also a solution of the system of inequalities consisting of the
inequalities in (5.6) and of the inequalities from the group E,, with the maximal value
uw = up = n — 1. At the second step, we prove that each solution of system (5.6)
is also a solution of the system of inequalities consisting of the inequalities in (5.7),
the inequalities from the group E,, and the inequalities from the group E,,_1, etc.,
till £1. In other words, we proceed by induction on the parameter u.
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Let 4 = up = n — 1. For this value of the parameter j, the group E,, consists
of r linear inequalities. Indeed, in this case the equation

u=u1+---+u=n—1=ny+---+n, — 1,

Oiul Snlv-"aofur fnr»
hassolutionsu; =n; — l,up =np, ..., Uy =Ny, ... U] =N, U) =N, ..., U =
n, — 1; moreover,
B(ny,....,nj_1,n; —1,nj11,...,n)
=AWy, ...,nj_1,n;—Linjy,...,n5 ) =njag,...,n.)(Qyj —z;)
and the coefficients of A(ny,...,nj_1,n; — 1,nj11,...,n,; 1) in the inequalities

in E,, are equal to 1. Besides, the right-hand sides of the inequalities in E,,, exceed
in magnitude the right-hand sides of the inequalities in system (5.6) with the corre-
sponding indices. Thus the induction assumption holds for u = uy. Now we assume
that the desired assertion is proved for u = k 4 1 and prove it for © = k. Let

u=uy+---+u =u==k.

By the definition of B(uy, ..., u,), we have

n—u
By, ...,u,) = Z A(u; s).
s=1

Hence

A@; 1) = B@ — Y A@; 5).
s=1

(n+1)!

Multiplying both sides of this relation by (ui—'l), R rEE

for A(u; s) obtained in Lemma 5.1, we arrive at

and using the expression

n! n+1! _ n! n+1D!
. A1) = . B 5.8
Wt ar V=0 W P (58)
"2‘:” i i vl 2! (41!
it Sl ul...uy! stw+ D! (uw+2)!
v=s—1+u
! D!
« H@ @ s)— DL s,
@+ D! (w+2)!
Next, for any integer yi, ..., yr, 21, - - - » Zr, the variable
ooouy! 2)! 1!
vilool - +2) (WA )H(E;ﬁ;s)

! ! sS\u+ D) (u+2)!
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is integer because the numbers

vi!l...v! (v+2)! v+ D!
uoou s+ DY (w4 2)!

are integer fors > 1,ny > vy > uy,...,np > 0 > up,andv = vy + -+ v, =
s—14u;+---+u, =s —1+4+uand, by Lemma 5.1, H(v; u; s) is a polynomial in
Yis---5 Yrs 21, - - -, Zr With integer coefficients.

Now we note that if « = 8 (mod 1), then ||| = ||8]| and for any integer d, the
inequality ||d«|| < d||«|| holds.

Passing from (5.8) to a congruence modulo 1 and using this remark, we obtain the
inequality

n! n+D! n o m+D
’ TEDIRCET 1)” SutD wroB@I
= Toulu! (W42 v+ D!
+S§U;1'”Ug ! ! sS\u+ D! (u+2)! (5.9
v=s—1+4u
X H@ 5| e+ Do 1)”.
w+ D! (v+2)!

In the last sum, we havev = v +---+v, =s—14+u=s—1+u;+---+u, >
14u;+---+u, =1+ u > k. Therefore, applying the induction assumption to the
variables |

2vn—v—1 p— —,
(4rn?)" T P L PT

r

n! (n+ !
w+ D! (v+2)!
we see that they do not exceed

A®; 1)

n! (n+ 1!
W+ D! (v+2)

It follows from the assumptions of the lemma that the value of ||B(u)|| does not
exceed Pl_"1 ... P7". Moreover, by Lemma 5.1, the sum of the coefficients of the
polynomial H (v; u; s) does not exceed sr*~1 and the sum of the powers of the
variables y;, z; in each monomial is equal to v; — u;. Hence

|H(0; ;)| < sr 1P pori,

Substituting the above estimates into inequality (5.9), we obtain

! ! ' !
n! -(n+l)'A(ﬁ; byl < n! .(n—{-l). 1_M1-~-Pr_”r
w+1D! (u+2) w+1! (u+2)
n—u nj ny
vil...v!l (w42)! v+ 1!
+Z Z Z u!...u! stu+ 1! (u+2)!
s=2 vI=uj v =iy

v=s—1+u
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n! (n+1)!

s—1 pvi—ui v —Uy . 2\n—v—1 p—V1 -V
x sro Py .o P R (v+2)!(4rn) P P,
_ n! ' (n+ D! P (1 + %)
u+D! @+ T ’
where
n—u Ul
_ 2 n—v—1
oD Y Y Mt
VI=u| vV =U,
v=s—1+u
vy!
=S ey 3 3 et
(s — D! o v,_u,ul u'
v=s—1+u

Let us find an upper bound for x. By the Newton binomial formula, we have

_ S—l)' k
G+ = Z Z 1 n'r

and hence
ni—ui ny—u
Sy bt =Y oy e
u Luy! u
v=u| Vr=U, 1 k1= k=0 1
v=s—1+u k1+ Ahp=s—1
s—1 s—1
k 3 s—1 s—1
=< Z anl...n,’ <m+---+n)" =n""".
k1=0 =
K4ty =s—1

Thus for » we obtain

s 1

. 2 1 2 1 2—s+1 s—1
Zz 1)'( n)nuss <(4rn)nu Z 1)' n)s n’

1
< (4rn?yn—u-l Z G oD@ = @rnH)" N (Je - 1)
s=2 :

Hence, recalling the formulasu = u1+---4+u, <ug=n1+---+n, —1=n-1,
r>1,u=u;+---+u, > 1, we obtain the estimate

L4 < 1+ @rn®)" =1 (Ye — 1) < @rn?y" 1,
as required. Thus we have proved the induction assumption for & = k, which implies

that this assumption holds for all . The proof of the lemma is complete. O

Now we state and prove the following theorem on the upper bound for the multi-
plicity of intersection of multidimensional regions.
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Theorem 5.1. Forallty, ..., t, suchthatO <t <ny,...,0 <t <n,,the numbers
(11, ..., ty) are determined by the relations

Tty ... ) =P PrA, A= (PM.. . Py G0
Let the coefficients a(ty, ..., t,) of the polynomial F(x1, ..., x,) have the form

a(ty, ...t O(ty, ...t
Ol(tl,--',tr): (1 r)+ (1 r) ’
Q(Il7vtr) Q(Il7-*-atr)r(t17"'9tr)

where the integers a(ty, ..., t) and q(t1, ..., t,) satisfy the conditions

(a(ti,....t:),q(t1,....t:)) =1, 0<q(t,....t,) S T(t1, ..., 1),

and the absolute values of the real numbers 0(t1, ..., t,) do not exceed 1. We let Qg
denote the least common multiple of the numbers q(t1, ..., t;) suchthatt =t +---+
t, > 2. We also determine the variables

C(tl,...,tr) =C(Z‘1,...,Z‘r;§)

by the relations

n nr
F(X{y +y1, ..., % +y) — F(xy, ..., %) = Z"-Zc(tl,...,tr)x?...xﬁ’.
t1=0 t,=0

We determine the region Q2 = Q(y1, ..., yr) of points y(t1, ..., t,) by the condi-
tions

ly(trs . oo ty) =ty ..o 1)l < 0.5P7 .. P70,

r
Oitlinlv-"aoftr fnr»

l<t=n+---+t, <n—-1=n;+---+n, — 1,
so that the integers yi, . .., yr can take any values in the intervals =Y < y; <Y; <
P,...,—Y. <y <Y, < P.. Wechoose one of the regions Q = Q(y1,..., V),
in other words, we consider the region Q2 = 2(z1, ..., 2r) corresponding to some

of the numbers z1, ..., z, from the above intervals. Let G be the number of regions
intersecting with Q. Then G satisfies the estimate

G<(m*P ... P.(A+ QD).

Proof. First, we exclude the trivial cases of the theorem. A trivial estimate of G is
the number of all possible values of yi, ..., y., i.e.,

Cri+1D... 2+ <2Pi+1)...2P- +1);
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the right-hand side is larger than Py, ..., P.. Therefore, in order the two estimates in
the theorem be nontrivial, it is necessary to satisfy each of the following inequalities:

Pi...P>(m)"P ... PA, Pi...P> ()P .. POy
From the first inequality, we obtain the condition on P;:
ATV s )™, P> rm)'

from the second inequality, we obtain the condition on Qg:

Qo > (rm)*".

Thus, in proving the theorem, we assume that

)12n’ )4n‘

Py > (rn Qo > (rn

We use Lemma 5.2 to reduce estimating G to estimating the number of solutions
of a system of linear inequalities, which, in turn, will be estimated using Lemma A.4.

If the regions 2 = Q(y1, ..., y,) and Qo = Q(z1, ..., zr) intersect, then they
have at least one common point y with the coordinates y (f1,...,%) (0 < f; <
ng,...,0<t, <n,1<t=t1+---+t, <n—1=ny+---+n, —1). This
implies that the following inequalities hold simultaneously for each of the numbers
y(ty, ..., t):

ly .o ty) — ety .ot M < 0.5P L PT,
ly(tiy . oo ty) =ty ..o 13 D < 0.5P . P
Therefore, for c(t1, ..., t;y) and c(t1, ..., t+; 7), we have the inequalities
e, oty 3) —ctr, oo 3 DI < PU L P
Using the notation of Lemma 5.2, we rewrite the last relations as
IB(ty,....t)|l < P ..., (5.10)

Thus we are under the assumptions of Lemma 5.2, and we must estimate the
number L of solutions of the system of inequalities (5.10) under the condition that
the unknowns yy, . ..,, take values of the integers from the corresponding intervals
Y1 <y<Y,..., =Y, <y <Y and zy, ..., z, are fixed numbers in the same
intervals. Applying Lemma 5.2, we see that L = G does not exceed Ly, where L is
the number of solutions of the following linear system of inequalities:

n (it 1) |
CEDl G At I)H (5.11)
nl (D)

< . @rn®r=tp P
@+ D! (+2)
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n=0,1,...,n1; ...; t,=0,1,...,n,,
n=n+--4+n,, t=H+---+t, 1<t<n-—1.

Next, we estimate the number Lj in different ways depending on the values of

q(t1,...,t;) (which are the denominators of the rational approximations to
af(ty, ..., t)). First, we estimate L, under the condition that there existsag(¢1, . . ., )
Hh=ny,....t, =np,u; +---+u, =u > 2) such that

Q(ul’ "'7”}") Z A_l-

Since u| + -+ 4+ u, > 2, there exists a uy > 1. We consider the inequality
in system (5.11) that corresponds to the variables 71, . . ., #, satisfying the conditions
H=uUly...,tk—1 = Uk—1,tx = U — 1, tky1 = Uk41, - .., 4 = uy. This inequality
has the form

n! (n+ D!
w (u+ 1)

.
(Z(uj + Doa(uy, ... uj+1,...,u)(y; —zj)
j=1
J#k

+uka(ul’ ceey U, 7ui”)(yk _Zk)> H

n! (n+1)! _
<—. (nt DY @rn®)" P P P
u! (u+1)!
For fixed y1, ..., Yk—1, Yk+1, - - - » Yr, to estimate the number L3 of the numbers yi

satisfying this inequality, we use Lemma A.4 (first, we write the chosen « as o =

a/q+0/(qr)):
Ly < (AYm—+m+2V)QYq~' +1),

where
n! (m—+1)! .
E'(u—i—l)!uk’ A=t (Uy,...,uy), Y =2Yr+1,
n! (n+1)!

(4rn®)"—u P PTY P, q=qui, ... u).

u (w4 1)!

After simple calculations, from this inequality we obtain the estimate Ly < L3(2Y] +
D...Q2Y + DY + D' < (rn)*™ Py ... P, A, which corresponds to this case of
the statement of the lemma.

Now we estimate L, under the assumption that each g(¢q, ..., t,) does not ex-
ceed AL, By Q(t1, ..., 1) we denote the least common multiple of the numbers
gt + L, ....t),qt1, b+ 1,...,t),...,q(1, 12, ..., t + 1). The following
two cases are possible:

(1) there exists a Q(¢q, ..., t) (t{ = uy,...,t = u,) such that

Ouy, ..., u) > A"
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(2) forall zq, ..., t, the following inequality holds:

Q(t17 "'7tr) Z A_l-

(1). In this case we consider the inequality in system (5.11) with the indices
t1 =uy,...,t = u,. Ithasthe form

n! n+1)! «
w+ D! (w+2)! ;(uj Dl oup 1wy =z (5:12)
! '
< n! ) (ﬂ + 1). (4rn2)n—u—1P1—u| o Pr_ur'
w+D! w+2)!
In this relation, we pass from the numbers a(u1,...,u; + 1,...,u,) to their

rational approximations. By the condition of the lemma, we have

a(uy,...,uj+1,...,u)

quy,...,uj+1,...,u)
O(ur,...,uj+1,...,u,)

qui, . uj+ 1, )T, w1 uy)

a(y,...,uj+1,...,u) =

We replace each « in the left-hand side of (5.12) by the rational fraction a/q. The
absolute value of the remainder thus obtained does not exceed the number

nl DL 4Y;
. uj+1
(u+1)! (u+2)!;(f )q(ul,...,uj—l—l,...,ur)t(ul,...,uj—{—l,...,ur)

r

an! 1! _
MRS R N S
j=1

< .
T+ w+2)!

8 nnr
< ((n + ) ) Pl ui . PrfurAfl'
(u+ D'(u +2)!
Therefore, the number of solutions of inequality (5.12) does not exceed the number
of solutions of the inequality

(yvj—zj) (5.13)

nl D a(ui, ... uj+1,...,ur)
. uj+1
(w4 1)! (u+2)!;(] )q(ul,..-,uj+1,--.,ur)

2
= Mf)l—ul te Pr_urA_1
(u+ D!(u +2)!
n! . (n+ 1)!(4}’”2)’1*”71}’1_’“ ...Priur
A+ D! (u+2)!
((n + N2

< ()P L PT AT = AT
(u + D!(u + 2)!
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We transform the last inequality as follows: we divide the common factors out of
the numerator and the denominator of the fractions before y; — z; and note that only
the terms

n! (n+ 1)!
W+ D! (u+2)!

(uwj+1) and quy,...,u;+1,...,u—r)

can have common factors.
The obtained denominators g of the irreducible fractions satisfy the inequalities

n! (n+ 1!
qgj <qQuy,...,u;j+1,...,u;) < PR . (M+2)!(Mj+1)q]'.

Moreover, the common least multiple of the numbers ¢y, . . ., ¢,, which we denote
by Q1, is no less than

P+ DY +2)!

] _
w1+ ... (ur+1) Py RS

We represent each y; from the interval —Y; < y; < Y;intheformy; = g; y;. +xj,
where 0 < x; < g;. Then inequality (5.13) can be written as

" bix;
e
=t
where « is a real number and (bj,q;) = 1 (j = 1,...,r). Therefore, if L4 is
the number of solutions of the last inequality for the unknowns x1, ..., x;, then the

number of solutions of inequality (5.13) and hence G do not exceed
La@Yig7 4+ 1) ... QYg 1.

Letus estimate L4. Each unknown x ; takesavalue 0, 1, ..., g;—1, the numbers b;
and g; are coprimes, and the function |x|| is periodic with period 1, hence we can
write x ; instead of b;x; in (5.14), i.e., (5.14) can be written as

X1 X
—+-+—4a
q1 qr

<Al (5.15)

We consider one of the fractions x;/q;, which we denote by x/g. We assume
that the canonical decomposition of the number ¢ into prime divisors has the form
g = p}'...ps". Then the numbers x/qg and z;/p}" + --- + z,/ps"* take the same
values modulo 1 when running through the complete system of residues modulo ¢, and
the numbers z1, .. ., Zs run independently through the complete systems of residues
modulo p{', ..., p{*, respectively. Let p® be one of the factors in the canonical de-
composition of the number Q. Since Q1 is the least common multiple of the numbers
q1, - -, qr, then p* enters the canonical decomposition of one of the g ;. Representing
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xj/q; as the sum of the terms z1/py" + - - - + z4/ps”*, we reduce inequality (5.15) to
the inequality

s

<1 —
gt B = AT
ps

P

In this inequality, p‘l)‘1 ... ps® = Q is the canonical decomposition of Q1 into prime
divisors and g is the sum of the remaining terms and the number «. The sum S takes
exactly gqi ...qr Ql_1 values. The last inequality can be transformed once again to the
form

lz07! + Bl < AT

where z runs through the complete system of residues modulo Q. The number of
solutions of this inequality does not exceed ¢ . . . gr Q1_1 (14+20,A7"). Hence, re-
calling the lower bounds for Q1 and Q and the explicit expression of A and performing
simple calculations for G, we obtain the inequality

G<qi...¢: 07 1+201A7HQYig; ' +1) ... QYq ' +1) < )™ Py ... A,

which proves the statement of the lemma in case (1).

(2) In this case, the proof is rather similar to that in case (1), except for several
details. In all inequalities in system (5.11) we pass from the numbers a (71, ..., 1; +
1, ..., t;) to their rational approximations in the same way as in case (1). Repeating
word for word the argument till formula (5.13) for each inequality in the system, we
see that G does not exceed the number Ls of solutions to the system of inequalities

Hi b(tlw--,tj-f—l,...,tr)(y._z.)‘
ottt ) I
4n! n r ‘. |
< nt  (n+ )Pl tl...Pf”Aflz i+ 5.16)
t+D! (+2) Sa et L)
! ! -
+ n ,(’l-l- )(4rn2)"_'_1P1 tl"‘Pr_tra
t+ D! +2)!

tn=0,1....n1, ..., t, =0,1,...,n,,
n=n+---+n,, t=t1+---+t, 1<t<n-—1.
The value of the right-hand side of each of these inequalities does not exceed

0.507'(#, ..., ), hence the system of inequalities (5.16) is equivalent to the system
of congruences

r

b(tl,...,tj-i-l,...,tr)
(yi —z;) =0 (mod 1). 5.17)
;ql(tl,...,tj-l-l,...,tr) / /
Further, let Q1 (71, ..., t,) be the least common multiple of the numbers

qi+Ln,.. . 6),q,0+1,....8),...,q1(t1, 12, ..., 1 + 1),
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and let Q1;(t1, ..., t) be determined by the relations

O1(ty,...,t) =q1(t1,...,tj+1,...,tr)Q1j(tl,...,tr).

Then system (5.17) is equivalent to the system of congruences

,
01t )bt L) (p —2) =0 (5.18)
j=1

(mod Qi(ty,...,t)).

‘We note that the total set of numbers

Oun(t,....t)bti+1,....8), ..., Quetr, ..., 1p)b(t1, ... 1+ 1), Q11 ... 1)

is a set of coprimes.

Let QO be the least common multiple of the numbers Qi(fq,...,1%),
n=0,1...,n1,....,6.=0,1,...,n.,1 +--- 4+t > 2,and let Q :p‘fl...pﬁ‘"
be the canonical decomposition of Q into prime divisors. Then for each p,(:k k =
1,...,s), there exists a Q; (tl(k), ) (zl(k) NI )| multiple of it and
hence the following congruences are satisfied:

r

k k k
Y 0. P L) -z =0 (519)
j=1

(mod p*), k=1,....s,
and at least for one of j (1 < j < r) the number

k k k
01", b, e 1) = 0 b

is not multiple of py (this follows from the above remark that r of such products are

coprimes modulo Q1 (¢, ..., #)).
We consider the largest natural number p such that

p?l...pzﬂ <Y=Y
and consider congruences (5.19) for k = 1, ..., u. We find the numbers Ry form the

relations
p

p,‘f"Rk =pi'..oplt
Foreachr; (0 <rj < p{'... p") the number of solutions of the congruences
yj—zj=rj (mod p}' ...pZ’L)
does not exceed the number 2Y; ( p‘f‘1 . p,oi“ )~! + 1. Representing each r j as

ri=Ririj+-+ Rury; (mod pSt ... pit),
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where 0 < ry; < p,'jk, we pass from system (5.19) to the system

,
D Qukbjk(Ririj + -+ Ruryj) =0 (mod pi*), k=1,..., . (520)
j=1

If Lg is the number of solutions of the last system of congruences for the unknowns
FljseeesVujs then

.
Ls < Le [ [ ¥, ... ppt) " + 1),
j=1

In turn, system (5.20) is equivalent to the system

-
Z Q1jibjkRirij =0 (mod pi*), k=1,...,u,
j=1

because each Ry, ..., R, except Ry is a multiple of p;*. The number of solutions

of each of the congruences in this system does not exceed p,‘fk r=1) (this is a linear
congruence with r unknowns running through the complete systems of residues mod-
ulo p,‘f", and the coefficient of at least one of the unknowns and its absolute value are
coprimes). Hence

"
-1 _
Le <[] p " V=0 ppy
k=1

Combining the estimates Lg and L5 for G, we obtain the inequality

oM

i
G=<Ls=<p!...p ) ' TG .. +1)
j=1

<3V Y0 ey

If w = s, then
3] 0(;1.: > QO
Proceepe =00 Q0=

and
G <3V ...Ynln+DIQy" <3 nln+ DIP... POy
If © < s, then, by the definition of w, we have

03] oy O+l
Y <p, ...pu Pyl -

Since each p(;/ divides one of the numbers ¢(t1, . . ., g,) that does not exceed A~!
in the situation under study, we have

«, —1 o
Pl = AT plt = YA
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and hence
G <3Y...YA <3P ...PA.

Combining the two estimates for G, we also obtain the statement of the theorem in
case (2). The proof of the theorem is now complete. O

5.2 Estimates for multiple trigonometric sums

As already noted in the Introduction, multiple trigonometric sums have several distinc-
tive features that form a significant distinction between multiple trigonometric sums
and one-dimensional sums. One of such distinctions is the variety of regions in which
both the principal and nonprincipal parameters can vary. Now we consider trigono-
metric sums whose summation variables belong to an r-dimensional parallelepiped of
theform 1 <x; < P;,...,1 <x, < P,.

We divide the points of the cube 2 (for the definition of €2 and the sum S(A),
see Section 4.2) into two classes 21 and €2,. To this end, we first determine the
region 2(a, q) in the following way: the region Q2 (a, g) contains a point A with
coordinates (¢, ..., t,) if

atr, .o t) = %w(n,...,m,
where
0<a(t,....tr) <q(,....t,), (a(tr,....t:),q(t1,.... 1)) =1,
and
1Bty t) < P PTPPY 0<t <nyp,...,0<t <n,.
By QO we denote the least common multiple of the numbers ¢(t1, ..., t,). Thus

to each region 2(a, gq), there corresponds its own Q. The first class €21 contains the
regions Q2 (a, ¢) for which Q < P%!. The second class 2, contains all other points of
the cube 2. We estimate the sum S(A) depending on what class the point A belongs.

Lemma 5.3. Let
T(t1, ... ty) = P{' .. PP/,

and let the coordinates a(t1, ..., t;) of a point A € Q2 be written as
.ot 01, ...t
O((ll,...,lr)Za(l ) (f r) ’
q(l‘l,...,l‘r) q(l‘l,...,l‘r) T(ty, ..., 1)
(atr,....t).q(tr,....1)) =1 1=<qt1,....t0) STltr,.... 1),

0, ..., <1, 0<t1<my,...,0=<¢ <n,.
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By Qo we denote the least common multiple of the numbers q(t1, ..., t;) such that
t1 + -+ + 1, > 2. Then the following estimate holds for Qo > P'/°:

IS(A)| <2%%*P,...P,P",
where p = (32mx log 8mx) L.
Proof. We take the numbers Y| = [P{P~°],...,Y, = [P,P~"]; in the sum S(A)

we shift the summation variables xy, ..., x, by y; < Y1,..., y» <Y, and sum over
all natural numbers yy, ..., y, within these limits. We obtain the inequality

IS(A)| < W +r2"P...P.P ",

where

r Py

=1...Y)" 12 Z‘Z Zexp{2mFA(x1—{—yl,...,xr—l—y,)}.

yi=1 yr=1"x1=1 xr=1

We also take T = [x log 6mx], k = mt, raise W to the power 2k, and then apply
Holder’s inequality. We obtain

Yy Y,
XTI AR DTS D R (5:21)
yi=1 yr=1
where
Py P,
S = Z Z exp{2i Fa(x1 + y1, .-, X + )}
x1=1 xr=1
We write the polynomial F4(x; + y1, ..., X + y-) in powers of the unknowns
X1, ..., xr. Then, applying the above notation, we obtain
Faxi+y1, -5 xr + ) = Fplxy, ..., xp),
where the set of coefficients B depends on yi, ..., y, (these coefficients themselves
are polynomials in yq, ..., y,). As previously, we consider the set of coefficients B
as a point with coordinates B(fy, ..., t ) in the m-dimensional space. By w =
w1, ..., yr) we denote the region of points 8 with coordinates B(¢1, ..., #,) in the

m-dimensional space satisfying the conditions

IB(t1,....tr) — B(tr, ..., t)|l < 0.5P " ... P PP,

O<ti<ni,...,0=<¢ <n,

For any point B € w, we have the chain of relations

nooR
S = Z Z exp{2miFp(x1, ..., %)} =

x1=1 xr=1
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Py P,
= Zexp{ZniFﬁ(xl,...,xr)}-i-R,
x1=1 xr=1
P P
IRI< Y - > |exp(2niFg(x1, ... x)} — exp{2mi Fg(x1. ... x,)}
x1=1 xr=1

<2mmPy...P.P™",
|S1* < 2%(1Sp* + @amPy ... P,P77)).

Substituting the last estimate into (5.21) and integrating both sides of the obtained
inequality over the region w (note that only the first term in the right-hand side depends
on B over which we integrate), we obtain

Wk < 22K (Y1, YT PO L Py P PPV,

where
i Y,
I = Z Z /"'/|S,3|2kd,3.
Y1 =1 yV:l w
Let G be the maximal multiplicity of intersection of the regions w = w(y1, .. ., ¥r)
with a fixed region w(zy, ..., z,). Then

I1<GJ, J :/--./|S(A)|2de.
Q

By Theorem 4.2 in Chapter 4, we have the estimate
J < KPSt (py 2Kt plinyTA®),
Next, by Theorem 5.1, G satisfies the estimate
G<(@m*p ... PP+ oph.
From the above estimates, we obtain

Wk < 2%y, ..., Y,) " POt G g 4 (AgxmPy ... P, PP)*
< 2. 22k(Y1, o Yr)fl(rn)4nk2mf}f4”2A(r)28mm(P] o Pr)2k+l
% P—l/6+0.5mz+mp—zA(r) + (4amPy . .. PrP_’O)Zk.
Since T = [x log6mx] and k = mt, we have

(Ylv ceey Yr)_lpl .. PrP_1/6+0.5m}(+mp_}(A(.[)
< o1 p=1/6+m+r)p+0.5mx—x A(7) < ZrP_1/16,
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because

Y1 >05P PP, ..., Y, >05P.P ",
0.5mx — x A7) = 0.5mx(1 — y)* < 0.5max(1 — y)*10gém*—1
11
< 0.5mx exp { — (— + —2)(x log 6mx — 1)}
x  2x
1 { log 6m

1 n 1 1
= —ex —F — < —,
2P 2 x %2 T 12
log 6mx n 1 n 0
— — — < 0,
2 x 232
m+r 1 1
(m+r)p= < < —.

32milog8mx — 16xlog8mx 96
Extracting the 2kth root, we obtain
(W] < 23+o.5(r+1>k—1+2nk—1 log, (rn)+2 log, k-+2x2k~  A(7) log, x+4x
x Py... P p232m07t 9% p  pp=p
p = (32mx log 8mx)_1,
because
A(T) =05m(0 — (1 —9y)") <0.5m, »x <2”,

m=m+1...(n, +1) <2" <2* m+4x+1<2%,

31
22k A(T) logy ¢ < 2x0 22

<4x,
log 8m ¢

2logy k < 2log,(mix log 8mix) < 2logy, m + 2log, » + 21log, log 8msx < 8,
log, (log 8 + logm + log x) <log,(m 4 x + 1) < 2x,
r+ 14 4nlog,(rn) <34 6n log, (rn) - 3log,(rn)

3+ < =
2k mx log8mx ~— 4log8mux

+3 <5,

The proof of the lemma is complete. O

Lemma 5.4. Supposethat F(x1, ..., x;) is areal differentiable functionfor0 < x; <
Pij, Pi < P (j =1,...,r), inside the interval of variation of the variables, the
function 0F (x1, ..., x,)/0x; is piecewise monotone and of constant sign in each of
the variables x; (j = 1,...,r) for any fixed values of the other variables, and the
number of intervals of monotonicity and constant sign does not exceed s. Next, let the
inequalities

oF
‘M <5, j=1,....n

0x;
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hold for 0 < § < 1. Then

Py Py
D expamiF(xn, ... x0))

x1=0 x,=0

Py P,
=/ / exp(2miF(x1, ..., x)}dxy...dx,
0 0

+0irsP ™ (3+28/(1-196)), |61] < 1.

Proof. To prove this lemma, we successively apply Lemma A.2. For fixed values of
the variables x1, ..., x,, by Lemma A.2, we have

Py P
Z exp{2mi F(x1,...,x;)} = / exp{2mi F(x1, ..., x)}dx;
0

x1=0

+0s(3+28/(1—9)).

‘We sum over the other variables both sides of the relation

Py P,
Z Zexp{Zn’iF(xl,.--’xr)}

x1=0 x,=0

P P, P
_ ZZ/ exp(27i F(x1, ..., x)}dxi + 0P 's(3+28/(1 —5)).
0

x2=0 x,=0

We again apply Lemma A.2 to

P3 P, Py P
ZZ/ (Zexp{ZniF(xl,...,x,)}>dx1
0

x3=0 x,=0 x0=0
over the variable x, for fixed other variables x1, x3, ..., x,.
Precisely in the same way, we deal with the remaining variables x3, ..., x,. Col-
lecting together all relations obtained, we arrive at the statement of the lemma. The
proof of Lemma 5.4 is complete. O

Now we can prove the lemma on the estimates of the trigonometric sums S(A)
for A belonging to the class 2.

Lemma 5.5. The following estimate holds for the points A of the first class Q:
S(A)] < 252°") ™ @ (2 (@) Py... PO
Moreover, if we set

S, .osty) =P PR, ... 1), 8= max [5(r1, ... 1)),

Toeees I
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then for § > 1, the following estimate holds:
1S(A)] < 2% (5n*)™ D (@)Y Py PO (InG +2)
Proof. In the sum S(A), we make a change of summation variables of the form
xj =0 +mnj, 1=n;=0,
—n; 0V <& <(Pj—-npot, j=1,...,r

Then the sum S(A) will have the form

Qo Q
S(A) =Y - Y expl2miFa(ni, ..., n YW, ..., mp),

771:1 Ur=1

where

a(ty, ..., ty)
Fa(m,...,m—z Z LR
r

f, ..
=0 t_OCI(l,

W, ...,n) =) -y exp2mi Fg(Q& +m1, ..., Q& + 1)),
&1 Sr

Fﬁ(QSl + 01, ..., Q& +1p)

ny

= Z Y Bt 1) (QE + )" L (QE + )"

= t,=0

Forany j (1 < j <r), we have

0 _ ,301’ G Q(QE + )
AE /
7 11=0 t,=0
(08 + 1)L (Q& + )"
ny ny |
< Z...ZPI_H ...Pr_trPo'llepltl ...P;-Ji ...Prtr
=0.5n;mP;' P10 <0.5.
Therefore, we can apply Lemma 5.4 to the sum W (5, ..., n,). Hence
W(nla -~-,77r)

(Pi—n1)Q~ (Pr—nr) Q7!
=/ / exp(2i F5 (081 + 111, ..., O + )} dE1 ... dE +
_'71Q_l _UrQ_1
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+20rnPy ... P,Q !
P P,
= Q’/ / exp{2wi Fg(x1, ..., x)}dxy ... .dx,
0 0
+20rnPy.. PO |6 < 1.

In the last integral we make a change of integration variables of the form x; —
Pjx ;. Recalling the definition of the variables §(t1, ..., ), we obtain the relation

1 1
W(m,...,nr):Pl...PrQr/ / exp{2wiFs(xy, ..., x;)}dxy...dx;
0 0
+20rn Py ... PO,

where
ni

ny
Fs(x1,...,x,) = Z~~Z(S(t1,...,tr)xi‘ cooxlr

=0 t,=0

For the sum S(A), we find
S(A)=P,...PUV +203rnP>... P, Q,
where
Q 0
U=0Q7" Y - expl2miFa(m,....n)},
m=l 7=l

1 1
V:/ / exp{2mi Fs(x1, ..., xs)}dxy...dx,.
0 0

To estimate U, we apply Theorem 2.2 in Chapter 2 and, to estimate V, we apply
Theorem 1.6 in Chapter 1:

Ul < 5n®)™" @D (0)'07", V] <min(1, 3278 In" "' +2)).

Substituting these estimates into the formula for S(A), we obtain the statement of the
lemma. =

Lemma 5.6. Let a point A belong to the second class Q, and let Qg < P'/°. Then
the following estimate holds for S(A):

1S(A)] < (5n*") QO (z(Qo)) " Py ... PPV
+ 2% vy =p ... P PTV/16,

where v(Q) is the number of distinct prime divisors of Q, t(Q) is the number of
divisors of Q, and vmax(ny, ...,n;) = 1.
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Proof. We divide the intervals of summation over x1, ..., x, into arithmetic progres-
sions with difference Qg and transform the sum S(A) as in Lemma 5.5. We obtain
the relation

S(A) = Qy" Py ... P,W + 1604nr Ps ... P, Qo,

where

20 a(ty,....t:) 4 .
w=Y .. Zexp{zm(z Z -, 1,,)}
Nr=

11, .
ni=1 =0 C](l
1+ +fr>2

1
x/ / exp(2mi®(xy, ..., x)}dx ... dx,,
0 0

ni ny
D(xp, ..., %) = Z.--Za(tl,...,t,)x“...xfr
1= =0

it >2
a©,...,1,...,0 Pixj —n;
+ + 0,....,1,...,0) )| —=
Z((q(O 1,....0) Tl )) 00

+njﬁ(0,...,1,...,0)>, Sty ..o ty) =P PIB(t, ... 1);

the symbol (0, ..., 1,...,0) means that 1 stands in the jth place and O stand in all
other places. The variable a’(0, ..., 1,..., 0) is determined by the congruence

a@©,...,1,...,0000=d(0,...,1,...,0) (mod g(0,...,1,...,0)

with the condition that |a’(0, ..., 1,...,0)] <0.5¢(0,...,1,...,0).
Letnow Q¢ # Q, and hence let Qg < Q. Then there existsa j (1 < j < r)such
that the relation

a©,...,1,...,0) 20 (mod ¢(0,...,1,...,0))

holds, i.e., |[a’(0, ..., 1,...,0)| > 1. Hence the absolute value of the coefficient of x;
in the polynomial ®(x, ..., x;) is no less than
i ! _ Qo
Oo\¢q@,...,1,...,0) ¢@,...,1,...,00t(,...,1,...,0)
Fi > 0.5P/0.

>
200q0,...,1,...,0)

Applying Theorem 1.6 in Chapter 1 to the integral in the sum W, we obtain the
estimate
IW| < 05251 0.5PY%) = (In P)" 1.
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Since In P < 12v=1(r — 1) PY/(120=D)) for any P > 1, we have
|W| < 25r+2(1}_lr)r_1 Q6P_U/12~
So in the case under study, we obtain the estimate

1S(A)| < 272wl =tp P, P2 16nr Py ... P, Qo
<2%(@v !yt PPV

Let Qg = Q, then S(A) can be written as
S(A)=Py...P,UV 4+ 1664nr P> ... P-Qy,
where, as in Lemma 5.5,

0 0
U=07"> - exp2miFu(x1. ..., x)),

x1=1 xr=1

1 1
Vz/ / exp{2miFs(x1, ..., x,)}dxy...dx,.
0 0

Since the point A belongs to the second class €2, we have either Q > PO1 or
§> POl If 0 > PO then by Theorem 2.6 in Chapter 2, U satisfies the estimate

U] < (5n™)™ @0 (x(Q0)) " 05" < (5n™) @0 (z(Qo)y ' P10
Ifé6>~P 0'1, then by Theorem 1.6, for V we have the estimate
VI =27 PO (P +2)) 7 <25 o,

These two estimates imply the statement of the lemma. The proof of the lemma is
complete. O

In the following theorem we give an estimate for the trigonometric sum S(A) on
the entire unit cube €.

Theorem 5.2. Suppose that A is a point of the first class 21. Then the following
estimate holds:

1S(A)] < 250> D (r(@) 'Py... PO, vmax(ni,...,n,) = 1.
Moreover, if

Sty ty) =P PRty ... 1), 8= max [5(r1, ... 1)),

Toeees I
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then the following estimate holds for § > 1:
1S(A)] < 2 (50 Dz (Q)) ' Py P(5Q) " (In(6 +2))
Suppose that A is a point of the second class Q2. We set
t(t,....ty) =P/ ... Prp~1/3
and write the coordinates o(ty, . .., t,) of the point A as

a(tla-"9tr) G(IIa’tr)
a(tl,...,tr): )
Q(tl:,tr) Q(tl:---,tr)f(tla---,tr)
(a(t17-"’tr)vq(t17"'vt}’)):17 ISQ(tl,,tr)ST(tlaatr),
0G, ...t <1, 0<n<np,....0 <t <n,.

Let Qg denote the least common multiple of the numbers q(t, ..., t,) under the
condition that t; + - - - + t, > 2. Then the following estimate holds for Q¢ > P/6:

IS(A)| <2%%*P,...P,P",

where p = (32mx log 8m)~ L.
But if Q¢ < PY6 then S(A) satisfies the estimate
[S(A)] = (5n*) 0 (x(Qo)) ™ Py ... PPV
+ 2% vy T Py PPV,

Proof. This assertion follows from Lemmas 5.3, 5.5, and 5.6. O

Concluding remark on Chapter 5. The results considered in Section 5.1 were
obtained by G. 1. Arkhipov in [2], [3], [4] for polynomials in two variables. In the
general case, this result was obtained by G. I. Arkhipov and V. N. Chubarikov [11],
[10].



Chapter 6

Several applications

In this chapter we apply the estimates obtained for multiple trigonometric sums to
several problems in number theory. These problems can be divided into two groups:
the first group deals with asymptotic formulas for the number of solutions of com-
plicated systems of Diophantine equations; the second group deals with distributions
of fractional parts of polynomials or sets of polynomials (joint distributions). Multi-
dimensional problems, in contrast to one-dimensional problems, have many specific
characteristics.

One of such specific properties is the existence of a variety of domains in which
the variable parameters can vary. We mean both the principal parameters such as

X1, ..., xr (for example, x1, ..., x, belong to a parallelepiped, ellipsoid, generalized
ball, etc.) and the nonprincipal parameters such as tq, ..., .. For example, it is
possible to consider F(xy, ..., x,) of the form
F(xi,...,x) = Z---Za(rl, ...,tr)xi1 coxlrn
f+ -t <n

6.1 Systems of Diophantine equations

In this section we obtain asymptotic formulas for the mean value of a power of the
modulus of a multiple trigonometric sum, which, as mentioned above, give the number
of solutions of a complicated system of Diophantine equations. The main problem
here is to derive such formulas for the least possible power to which we raise the
moduli of the sums. The solution of this problem is the main result of this section.

In the case of one-dimensional trigonometric sums, this problem is called Tarry’s
problem.

6.1.1 An asymptotic formula for the mean value
of a multiple trigonometric sum

In the problem studied here, we derive an asymptotic formula using the mean value the-
orem for multiple trigonometric sums (Section 4.2, Chapter 4) and the estimates from
above for the modulus of multiple trigonometric sums (Section 5.2, Chapter 5), for
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the multiple trigonometric integral, and for multiple complete rational trigonometric
sums (Chapters 1 and 2).
We shall use the notation introduced in Section 5.2, Chapter 5.

Lemma 6.1. Suppose that A is a point of the first class 1. Then the sum S(A)
satisfies the relation

S(A)=P;...PRUV+O(P,...P.Q),

where
Y 0
U=0"" Z Z exp{2mi Fy(x1, ..., %)},
x1=1 xr=1
a(ty, ..
F,(x1, ... xr)—z Z il...xﬁr,

q(t17 ..

:/ / exp{2mi Fg(x1, ..., x.)}dxy...dx,,

Fp(x1,..., %) = Z Z,B(tl,...,t,)Pl“ P XX

1=0 t,=0

Proof. This formula was obtained in Chapter 5 in the proof of Lemma 5.5 in estimating
the trigonometric sum S(A) at points of the first class €2;. O

Lemma 6.2. Suppose that k > 2v~'m and

J :/-~-/|S(A)|2de.
Q)

Then the variable J| satisfies the asymptotic formula

Ny =00(Py ... PYRPT0Smx L o((Py ... )2k p0SmemOl)

where
+00 +00
6 = / / exp 2miFa(x1, ..., x,)}dxy .. dA,
q(O q(ny,...,ny)
= Z Z Z >, W@l
q(,....,D)=1 gq(ny,..., ny)=1 a(0,...,1)=1 a(ny,..., ny)=1

(a(o0,...,1),4(0,...,1))=1 (a(ny,...,nr),q(n1,....,n.))=1

Ua,q)=q" Z Z exp{27i Fu(x1, ..., xp)},

x1=1 xr=1
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q=q@,....,1)...qn,...,n).

Proof. The domain €21 consists of nonintersecting domains €2(a, ¢) for which the
least common multiple of the numbers ¢ (0, ..., 1),...,¢qg(ny,...,n;), equal to Q,
does not exceed P°!. Therefore, the variable J; can be written as

q(0,...,1) q(ny,...,n;)
h=2 2 X > > 5
0<PO14(0,...,1)>1 qny,...,np)>1 a(0,...,1H)=1 a(ny,...,n;)=1
[¢(0,...;D)scg (1) ]|=0 (a(0,...,1),4(0,....,1))=1 (a(ny,...,n;),q(n1,....n;))=1
where
_ 2k
J3 —/--'/IS(A)| dA.
Q(a.q)

By w we denote the domain of sets 8 whose coordinates B(t1, . .., t,) satisfy the

inequalities

B, ...t < P PP 0<n <ny, ., 0< 1 <y

By Lemma 6.1, we can write the integral J3 as
J3 = (Pl...Pr)z"w(a,qnz"/---/|V|2’<dﬂ
w

+ O((Py... P,)* Q% p=0-5mxt0.Im)
+ 0<P12kl(Pz...P,)sz|U(a,q)|2k_1/. . ./|V|2k—1dﬂ>.
w

We perform the change of integration variables
y(t,....t,) =P .. PrBt,....t;), 0<t;<ni,...,0<t <n,.
After this change, the domain w becomes the domain w; determined by the inequalities
ly@,..,t)l < PP 0<t<ni,...,0<t <n,

and the integral J3 takes the form
J=(Pr... Pr)z"P—O-SmﬂU(a,q)F"f- : -/|v1(y)|2"dy
1

+ O((Py... PP Q% p=0-5mxt0.m)

+ O(Pf"—‘(Pz - PP QP U, q)|2"—1/- : -/|v1<y>|2k—1 dy),
w1
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where Vi(y) = V.
Next, by Theorem 1.6 (Chapter 1), the integral

+00 “+00
/ / Vi) P dy
—0Q —0oQ

converges for k > 0.5v™ !'m. Therefore, if we trivially bound |V} (y)| above by unity,
then we find the following expression for J3:

% p—05 T e 2%
J3=(P1... )" P>"|U(a, q)| / / Vi)™= dy
—o0 —o0

—(Py... P P705mx |y (a, q)|2"/- : -/|v1<y)|2"dy
R"™\w1

+ 0<(P1 PP g (g, q)|2’<*1).
To estimate the integral of |Vi(y) |%* over the points that do not belong to w;, we

rewrite the estimate of the trigonometric integral V;(y) obtained in Theorem 1.6 in
the more convenient form

IVi(y)| < min (1, |y (0, ..., DTV Ly, nr)|_“+€)
<« min (1, ly(,..., 1)|(—v+5)/m) . .min (1’ ly (n1, ”"nr)|(—v+a)/m)’

where ¢ > 0 is an arbitrary small constant, the constant in < depends only on n

and r, and vmax(ny, ..., n,) = 1. Since for the points y that do not belong to wy,
the absolute value of at least one of the coordinates y (f1, ..., t,) is larger than po-1
we have
ni ny
[ [moray =303 R,
R™M\w; t11=0 t,=0
ftt>1
where

+00
R(tl,...,t,)=/ dy(O,...,l).../ dy(t, ..., t) ...
[y (t1,...rtr) | > PO

-0y,

—+00
/ Vi)PPxdy (ny, ..., ny).
—0oQ

Applying the above estimate of V| (y), we obtain

R(ll, o tr) & / N min(l, |y|2k(—v+s)/m)dy « P0.1(1+2k(_l)+8)/m)’
ly|>P%
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where, as before, the constant in < depends only on 1, ..., n, and r. Hence,
/. . -/|V1()/)|2k dy < PO10+2k(=v+e)/m).
R™\w1

This and the estimate for multiple rational trigonometric sums (Theorem 2.6) imply
the following formula for J3:

J3=0(P... P)* POy (a, ¢)|%*

+ 0((P1 - Pr)2kp—0.5mx(P1—2kP10,1m sz
+ Pl_l Ql—(2k—1)v+(2k—1)a + QZk(_‘H"S)P0-1(1+2k(—V+8)/m)))_

Substituting this formula for J3 into the expression for Ji, we obtain

Ji=0(P .. PYYpOIm N N Y

0<POl g(0,...D>1  q(ny,...n,)>1
[q(0,...1),...q(n1,....n;)1=0

x 3 > U(a. )1

a(0,...,1)=1 a(ng,...ny)=1
(a(0,...,1),4(0,...,1))=1 (a(ny,...,np),q(n1,....,n.))=1

pro.l

+ Pllem+1—v(2k—1)+me+2ks + Qm+2k(—v+s)+ms P0.1(1+2k(—v+€)/m))>‘

It follows from the estimate for the trigonometric sum U (a, g) (see Theorem 2.6)
that the singular series o converges for k > 0.5mv~!. Hence for the integral J;, we
have

Ji=00(Py... P)Xp0Smx _g(p ... P, p0smx

0>PO01 g(0,...,1)>1 qny,...,n)>1
[q(0,....,1),....q(n1,....n,)]I=0

q(0,...,1) q(ny,....ny)

x > > U(a, )™ + R,
a(0,...,1)=1 a(ny,...,n;)=1
@000, 1,q Oy DY=1 (@11, q (11 ooy )) =1
where

+ p-l + PO.1(2+m—2kv—2kvm’1+a(m+2k+2km’1)))
| .
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Hence, for k > 2mv~!, the value of |R| does not exceed

Next, we use the fact that the numbers ¢(t1, ..., t,) are divisors of Q. Hence
the number of sets (¢(0,...,1),...,q(ny,...,n,;)) for which their least common
multiple is equal to Q does not exceed (7(Q))" <« Q™. By Theorem 2.6, this fact
and the estimate of |U (a, ¢)| imply (for k > 2mv~h

i =00(Py ... P)Hpoomx

+ 0((P1 ... P)* p=05mx Z Qm+m872kv+2ks)
Q> pOAl
+0((Py ... P p0ome=0ly
Since
Z Qm—Zkv+8(m+2k)) < PO.1(1+m—2ku+$(m+2k)) < P_O'l,
Q>p0.1

the preceding relation yields the desired asymptotic formula for J;. The proof of the
lemma is complete. O

J = /--~/|S(A)|2de.
2

Q

Lemma 6.3. Let

Then the following estimate holds for k > 4m log 16mx:
J e (Py... PF)ZkP_O'Sm’f—pI ’
where

p1 = (32 log8mx) ™!, a = 64msx? log 16msx + 32mx log® 16max.

Proof. We set ki = m, ky = mt, and T = [x log 16msx? + x loglog 8mx] + 1.
Obviously, it suffices to prove the statement of the lemma for k = k| + k. We have
the inequality

J» < DJ, 6.1)

where

D = max [S(A))*, J=J(P;7, k) = /---/IS(A)IZ" dA.
Ae
Q

Let us estimate J from above. Theorem 4.2 (Chapter 4) implies the inequality

2
J < k%mr%4u A(r)28mur(P1 o Pr)2k2 P70.5m}t+8’
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where

8 =0.5mx(1 — )" < 0.5mx exp{—log 16max’ — loglog 8mc}
= (32 log 8mx)~! = p.

Further, we have
J = exp{16mx log® 16mx + 36mux* log 16mx}(P; ... P,)*k2 p=0-5mx+pi
because

D@ QImx < exp{dmax log(16mx?) log(2mx log 16mx?)}
k%mr 45 p g g g
X exp{2x2m log x} exp{16mzf2 log 16m}f2}
< exp{16mx log® 16mx + 36mx> log 16mux}.

Theorem 5.2 estimating the trigonometric sum S(A) for Q > P!/® implies the
estimate
|S(A)|2k1 < 264m}f(P1 o Pr)Zm P—2p1

and, for Q < pl/ 6, the estimate
ISP < (Py... )M PO,
where the constant in < depends only on 77 and r. Hence for D we have the estimate
D < 2% (P PP P

Substituting the estimates of J and D into inequality (6.1), we obtain the estimate
for J, stated in the lemma. The proof of the lemma is complete. O

Theorem 6.1. Let k > 4mx log 16m, and let

J= /.../|S(A)|2de.
Q

Then the following asymptotic formula holds:
J=00(P... P P70 1 O(e(Py ... P p05mx=pn),
where
p1 = (32x logmax)™",  a = 64mx* log 16max + 32mx log® 16mux,

and the constant in the sign O depends only onn andr.
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Proof. This assertion follows from Lemmas 6.2 and 6.3. O

In Chapter 8 we shall need Theorem 6.2, which is close in content to Theorem 6.1.
Here we only state this theorem because their proofs coincide word for word.

Theorem 6.2. Let k > 8mx log 16m, and let

J = / : -/Sk(A)exp{—Zni(A x N)}dA
Q

where
(AxN)= Z Za(n, )N )
= t,=0
here N(ti,...,t.) are arbitrary natural numbers. Then the following asymptotic
formula holds:
J=00(Py... PY P70 L O(e(Py ... Pk p0Smx=rr),
where

+00 +00

o= Z Z

q(0,....,1)=1 q(ny,....,nr)=1
q(,....1) q(ny,....ny)

x 3 3 (U(a,q))kexp{—2ni<§ x N)}

a(0,...,1)=1 a(ny,...,n;)=1
@(0,....1),¢(0.....1))=1 (a(m ..... n),q (1 .eesnp))=1

(t1,...,
(—XN> Z Za(;’“ ’ N(fl,---, )5

+00 +00
9—/ / (/ / exp{2miFa(xy, ..., x)}dxy .. >

x exp{—2mi(A x M)}dA,

(Ax M) = Z--~Za(z1,...,t,)M(t1,...,tr),
t1=0 t,=0
M, ....t) =N, ..., )P " P,

p1 = (32x log 8mx)”,  a = 64max? log 16mx + 32m log2 16ma,

and the constant in the sign O depends only onn andr.
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6.1.2 Multiple trigonometric sums with summation
domains of special form

Now we consider a summation domain somewhat more complicated than the paral-
lelepiped and show how multiple sums can be estimated in this case, what asymptotic
formulas for the number of solutions of the complete system of equations can be ob-
tained, etc. Since the proofs of the theorems mainly coincide with those performed
above, we shall concentrate only on the parts of argument that characterize the case
under study. We shall deal with the domain E, that has the form

ex)' +--+exy <P, 1<xi<P,....1<x <P,
where ey, ..., e, are equal to either O or 1, sy, ..., s, are natural numbers such that
sy < ny,...,s =< n,,and the numbers Py, ..., P, satisfy the condition: if e; = 1,
S‘j
then Pj = Py.
Let x (x1, ..., x,) be the characteristic function of the domain E,, i.e.,

1 if(xp,....x) € Ey,

X1, ..., Xp) = )
x(a i T

We shall prove two auxiliary lemmas.

Lemma64. Let1 <y < Pi,...,1 <y, < P,. Then the sum

Pi+y Prt+y,
Z Ix (X1, o) — x (X1 = Y1, oo X — )

x1=1 xr=1

R =

satisfies the estimate
R<2nmPy...Pr+---+P...P_1yy).

Proof. Since we have the inequality

Pi+y1 Pr+yr

R< > o Y (IXGox) = X1 = y1x2, x|

x1=1 xr=1
Flx (1 —y1,x2, %3, .., X)) — X (X1 — Y1, X2 — Y2, X3, ..., X))+
F X = V1o Xt = Y10 %) — XX = Vs e o Xt = Y1 % — Y1),

it suffices, for fixed z1, ..., z4—1, Zg+1, - - - » Zr, t0 estimate from above the number R,
of zg such that xg = |x(z1, ..., 2g-1, 2gs Zg+1, -+ 2r) = X (21 -+ Zg=1, Zg = Vg
Zg4+1,---,2r)| = 1. Obviously, x, = 1 for 1 < z; < y,; and for z, such that
X215 2g—15 2> 2g+1s - -+ Zr) = 0and x (21, ..., Zg—1, 2g — Yg» Zg+1s -+ -» Zr) = 1.
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In the case e; = 0, the last conditions holds for P, +1 < z, < P; + y,. Butif
eq = 1, then z, is determined by the inequalities

S
erz) + - +egzgd +--- ez > P,
erz) +teg(zg =y + -+ ez < Po.

Hence we have A < z, < A + y,, where
3 Sq—1 Sq-+1 ey 1/
A=(Py—eiz)' — - — eq—12,1 — eqqu"jl — ey
Hence R; < 2y,. This implies the inequality

R=<2yi(Pa+y)...(Pr+y)+--+Pr+y1)...(Pr—1 + yr—1)2yr
<2"Pr...Pr+---+P...P_1Y).

The proof of the lemma is complete. O
Lemma 6.5. Suppose that the function x1(x1, ..., x;) is determined by the relations
1 ifele1 +dexy <1, x1>0,...,x, >0,
Xl(‘xl""7xr): .
0 otherwise,
whereey, ..., e, areequal eithertoQorto1, sy, ..., s, are natural numbers satisfying
the conditions thatsy <ny, ..., s, <n,,and vlis equal to the largest of the numbers
ni, ..., ny. Then the integral

1 1
V=/ / x1(x1, ..., xp)exp{2mi F(xq, ..., x.)}dxy .. .dx,,
0 0

where, as above,

ni ny
t
F(xl,...,xr)zZ--~Za(l1,...,tr)x1‘...xﬁ’,
11=0 t,=0
o = max |a(ty,...,t)], «@,...,0)=0,
e,

Tsoeees r

satisfies the estimate
[V| < min(1, 2" o (In(a 4 2))").

Proof. Ife = --- = e = 0, then we obtain the desired statement by setting
n = v~! in Theorem 1.6 (Chapter 1). Therefore, we assume that e ;i = 1 for some j

(1 < j < r). If the value of & is small, & < 212’”_1, then the estimate in the lemma

212rv’1

becomes trivial. We assume that o > . Nowwesetr = 1and A = !
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in Lemma A.3 and take the function 1/ (x) from this lemma. Then, according to the
properties of the function i (x), we obtain the relations
Yyx)=1 if A<x=<1—A (mod1),
O0<vy(x)<1l if 0<x<A (modl) or 1—-A<x<1 (mod 1),
“+00
Yyx)=1—A+ Z gm exp{2mimx} + hy, exp{—2mimx},

m=1

and moreover,

max(|gml, [hnl) < (em)™" if 1<m < A7,

max(|gm|, lhml) < (@*Am*) ™" if m> AT
We use the properties of the function 1 (x) to write the integral V as

V=VWW+60Vi+ V),

where
Vo —/ / 1/f(elx1 4 e x)")exp2mi F(xq, ..., x;)}dxy ... dx,,
1 1
/ / xX1...dx,, Vo= / / dxy...dx,,
0 0
Elxl e <A 1*AS€1XTI+~~-+erx,S"§1
61] < 1.

Now we estimate V| and V5. For this, we consider the integral V3 = V3(A),

1 1
/ / dx...dy...dz,
0 0

xepyb ot zd<A

where a, ..., b, ..., d are natural numbers and 0 < A < 1. A change of integration
variables implies
1 a l4gb gl
Vi=—— A

A Al
_ -1 _ -1 _ -1
x/ / w T T gy dy . dw
0 0

u+--+vt-+w=<l
Cd) A L= pga ™!

—1 —1 -1
/ / wlTe T T gy dy . dw.

U+ Fv+-+w=<l

=(..
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The last integral is the well-known Dirichlet integral (e.g., see [90], p. 58) and is
equal to

F'a@YH...r™YH...0@™hH 1
Ta '+ +b 1+ +d ) a '+ b+ 4d

Thus we have
Vi = CAa*1+...+b*1+...+d*1

’

where

1 1 Fa@H...rw™YH...Td™hH -
a...b...d al+.. +b 1+ .. 447! T@'+...4+b71+.. . +d° 1) —

CcC =

Now we let the letters a, ..., b, ..., d denote the s; for which e; = 1. Then we
obtain the relations

Vi=V3(8), Va=Va(l) = Vsl — A) = (1 — (1 — A +rtbiard ™y
—cA@ " 44 b! _‘__”+dfl)Sa_1+~~+b_1+~~~+d_171
where 1 — A < & < 1. Thus (recall that A = o' and & > 2'%") we have
Vi <cA¥, Vo <2crA.

Now we shall estimate Vj. For this, we expand the function ¥ (x) in the Fourier
series and pass to the inequalities

+00
Vol < (1= ML+ D (Igml [R10m)] + | | D2(m)]),

m=1

where

1 1
I,:/ / exp{2mi F(x1, ..., x)}dxy...dx,,
0 0

Di(m) = /01 -~-/Olexp{27ti(F(x1,...,xr)
+m(eix)' +...+ e x7)N}ydxy ... dxy,
Dy(m) = /01 -~-/olexp{2ni(F(x1,...,xr)
—m(eixy' +...4+ex")}dxy ... dx;.
By Theorem 1.6 in Chapter 1, we have

1I,] <327 " In" "o +2).
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Further, if m > 2A~! = 2q, then the coefficient largest in absolute value in the
polynomials contained in the exponential in the integrals ®;(m) and ®;(m) is larger
than or equal to m /2, because the coefficient largest in absolute value of F (xq, ..., x;)
does notexceed @ < m/2ande; = 1.

Now we apply the estimate in Theorem 1.6. For m > 2A~!, we obtain

|D1(m)| <327 (m/2) I om +2), i=12;

2.32" (m\7",
|gm||q>1(m)|+|hm||<l>2(m)|§m 5 In""" (m + 2).

Now let 1 < m < 2A~!. In this case the largest coefficient of the polynomials
under study is no less than |m — A~!| = |m — «| and does not exceed m + a. We
again apply Theorem 1.6 form < A~! — 1 and m > A~! + 2 and find

|®;(m)| <32"|m — A7 (log(m + A" + 2))"‘, i=1,2;

r

lgm | 1®1(m)| + || | D2(m)| < log" ' Qa +2) jm — ATV,

Substituting the obtained estimates into the inequality for Vj and, in the case
Al l<m<A142, estimating ®; (m) trivially, we obtain the estimate

Vol <32« " In" "o +2)

2.32"
+ ) Im — A7 7Y log" ' 2 + 2)

am
I<m<A—1-1
2 2-32" fm\ "
e Il Wdid 1 r—1 2
+ Z am T nAm2<2) og  (m+2)
A~ l—l<m<A—142 m>A"142

<214V log" (« + 2).

This and the estimates for the integrals V| and V; imply the statement of the lemma.
The proof is complete. O

Now we let T (A) denote the trigonometric sum where the summation variables
belong to the domain E,. If, as before, x(xi,...,x,) denotes the characteristic
function of the domain E,, then the sum 7' (A) can be written as

Py P,
T(A) =) D x(ieee,x) expl2niFa(xr, ..., xp).
x1=1 xr=1
Recall that the domain E, is given by the inequalities

e1xi1+...—|—erxif§Po, 1<x1<P,....1<x, <P,
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where e, ..., e, are equal either to O or 1, s1,...,s, are natural numbers (s; <
ni,...,sr < n;), and the numbers Py, ..., P, satisfy the condition that if e; = 1,
then P;j = Py.

We shall prove the following theorem on the estimate of the sum 7' (A) for points A
from the cube 2.

Theorem 6.3. Suppose that a point A belongs to the class 21. Then the estimate
IT(A)] <26n*)™ D (¢(Q) ' Pi...P.Q~" holds. Moreover, if we set

8, oo sty) = P' .. PIB(t, ... t), 8 = max [5(t1,.... 0],

Lseenslr
then for § > 1 the following estimate holds:
IT(A)] < 2" En*) " D@ (Q) ™ Pr... Q)" (In( +2))".
Suppose that a point A belongs to the second class €2y. As above, we set
T, ..., ty) =P ... PP
and represent the coordinates a(ty, ..., t,) of the point A as

a(ty, ..., t) 0(ty, ..., t)

qgti, ..., 1)  q(ti,....t,)T(t1, ..., t;)

(a(ty, ..., tr),q(t1,.... ;) =1, 1<q(t,....t,) <t(t,..., 1),
0, ....t)| <1, 0<tp<ny,...,0<t <n,.

a(tls'-‘vtr)z

By Qo we denote the least common multiple of the numbers q(t1, . . ., t,) satisfying
the condition ty + - -- + t, > 2. Then for Qg > pl/e the following estimate holds:

IT(A) <2°%Py...P-P™", p=(32mxlog(8mx))~".
But if Qo < PY/®, then for T (A) the following estimate holds:
IT(A)] < 5n™)CO(x(Q) ' Py... PPV
+2! vy P PPV,

Proof.  Suppose that a point A belongs to €21. Then, repeating the argument of
Lemma 5.5 in Chapter 5, we obtain

0 0
T(A) =) - expl2miFa(n,....n )} WiCni, ..., 1),
m=1l  n=I1
where
ni ny
a(ty, ..., ty) ¢
F, = — g,
a(m nr) Z Z ) n ny

t1=0 t,=0
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Wi=Win,....n) =Y -y x(Q& +m,.... Q& +n,)
&1 &

x exp{2mi Fg(Q&1 +n1, ..., O& + 1)},
Fg(Q& +n1,..., Q& +n;,)

ni ny
=5 Bl 1)(QE ) (QE + )"

tH=0 t,=0

Moreover, the summation is performed over &1, ..., & such that the point (Q&; +
n, ..., Q& + n,) belongs to E,.

Now we show that, with high accuracy, it is possible to replace the sum
Wi(n1, ..., ny) by an integral. For this, we first consider the sum

G=Y x(Q& +ni,..., Q& +n,) exp{2mi Fg(Q& + i, ..., Q& + 1)},
Sr

where the summation variable &, varies in the interval [A,, B,]. In the case ¢, = 0,
the variables A, and B, are determined by the relations A, = —nrQ’1 and B, =
(P — nr)Q_l. But if ¢, = 1, then A, is determined as the least number and B, is
determined as the largest number that satisfy the inequalities

e1(Q& + 771)S1 + -+ e (QA + 77r)s" > 1, QA +1n, >0,
el (Q& + 771)S1 +---+e (OB, + nr)‘” <P, OB +n =<P.

We note that A, > —n,Q "' and B, < (P, — n,)Q ! both in the first and in the
second case. Further, as already shown,

F5(QE + 1, ..., Q& + 1)
08,

and the number of intervals on which the function

8F,3(Q51 +11,..., 08 +n)
%

is monotone and of constant sign does not exceed 2n,. Hence to the sum Gy, it is
possible to apply Lemma 5.4 (Chapter 5) with r = 1.
‘We obtain the relation

<0.5,

Fi) =

Ay <& <B,

B,
= / exp2miFp(Q& + 1, ..., O +n,)}d§, + 160)n,.
A
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By the definition of x (x, ..., x,) and by the inequalities —n, 0 l'<A <g <
B, < (P, —1,)Q~', we can rewrite the last integral as

(Pr_nr)Q71
G1=/ 1 x(Q& +n1, ..., Q& +ny)
A%

x exp{2ni Fg(Q&1 +n1, ..., Q& + n,)} dér + 1601n,.

Substituting G into the sum W; and changing the order of integration and sum-
mation, we obtain

Wi =22/ O Gadg 160, Py Py 07T,
&1 &2 %
where
Gr=) x(Q& +m. ..., Q& +n,) expl2mi Fp(Q& +mi, ..., Q& +1,)}

&1

and the summation is taken over integer &, _; fromthe interval [A,_1, B,_1]. Here A, _
is the least number and B, _ is the largest number that satisfy the inequalities

61(Qé:1 + nl)SI +--t+e_1(QA 1 + 77}’—1)”71 + er(Q'Sr + 7']r)sr > 1,
QAr—l + nr—l > 07
e1(Q&1 +n)" + -+ er—1(QBr—1 + 1r—1)" ! + €, (Q& + 1) < Po,
QBr—l + -1 = P_y.
Performing the argument similarly to that for the sum G, we can replace the sum G,

by an integral so that the error does not exceed 16n,_1. Therefore, for W we have
the relation

(Pr—l_nr—l)Qil (Pr_nr)Q71

W1=E E / d&—l/ x(O& +n1,..., 08 +n;)
—1r—1Q7! —1r Q7!

gl %_r—Z r=1 r

x exp{2wi Fg(Q& +n1, ..., Q& +n,)} d&,
+1603(n—1 QP PP 40, QT P L P,

Continuing the argument similarly to that for the variables &, and &,_, we obtain
the expression

(Pr—nQ~! (Pr—n) Q!

Wl(m,...,nr):/
—n1Q~! -7, Q7!

x exp{27i Fg(Q& + 1, ..., Q& +n,)}dér ... dé,
+1604nP> ... P,Q~ "1
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We set x1(x1,...,xr) = x(Pix1, ..., Prx;). Then we have

1 ifexy +---+ex) <1,
X](-xla"'7-xr): Osxlflv"'sof-xr519

0 otherwise,
In the integral for Wy (1, ..., n,), we perform the change of variables
Pixy = Q& +n1, ..., Prxp = Q& + 1y,
and thus obtain
Wi, ...,n) =P1...P,Q7"V +1604nP, ... P,Q" 1,

where
1 1
V:/ / xX1(x1, ..., xp)exp{2mwi Fs(xq, ..., xp)}dxy ...dx,.
0 0

After these transformations, the sum 7' (A) takes the form
TA)=Py...P,UV +16604nP> ... P.Q,

where

Y Y
U=0" Z Z exp2miFa(n1, ..., )}
m=l n=l1
To estimate the sum U, as above, we apply Theorem 2.6 (Chapter 2). To estimate
the integral V, we use Lemma 6.5. This readily implies the statement of the theorem
for points A of the first class Q.
Suppose that A belongs to the second class €2>. We first consider the case Q¢ >

P/6. We shift the domain of summation over x1, . .., X, in the sum T (A) by integer
numbers yi, ..., y» suchthatl <y; < Py,...,1 <y, < P.. We obtain
Pi+y1 Pr+yr

T(A) = Z Z X1 = Y1y oo X — yr) eXp{2mi Fa(xy, ..., X))}
x1=y1+1 xr=yr+1
Pi+y1 Pr+tyr

+ Z Z (X(xl,...,x,)—x(xl—y1,-.-,xr—yr))

x1=1 xr=1
x exp{2mi Fa(xy1, ..., Xxr)}.
Using Lemma 6.4 and summing over y; < Yi,...,y, < Y., where ¥} =

[PrP™"],...,Y, =[P-P "], we obtain

IT(A)| <W +r2'P,...P,P ",



6.1 Systems of Diophantine equations 227
Y1 Y,
W@ vty ey
yi=1 yr=1

Py P,
DY x @ x) exp(2ri FaCe 4 y1s - X+ 30}

x1=1 xr=1

X

Next, repeating the argument of Lemma 5.3 in Chapter 5 word for word, we obtain
the inequality

W2k < 22k(y, ..y, pOSmEtme o Arm Py ... P, PP,

where

=YY [ [matas

yi=1 yr=1

P P,
Tp=> - ) x@1 ... x) exp{2mi Fp(x1, ..., x:)).

x1=1 xr=1

If, as before, G is the minimal multiplicity of the intersection of the domains w
with a chosen domain w(z1, ..., z,), then

Iy<GI, I= /---/|T(A)|2de.
Q

The inequality / < J follows from the remark to Theorem 4.2 (Chapter 4). Hence
we have Iy < G J. Therefore, in the case under study, performing the same argument
as in Lemma 5.3 (Chapter 5) for the sum S(A), for T (A) we obtain the same estimate
as for S(A).

In the remaining case Qg < P16 the sum T (A) can be estimated similarly to the
sum S(A) in Lemma 5.6 (Chapter 5) by replacing, if necessary, the estimates for the
integral

1 1
/ / exp{2mi Fs(x1, ..., x:)}dx1...dx,
0 0

by the estimates for the integral in Lemma 6.5. The proof of the theorem is complete.
O

We use Theorem 4.2 (Chapter 4) and the estimates in Theorem 6.3 to obtain an
asymptotic formula for the mean value of a power of the modulus of the multiple
trigonometric sum 7' (A).

Theorem 6.4. Let k > 4mx log 16mx, and let

Iy :/-~-/|T(A)|2de.
Q
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Then the following asymptotic formula holds:
Jo=000(Py ... PY* P70 4 O(e(Py ... P p0Smx=pn),
where

p1 = (32 log8mx)~',  a = 64max*log 16max + 32mx log® 16mx,

+00 400 1 1
= [T [T [
—00 —00 0 0

2k
X exp{2mi Fa(x1, ..., xp)}dxy...dx,

dA

and the singular series o is the same as in Theorem 6.2.

Proof. The proof is similar to that of Theorem 6.2. We divide the points of the cube 2
into two classes: €21 and €2;. For the sum 7' (A) in the case in which A belongs to 1,
a formula similar to that obtained in Lemma 6.1 was proved in Theorem 6.3. Next,
we can derive an asymptotic formula for the integral over the points of the first class
repeating the argument in Lemma 6.2 word for word, but replacing the estimates for the
trigonometric integral in Theorem 1.6 by the estimates for the integral in Lemma 6.5.
The integral over the points of the second class can be obtained similarly to the proof
of Lemma 6.3, but in this case the estimates in Theorem 5.2 (Chapter 5) are replaced
by the estimates in Theorem 6.3. O

6.2 Fractional parts of polynomials

Theorems on the uniform distribution of the fractional parts of polynomials in several
variables also give an application of estimates for multiple trigonometric sums. We
note that a necessary condition for the joint distribution of the fractional parts of
several polynomials is the condition that they be linearly independent over a set of
integers, provided that these numbers vary in intervals of a sufficiently small length
as compared with the intervals in which the variables of the polynomial vary. This
fact is taken into account in the statements of theorems (about the partition of sets of
polynomials into classes see below).

6.2.1 Joint distributions

We introduce the following notation. Let f;(x1, ..., x,) be polynomials in r variables
with real coefficients,

ni ny
t
i, oo, %) = Z---Zaj(tl,...,t,)xll ...xﬁ’.

t11=0 t,=0
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Further, we assume that m = (n; + 1)...(n, + 1), Py, ..., P, are positive num-
bers, 1 < Py = min(Py,...,P,) = P, A = P72°, p = (32mx log8mux)~", »
is introduced in Theorem 5.2 in Chapter 5, d, ..., dy are integers, and |d;| < AL
G=1,...,9).

We define real numbers B by the relations
B=B(t,....t;;di,...,ds) =dya1(t1, ..., t;) + - +dsas(ty, ..., 1).

Let a and ¢ be integers, and let

a
B=5+Z, 6121, (a,Q)zl, |Z|§(q1')_l’
t=t(t,....t,) = P'... P P13,

We assume that, for fixed dy, ..., d, the number Q = Q(dy, ..., d;) is the least
common multiple of the numbers ¢ = ¢q(t1,...,t), 1 + -+t > 1,0 <t <
niy,...,0 <t <n,. Weset

= mi dy,...,ds),
Qo dlr?.l.],qu 0(d, )

§=06(d,....dy) = max P['.. PIlz(tr,....100)].

1seees 1

wheret; +---+t >1,0<t <ny,...,0<t <n,,and

8o = min 8(dy,...,d,).
0 d{?}{bj(h , dy)

We divide the sets of polynomials (f1, ..., ds) with coefficients
O0<o;t,....t) <1, j=1,...,5, 0=t =<ny,...,0=1 <n,,
into two classes E1 and E;. The first class £ contains sets of polynomials ( f1, ..., fs)

for which Qyp < P%3. The second class E, contains all other sets of polynomials

(fiseoos fo)-

Theorem 6.5. Suppose that D(oy,...,05) is the number of integer-valued sets
X1, ..., Xy Satisfying the conditions

{fl(-xly'--ax}’)} <015 L) {fS(x17"-axr)}<USa
ISXISPI,---,lferPr-

We represent D(oy, ..., 05) as
D(oy,...,05) = Py...Poy...05 +A(01,...,0).

Then
Moy, ...,05) K Pr...PAq,
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where A is determined as
Ay = exp{32x}P™P',  p; = (32mx log8mx)~!

for a set of polynomials of the second class and as Ay = (Qo8o) "¢ for a set of
polynomials (f1, ..., fs) of the first class.

Proof. Let S(di, ..., ds) be amultiple trigonometric sum, and let
Py P, K
Sy.....d)=» > exp{ZﬂiZdjfj(xl,...,xr)}.
=l x=I j=1

In view of the partition of sets of polynomials into two classes E; and E», by
Theorem 5.2 (Chapter 5), we have

ISdi, ..., ds)| < Py...P-Ao,

where |d1], ..., |ds] < A™', and the quantity A¢ for the sets of the second class is
determined as

Ao = exp{32x} P,  po = (32mx log8mx)~",
and for the sets of the first class as
Ao = (Qodo)~/"Fe.

Without loss of generality, we assume that Ag < 0.1. We consider the periodic
function v (x) with period 1 introduced in Lemma A.3. Let ; and §; be arbitrary
real numbers such that Ag < 8; —a; <1 —Ag (1 < j <s). In this lemma, we set
r = 1. Then we have

Yi(fixr, ..o, x)) =1

if oj+05A0 < fj(x1,...,x) <Bj —0.5A¢ (mod 1),
0<vy;(fjCxr,....,x») <1

if o;—05A0 < fj(x1,...,%x) <aj+05A0 (mod 1)

or B;—05A0 < fj(x1,...,x) < Bj +0.5A¢ (mod 1),
Yi(fi(xr, ..., x)) =0

if Bj+0.5A0 < fi(x1,....%) < 14+a;—0.5A¢ (mod 1),

+00

Vi (i X)) = Bj—aj+ Y (gaexp{2midfi(xi, ..., %)

d=1
+ hq exp{=2midfj(x1, ..., x)}),
max(lgal, lhal) < (xd)™"if 1<d < Ap,
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max(|gal, |hal) < (T*A0dH ™' if d > Ay
We set

Py P,
U=U(@i, Bi, a5, BI=D oo ) W10, oo x))e e s (fo (R oy %))

x1=1 xr=1

Then we have the relation

U=P ... —a)...(fs —a;) + H,

where
v I8, ..., dy)
He Yoy Bhendd
Ofldl‘SAgl OfldvlfA(Tl 1...dg
S
(S, ..., dy)|
—|—Z Z Z Z s .
k=1 0S|d1|SA0_1 Aa'<\dk|§A*1 05|ds|SA61 0% d1 ... dk—1dk+1 - . . dg
N
P ... P
k=1 0<|d;|<A~! |dg|>A—! 0<|ds|<a—1 0%k 1eoodp_1diy ... dy

andd = max(1, |d|); here the prime on the summation sign means that the summation
is taken over all d,, . . ., d; mentioned above except ford; = --- =ds; = 0.
Since, for |dy], ..., |ds| < A‘l, the sum S(d1, ..., d,) satisfies the estimate

IS(d1, ..., ds)| < Py...P-Ao,

we have
1 Pr.. P Ay
H << e e —
D D )
O<ldi|<Ay" 0<lds<Ag
S
Pi...P.Ap
LD DR DI D B i M
— B B L Ajdidy . dy
k=1 0<ia;1=ay"  Ag'<ldid=a~l 0=ldy|<Ay!
5
P ... P
+Z Z Z Z Aod?d; ... ds_1disy...dy
k=1 |di|<A=1  |del>A=1 jdg<a-t 0%k The SREIERAL s
which implies H <« P; ... P.A1. Hence D(oy, ..., o) satisfies the above formula,
and A(oq, ..., oy) satisfies the estimate
A(o1,...,00)| K Pr...PrAy.
The proof of the theorem is complete. O

We consider an example illustrating Theorem 6.5.
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Example 6.1. Let Fi(x, y) and F>(x, y) be two polynomials with real coefficients
in which the powers of each of the variables do not exceed n (n > 4). Suppose
that 0 < s,f <n,s+1t > 1, P > 1, and the coefficient of the expression x*y’ in
the first polynomial is equal to /2, while the corresponding coefficient in the second
polynomial is equal to +/3. Further, let D(o1, 02) be the number of sets of integers x
and y such that the inequalities

{Fitx,y)} <o, {F2kx,y)} <02, 1=<xy=<P,
are satisfied simultaneously. Then we have the asymptotic formula
D(o1,2) = P’o102 + O(P?A),

where A = PP, p = y(m?Inn)~', and y > 0 is an absolute constant.

Indeed, it follows from the partition of points of the unit (n 4 1)?-dimensional
cube into points of the first and second classes (see the definition of the partition
of points into classes at the beginning of this section (Theorem 6.5)) that any point
corresponding to the polynomials F;(x, y) and F>(x, y) belongs to the second class.
Let us prove this assertion.

To this end, we consider the number @ = mv/2 + mav/3 # 0. Wesett =
P*s=1/4 Tt is known that there exist integer coprimes a and ¢ such that

, 4 =T (6.2)

Since « is an irrational algebraic number of degree no larger than 4, it follows
from the Liouville theorem that for all @ and ¢, (a, g) = 1, we have

1

> —7
c(a)g*

‘ a
q

where c(«) = maxg_q|<1 | f'(§)| and f(§) is a polynomial that is irreducible over the
field of rational numbers and has a root @ = m~/2 + m2+/3. (Ifmy # 0and my # 0,
then f (&) = (€ — miv2 — mav/3)(E — miV2 + mav/3)(E +miv/2 — ma/3)(E +
miv/2 4+ ma/3).)

For integers m and m, whose absolute values do not exceed P2/ (”“)2, the con-
stant ¢(«) can be bounded above as follows: ¢(«) < 1000P%/ @+D? Then the num-
ber g in (6.2) is larger than

0.1 P(t+s)/371/1272/(n+1)*2 - PZ/(n+1)*2'

Hence the point corresponding to F1(x, y) and F»(x, y) belongs to the second class,
and the above asymptotic formula holds for D (o1, 02).
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Theorem 6.6. Let Di(o1, ..., 0s) be the number of sets of integers x1, . .., X, satis-
fying the conditions

{filxt, ..., x)Y <01, ..., {0, x0)}) <05, (X1,...,x) € E,
(E;, is determined as in Theorem 6.3). Represent Dy(o1, ..., o) in the form
Di(o1,...,05) = V(Py)o1...05 + A(o1, ..., 0),
where V (Py) is the volume of the domain E,. Then
[A(o1,...,00)] K P1... P Ay
where A1 is the same as in Theorem 6.5.

Proof. The proof is the same as that of Theorem 6.5. We only use the estimates from
Theorem 6.3 where it is necessary. O

6.2.2 Distribution of the fractional parts of polynomials

We only formulate three theorems on the fractional parts of polynomials in several
variables. Their proofs are based on Theorem 5.2 in Chapter 5, Theorem 6.2, and
Lemma A.3 and do not differ from the proof of Theorem 6.5.

Theorem 6.7. Let D(c) be the number of sets of integers x1, ..., X, satisfying the
conditions

{F(x17~--,xr)}<0a lfxlfpls---’lfxrfpr-
Represent D(o) in the form
D(o)=P;...P. 0+ A(o).

Then
AMo) K Pr... P Ay,

where A1 for the polynomial of the second class 2 is determined as
A =exp{32x}P™"",  p1 = (32mx log 8max) !,
and for the polynomial of the first class as

Ap=(Q8)7"F.
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Theorem 6.8. Let Di(0) be the number of sets of integers x1, ..., X, satisfying the
conditions
{F(xly'-'axr)}<07 (-xla"-vxr)EEr

(E, is determined as in Theorem 6.3). Represent Dy(c) in the form
Di(o) = V(Py)o + 1(0),
where V (Py) is the volume of the domain E,. Then
AMo) K Pr... P Ay,

where A is the same as in Theorem 6.5.

Theorem 6.9. The following relation holds:

Pl Pr
Z Z{F(xl,...,x,)} =05P...P, + O(P,...P-A)),

x1=1 xr=1

where A1 is the same as in Theorem 6.7 and the constant in the sign O depends only
onny,...,n,andr.

Concluding remarks on Chapter 6. The results considered in this chapter were
obtained by the authors and published in [25], [26], [30], [31] and [32].



Chapter 7

Special cases of the theory of multiple
trigonometric sums

In this chapter we obtain estimates for multiple trigonometric sums for which the
ranges of variation of the principal parameters are essentially different. In fact, such
sums are sums of lesser multiplicity. In deriving the main results, we use the esti-
mates for trigonometric sums obtained in Chapter 5 and the estimates for multiple
trigonometric integrals obtained in Chapter 1. Finally, special cases of the theory are
based on the mean value theorem for multiple trigonometric sums (see Chapter 4).
This once again confirms the conjecture that the main case of the theory of multiple
trigonometric sums is the case of sums with equivalent variables of summation.

In Section 7.1, we prove a theorem on the estimate for a double trigonometric sum,
and in Section 7.2, we prove a theorem on the estimate for an r-fold trigonometric
sum (r > 2). We prove these theorem by induction on the number of variables, and
the results of Section 7.1 form the base of induction.

In Section 7.3, we derive an asymptotic formula for the number of solutions of
the complete system of Diophantine equations with unknowns for which the ranges
of variation are essentially different.

7.1 Double trigonometric sums

7.1.1 Main notions and auxiliary lemmas

We introduce the main notions and state auxiliary lemmas necessary for further studies.

Let n and P be natural numbers, and let t(t) = P'=1/6 (+ = 1,...,n). By @
we denote the unit cube in the n-dimensional Euclidean space with coordinates o (¢)
determined by the conditions

" <a®)<1—-1t7Y), t=1,...,n.

Let f(¢) be a polynomial with real coefficients a(¢). By S we denote the trigono-
metric sum

P
S =5(A) = ) exp{2mif (1)),

x=1
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where A is a point in the cube Q2 whose coordinates are the numbers «/(t), i.e., the
coefficients of the polynomial f(x).

We divide all the points of the cube €2 into two classes. A point A with coordinates
a(t) (1 <t < n) belongs to the first class if @ (#) can be represented as

a(r)
a(t) = 70 +B@)., (a@).q®)=1, 0=<a@®) <q@),
B < PO =g, .. .n,
and, moreover, the least common multiple of the numbers ¢g(1), ..., g(n), ie., Q =

[g(1),...,q(n)], does not exceed PO!. The other points of the cube $2 belong to the
second class €25.

In what follows, we shall often apply the well-known Dirichlet theorem on the
approximation of a real number by a rational fraction in the following statement.

Theorem 7.1 (Dirichlet). For any real number t > 1 and any real number «, there
exists a natural number q (1 < q < 1) and a natural number o coprime to q such
that

o= g + B, where |B] < (qr)"". (7.1

A representation of the number « in the form (7.1) is called the D-approximation
of « corresponding to t.

Lemma 7.1. (a) Let a point A belong to the first class Q1. Then the following estimate
holds:

1S(A)| « PQY/nTe, (7.2)

moreover, if we set
8(t) = P'B(t), &= max [8(1)],
1<t<n

then for § > 1, the following estimate holds:
1S(A)| « PO/, (1.3)

the constant in < depends only on n and ¢.
Suppose that a point A belongs to the second class 2;. Then the following in-
equality holds:
1S(A)] < P71, (7.4)

where p1 = c1(n?Inn)~! and the constant in < depends only on n.

(b) Suppose thatn > 2, P > 1, f(x) is a polynomial with real coefficients a(t),
and
fx)=a)x +--- +a(r)x".



7.1 Double trigonometric sums 237

Consider the D-approximation of the number a(t) (1 <t < n) corresponding to
t(t) = P'=V% je., consider the relations

alr) = % FB@, 1<q(t) <),

(at).q) =1, 18O < (q@).7@®) "

Let Q be the least common multiple of the numbers q(1), ...,q(n). Then for
Q > P! the following estimate holds:

IS(A)| = <P pr=ci(n*Inn)”l

where the constant in < depends only on n.

Proof. Assertion (a) is a consequence of Theorem 5.2 in Chapter 5 for r = 1.

Let us prove assertion (b). If A = («(1), ..., a(n)) is a point of the second class
in Lemma 7.1 (a), then the above estimate holds for |[S(A)|. Let A be a point of first
class in Lemma 7.1 (a). Then, by the definition of points of the first class, we can
represent each o (¢) as

ao(t)
qo(t)

+Bo®), (ao(®), qo®) =1, |Bo()| < P7HOL,

Qo = [qo(1), ..., qo(m)] < P*1.

a(t) =

There exists a ¢ such that the denominator ¢(¢) in the D-approximation of «(z)
is not equal to go(¢) (otherwise, the least common multiples of the numbers g (¢)
and go(¢) would coincide, which is not the case). We show that go(#) and hence the
least common multiple Qy is larger than 0.5P!/13. Indeed, we have the inequalities

1 “(t) _ao(t) —t40.1 —141/6 —1
< <IBOI+ 1) =P+ P (),
10q® ~ g0 a0 1
qo(t

qo(t) = 0.5PY/13,

Now, to estimate |S(A)|, we apply Lemma 7.1 (a) (note that A belongs to the
class ; and Qg > 0.5P'/13) and obtain

|S(A)| << Pl—l/(30n) << Pl_pl,

as required. O



238 7 Special cases of the theory of multiple trigonometric sums

Lemma 7.2. Suppose that o is an arbitrary number such that 0 < o < 1 and the
number D(o) of values of the variable x contained in the interval 1 < x < P under
the condition that { f (x)} < o can be represented as

D(o) = Po + A(0).

Then
(1) if the point A belongs to the second class Q2 in Lemma 7.1 (a), then

Ao) < PP
(2) if the point A belongs to the first class 21 in Lemma 7.1 (a), then
Mo) < PQTYTE
and for § > 1
(3) if the point A satisfies the conditions of Lemma 7.1 (b), then

Ao) < PP

The constants in < depend only on n and ¢.

Proof. Thislemmais a simple consequence of Theorem 6.5 (Chapter 6) fors =r = 1
and of Lemma 7.1 (a). O

In the preceding lemmas on the estimates of one-dimensional trigonometric sums,
we introduced notions such as the cube €2, the domain €2; of points of the first class,
and domain €2; of points of the second class. To study multiple trigonometric sums,
we must introduce similar notions. For them, we shall use the same notation, and it
will be clear from the context in what sense these notions are used.

Now we introduce the notation. Let ny, no, P;, and P, be natural numbers,

Pl<Py; m=m+1my+1); n=max(n,ny), n=>2;

(11, 1) = P 70p2,

where 0 < 11 <n;,0 <t <np, t; +t > 1. By Q we denote the unit cube in the
m-dimensional Euclidean space with coordinates «(t1, f) that is determined by the
conditions
—t N1, n) <al,n) <1—t (1, n), «0,0)=0,
O<ti<m, 0=n=<n, tn+n=>1l

A multiple (more precisely, a double) trigonometric sum is defined to be the sum

D1 P2

S=SA) =) » exp{2niF(x1,x)},

x1=1x=1
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where F(x1, x2) is a polynomial with real coefficients «/(t1, 2),

ny  np
1t
Fxi,xp) =YY alt. )x)'xy.
t1=01=0

In this case we assume that a point A from the m-dimensional space belongs to the
cube Q2 and its coordinates are the coefficients « (¢, r) of the polynomial F(#1, 12).

We divide the cub €2 into classes €21 and €2,. The first class contains points A with
coordinates «/(t1, tp) that satisfy the relations

a(ty, i)

q(t1, 1)
0<a(t,b) <q(t,n), |Bt.n)| <P TP

a(ty, ) = + B(t1. 1), (a(ti, ). q(11, 1)) =1,

and for which the least common multiple Q of all the numbers g(¢1, ) does not
exceed Pl0 ‘1. All other points of the cube €2 belong to the second class €2;.

Lemma 7.3. The points of the first class satisfy the estimate
IS(A)] < PLPyQ ™1/
if, moreover, we set

S(t1.0) = P{' Py (11.1). 8= max|3(11. )],

then for § > 1 the estimate
IS(A)] < PP~
also holds; the constants in < depend only on n and ¢.
Proof. The statement of the lemma readily follows from Lemma 5.5 in Chapter 5. O

Lemma 7.4. Suppose that a point A belongs to the second class Q2 and v is a natural

number from the interval
In P,

<
In P; -

Further, we set x = ny + vny. Then we have

-1 <

IS(A)| < exp{32x}P1Py P ?,  py = (32mxIn8msx)~",
where the constant in < depends only on n.

Proof. This assertion follows from Theorem 5.2 in Chapter 5. O
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7.1.2 Lemmas

In proving the first main lemma, we shall use the auxiliary Lemmas 7.5-7.7 from this
section. Prior to stating these lemmas, we introduce several necessary notions.

Suppose that g(x) is an nth degree polynomial with real coefficients
al’lv a}’l—17 ceey C{l, aO’

g(xX) = anx™ + a1 x" N+ x4+ ap.
. v—1/6

Foreachv (1 <v <n),settingt, = P,

of the coefficients «, corresponding to t,:

, we consider the D-approximations

ay
ay = — + By,
v

where (a,,qy) = 1,1 < g, < 1y, |By] < (q,,rv)_l. These approximations are called

the first D-approximation of the numbers ¢, (v =1,...,n).
Let Q be the least common multiple of the denominators g, of the rational ap-
proximations of «,, i.e., let O = [qn, gn—1, -- -, q1]-

Further, we consider some other approximations of the same numbers o, (1 <
v < n). For this, we set
v =P P,
where s is a fixed natural number that does not exceed n. Then, by the Dirichlet
theorem, we have
*
a
ay = — + B,

v

where (a),q)) = 1,1 < gFf < t}, B} < (q;‘rj)_l, and 1 < v < n. These

approximations are said to be the second D-approximation of the numbers o, (v =
n,...,1).
Now, using the introduced notation, we state the following lemma.

1012
Lemma 7.5. Suppose that the value of Q does not exceed Hy = P, "P and, more-
over, there exists a natural number t that does not exceed n and satisfies the condition
T <q; <71/
. —s+2pn . .
Setting A = P, , we consider all intervals of the form

A—AA A 7.5)
i R | v

where A and B are natural numbers, 1 < B < Plzpn = H{, and (A,B) = 1.
Denote by Y the number of y (1 < y < Py) for which the fractional part of the
polynomial g(y) lies at least in one of these intervals. Then under the conditions

l<ci(n)<P, mP,>12n+1)InP, p=<0.02n"2,
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the variable Y satisfies the inequality

Y <ci(n)P,P;".

Proof. Without loss of generality, we assume that H; is an integer. Then the number
of intervals (7.5) is equal to

H
O(H) =) ¢(r) < H}.

r=1

We define a periodic function x (x) with period 1 by the relations

1 if [x| < A,
x(x) =1 QA —[xDAT! if A < |x| <2A,
0 if 2A < |x] <0.5.

The Fourier series of the function x (x) has the form

+00
X =A+ Y cm)exp(2mimax), (1.6)

m=—00

where the prime on the summation sign means that ¢(0) = 0; moreover,
lc(m)| < min (A, (Am*)™), m=+£1,42,....

Suppose thats;, (u =1, ..., ®(H)) are the centers of the intervals (7.5), i.e., let
Su = AB~!. We define new functions X (x) by the relations

Xu(X) = x(x +s,) = x(x + AB™1).

Then for Y we find the estimate

Y<Z= Y ) xu@O).

u=®(H1) y=P,
We use expansion (7.6) to obtain
Z=P,d(H)A+ Zy,

where

+00
Zi= Y Y em) Y expl2ni(g(y) + 5.

U=P(Hy) m=—00 y=P,
We let M and M, denote

M=A"" M =A""H}P!.
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Then, applying the corresponding estimate of |c(m)|, we obtain the inequality

1Z| < O(HDA )

1<m<M

> exp{zmmg@)}‘ (7.7)

y<P,

+ d(HHA™! Z m2
M<m<M,

> exp{27rimg(y)}‘ + PP "
<Py

To prove the lemma, it remains to estimate the modulus of the trigonometric sum

T(m)= ) exp(2mimg(y)}.

y<P,

Recall that by Q we denoted the least common multiple of the denominators of

the rational fractions approximating the numbers o, (v = n, ..., 1) in the first of the
2
D-approximations and, by the assumptions of the lemma, Q does not exceed Pllon L.
We represent each natural number y < P; in the form
y=Qu+v, lsv=<Q (1-vQ 'sus(P-vQ"
and note that the polynomial g(y) satisfies the relation
g(Qu+v)=F@) +G(Qu+v)+ay (mod 1),

where

n a n

1%
F)=) =", GO =) B
- —
v=1 v=1
Hence for |T (m)| we obtain the inequality
IT (m)| < Q[T (m)], (7.8)

where T7(m) denotes a trigonometric sum over u of the form

T (m) = Z exp{27imG(Qu + v)};
1<Qu+v<P;

here v is a fixed natural number (1 < v < Q).

We show that for any m from the interval 1 < m < M, it is possible to replace
the trigonometric sum 7} (m) by an integral with an appropriate accuracy. For this,
we give an estimate from above for the absolute value of the derivative with respect
to u of the polynomial mG(Qu + v). We use the fact that P> is much larger than P,
(more precisely, In P, > 1.2(n + 1) In P) to obtain

- 'mzvﬂv(Qu +v)"'Q

v=1

dG
mﬂ (Qu +v)
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n
< M, Zvrv_lPlu_lQ < nlePl_S/6 < 0.5.

v=1

This implies that Lemma A.2 can be applied to 71 (m), i.e.,

(P—v)Q~!
Ti(m) = / exp{2nimG(Qu + v)}du + O(1)
—vQ-!

Py
= Q_l/ exp(27imG(u)} du + O(1).
0
Substituting this formula into (7.8), we obtain

P
|T(m)|§/ exp(2mimGu)}du| + c1 Q. (7.9)
0

We denote the last integral by J, perform a change of the variable of integration
of the form u = Pz, and find

1
J = P2/ exp{2rimh(z)}dz,
0

where

n n
h@) =GP =) BPyz’ =) 52"
v=I v=I

Letus bound § = maxj<y<, |8, | from below. For this, we use the second condition
of the lemma stating that there exists a natural number ¢ that does not exceed n and
satisfies the condition 7; < ¢; < 1. We consider the first and the second D-
approximation of the number «;:

ay
a=—+p, a=
qr

*

a4
k
t

+ B/

Then we have g > 7, > g;; hence g, # ¢;" and

*
ar at ﬂ*
T % T P
qr 4

1Bl =

z

1
- — 1B > (0tH " = (gFtH 7 = 0507
t

t

Therefore,
8> 0.5(QtY) ' Pl = 0.5H, PO,

Applying Theorem 1.6 (Chapter 1) to J, we obtain

|J| < ey Pym=V/m gy /7 pi/m=tOm)
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It follows from this estimate and relations (7.7) and (7.9) that

|Z1] < C3{H12A Z (P2m_1/nH21/nP1S/n71/(6n) +Hy)

1<m<M
+HIATY ST (a2 g YO 2y 4 P2P1_'°}
M<m<M,

<c4 P Pl_ P,
This and the formula for Z imply the statement of the lemma. O

Now we consider n polynomials g, (y) of the form

n

a
() ==+ By, v=12...n,

v

s=0
where
-1/6
(av,qv) =1, 1=<gqy <1, Tv:szpl /7
B@I <7 '), wE=P"""P, 0<s<n
Let Q; be the least common multiple of the numbers ¢y, ..., gy, i.e., let
O1=1q1,---,qnl (7.10)
For each natural number y that does not exceed P;, we consider the D-approxi-
mations of real numbers g, (y) corresponding to 7, = sz =1/ 6, in other words, we
consider the relations
ay(y)
&(y) = + Bu(y),
qv(y)

-1
where (a,(y), ¢v(»)) = 1,1 < qu(y) < 7y, and |8y ()] < (¢(M)T)) -
By Q1(y) we denote the least common multiple of the numbers ¢, (y) (v =
1,...,n).

_ 5,3
Lemma 7.6. Suppose that the number Q1 is larger than Pl0 57510 Let Y be the
number of natural numbers y (1 <y < Py) for which the relations

) 20pn*
B <Ay =P P, Qi) <H=P"™, v=1,...,n,

are satisfied. Then the variable Y satisfies the estimate
Y <P p=cm*ln)!,

where the constant in < depends only on n.
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Proof. In the n-dimensional space, we consider the set ¢ of points g(y) =
©1(y),...,g:.(3) (v =1,2,..., P;) whose coordinates g, (y) satisfy the assump-
tions of the lemma. We show that, first, the set €2¢ can intersect only the domain €2
of the first class. Indeed, by the definition of the domain €2 of the first class, each of
its points o« = (1, .. ., &) has the form
by
avza'i‘zw I1<hy <%, by,h)=1,

|ZV|§(hvtl))_lv VZI,...,n, [hl’»hn]SH

Therefore, the distance between the corresponding coordinates of the centers of two
domains ©; and €, of the first class is no less than H 2 and hence the distance
between the corresponding coordinates of the domains is no less than

H_2—2rv_1 zO.SH‘Z, v=1,...,n.

The difference between any coordinate of a point in the set ¢, say, the vth coor-
dinate, and the vth coordinate of the point (a;/q1, -..,ay/qy, - - ., an/qn) is no less
than

£ =Y _1B@®IPf < (n+ 11, (0).
s=0

This implies that if €2, intersects any domain of the first class, then this can be only a
single domain. Therefore, if ¥ # 0, then

ay(y) _ b,
qv(y) hy

by
gv(y) — h_

v

<A,, v=1,...,n,

’

for all y satisfying the assumptions of the lemma.
We let B, (y) denote the polynomial

By(y) =) Bu(s)y".
s=0

Then we can rewrite the last relations as

b a
‘Bu(y)—h—”+q—” <A, v=1,...,n.
vV v
5,3 _
Since Q > Plo 05=5n%p , there exists a g, such that g, > PIO'OZ” : > H; therefore,

au/qu #bu/hy.
We give an estimate from above for the number Y; of y satisfying the inequality

b a
Bv()’)__v"i__v

<A, (7.11)
hy 9v a
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We proceed as in Lemma 7.5 and introduce the function

o) = x<x+ @ _ b—”),
qv hy

where x (x) is the function defined in Lemma 7.5. Then

i< Y v(Bu») =T

l<y<P,

Expanding the function ¥ (x) into the Fourier series and passing to inequalities,
we obtain

Y2§c2<PlA+ DT oATmI+ Y A_lm_2|T(m)|+P11_p>, (7.12)

1<m<M M<m<M,

where

T(m)= Y expmimB,(y)}, A=A, M=A"' M =MP/
I<y<h

The further argument is similar to that in Lemma 7.5. From the sum 7 (m) we
pass to an integral and use Theorem 1.6 in Chapter 1 to estimate this integral (first, we
bound § from below).

First, we estimate the modulus of the derivative of the polynomial m B, (y). We
have

n
3_
< |m| X:srﬂ_l(s)Pls_1 < n2P19/m 36 < 0.5.

s=1

( )
ay "

Applying Lemma A.2, we find

Py
T(m) = / exp{2nim B, (y)}dy + O(1).
0

In the last integral we perform a change of the variable of integration of the form
P x = y and pass to estimates. We obtain

1
[T (m)| < Py / exp{2mimA, (x)}dx| + c3,
0

where A, (x) = Y 8;x° and 85 = B, (s) P}.
Now we bound § = maxi<,<, |6, from below. First, we successively obtain the
inequalities

=

b
hy

a b n a n
= Y Buls)| = | = 1Bu(s)]
ql/f hu‘ s=0 q'u’ s=0
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> (quh) ™" = (@ura )™ = ) = @HT,(0) 7.

s=1

For some y, this and (7.11) imply

Y Bu = 1)

s=0

=

ap by ¢ ' ay by ¢ s
— =+ > Bu)|—|———+)> Bul)y
qu  hu g : qu  hy S;) g

> (4Ht,(0)"' = A, > (8H7, (0) L.

Therefore, we have

(8H7,(0) ! <

n n ys o 1
D Bu® =D < Y1l <nb,
s=0 s=1 1

8> (8nHr,(0)~".

We apply Theorem 1.6 (Chapter 1) to the trigonometric integral and find the fol-
lowing estimate for the sum 7 (m):

|T(m)| < caPymin (1, [m|~"/"HY"7)/"(0)) + c4. (7.13)

It follows from (7.12) and (7.13) that

Y2§C5<P1A+A Z m~ ! HM M (0)

1<m<M

+a™h > U rE o) + Pl“’) <P, ",
M<m<M,

Y<Yi<Yy<cP ",

as required. O

To prove the first main lemma, we need one more lemma, namely, Lemma 7.7,
whose statement, in fact, differs from that of Lemma 7.6 only in the values of several
parameters. But nevertheless, to prove this lemma, we must introduce several new
definitions. Since the proof of this lemma does not differ from that of Lemma 7.6
except for the notation, we omit it here.

Let n polynomials g, (y) be given,

n
a
() ="+ By, v=12...n,
v s=0
where (av,q) = 1,1 < g < 7 = P/ 18,()] < 7;71(s), and 7,(s) =

v—1/6
p='ops.
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We denote the least common multiple of the numbers ¢, .. ., g, by Q». For each
natural number y < P,, we consider the D-approximations of the numbers g, (y)
. v—1/6 . . .
corresponding to 7, = P, , 1.e., we consider the relations
ay(y)
& () = ==+ Bu(y),
qv(y)

where (ay(y), ¢v(»)) = 1,1 < gu(y) < 7y, and [By(»)] < (@(M)T) .

We set Q2(y) = [q1(0). ¢2(3). - -, gn (V)]
Lemma 7.7. Supposethat Q; is larger than PO0S=50m and 'y is the number of natural
numbers y from the interval 1 < y < P, for which the following conditions hold:

_ 2 20 4
B <Ay =P " (< H=P"", v=1,...n.

Then Y satisfies the estimate
Y KPP’ p=cintinn),
where the constant in < depends only on n.

In Lemma 7.9, from an estimate for the trigonometric sum S(A), we derive an
estimate for the sum S, (A) in which the summation variable x takes values from an
arithmetic progression modulo g < P%9/" where P is the length of the summation
interval in S(A). To this end, we need the following lemma.

Lemma 7.8. Suppose that the coordinates o(t) of a point A can be represented as

at) = @ +B(t), 8(t)=P'B(t), &= max |§(t)], 0<t<n,
q(t) 1<t<n

where a(t)/q(t) is an irreducible fraction and the polynomial f(x) has the form
f@) =a@x"+ -+ a(l)x + «(0).
Consider the polynomial g(x) defined by the relation

g = fx+y) =Y apn)x',
=0

where y is an integer such that |y| < P; we set Q = [g(1),...,q(n)] and Q¢ =
[go(1),...,qo(n)]. Then for 0 <t < n, the coefficients ao(t) of the polynomial g(x)
can be represented as

ao(t)

ao(t) = —— + Bo(?)

qo(t)
and, moreover, Q = Qg and § K 8y K 8, where 8¢ is determined similarly to 8,
but the numbers Po(t) are taken instead of the numbers B(t), and the constants in <<

depend only on n.
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Proof. We represent the polynomial f(x) as the sum

fx) = fikx) + falx),

where f](x) has coefficients a(t)/q(¢) and f>(x) has numbers S(¢) as the coefficients.
By setting
g1x) = fikx +y), &K = falx+y),
we obtain
8(x) = gi(x) + g2 (x).

For ap(t)/qo(t), we take the coefficients of the polynomial g (x). For the numbers
Bo(t), we take the coefficients of gp(x). In the polynomials fi(x) and gi(x), the
coefficients of all powers except the constant term will have the common denominator.
Then we obtain

fi) = 07 A0 +a0)g7H0),  g1(x) = 0y g3(x) + an(0)gy ' (0),

where f3(x) and g3(x) are polynomials with integer coefficients without constant
terms. Let

g4(x) = g1(x) —ap(0)gy ' (0) = 0" f3(x +y) + R, (7.14)

where R is a rational number. The polynomial g4(x) has rational coefficients, and
the least common multiple of their denominators is equal to Qg, while the constant
term in g4(x) is zero. On the other hand, since y is an integer, the coefficients of the
polynomial gs5(x), where

g5(x) = f3lx +y),

are integers. This implies that the least common multiple of all coefficients in the
polynomial Q’1g5 (x) divides the number Q.

If we set x = 0 in (7.14), then we see that the constant term in the polynomial
Q0 'gs(x)isequal to R, and the polynomial g4(x) can be obtained from the polynomial
Q~!gs5(x) by omitting the constant term. In this case, the least common multiple of
the denominators of all coefficients in the polynomial Q™! g5(x) can only be decreased
only by an integer factor. Hence the number Qg is a divisor of the number Q. If in
this argument we replace the polynomial f3(x) by g3(x) and the polynomial g;(x)
by f1(x), then we prove that Q also divides Qg. Hence Q = Q¢ and the first statement
of the lemma is proved.

Now let us prove the second statement of the lemma. We set

fe(x/P) = f2(x), ge(x/P) = ga2(x).

Obviously, the coefficients of the polynomials f5(x) and ge(x) are respectively the
numbers 6(¢) and §p(t) (¢t =0, 1, ..., n). Moreover, the relation g2 (x) = fo(x + y)
implies ge(z) = fe(z + y/P). Hence we have

g(2) =Y Sz =) sz +yP 1.

t=0 =0
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Opening the brackets in the right-hand side of the last relation and taking the inequality
|yP~!| « 1 into account, we obtain 8y < 8. Interchanging the polynomials g (x)
and f>(x) in this argument, we see that § < &g and hence § < §9 < §. The proof of
Lemma 7.8 is thereby complete. O

By S, (A) we denote a trigonometric sum of the form

P
Sg(A) =Y explamif (),
x=1

where, as before, f(x) is a polynomial with coefficients «(¢) that simultaneously are
the coordinates of a point A € Q2 and the prime on the summation sign means that
the summation is taken not over the entire interval, but over a progression of the form
Xx = zq — y, where ¢q is a natural number and y satisfies the inequality 0 < y < g.

Lemma 7.9. Suppose that q satisfies the inequality

qnm < PO.OS‘
Then in the notation of Lemma 7.1 (a) we have the following estimates:
(1) If A is a point of the second class, then

1S4(A)] < P1=0%P1g1

(2) If A is a point of the first class, § < P0'04, and Q < P0'07, then
@ [S,(4) < Pq~oy! ",
and for § > 1,
(B) IS,(A)] < Pg=1(Qi8)7 ",
where Q1 = Q/(Q,q").
The constants in < depend only on n and ¢.
(3) For the remaining points A of the first class, the estimate in item (1) holds.

Proof. Without loss of generality, we can assume that P =0 (mod g).
1. First, we consider the case y = 0. Then, obviously, forall t = 1,...,n we
have

q'a(t) = (1), (7.15)

where «(¢) are coefficients of the polynomial fo(x) = f(gx).

Now we note that the partition of the points of the cube €2 into classes €2; and €2,
depends on the value of the parameter P.

We consider the point A with coordinates («g(1), ..., ag(n)) and the correspond-
ing trigonometric sum

Po
So(Ao) = Y exp{2mifo(x)},

x=1
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where Py = Pg~!. In the above notation, we have
Sq(A) = So(Ao).

We shall estimate the sum Sp(Ag) depending on the class to which the point Ag
belongs with respect to the parameter Py and the point A belongs with respect to the
parameter P. If the point A belongs to the second class, then the point Ay can belong
both to the second and to the first class. In the first case, which is the most simple, the
desired estimate for So(Ao) readily follows from Lemma 7.1 (a) because Py > PO,
Now we assume that the point A belongs to the second class and the point Ag belongs
to the first class. In this case, the coordinates of the point Ag can be represented as

ao(r)
ao(t) = —— + Bo(1),
qo(?)
where (ao(1),qo(1)) = 1, 0 < ao(t) < qo(®), |fo®)| < P01 and Qg =
[go(1), ..., go(n)] does not exceed Pg'l. If this representation contained Qg < P05,

then, by (7.15) and the inequalities
ql Sql’l < POOS, |ﬂ0(t)|q_1 < PO—I‘-‘rO.lq—l < P—t+0.1’

the point A would belong to the first class, which is impossible. Hence we have
Qo > P%05 and Lemma 7.1 (a) implies the desired estimate for the sum So(Ap).
Thus, if the point A belongs to the second class, then the statement of the lemma is
proved for y = 0.

Now let the point A belong to the first class. If in this case we have Q < P07
and § < P99 then again using relation (7.15) to estimate Q¢ and §¢ in terms of Q
and B(t), we prove that the point A also belongs to the first class. To estimate the sum
So(Ap), we use Lemma 7.1 (a) and obtain the inequalities in item (2) of the statement
of the lemma. Moreover, in the case Q < P07 and pO04 < 5 < pOO5 we obtain a
stronger estimate. But if either Q > P%97 or § > P095 then again the point A( can
belong both to the first and to the second class. In the first of these cases, we estimate
So(Ap) by Lemma 7.1 (a) using (7.2) for Q > P%%7 and (7.3) for § > P%03. The
second case is studied similarly to the case considered at the beginning of the proof
where A and Ag belong to the second class. Thus the statement of the lemma is proved
forY =0.

2. We use Lemma 7.8 to reduce the case of progressions with constant term y # 0
to the case y = 0. We change the variable of summation in the sum S, (A) by setting
x = z — y and define the polynomial fi(z) by the relation fi(z) = f(z — y). Then
the sum S, (y) satisfies the relation

1Sq (A)] = [Sq (A1,

where
P

Sg(An = 3 exp {270 (f1(2) — f1(O)}:

z=1
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the prime on the summation sign means that the summation is taken over integer z
that are multiples of ¢, while the coordinates of the point A are the coefficients of the
polynomial fi(z) — f1(0).

The sum S, (A1) is asum of the same form as S, (A), butitis generated by a different
point of the n-dimensional space. The progression over which the summations is
performed in S, (A1) satisfies the assumption of item (1) in this lemma. Hence all
the results obtained above can be applied to S, (A1). It is only necessary to study all
possibilities for the points A and A to belong to the first and second classes. We shall
consider these cases.

(a) The points A and A; belong to the second class. In this case, the desired
estimate follows from the results in item (1).

(b) The points A and A; belong to different classes. In this case, it follows from
Lemma 7.8 that

5> PO.I

for a point of the first class, and the process of estimating the sum S, (A) is reduced
to item (1).

(c) Both points A and A belong to the first class. Then it follows from Lemma 7.8
that the value of the parameter Q is the same for both points and the ratio of values of
the parameter § is bounded above and below by some constants. If we have

0 < P07 5 < pO04
for the point A, then the point A satisfies the inequalities

0 < PO'O7, § < PO.O4 < PO.OS’

and the desired estimate can be obtained from item (1). Butif we have either Q > P997

or8 > PY% for the point A, then the point A; satisfies either
0> PO or s> P0'04;

this last case can again be reduced to item (1). The proof of Lemma 7.9 is complete.
O

7.1.3 The first main lemma

In this section we prove the first main lemma on estimating the double trigonometric
sum on points of the second class.
In fact, this lemma contains all characteristic features of the theory in question.

The first main lemma. Let F(x1, x2) be a polynomial with real coefficients a(t1, t2)
of the form
ny  np
F(xi,x) =YY alt, )x'x7, «(0,0) =0,

t1=01=0
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let Py and P> be natural numbers, P, < P, and let Py — +o00. Consider the
D-approximations of the numbers «(ty, t2) corresponding to Plt -1 PZIZ:

a(ty, i)
q(t1, 1)

-1
1<q(ti,n) <T@, n), B0 < (g, 0T, n)
O<n=<n, 0=<n=<ns.

a(f, ) = + B(t1. 1), (a(ti, 1), q(t1, 1)) =1,

Denote by Q the least common multiple of the numbers q(t1, t2). Then for Q > Plo'1
the trigonometric sum

P P

S = S(A) = Z Z exp{2mi F(x1, x2)}

x1=1x=1

satisfies the estimate
IS < CP1P2P1_IO,

where c = c(ny,n) >0, p = y(n4 Inn)~!, and y > 0 is an absolute constant.

Outline of the proof of the first main lemma. We can rewrite our sum S as

P P
S=S(A)= Y Y exp2mi(Ag+ Axi + -+ Ay x|},
xp=1x1=1
where
n
As = filr) =Y als, 1)x).
t=0
If the point (A, ..., A,,) belongs to the second class €27 in Lemma 7.1 (a) with
respect to the parameter Pp, then this lemma can be applies to the sum over xj.
Suppose that the point (A1, ..., A,) belongs to the first class €21. If the least common

multiple Q or the value of § in Lemma 7.1 (a) is “large,” then we again can apply this
lemma. However, if both Q and é are “small,” but the fractional parts of f;(xp) are
uniformly distributed at least for a single s (1 < s < n3), then the number of points x;
possessing this property is “small” and the corresponding part of the sum S can be
estimated trivially by the number of terms. But if the fractional parts of f(x>) are not
uniformly distributed, then here (using the fact that P; and P, are essentially distinct)
we again can show that the number of such x; is “not large.” If P; and P, do not differ
significantly, then the desired estimate for |S| follows from Theorem 5.2 in Chapter 5.

The main points in the proof are the following.

1. First, we note that the desired statement contains two essentially different cases.
The first of these cases is conditionally said to be “two-dimensional,” and the second
is said to be “one-dimensional.”
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On the plane, we consider points with integer coordinates (1, ) which are the
indices of the coefficients «(#1, 1) of the polynomial F(x1, x3) contained in the ex-
ponential. These points lie in a rectangular of the form 0 < t; < ny,0 <, < ns.
We divide the points of this rectangular into three classes Eg, Ej, and E;. The
class E; contains all the points (¢1, #2) lying on the ordinate axis (the 0z;-axis); the
class E3 contains all the points (¢1, 2) lying on the abscissa axis (the O¢;-axis); and
the class Eq contains all other points of the rectangular. By Q; (j = 0,1,2) we
denote the least common multiple of the denominators of the rational fractions in the
D-approximations of the coefficients « (¢, 2) corresponding to t(¢1, f) provided that
(t1, ) € Ej,ie., Q; =lcm.(q(t1,2)), where (11, 12) € Ej (j =0, 1,2)and

%Jrﬁ(“’m’ (a(t, 1), q(n, n)) =1,

~1/6
q(ti,n) < t(t1, 1) = P! /

Clearly, we have Q = [Qo, Q1, O2]-

3
2. Let Q¢ > Pllop "". We shall conditionally say that this case is “two-dimensio-
nal.” Then we can estimate the sum as follows. We write the polynomial F (x1, x3)
as

a(t), ) =

PR, 1B, )] < (¢, )T(t1, 1))

ni ni
F(xi,x) =Y filx)x] =) A(s)x}.
s=0 s=0

Next, there exists a polynomial f(xy) for which the value Q(s) of the least com-
mon multiple of the denominators of the rational fractions in the D-approximations of
the coefficients « (s, t), corresponding to t(s, ) = Pls_l/6P2’ (1 <t < ny), is larger
than PIIOp ". The fractional parts of the polynomial f;(x2) (1 < x, < P>) can be
either uniformly distributed or not uniformly distributed. Let us consider the possible
cases.

3. If all denominators of the fractions in the D-approximations of the coefficients
a(s,t) (1 <t < np), corresponding to t(s, ), do not exceed 72(s) = Pg_l/G
(s = 1,...,ny), then the fractional parts of the polynomial f;(x) are uniformly
distributed.

For each x» (1 < x2 < P,), we consider the points (A(1), ..., A(n1)) and the
D-approximations of the coordinates A(v) (1 < v < nj) corresponding to t((s) =
PIS -1/e, By Q(x2) we denote the least common multiple of the denominators of the
fractions in this D-approximation. If Q(x») is sufficiently large, then the part of the
double sum corresponding to this x, can be estimated rather well as a one-dimensional
sum with respectto x1. Butif Q(x7) is small, then the estimate for the one-dimensional
sum can be rather bad. But the number Y of values of the variable x, for which Q(x7)
is small is also small, since the fractional parts of the polynomial f(x,) are uniformly
distributed. Hence the part of the two-dimensional sum corresponding to all such
values of x» can be estimated rather well. This already implies the desired estimate

for S.
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4. Now we assume that in some coefficients @ (s, t) (1 <t < ny)inthe polynomial
fs(x2), the denominators of the fractions in their D-approximations corresponding to
7(s, t) are larger than 7, (¢). Then we take new D-approximations of these coefficients
which already correspond to 7o(¢). If the least common multiple of the rational
fractions in the new D-approximations of the coefficients a(s,7) (1 <t < ny) is
larger than some value (we choose it in the course of the proof), then the fractional
parts of f;(x2) (1 < xp < P») are uniformly distributed and to estimate the sum § in
this case, we must repeat the argument of item 3.

5. We assume that the least common multiple of the fractions in the new D-
approximations of the coefficients of the nonzero powers of the variable x; in the
polynomial f;(x7) does not exceed H. In this case, we consider the point M (x3) =
{fi(x2)}, ..., {fu; (x2)}) and, for each fixed x;, we take the D-approximations of

its coordinates { f, (x2)} (v = 1,..., ny) corresponding to the numbers 7;(v) =
Plv ~1/¢ 1f the least common multiple of the denominators of the fractions in these

last approximations is sufficiently large, then the inner sum over x; in the double
sum S can be estimated rather well. Otherwise, we can obtain both good and bad
estimates for the sum over x;. The values of the variable x; for which the sum over x;
is estimated badly are conditionally said to be “bad.” The number of such variables
will be denoted by Y. It turns out that a good estimate can be obtained for Y (in fact,
obtaining this estimate is the contents of Lemma 7.5). Hence the desired estimate for
the sum S can be obtained. Thus we have completely discussed item 5 and, together
with it, the entire “two-dimensional’ case.

It should be noted that the main difficulty in the “two-dimensional” case is con-
tained in estimating the variable Y. This estimate is significantly based on the use of
the inequality

InP,>12(n+1)In P;

(see Lemma 7.5).

6. Now let Qg < Pllo’o "3. Then either Q or O is large. This case is conditionally
said to be “one-dimensional.” Now we consider only the case of large O, because
if 05 is large, then the outline of the argument coincides with that in the case of
large Q1, only instead of Lemma 7.6, we use Lemma 7.7 in the appropriate places.
We partition the summation over x; into arithmetic progressions with difference Qg.
After simple transformations, we obtain the estimate

P Qo

NEDIDD

x1=1z=1

=T,

Z exp{2miV (x1, Qoy2 + 22)}
¥2

where the inner sum is taken over the variable y, satisfying the conditions 1 < Qgy>+
72 < P,, the polynomial W(xy, x2) has the form

a(0,v) i /
70.v) + gﬂ(r, V)X,

ny
Wix,x) =Y g(x)xy, gulxi) =

v=1
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and the variables a(0, v), ¢(0, v), and (¢, v) (1 < v < ny) are defined in item 1.
We take the D-approximations of the coordinates g, (x1) of the point

{g1(xD}, .o {gn, (xD D)

corresponding to t(v) = qu ~1/6 If the least common multiple of the denominators

of the fractions in these D-approximations is sufficiently large, then we can apply
Lemma 7.9 to the inner sum over y,. Otherwise, the sum S is estimated according to
the scheme given in item 5, only we use Lemma 7.6 instead of Lemma 7.5. Thus the
“one-dimensional” case has been discussed completely.

Proof. We shall follows the above plan.

1. Suppose that Qy is the least common multiple of the numbers ¢ (¢1, f2) satisfying
the conditions #{ > 1 and t, > 1, Q is the least common multiple of the numbers
q0,1) (t» = 1), and Q3 is the least common multiple of the numbers ¢(t1, 0)
(t1 = 1). By the assumptions of the lemma, we have Q = [Qg, Q1, 02] > Plo'1 We
shall separately consider the two cases: the case of large Q¢ and the case of small Qy.

3
2. Let Q¢ > Pll()p” . Foreachs (1 < s < np), by Q(s) we denote the least
common multiple of the numbers g(s, ) (1 <t < ny). By the definitions of Q(s)
and Qq, we have

Qo =[Q(1),..., O],

and hence there exists an s (1 < s < ny) for which

2
0() = 0" = P

Depending on the value of Q(s), we consider the following three subcases of
item 2. )

@ P < Q) < PR

(b) PY! < O(s) and the inequality
q(s,0) < Py 0
holds for 1 <t < nyp;

(c) on'l < Q(s) and there exists at (1 <r < ny) such that

Pzt_l/6 < q(s,t).

Before studying these subcases, we write the polynomial F(xq, x3) as

ny np nz
ot
F(x1,x) = E E alty, )xy' xy = E fs(x2)xy,
11=0 =0 s=0

where

"2
fi(x2) = Za(s, 1)x5.

t=0
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For a given s, we take the number
Ti(s) = P10

and consider the D-approximations of the fractional parts of the polynomial f;(x2)
(1 < xp < P,) corresponding to 7 (s), i.e., we consider relations of the form

0

T(S)’ (7.16)

b
{fs(x2)} = ; +

where (b,r) = 1,1 <r < 711(s),and |0] < 1.

3. (a) We represent the sum S = S(A) as three terms:
S=584+ %+ 83,
where

P
5= Y expl2niF( ). =123,

x<P, x1=1

and the domain of summation over the variable x; in each of the sums §; is its own
and is determined as follows. We consider the inner sum over xj:

Py
S(x2) = Y exp{2miF(x1, x2)} (7.17)
x1=1
Py
= ) exp{2mi(Ag + A1x1 + -+ + Apx")},
x1=1
where the numbers ag, A1, ..., A,, depend on x; and Ay = {f;(x2)}.

If the point (A1, ..., An) = ({f1(x2)}, ..., {fa, (x2)}) of the ni-dimensional
space is a point of the second class with respect to the parameter P; defined in
Lemma 7.1 (a), then the corresponding x, belongs to the sum S;. But if this point is
a point of the first class and its sth coordinate Ay = { fs (x2)} satisfies relation (7.16)
withr > H = P12 P! then the corresponding x; belongs to the sum S,. All other x,
belong to the sum S3.

For the values of x; contained in the sum Sy, the point (Ay, ..., A,,) is a point of
the second class, and hence Lemma 7.1 (a) implies the estimate

1S(x2)| < PP < PP, pr=c(Inn)”"

But for the values of x; contained in the sum §3, the least common multiple of the
denominators of the rational fractions in representation (7.16) is larger than H, and
hence, by Lemma 7.1 (a), we have

1S(2)| < PLH™Y" e « P77 oy = c(*Inn)~"
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Now we give an estimate from above for the number Y of values of x, contained in
the sum S3. By Lemma 7.2 on the distribution of the fractional parts of the polynomial
fs(x2), the number I of values of x; for which { f; (x2)} belongs to the interval [b/r —
1/(rt1(s)), b/r + 1/(rt1(s))] can be estimated as

I < P(rmi(s) ™" + P,

Indeed, the polynomial f(x;) has the form

fixa) =) als. )xh,

t=0

where, by the assumptions of the lemma, the coefficients «(s, ¢) can be written as

als,t) = 76,0 + B(s, 1),

1BGs, DI < (qs. 0265, 0) " < PHOP < P,

and the least common multiple Q (s) of the denominators ¢ (s, ¢) does not exceed on 1
i.e., the point (x(s, 1), ..., a(s, n2)) belongs, with respect to the parameter P,, to the
first class defined in Lemma 7.1 (a). Hence to estimate the number of the fractional
parts of the polynomial f;(x2) contained in this interval, we can use Lemma 7.2,

2
item (2), with Q = Q(s) > Pllo” "". The number of such intervals with » < H does
not exceed ),y ¢(r) < H?. Hence,

Y < P HX((m() ™ + PP < PP < Py PE

We substitute the estimates obtained for |S(x»)| into the sums S and S> and
trivially estimate the sum S3 by the number of terms. We obtain

S| < [S1] + [S2] + IS3] < PLPy Py
(b) We shall proceed as in case (a). We represent the sum S as
S =384+ S5+ Se,
where

. P
)
S; = Zj Z exp{2niF(x1,x2)}, Jj=4,5,6,

x<Py x1=1

and the domain of summation over the variable x; in each of the sums is its own and is
determined as follows. We consider representation (7.17) of the inner sum over x;. If
the point (Ay, ..., Ay, ) is a point of the second class with respect to the parameter P
defined in Lemma 7.1 (a), then the corresponding x, belongs to the sum S4. If this point
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is a point of the first class, but its sth coordinate A; = { f5(x2)} satisfies relation (7.16)
withr > H = on 2501 , then the corresponding x, belongs to the sum Ss. All other x;
belong to the sum Sg.
If the value of x, belongs to the sum Sy, then, by Lemma 7.1 (a), for the sum S(x7)
we have
1SG)| < P < P,

where p1 = c;(n®*Inn)"'and p = c(n*Inn)~L.
Now we estimate |S(x2)| for the values of x> contained in S5. Relation (7.16)
implies
Ay = 1—7 + o
YT rnGs)’

Ifr > Plo'l, then we can use Lemma 7.1 (b) to estimate |S(x2)| and thus obtain

1S(2)| < PP

2 . .
Now let r < Plo'1 (we also assume that H; = on 301 < Plo'l, since, otherwise,

r>H > Plo'l, and this case we have just studied). Since the point (A, ..., Ay))
belongs to the first class, we have

a _
A= pe B PTL vt
1%

andg = [q1, ..., qn ] < Plo'l. Let us prove that a;/q; = b/r.
Indeed, otherwise, we would have the inequalities
1 b a

N

rqs —|r qs

which contradict each other. Hence we have g = r and g > g, =r > Hj.
We use Lemma 7.1 (a) to estimate |S(x7)| and thus find

<IBl+r't o <2P7 r< PP gosq =P

1/n+e

1S(x2)| < P1H, < P77

Next, as in case (a), by Lemma 7.2, the number of numbers x; contained in the
sum Sg does not exceed

T < PHE (7 (s) + P, pi= ci(m*Inn)~ .
Indeed, the polynomial f;(x2) has the form

na
fi) =) (s, )xh,

t=0

where the coefficients «/(s, f) can be represented as
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16, D] < (q(s,07(5,0) " < (¢, D0®) ™, g0 < @) = Py %

and moreover, O(s) = [g(s, 1),...,q(s,n2)] > on'l. Therefore, by Lemma 7.2,
item (3), the number of the fractional parts of f;(x2) contained in the interval

(.
roornG) r o) |

doesnotexceed 'y < P> ((r i)+ Pz_p ! ) and the number of such intervals does
not exceed H 12
Thus we have

S| < 1S4l + |Ss5] + |6l < P1P2P "

4. Now we consider case (c). In this case we have Q(s) > on‘l, and there
exists afy (1 < t9 < np) such that the denominator ¢ (s, tp) of the fraction in the D-
approximation of the number « (s, 7o), corresponding to 7 (s, fp), satisfies the condition

0(i0) = P70 < q(s, 10) < (s, 10).

Now let us consider new D-approximations of the numbers (s, ¢) forall ¢ (1 <
t < ny) corresponding to 7(t) = Pzt_l/ﬁ, 1.e., the relations

aw 0

=50 hono
(d@),h()) =1, 1=<h@) <n@), [0|=<1.

(7.18)

If in this approximation of the numbers « (s, t), it turns out that the least common
multiple of the numbers £ (¢) is larger than on‘l, then the sum S is, in fact, estimated
in the same way as in case (b). We represent the sum § as

S =87+ Sg + So,
where

. P
)
Si=3" Y expl2miF(r, ), j=17.8,9,

<P x1=1

and the domain of summation over the variable x; in each of the sums is its own and is
determined as follows. We consider representation (7.17) of the inner sum over x;. If
the point (Ay, ..., Ay, ) is a point of the second class with respect to the parameter Pj
defined in Lemma 7.1 (a), then the corresponding x» belongs to the sum S7. If this point
is a point of the first class, but its sth coordinate A; = { f;(x2)} satisfies relation (7.16)
withr > H| = P20 2501 , then the corresponding x; belongs to the sum Sg. All other x;
belong to the sum Sg. The sums §7 and Sg are estimated precisely in the same way as
the sums S4 and Ss, respectively.



7.1 Double trigonometric sums 261

We give an estimate from above for the number Y of values of x; contained in
the sum Sg. For this, we consider the D-approximations of the coefficients a(s, 1)
(1 <t < ny) of the polynomial f;(x2) corresponding to 72 (¢) = P2t_1/6, i.e., rela-
tions (7.18). Since the least common multiple of the numbers A (¢) is larger than on'l,

by Lemma 7.2, item (3), the number of the fractional parts of f;(x7) in the interval

b B 1 b 1
roornG) r * rT1(s)

does not exceed I'y < P>((rti(s))~" + P, '), while the number of such intervals
does not exceed H 12 Hence for the variable Y, we have the estimate

Y € PHE(r7 () + Py 7)) < PoPY

Thus
S| < PLPP".

Now we assume that in the new D-approximation the least common multiple of
the numbers /4 (¢) does not exceed on'l. We denote this least common multiple by

1(s). Here the following two cases are possible: P91 > 0i1(s) > Hy = P10n2,0 and
0 g p 2 1

Q1(s) < H,. First, we consider the case Q1(s) > Hy. We represent the fractional
parts of the polynomial f(x;) as

b 0
s} =-4+——, (7.19)
ro rri(s)
b.r=1, 1<r=u@E=p""" b=
In other words, we consider the D-approximations of the numbers {f;(x2)} corre-
sponding to ty(s) = Pls_l/6 for each x» (1 < xp < P»). We divide the sum § into
three sums:
S = S0+ S11 + Si2.
where

. P
S; = Z(” 3 exp2riF(xi,x)),  j =10, 11,12,

<P, x=1

and the domain of summation over the variable x; in each of the sums is its own
and is determined as follows. We consider representation (7.17) of the inner sum
over x1. If the point (A1,..., A;) = ({f1(x2)}, ..., {fa;(x2)}) is not a point of
the second class with respect to the parameter P; defined in Lemma 7.1 (a), then the
corresponding x, belongs to the sum Sy¢. If this pointis a point of the first class, defined
in Lemma 7.1 (a), and moreover, r > K = P12 P in representation (7.19), then the
corresponding x, belongs to the sum S;;. All other x; belong to the sum Sy;. In other
words, the sum S, contains all x; for which the denominators r in representation (7.19)
do not exceed K.
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We use Lemma 7.1 (a) and representation (7.17) to estimate the sum Syq as
SG)l < P < PP [S10l < PPy P

For S;1, we estimate the inner sum as follows. If r > Plo'1 , then, by Lemma 7.4,
we have )
1S(x)| < P71,

Butif r < Plo'l, then |S(x2)| can be estimated in the same way as in the sum Ss

forr < Plo'l, i.e., for the coordinates of the point (Ay, ..., A,,), we consider the
relations
a _
=B p g =1 B PTL v,
vV
q = [qu"-aqnl] < Plola

which hold because this point belongs to the first class with respect to the parameter P;.
We show that a;/qs = b/r. This implies that ¢ > g, = r > K. Next, we apply
Lemma 7.1 (a) to the sum S(x») and find

1S(x2)| « PLK Ve « Pl
Thus we have
IS11| < Py PP ",

Now we consider the sum Sy>. Estimating this sum by the number of terms, we
obtain
|S12l < Y Py,

where Y is the number of values of x; for which the fractional part of the polynomial
[fs(x2) belongs at least to one of the intervals of the form

[b 1 b 1

, —+ ], (b,ry=1, r<K. (7.20)
roorrls) r o rr(s)

Apoint (x(s, 1), ..., a(s, np)) from the n,-dimensional cube €2 is generated by the
coefficients a (s, t) of the polynomial f(x7). We first assume that this point belongs
to the second class with respect to the parameter P,. Then, by Lemma 7.2, item (1),
the number I' of the fractional parts of the polynomial f(x3) in the interval (7.20)
does not exceed

I <)+ P, pr=ci(n®*inn)".

Now we assume that this point belongs to the first class. This means that for the
numbers (s, ) (1 <t < njy), we have the representations

a _
a@0=j+@,WA<ﬂ”m,amw=L
t
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qg=Iq1,....qn] < on'l.

At the same time, for the numbers a(s, t) (1 <t < nj), we have relations (7.18)
for Hy < Q1(s) < on'l, i.e.,

_d@) 0 _i—1/6
D=3 0 Voo 202

01(s) = [h(D), ..., h(n)], Hy < Q1(s) < PO,

This implies that the relations a;/q; = d(t)/h(t) hold for all r (1 <t < ny).
Indeed, let the relation

ar/q: # d(1)/ h(t)

hold for some ¢ (1 <t < np). Then, on the one hand, we have

ag d(t)

g h()

> 1 > —0.2
~ gh(t) T2

E)

since g, and h(t) satisfy the inequalities ¢; < ¢ < P! and h(r) < Q1(s) < PY'L.
On the other hand, we have

a d()

q h@)

1 _
< < P—H—O.] P
<t e = Th

1+1/6 —1+1/6

S2P2 ’

since [B;] < Py and 1 < h(t) < 1a(r) = Py 0.

The estimates obtained for |a;/q; — d(t)/h(t)| contradict each other. Hence we
have a;/q; = d(t)/h(t) forallt (1 <t < np). This implies ¢ = Q(s) and hence
q < H;. Now we estimate I" by using Lemma 7.2, item (2), as

I < Py ()~ + By /7).
So, for I" in both cases, we have the estimate
Ty < Po(ri ()™ + Py 7 + Hy ") < Py Y.
Since the number of intervals (7.20) does not exceed K2, we have
Y < KT < P,K2H; /% <« pyp".
Hence, for Q(s) > H», we have

S| < [S10l + [S11] + [S12] < PiP2P "

5. Now we consider the case Q1(s) < H,. First, we estimate the sum S = S(A)
under the assumption that In P, < 1.2(n 4+ 1) In P;. If the point A with coordinates



264 7 Special cases of the theory of multiple trigonometric sums

a(ti,b) 0 <t <ni,0 <t <nt; +t1 > 1) that are the coefficients of the
polynomial

ny  np

t I

F(xl,XZ)=E E a(ry, 1)x)' x5
t1=01=0

belongs to the second class €25, then, by Lemma 7.4, since x < con?, the sum S =
S(A),
P P

S = Z Z exp{2mi F(x1, x2)},

x1=1x=1

can be estimated as follows: |S| < P P> Pl_p, where p = c(n*Inn)~ L.
But if the point A belongs to the first class, then the definition of points of the first
class implies the relations

aop(ti, 1)
a(t, ) = ——— + Polt1, 1),
qo(t1, 1)

(ao(t1, 1), qo(t1, 1)) = 1, |Botr, )| < P00y,

and the number gg, which is the least common multiple of go(t1, %) (0 < #; < ny,
0<t <ny tj+1t > 1),isless than Plo'l. Recall that Q is the least common multiple
of the denominators ¢ (1, t2) of the fractions in the D-approximations of «(t1, #2)
O<t <n;,0<t <ngt; +1t > 1)corresponding to t(t1, 1p) = Plll_l/6P2[2. By
the assumptions of the lemma, Q is larger than Plo'l. Hence there exists a set (¢, )
such that g(t1, t2) # qo(t1, t2).

We show that gg > 0.5 Pll/ 15 Indeed, we have the system of inequalities

1 - a(ti, ) ao(t1, 12)
q(t1, 2)qo(t1, 02) — [q(ti, 1) qo(ti, 12)
< Pl—tl+0.1P2—t2 + Pft1+l/6P2_t2q_l(l1,lz),

_ _ _ —H41/6 1/
a5 (01, 1) < g0, ) Py O Py g pri /O prte < g p /O,

< |B(t1, )| + |Bo(t1, 12)]

/(15
g0 = qo(t1, 1) = 0.5

Applying Lemma 7.3, we find

—1/(30n)

IS(A)| < PLP2 Py L PP’

We have estimated the sum S in the case In P, < 1.2(n + 1) In P;. Therefore, we
assume thatIn P, > 1.2(n + 1) In P;.
We introduce the notation

{fs(x2)} = ? +B8, (b,r)=1T=r=1/(), (7.21)
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s—1/6

n(s) =P Bl < (ru@) ', 8= PJIBI.

We divide the sum S into three sums:
S =813+ S1a+ 515,

where 0
Si="" 3 exp2miF(xix)),  j=13,14,15,

0<P x1=P

and the domain of summation over the variable x; in each of the sums is its own
and is determined as follows. We consider representation (7.17) of the inner sum
over x1. If the point (Ay,..., An) = ({fi(x2)}, ..., {fs;(x2)}) is a point of the
second class with respect to the parameter P; defined in Lemma 7.1 (a), then the
corresponding x; belongs to the sum Sy3. If this point is a point of the first class, and
moreover,r > K = P12 "Por8 > K inrepresentation (7.21), then the corresponding x»
belongs to the sum Sj4. Finally, all the other x; belong to the sum Si5. In other
words, the sum S5 contains all xp for which the denominator r and the value of § in
representation (7.21) do not exceed K.
For the sums S(x;) contained in S13, by Lemma 7.1 (a), we have the estimate

[S(x2)] < Pll_pl, o1 =c1(n®Inn)” L

this implies
IS13] < PiP P, ".

Now we consider the sum Sy4. If r is larger than Plo'l, then the least common
multiple of the denominators of the fractions in the D-approximations of the coordi-
nates A, of the point (Ay, ..., A,,) corresponding to 71 (v) is larger than PIO'1 and,
for the sums S(x2) contained in S14, by Lemma 7.1 (b), we have the estimate

1SG) < P77

Now we assume that r does not exceed Pl0 ‘1. For the sums S (x7) contained in S14,
the point (A1, ..., Ay) = ({f1(x2)}, ..., {fa, (x2)}) belongs to the first class. This
means that

a _
Ay="+Bu, 1Bl <P (ay,q) =1,
1<v<ny, qZ[CI1,~--,61n1]<P10'1-

Thus, as in the case of the sum S5, we obtain a;/q; = b/r and hence g > g; = r and
Bs = B. Therefore, by the definition of the sum S4, we have ¢ > K or || P} =6 >
K.

To estimate the sum S(x,) contained in S14, we use Lemma 7.1 (a) and obtain

1S(x2)| < PLK Ve « Pl



266 7 Special cases of the theory of multiple trigonometric sums

Thus for all sums S(x3) in S14, we have the estimate |S(x2)| < Pll_p and hence
|S14] < PLP, P "

Now we consider the sum Si5. We trivially estimate each of the sums S(x2)
contained in S5 and obtain |Si5] < Y P;, where Y is the number of values of x;
(1 < x2 < P,) for which the fractional part of the polynomial f;(x2) belongs to

at least one of the intervals of the form [b/r — Pl_s+2p " b/r + Pl_HZp "1, where

(b,r)=1landr < K = P}*".

SincelnP, > 1.2(n + 1)In Py and p < 0.02n2, by Lemma 7.5, we have ¥ <
PP ”. Hence |Sis| < Py PP "

Hence for Q(s) < H,, we obtain

IS| < [S13] + |S14] + [S15] < P1P2P; "

thus the statement of the lemma is proved for Q¢ > Plon r

6. Now we consider the case Oy < P10 . Since Q = [Qo, O1, 0] > Plo'l,
0.05— SnporQ > POOS —5n3 p

First, we assume that Q1 > P1O 05=5np . Then we represent x; and x; as

we have either Q1 > P,

=Qoyi+z1. 0<z1<Q0. (1-200;" <y =(P—21)0;".
=00+, 0<2<Q0 (1-20;" <m=(P—2)0,"

We write the D-approximations of the coefﬁcients a(ty, tp) of the polynomial

F(x1, x2) corresponding to (¢, 1) = ” o p P2

a(ry, 1)
q(t1, 2
l=qti,n) < T(ll, n), B, n)| < (61(11’12)1(11,&))_1

a(t, ) = +ﬁ(t1 n), (a1, n),q(,n) =

Hence the polynomial F(x, x2) can be represented as

ny  na

F(Qoyi + 21, Qoy2 +22) = Y Y a(ti,12)(Qoy1 + 210" (Qoy2 + 22)”

11=01=0
= ®(z1, z2) + Y1 (Qoy1 +z21) + ¥(Qoy1 + 21, Qoy2 +2z2) (mod 1),

where

ni

D(z1,22) = Z Z anLb) nn g ()= > (., 0)x",

142>
AUREEY =

no 0,
o= (82 S )
1=

=0
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We transform the trigonometric sum S as follows:

P P

S = Z Z exp{2mi F(x1, x2)}
x1=1x,=1
Qo Qo
= Z Z Z exp{27i (P (z1, 22) + W1(z1, 22))}

z1=1 Y1 z22=1

x Y exp{2miW(Qoy1 + 21, Qoy2 + 22)}-
y2

The summation over y; is performed in the limits —z; Qal <y < (P — zl)Qal
and over y; in the limits —z2Q I < » = (Pr—22)0, ' 1t follows from the last
relation that

Qo Qo

NEDINIDD

> exp(2i¥(Qoy1 + 21, Qoy2 +22)}

z1=1 Y1 z2=1" »2
P Qo
=3 3 | Y explniva, Qmm)}] — 7.

x1=lz=1" »

Next, we shall estimate the sum 77. We write the polynomial W(xy, x») as

np ny
Wx,x2) =Y gx)xy =Y Bu(x1)xj,

v=1 v=1
a0,v) ¢ "
= t N = B .
gv(x1) 200, v) +§,3(1 V)X v
=
We consider the D-approximations of the fractional parts of the polynomials g, (x1)
(v =1, ..., ny) corresponding to 7 (v) = P;71/6:
ay(x1)
(g} = ==+ Bu(r), (@), gu(x) = 1,

qv(xl)
1< qu@x) <), 18] < (@uDnm) .

By Q1(x1) we denote the least common multiple of g1 (x1), ..., gn,(x1) and by &
the largest of |3, (x1)|P2” (1 < v < ny). We divide the sum 77 into three sums:

Ty = Si6 + S17 + S18,

where

Qo
/
Si= Y Y ISGr.z)l. j=1617.18,

x1 <P z2=1
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S(x1,22) = ) exp{2miW(x1, Qoy2 + )},
y2

the summation over the variable y; is performed within the limits —z, Q I < v <
(Py — 22)0Qq ! and the domain of summation over the variable x1 in each of the
sums S16, S17, S1gisits own and is determined as follows. If the point (B, ..., By,)
is a point of the second class with respect to the parameter P,, then the corresponding x
belongs to the sum Sig. If this point is a point of the first class, and Q1(x1) > H =
P12 ontp oré > Pl2 "P then the corresponding x; belongs to the sum Sy4. Finally, all

the other x| belong to the sum Si3. In other words, the sum Sig contains all x| for

. 20n4p . . v 2np
which Q1(x1) < H = P, and the inequality |8, (x1)|P, < P;"" holds for all v

(I <v < no).
For the sums S(x;, z) contained in Si6, by Lemma 7.9, item (1), we have the
estimate

1-0.5 — _ —
IS(x1.22)| < Py Qg < POy P

Hence
IS16] < P1PLP;".

Now we pass to estimating the sum S77. Since the point (B, ..., By,) belongs to
the first class, we can represent its coordinates B, as

b _
By==+8,, u.r)=1[BI<P" v=1..m (722

ry

0.1
e LT T S

We first consider the case Q(x1) < on'l. Here we have ¢, (x1) # r, for some v
(1 < v < ny). This implies the inequalities

I _ e by
Gx)ry T | qu(x1) 1y
—1/15

rl < g Py O 4 Py e <o p

_ _ —v+1/6
< 1Bl + 1B D] < PO 4 g ey S,

Hence we have r > r, > O.5P21/15. But if the inequalities O.SPZI/15 <r< PZO'07

hold for r, then, by Lemma 7.9, item (2), (a), we obtain
1SGer, 22)| < PaQy ' RTYVME L R =7r/(r, OF).

Since A
n 10n%p 0.01 0.05
(”7Q0)§P1 <P, r=pP",

we can estimate our sum as

1S(x1. 22)| < POy P
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But if the inequality r» > P20'07 holds for r, then, by Lemma 7.9, item (3), we
obtain the following estimate for the same sum:

1-0.5 — — —
S(i, )l < Py 700 < POy PP

Now we consider the case Q(x1) < on.l‘ Since the point (By, ..., B,) belongs
to the first class, relations (7.22) holds for this point. Then, as in the case of the
sum S17, the relations a,, (x1) /g, (x1) = by, /r, hold forall v (1 < v < ny). Hence we
have

O1(x)) =71, Bu(x1) =Pu, 8 =puPy.

4
If P07 > r = Q1(x1) = H = P ”, then, by Lemma 7.9, item (2), (a), the

sum S(x1, zo) satisfies the estimate
1S(x1, 22)| < PaQy ' RTYVME R =7r/(r, OF).

Since

4 4
O =Qp =P’ r=p""

then R > le onp and hence
1S(x1, 22)| € P20y ' P 7.
Ifr > PZO'07 oré > P20'04, then, by Lemma 7.9, item (3), we have
SG1 2 < Py Qg < P0g P
If PP < 8 < P then, by Lemma 7.9, item (2), (b), we have the estimate
S(x1, 2)| < P20y 87" < PG P

Thus if Q1(x1) > H or the value |B;(x2)| is larger than P~ $ P12 "P for some s
(1 < s < ny), then we have the estimate

1S(r1, 22)] < P2Qg P7,

which implies
1S17] < PPy P "
Now we estimate the sum S;g. We trivially estimate each of the sums S(x1, z2)

contained in Sig and obtain |Sig| < Y P>, where Y is the number of values of x;
(1 < x1 < Pp) for which

4
Bo(x)] <Ay =P7UPY . 1<v<ny, Qi(x)<H=P"",
1 1 1
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and the point (By, ..., B,,) belongs to the first class. By Lemma 7.6, we have ¥ <
Pllfp . Hence,

1S18] < PLPoP?,  |S| < |Si6l + 1S17] + 1Sis] < Py PoP ",

&3
Thus the statement of the lemma is proved in the case Q1 > Pl0 05=5n%p,

—_ 3 . . . . .
Now let 0> > P10 05=5m°0 " A in the preceding case, we partition the variables of
summation into arithmetic progressions with difference Qg and obtain

P, Qo
51230 Y | explznivn(@on +21. | =
x=lzi1=1" n

where

L (tlao) - 1
|W1(x1, x2) = thl(a +Z,3(11,l2)x2)-
"\q1.0) " = ?

=1

We write the polynomial W (x1, x2) in the form

ni ni
W1, x) =) gula)x} = ) Bux,

v=1 v=1
a,0) | ¢ :
B, = g(x2) = + ) B, n)xy,
v v q (l), 0) tzgo 2
and take the D-approximations of the fractional parts of g,(x2) (v = 1,...,n)
. v—1/6
corresponding to 71 (v) = P, :

ay(x2)
CIV(XZ)
1<q(x) <), 1Bl < (g1 (v)) = 1.

{gv(x2)} = + Bu(x2), (av(XZ)a Qv(xz)) =1,

By Q2(x2) we denote the least common multiple of the numbers g (x2), ...,
qn, (x2) and by § the largest value of

Sy = Bv(x)IP, v=1,...,ni.
We divide the sum 73 into three sums:
T> = S19 + S20 + Sa1, (7.23)
where

. Qo
) .
$i=3"" 3 ISl j=19.20,21,

X2 z1=1
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S(z1,x2) = ) exp2wiW(Qoy1 + 21, x2)},
V1

the summation over the variable y; is performed within the limits (1 — z1)Q I <
yi < (Pr—z21)Qq 1, and the domain of summation over the variable x, in each of the
sums S19, S20, S21 is its own and is determined as follows. If the point (B, ..., By, )is
a point of the second class with respect to the parameter P, then the corresponding x;
belongs to the sum Si9. If this point is a point of the first class, and Q2(x2) > H =
P12 onp oré > P12 "P then the corresponding x; belongs to the sum S»g. Finally, all
the other x; belong to the sum S3;. In other words, the sum S| contains all x; for

. 20n%p . .
which Q2(x2) < H = P and the inequality

2
|Bs(x2)| P} < P

holds forall s (1 <s < ny).

Each of the sums in expression (7.23) can be estimated in the same way as the
corresponding sum in the preceding case, only in estimating the sum S>; we apply
Lemma 7.7 instead of Lemma 7.6 used to estimate S17. The proof of the main lemma
is complete. O

7.1.4 Estimate for the double trigonometric sum
In this section we estimate the double trigonometric sum S(A) for all points A of the

unit m-dimensional cube Q.

Theorem 7.2. Suppose that a point A belongs to the first class Q21. Then the following
estimate holds:

IS(A)| « PyP,Q ™1/ e,

Moreover, if we set

8(r1.12) = P{' Py B, 1), & =max|(nn. 1),
1,12
then the estimate
IS(A)| < PPy (Q8)~ /e

holds for § > 1.
Suppose that a point A belongs to the second class S27. Then the following estimate
holds:

IS(A)| < PLP,P ", p=cm*lnn)".

The constants in < depend only on n and ¢.
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Proof. For points A of the first class 21, the statement of the theorem follows from
Lemma 7.3. We prove this theorem for points of the second class €22. We consider the
D-approximations of coefficients «(¢1, #2) of the polynomial F(x, x2) corresponding

tot(ty, ) = Pltl_l/6P2tz, 1.e., we consider the relations
ao(t1, 12)
alti, n) = ——=+B(t1, 1), (ao(t1, 1), qo(t1, 1)) = 1,
qo(f1, 12)

-1
1 < qo(t1, 1) < t(t1,12), |Bo(tr, )] < (qo(tr, )T (11, 12))

0<nn=<nm, 0=<n=<nm, H+n=1

By go we denote the least common multiple of the numbers g (¢, 2) (0 < t; < ny,
0 <t <ny,t; + 1 > 1) and by §p the value

1 1
8o = max |Bo(t1, 12)| Py' Py’

By condition, A is a point of the second class. This means that either gg or §p are
large; more precisely, the following two cases are possible:

(@ qo=> P

() go < P)!and 8 > P>1.

First, we consider case (a). Since qp > Plo'l, the first main lemma implies the
following estimate for the sums S = S(A):

IS PP P ", p=c(tlnn)~!,

Now we consider case (b). In this case, the sum S(A) can be estimated similarly to
the sum S(A) for points A of the first class (see the proof of Lemma 5.5 in Chapter 5).

To this end, we partition the summation over the variables x| and x; in the trigono-
metric sum S(A) into arithmetic progressions with difference gy.

It turns out that, with a good accuracy, the parts of the sum S(A) corresponding to
the same progressions can be replaced by trigonometric integrals. Next, after simpler
transformations, we see that the sum S(A) can be approximated well by the product
of the trigonometric series by a double complete rational trigonometric sum with
denominator gg. Now to obtain the desired estimate of the sum S(A), it suffices to
estimate the trigonometric integral. Let us follow the above reasoning.

We partition the full summation over x; and x; into progressions with difference qo,
i.e., we perform a change of the summation variables of the form

xj =qoyj +2zj, 0<znj =qo,
—zjqy ' <y <(Pj—zpgg'. j=12
Then we can write the sum S = S(A) as

q0 40

S(A) =) Y expl2mi®(z1, 2)}W (21, 22),

z1=122=1
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where

D21, 20) = Z Z ap(ty, f2; 22,

610(l1, 153

W(z1,22) = ZZGXP{ZMF,S(CIOM + 21, 90y2 + 22)}

yroo»n
ny np
1 r
Fp(xi,x2) =Y Y Bo(tr, )xi'x.
1=01=0

We replace the sum W (z1, z2) by the trigonometric integral. For this, we first
estimate from above the partial derivatives of the polynomial Fg(goy1 +21, qoy2 +22)
with respect to the variables y; and y;. We obtain

0Fg(qoy1 + 21, q0y2 + 22)

ay1
ny np
DY Boltr, )tigo(qoyt + 20" (qoya + 22)”
t1=11r=0
ny np
<3 g @ PO P g P P
t1=16=0
_ 0Fg
<+ 1P <05 | =Ll <05
dy2

Next, applying Lemma 5.4 (Chapter 5) to the sum W (z1, z2), we obtain

(P1—z1)q, (P2—22)q,
W(z1, 22) =/ / o expl2mi Fg(qoy1 + 21, qoy2 + 22)} dy1dy>

-1 —
2149 —229

Py P
+0(P2gy ) = g2 f f exp{27i Fg(x1, x2)} dx1dxa + O(Pagy )

= P Pq, //exp{ZmFg(xl x2)}dxidxy + O(Pagqqy b,

ny np
Fp(xi,x) = Y Y 8ot )x{'x%, 811, ) = P{' Py Bo(t1, 12).
t11=01=0

Now, estimating the trigonometric integral

1 pl
I = / / exp{2mi Fs(x1, x2)} dx1dx>
o Jo

—1/n 1/(20n)

by Theorem 1.6 (Chapter 1) we obtain |I| < 327§,
because we have §p > P !'in case (b). Hence

I =18 +2) < P,

2 ,—1/(20
IW(z1,22)| < P1Pagy Py e,



274 7 Special cases of the theory of multiple trigonometric sums

This implies the estimate

q0 40
ISI< Y D WG 2l K PPy P”

z1=122=1

for the sum S. The proof of the theorem is complete. O

7.2 r-fold trigonometric sums

In the preceding section, we estimated the double trigonometric sum for all points of
the unit cube Q. Our further goal is to derive a similar estimate for the r-fold sum
for any natural number r. For this, we need several auxiliary lemmas generalizing the
statements of Sections 7.1.1 and 7.1.2 to the case of sums of arbitrary multiplicity. It
should be noted that many points in the proofs of the lemmas coincide for multiple and
double sums. To avoid repetitions, we here, if possible, will refer to the corresponding
argument in the proofs of similar statements in Sections 7.1.1 and 7.1.2.

7.2.1 Auxiliary lemmas

We introduce new notions and notation. Let ny, ..., n,, Py, ..., P, be natural num-
bers: PP<Py<.---<P,m=m+1)...(n, +1),n =max(ny,...,n;),n>2;
let

(..., t0)=PVOpR . PY

r oo

where 0 <t <ny,...,.0<t, <n,,t1+---+1t > 1.

Now by Q = Q(r) we denote the unit cube in the m-dimensional Euclidean
space, m = m,. Suppose that the coordinates «(?y, ..., t,) of points A of this cube
are determined by the conditions

0<a@,...,00 <1, —t ', ....t0)<a(tt,....ty) <1—1" 1, ..., 1),
0<t1<n,....,0<t.<mn,, ti4+ -+t >1.

A multiple or r-fold trigonometric sum is defined to be the sum

Py P,
S=S(A)= ) - Y exp{2miF(x1,.... %)},

x1=1 xr=1

where
ni ny
t
F(xi,....,x) = Z---Za(ll,...,t,)xll coaxlrs
t11=0 t,=0
the coordinates of A are the coefficients of the polynomial F(xy,...,x,). Since

the modulus of the sum S = S(A) is independent of the value of the constant term
(0, ..., 0) in the polynomial F(x1, ..., x;), we set it to be zero in what follows.
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We divide the points of the cube 2 into two classes €21 and €2,. The first class

contains points A whose coordinates satisfy the conditions:
a(tlv 7tr)
(a) alty, ..., t)) = —— + B(t1, ..., 1),
Q(tl, "-atr)

(a(tla "-7t}’)’q(tla ,tr)) = 1$ 0 ia(tla "-7t}’) < Q(tl,---a[r),
B, ...t < PO PR P
(b) the least common multiple Q of all g(¢1, ..., t2) does not exceed Plo'l.

The second class €27 contains the other points of the cube 2. In what follows, we
obtain a uniform estimate for the trigonometric sum S(A) on points of the second class.
We note that the derivation of this estimate splits into two significantly different cases
depending on the D-approximations of the coordinates of the point A. According to
this, the class €2 splits into two domains w; and w;. Let us determine them.

We consider the D-approximations of the coordinates « (1, ..., t,) of apoint A €
2 corresponding to t(fq, ..., ), i.e.,
a(ty, ..., t)
a(ty, ..., t,) = ———— 4+ B(t1, ..., 1)
q(tlv AL tl')

(O‘(tl’~--ytr)sCI(t1’---,tr)) = 17
OEa(tly"'vtr) <q(t17"'7tr)5‘6([17"'7tr)7

-1
B, .t < (g1, . ), T, . 1)),
Oitlinlv-"aoftrfnr9 tl+"'+tr21~

Let Q be the least common multiple of all the numbers ¢(¢1, ..., #,) and let
Sty ... ty) =B, ..., ;)P ... Pl

We set 6 = maxy,, . |6(t1,...,%)|. A point A belongs to the domain w; if
0 > Plo'1 and to the domain w; if Q < Plo'l, but § > Plo'l. We note that the other
points of the cube €2 form exactly the first class €27.

Lemma 7.10. The points A of the first class satisfy the estimates:
@ [S(A)| < Py...P,Q~ 1",
(b) |S(A)| K Pr... P(Q8) V" for s > 1;

the constants in < depend only on n, r, and ¢.

Proof. This lemma in a somewhat more precise statement was proved in Chapter 5
(Lemma 5.5). O

Lemma 7.11. The points A from the domain w satisfy the estimate
|S(A)| < Pl e Prs_l/n“"e < Pl . PrP1—0.05n71;

the constant in < depends only onn, r,and ¢.
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Proof. This lemmais, in fact, similar to that in item (b) of the preceding Lemma 7.10.
Its proof is a word for word repetition of the argument in Lemma 5.5 (Chapter 5). O

Lemma 7.12. Suppose that a point A belongs to the domain wy. Fors =2,...,r,
by vs we denote the natural number from the interval

Let x =ny 4+ vony + - -« + ven,. Then the sum S(A) satisfies the estimate
S(A)] < exp{32x}P;... PrPl_p, p =c(mx logmvk)_l;
the constant in < depends only onn and r.

Proof. This statement follows from Theorem 5.2 in Chapter 5. O

Lemma 7.13. Let D(o) be the number of integer-valued sets (x1, . .., x;) satisfying
the conditions

{F(xla"'v-xr)}<av 1§x1§P17"'y1§xr§PF'
We represent D(o) in the form
D(o)=0cP;... P+ A(0).

Then in the notation of Lemmas 7.10 and 7.12, the following estimates hold:
(1) If the point A belongs to the first class 1, then
@ [ro)| < Pi...P.Q7 1/t
() |S(A)| K Py...P(Q8)~ /"¢ for § > 1.
(2) If the point A belongs to the domain w1 from 21, then

Mo < Pr...P,Q Ve « Py P P00
(3) If the point A belongs to the domain w; from 2, then
|A(0)] < Py ... PP ” exp{32x}.
The constants in < depend only onn, r, and €.

Proof. The statement of the lemma follows from Theorem 6.5 in Chapter 6 for s = 1.
O

Lemmas 7.14-7.18 given below generalize the lemmas given in Section 7.1.2 to
the case of polynomials in arbitrarily many variables.
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‘We introduce the notation. Let s be a natural number, s < r. We set

ni ng
n
Fxi,...,x) = E E 81ty (Xs1s oo oy Xp)X] -
t11=0 ts=0
Hence, for0 <t <ny,...,0 <t; <n,, we have
Ns+1 ny

Is41
Ghroty Gt o) = 3 el 1)x

t5+1=0 =0

Suppose that the number s is determined by the relations

5/6 ni+1 n_i
pYo < pitt o phr,
5/6 ni+1 Ns+1
Pi,=P . Py,
5/6 ni+1 ng

P < Pt P,

We have already found the numbers
t=1(t,....t,) =PI /OPI Pl
Now we determine the numbers

ts41—1/6 12 t
n:n(ts+1,--~7tr)=Rgr1 PAS':TZ"’PI‘Y'

and consider two D-approximations for each of the numbers «(¢1, . .

corresponding to t(ty, ..., t ) and n(ts41, ..., tr):
a(ty, ..., t) ap(ty, ...
alty, ....ty) = — + pt1,....ty) = ———
' C](tlaJr) ' qo(t19vtr)
where

(7.24)

., 1) respectively

)
+ Bo(ty, ..., 1)

B, 1) < (g1, 1) T, 1)) = (gD,
Botr, -+ s t] < (qoltt, -+, )0 (Egrs -, 1)) = (gom) ™"

Let Qo = Qo(t1, ..., 1) be the least common multiple of the numbers gy =
qo(t1, ..., t;) under the conditions 0 < t;41 < ngy1,...,0 <t <np, te41+---+

t > 1.

Lemma 7.14. Suppose that, for some set (t1, . .., ts), the value of Qo does not exceed

10n2 .
Hy = P, Onp and, for the same set, there is a set (t1, ..., ts, ts41, ..., 1) such that

n<q<t.
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We set A = P, LN Pl2 "P"and consider all intervals of the form

A A A+A (7.25)
B ’B ’ .

where A and B are integers,
0<A, 1<B<H =P", (A B)=1L

Let Y denote the number of sets (Xs11, - .., Xr) for which the fractional parts of
the polynomial g belong to one of the intervals (7.25) for 1 < xs41 < Ps41,...,1 <
Xy < Py. Then for p < 0.02n2 we have

Y L Py . PP".

Proof. Repeating the beginning of the proof of Lemma 7.5 word for word, we obtain
the inequality

v=z= Y > D xul8Cusr..ox)).

U=P(H1) Xs541=Ps+1 X <Py
From expansion (7.6) of the function y (x) into the Fourier series, we have
Z=Psy...PLO(H)A + Z4,
where

+00
Z1 = Z Z/ c(m)

S (H)) m=—00
X Z Z exp{2mwims, ) exp{2wimg (X541, ..., Xr)}.

Xs+l§Ps+l xr <P

Suppose that, as in Lemma 7.5, M = AL M = A_llePlp, and T(m) is a
multiple trigonometric sum,

Tmy= Y - ) expl2mimg(xeqr, ..., x5}

Xs41=Ps41 Xy <Py

Then, using the estimates for the Fourier coefficients c(m), we obtain

1ZI| < @HDA Y T+ QHDA™ > m|Tm)|  (7.26)
I<m<M M=<m<M,

+ Pyyy... PP "
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Now we estimate the sum 7 (). By the assumptions of the lemma, the value of Qg
does not exceed Hp. We divide the summation interval for each variable x4, ..., X,
into arithmetic progressions with difference Qg. We obtain

Xy = Qouy +vy, 1=<v, <Qo,

1 1 (7.27)
(1_UV)QO fuvf(Pu_vv)Q(), s<V=r
The polynomial g(xs41, ..., %) = &s,...t, (Xs+1, - . ., X,) satisfies the relation
g(Qoust1 + vsi1, ..., Qotty +v) = F(v541, ..., V)
+ G(Qous+1 + Vst1, ..., Qottr +vp) +a(ty, ..., 1,0,...,0) (mod 1),
Ng+1
ao(ts+1, -+ > Ir) 1,4 4
F(ugyl,...,vp) = IS T
' ' ,20 Zé]o(ts+1,-- Sty ST
s+1
ts+l+"'+fr>1
Ns+1
GOsrts -y = Y - Z Bots1, - t)YSEL oy
Iy41= =0 =
fsp1+- +l)21
Hence we have the estimate |T (m)| < Q" ~*|T)(m)|, where
Tiom) =Y -y exp{2mimG(Qoutss1 + Vg1, ..., Qottr + v)};
Us+1 ur
here the summation over uz 1, ..., u, is taken within the limits given in (7.27).

We estimate from above the absolute value of the partial derivatives of the poly-
nomial mG(Qous+1 + Vsi1, - -, Qouur + v,) with respect to u,, (s < v < r) for
m < M. Using inequalities (7.24), we obtain

‘m .o Qour +vy)
ouy
Ns+1
| Y - 3 o)
Iy41= =0 n=1 =0
X (Qotts 1+ vs+D)" ... (Qotty +v,)" 1L (Qoutr + 1) Qo

Ns+1

Z Z Z - (terl, t”)Pgti:ll o P]fv_lQO

Iy41= =0 =1 1=

myn, 1/6P 00 < 0.5.

| /\

= 2m M, PS+1
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Hence, following Lemma 5.4 (Chapter 5), we can replace the sum 77 () by the integral
as follows:

(Pyr1-v541)Qp ' (Pr—v1)Qp "
i (m) = / / T expl2mimG Qo1 + vt ..

-1 —
vs+10 vrQy

. Qotr + v}y dugyy .. .duy + O(Pi2 05" .. P0G )
Py Py
= Qa"“/ / exp(2nimG (ugy1, ..., ur)ydusty ... du,
0

Thus we obtain the estimate

Ps+1 Py
|T (m)| < / / exp(2mimG (usy1, ..., ur)}dusgyy ...du,
0 0

+c1Psq1... P Qo.

We perform a change of variables. By setting us+1 = Ps4125+1, - - -» Ur = Przy,
we obtain

1 1
J =P / / exp(2mimH (Zy41, - -, 2)} dzgi1 - . dzy,
0 0

where
H(zsy1, ..., 2r) = G(Psy1Zs41, -5 Przy)
Ms+1
= Z ZIBOUS-H, .- tr)P:S_:ll . Prtr ;S_ti -Z?
t5+1=0 =
tsy1+-- +lr>1
Ns+1

= Z ZSO(IS-H, .. tr)zg:ti . Z?'

tv+1—0 =
fyp1+ +zr21

To estimate the integral J, it is necessary to give an estimate from below for

50 = max |80(tv+1’ »tr)|
Is41,..00r
By the assumptions of the lemma, there exists a set (¢1, ..., t-) for which n <
q < t. For the variable a(t, ..., ) corresponding to this set, we consider the

D-approximations corresponding to the parameters T and n. We obtain

a agp
alty,....,.t) =—+B=—+pBo, q=<n<qg=r,
q q0



7.2 r-fold trigonometric sums 281

and hence g # qo.
Now we give an estimate from below for Sy:

apy a
L_Z_p
q0 4

1Bol =

1 1 1 _
> — —|fl = =— — — = 0.5(Q00) .
q490 Qot gt

The last inequality implies the following estimate for &o:

80 > |Bol i ... Pl = 0.5(Qor) P ... P

> 0.5Hy ' op poh,
Now, to estimate J for 1 <m < M, we apply Theorem 1.6 (Chapter 1):

IJ| < Psy1 ... Prm—l/(Zn)Hol/(ZH)Pltl/(Zﬂ)—l/(IZVl) Pztz/(Zn) o PS’S/Q").

Successively substituting this estimate first into the sum 7' (/) and then into for-
mula (7.26), we obtain

1Z1| K PHDA Y (Poyr... Pe(m™ HoP"=1/O PR pll/Gm

I<m<M
+ Psy2... P Ho)
+®H) A Z (Pog1... Bom™2(m ™ HoP" =1/ P2 . plsyl/@m

1<m<M
+ Pyya... P Hom™ %) + Pyyy ... PP
L Py ... P P[".

This implies the estimate for ¥ given in the lemma. The proof of the lemma is complete.

O
Let 1 < s < r. We consider the polynomial
Ns+1 ny
t
W(xy,...,x) = Z e ZG(IS_H, c xS
ti1=0  £=0
t.\‘+l+"‘+tr21
In this formula the variables G = G (t;41, . . . , t,) are polynomials in the variables

X1, ..., x, of the form
G= gl‘5+1,...,l‘r (-xla ey xs)

a(0 0,1 1) <
9 0 ey El 1y e vy y
_ s+ oy E E ﬂ(tl,...,tr)xil...xé“,

q(ov"'707ts+la"'atr) t1:0 t_;:O
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and moreover,

(a(oa"-’O’ZS-‘,-I’--'7[r)aq(07--'aoats+la"-’tr)):la
1Sq(ov"'ao’ts-‘rl"‘”tr)ST(Ov"‘70’tS+17”'7t}’)7

—1
|ﬁ(0’--~,07ts+l,~~-,tr)| S (q(o’""07ZS+1’"'9tr)t(07"'707t5+17"'9tr)) )
— —-1/6
|ﬁ(tl’,tr)|ff l(tl"'*ytr)9 T(tlv"'stl')zpltl /Pztzprtr’
0<t<ny,...,0<t, <np, typ1+---+t>1.

Let O be the least common multiple of the numbers ¢(O, ..., 0, t;41, ..., ) for
0 <ty41 <ns41,--.,0 <t, <mp,ts41+---+1t > 1. For each set (xq, ..., x5)
such that 1 < x; < Pp,...,1 < xy < Py, the D-approximations of the fractional
parts of the polynomial g = g/, ,,....1, (X1, ..., X;) corresponding to n(ty 11, ..., ) =

Pts+l_1/6Pts+2

] rd P/ are considered. In other words, we consider the relations

. ar(tsits -5 1)
q1(ts41s -5 1)

{g} +131([S+19"'7t}’)’

where
(a1, oo t), qiogts - 1) =1, 1 < qultggn, oo 1) S 0ty o0 ),
-1
|,3(ts+17 e tr)l =< (ql(t‘\'-l-l’ D fr)’](ls+17 s tr)) .

By Os = Qs(x1, ..., xs) we denote the least common multiple of the numbers
q1(ts+la-'-7tr) for 0 < Iy < ns—i—l’---ao < 6 = Ny, Lt + .-+t = 1;
mg=m +1)...(ng+1).

Lemma 7.15. Suppose that Q1 is larger than P10'04. By Y we denote the number of
sets (x1, ..., Xs) satisfying the conditions

p— a — 3 = —c

QS S H - P] ) a = 2O(r - S)msn Pr Pr = (2n)2r logn’
— Ly — 2 r

1Bityst, - t)] < Altsgr, ... ty) = P L PT P,

l<xi=Pp,....,1<x3 < Ps.

Then the variable Y satisfies the estimate Y < Py... P Pl_ P the constant in <
depends only on n and r.

Proof. The proof of the lemma is similar to that of Lemma 7.6. In the m-dimensional
space, we consider the set 2¢ of points g with coordinates

{gl‘,ﬂ_] ..... Ir(-x17 . 'axs)}a
0<tyy1 <nsy1,....,0=<t, <y, top1+---+16 =1,
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under the condition that 1 < x; < Py,...,1 < xy, < P;. We also assume that the
coordinates of points from 2 satisfy the assumptions of the lemma. We show that
the set €2¢ can intersect only one domain 1 = Q1(b, h) of the first class, which
is determined as follows. A point o belongs to the domain €2; if its coordinates
a(ty, ..., 1) can be represented as

b(ts-i-la"'at}’) b
Hyeooyly) = ——— 13 yeeesly) = — ,
a(n r) H(fsits s 1)) + z2(ts41 ) h +z

(bah)zla 1ShSI(Oa""oats-i-l?'--’t}’)y

-1
|Z| S(ht(07"'707tS+17""tr)) k]
OSIS+ISnS+1""1OSZI‘Snr? ts+1+"'+tr217

and the least common multiple of the numbers /4 (¢;1, . . ., t+) does notexceed H. The
modulus of the difference between the corresponding coordinates of the centers of the
domain €21 and any other domain €2, of the first class is no less than H —2. Hence the
modulus of the difference between the corresponding coordinates of points of these
domains is no less than

H2—2:750,...,0, 41, ..., 1) > 0.5H2,

Ofts+1§ns+l,~-’0§tr§nr» ts+1+"'+tr21'
Each coordinate {g;,,,.....;, (X1, ..., x5)} of a point G from the set £ and the cor-
responding coordinate (0, ..., 0, t;41, ..., t,)q_l(O, coes 0, t541, ..., 1) of a fixed

point differ by a value that does not exceed

ni ng
D B ) PP <t 0,0, fgr 8.

=0 t;=0

Hence we see that if Qq intersects a domain €21 of the first class, then ¢ intersects
only one domain. Obviously, if ¢ and €21 do not intersect, then ¥ = 0. We consider
the case in which ¢ and 21 do intersect. Then for all y satisfying the assumptions
of the lemma, we have

al(ts+17"'atr) _ b(ts-‘r]v "'7tr)
q1(ts+1,---atr) h(ts+1’-uytr)’
b(ts-i-]a ---,tr)
gl3+1 ..... tr(xlv"'9~xs) - T, .1 S A(ts+l9"'vtr)7 (7'28)
h(ts+17 °"1tr)
O§IS+1§nS+17-"’0§tV§nr7 ts+1+"'+tr21-
Since Q1 > P10'04, there existsaq (0, ..., 0, ts41, . . ., t) satisfying the inequality

q©,...,0,t541,...,8,) > P/' > H,
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where u = 0.04mr_1ms. Hence for the set (¢541, ..., t-) we have
a@©,...,0,t541,...,1) b(ts41,..-51)
Q(O,---,O,ts—',-],---,tr) h(tS-‘rla"-yt}’).

For brevity, in what follows, we denote these fractions by a/q and b/ h. Moreover,
we introduce the new notation

B(xi,... xs)_G———Z Zﬂ(rl,..., e tx Ll

t1=0 ty=

We rewrite the inequality in (7.28) corresponding to the set (fs+1, ..., 1) as

b a
‘B(Xl,...,xs)—z+; SAZA(IS+1,...,lr). (729)

By Y; we denote the number of sets (x1, ..., xy) corresponding to (7.29) under
the condition 1 < x; < Pp,...,1 < xy; < P;. We introduce the function ¥ (x) =
x(x +a/q —b/h), where x (x) is the function in Lemma 7.5. Then

Py Py
Y <Y <) Y Y(BGr. ... xy) = Yo

x1=1 xg=1

Expanding the function 1/ (x) in the Fourier series and passing to inequalities, we
obtain

K P PA+ Y ATO+ Y. AT ) (7.30)
1<v<M M<v<M;

+ Pi... PP,

where

T(v):Z~-~Zexp{ZnivB(xl,...,xs)}, M=A"" M =MP.

x1=1 xs=1

For 1 < v < M, we give an estimate from above for the modulus of the partial
derivatives of the polynomial vB(xy, ..., x;). We have

tu ey, .t P PP
1[ ty—1

11=0 tﬂzl ty=

< 0.5n,m, P}/ P71 < 05.

‘ OB(x1,...,x5)
v—
0xy

This implies that Lemma 5.4 (Chapter 5) can be applied to the sum 7 (v). Therefore,

Py Py
T(v) =/ / exp(2mivA(y1, ..., y)}dyr...dys + O(Py... Fy),
0 0
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In the last integral we perform a change of the variables of integration of the form
yu = Pux, (u=1,...,s)and pass to estimates. We obtain

TW) < Pi...Ps

exp{2mivA(y1, ..., Ys)}dy1 ... dys (7.31)
0
+P... P,
where

A(yl,...,ys)—z Zsm,.. VY XY

=0
t+- —Hszl

8ty oo ty) =Bty ooty )P PE.

Now we give an estimate from below for 6 = max;, .. s [8(t1, ..., t)|. First, we
have

___+Z Z,B(tl,..., e b)) >

‘———‘ Z Zwm, o)

= ;=0 n=0 1=
- - S Yl
“gh  qr(0,...,0,ts51,..., 1 et
11=0 ts=0
g >1
> 0.25(Ht(0, ..., 0, ty41, ..., 1))
Hence, for any set (x1, ..., x;) satisfying inequality (7.29), we obtain
Z Zﬂ(zl,...,z,)(xil...x;s—1)‘
t1=0 ts=
f+ s> 1

ni ng
> g_%+g...gﬁ(tl,...,ts,...,t,)
___+Z Zﬂ(rl,...,‘ ctx) L xh

ty=0

> 0.25(H7(0, ..., 0, f,11, ...,z,)) — A(tsat, ...\ 1)

> (BHT(0,...,0,f11,...,1)) .
Hence
(BHT(O,...,0,t541, ..., 1)) "
ni ng
< Z.-.Zﬂ(n,...,tr)(xj‘...x;s — 1| < 8my,
t11=0 =0

ft > 1
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8> (8myHT(0,...,0,611,...,1,)) | = @myHr) ™"

Applying Theorem 1.6 (Chapter 1) to the integral in (7.31), we obtain the following
estimate for the sum 7' (v):

IT(W)| < Pyi... Pymin (1, 0 'HD)VE) + Py Py
Substituting this estimate into (7.30), we have

o< P PA+A Y 0T HDYED AT N v HD O
I<v<M M<v<M,

+ P PP L P ... PP
It follows from (7.30) and (7.31) that
Y<Y <YV < P...PP".
The proof of the lemma is complete. O

Next, we consider the polynomial

n ng
t
V1(X1, ooy Xgy ooy Xp) = Z”'ZG(“"“’Z“‘)XII cooxls,
t1=0 ts=0
P

Ns+1 nr

a(ty, ..., 15,0,...,0) et
G(ty, ..., t;) = + H,...,L)x>H o oxlr,
n ) qti, ... 1,0,...,0) ;Zo ;)ﬁ(‘ AR
s+1= r=

where

(a(ti,....1:,0,...,0),q(11,...,1,0,...,0)) =1,
1<q(ty,...,1,0,...,0) <t(ty,...,2,0,...,0),
Bt 16,0, .., 0 < (g1, . 15,0, ..., 00T (1, . 15, 0,...,0)) " =1,
Bt .. ) ST N0, ),
Tty ... ) = P{‘_l/éPz’z...Pr’r,
05[15”1,...,051}5)@, t1+"'+tSZI'

By Q> we denote the least common multiple of g (¢1, ...,%,0,...,0) (0 <# <
ny,...,0 <ty <ng,t;y +---+1t;, > 1). Foreach set (xs41,...,%) (1 < x541 <
Psi1, ..., 1 <x, < P,), we consider the D-approximations of the fractional parts of
the polynomials G = G(ty, ..., t;) corresponding to T (¢, ..., t;)

(1, ..., 1) = P OP2  ph.
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In other words, we consider relations of the form

{G} _ az(ll, ey l‘s)

= + Ba(t1, ..., 1),
CIZ(ZI’ IR ] [S) :

where

(az(tla "-’ts)ﬁ qz(tla 71’3‘)) = 19 1 5 qz(tla 7tS) S t(tla "-ytS)y

Bttt < (q2(t1, o 1T, 1))

By Q2(x4+1,...,xr) we denote the least common multiple of the numbers
@t t) O<t <np,....0 <t <ngt+-+1t > Dikg =mm;' =
(51 +1) ... + D).

Lemma 7.16. Suppose that Q, is larger than PIO'04 and Y is the number of sets
(X541, - - - , Xp) satisfying the conditions

Qo(Xs41, ..., x,) <H=P', u= 20k‘vn3spr,
_ _ 2npy
B, ..., t)| < Ay, ... 8) = P tl---PS tsplnp’

I <xe41 < Pyt 1 =x, < P

Then the variable Y satisfies the estimate

_ c
Y<<Ps+1---PrP1 'Or’ Przmi

the constant in < depends only onn and r.

Proof. The proof of this lemma is similar to that of Lemma 7.15, and we omit it here.
O

Now we formulate two more lemmas.
We assume that the coefficients of the polynomial

n ng
t f
Fxt, ..., x0) = Z‘uZa(n,...,tk)xll...xk",

t1=0 tr=0
can be represented as

a
a(tlv"'stk):azg_'_ﬂ’

where f is a real number and a and ¢ are integers (@ > 0,9 > 1, (a,q) = 1). We
also assume that

0= lem. (q9), 8§=P'...P"B,
=1
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A= max |§], 1<P <---<P.
At >1
We introduce a polynomial g(xy,...,xx) = f(x1 + y1,..., X + yx), where
Y1, ..., Yk are integers, |ys| < Py (s =1,...,k). By og = ao(?1, - . ., tx) we denote
the coefficients of the polynomial g(xy, ..., xg).

Lemma 7.17. It is possible to choose integer numbers ag, qo and real numbers By
such that for all t1, . . ., tx, the following relations hold:

aop
ap = — + Po,
q0

and moreover, Qo = Q, A K Ag K A, and the numbers Qg and A are determined
similarly to Q and A, but with «, a, q, B replaced by ay, ao, qo, Po. The constants
in K depend only on n and k.

Let us consider the polynomial

I I
t 1,
Gxi,....,xx) =G = Z-~-Za(t1,...,tk)xll...xk".
t1=0

=0
The set Ag of coefficients aq(?y, ..., tx) of this polynomial is a point in the my-
dimensional Euclidean space, my = (I1 + 1) ... (I + 1).
Suppose that ¢ is a natural number, yi, ..., y; are nonnegative integers each of

which does not exceed g. By S, (Ag) we denote the trigonometric sum

Sq(Ag) = Z/ Z/ exp{27iG}, 1<R; <--- <Ry,

X1<R; Xk <Ry

where the prime on each of the summation signs means that the variables of summation

X1, ..., X belong to progressions of the form
x1+y1=0 (modg), ..., xp+yr =0 (mod g).

Suppose that €21 and €2, are domains of points A of the first and second classes
with respect to the parameters Ry, ..., Ry. Suppose that the variables Q¢ and &g are
defined for a point A of the first class similarly to the variables Q and § for a point A
in Lemma 7.10, but with the parameters Pi, ..., P, replaced by Ry, ..., Rg.

Lemma 7.18. Suppose that the number q satisfies the inequality
gt <P L=l 4+
Suppose also that, for points of the second class, the sum

Ry Ry
S(Ag) =Y -+ Y exp(2miG)

x1=1 xr=1
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can be estimates as
IS(A))| < Ry ... RkR ™,

where py, is a positive number such that py < 0.0272,1 = max(ly, ..., Il;). Then the
sum Sq(Ao) satisfies the following estimates:
(1) If a point Ay belongs to the second class, then

[Sq(Ao)| < Ry ...qu_le_O'SPk‘

(2) If a point Agy belongs to the first class, and moreover, Q < R?'m and§ < R(l)'04,
then
@) [Sq(A0)| < Ri... Reg™ Q7"
() IS, (A0)| < Ri - Reg *(018)" /¢ for s > 1,
where Q1 = Q/(Q, q“c) and the constants in < depend only on k, 1, and €.
(3) The estimate given in item (1) holds for the remaining points Ag of the first
class.

In fact, the proofs of Lemmas 7.17 and 7.18 do not differ from those of Lemmas 7.8
and 7.9. Only in the proof of Lemma 7.18 we must use the result of Lemma 7.17,
while in the proof of Lemma 7.9 we applied Lemma 7.8.

7.2.2 The second main lemma

The second main lemma. Suppose that F(xy, ..., x,) is a polynomial with real
coefficients a(ty, ..., t) of the form

F(xy,...,x) = Z X:Ot(tl,...,z‘r)xi1 cox@(0,...,0) =05

t1=0 t,=0
here Py, ..., P. are natural numbers, Py < --- < P., P - 400.
Consider the D-approximations of the numbers «(t1, ..., t.) corresponding to

(1, ..., 1) = P VOPR  ph

_a(tl,.. t)
a(tl”tr)_q(t [,.)—’_ﬁ(tl” )9

1 S Q(tl’ -'-,tr) S T(t17 '--’tr)v (a(tlv '--7t}’)’ Q(tl’ ,tr)) = 11
1

|13(t17'-'atr)| 5 (q(tla-'-’tr)t(tly-'-atr))_ )

O<n<nyp....0=<t <n,.

Let Q be the least common multiple of the numbers q(t1, ..., t.). Then for Q >
PIO‘1 the trigonometric sum

Pl Pr
S=S(A)= ) - Y exp2miF(xi,....x)}

x1=1 xr=1



290 7 Special cases of the theory of multiple trigonometric sums

satisfies the estimate
N

IA

cPi...P.P ",

where ¢ = c(ny,...,n,) >0, p = pr = y/(2n)* logn), v > 0 is an absolute
constant.

Prior to proving the second main lemma, we dwell upon some of its characteristic
features. It should be noted that the main case of the lemma, i.e., the case in which
the intervals of summation in the trigonometric sum are essentially different, can be
proved by an induction approach to sums with a fewer number of variables. Recall that,
in the first main lemma, we reduce estimating double trigonometric sums to estimating
one-dimensional “inner” sums and to estimating the number of the fractional parts of
a polynomial in a single variable contained in intervals of some special form. We
shall use a similar approach to estimate sums of larger multiplicity. However, the
situation is more complicated because in this case, in general, it is possible to pass to
sums of lesser multiplicity in several different ways and the number of cases which
we must study may depend on the number of variables r and the powers n, ..., n,
in the polynomial in the exponent of the r-fold sum. We overcome this difficulty by
choosing a special method for passing from sums of larger multiplicity to sums of
lesser multiplicity. Moreover, in fact, we establish an almost perfect correspondence
between the scheme for deriving an estimate for the double sum and a similar scheme
for the r-fold sum. To stress this fact, whenever possible, we consciously use the same
or closely related terminology and argument.

The correspondence mentioned above can be established as follows. First, we
exclude the case of sums whose intervals of summation Py, ..., P do not differ very
much, i.e., the case of sums that with an appropriate accuracy can be estimated by the
corresponding theorems from Chapter 5. Next, starting from the assumption that the
parameters Py, ..., P, are significantly different and using a special method, we find
the index s that is less than r. Then we associate the group of variables xi, ..., x;
with the variable x| in the two-fold case, and the group of variables x;1, ..., x, with
the variable x, in the same case. Moreover, we can write the sum S as

S—Z i(z Zexp!Zrn(Z ZA(rl,...,rs)x?...x;v)}),

xs+1=1  x,=1 “x1=1 xs=1

where
Aty ooosts) = 8oty (X1 - -0 Xp).

Here A(tq, ..., t) plays the same role as A at the beginning of the proof of the first
main lemma, while the role of the inner sum over x| is played by the sum in parentheses
in the above formula for the sum S. After this, the general scheme of reasoning in
the r-fold case resembles the two-fold case very much. In particular, it is possible
to establish a correspondence between the sets of indices Ey, E;, E; and a sets of
indices in the multiple case.
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Because of this similarity, we do not further describe the scheme of the proof of
the second main lemma. We only note that, in principle, it is possible to start the
induction from r = 1 rather than from r = 2, as it is done here. Howeyver, this leads to
significant additional technical difficulties, in particular, we must almost everywhere
consider the case r = 2 as an exceptional case.

Proof. We assume that r > 3, since, for r = 1, the statement of the lemma follows
from Lemma 7.1 (a) and for r = 2, from the first main lemma. First, we estimate the
sum S = S(A) under the condition that the following inequalities hold:

p3/6

ni+1
=P,

p3/6

> < PP P (7.32)

pYo < pmtipr P

If a point A with coordinates «(ty,...,%) (0 <t < ny,...,0 <t < n,,
t1 + -+ - +t, > 1) that are the coefficients of the polynomial

n g
I3
F(xi,...,x) = Z-nZa(tl,...,tr)xll...x;’,

t1=0 t;=0

is a point of the second class €23, then, by Lemma 7.12, the sum

P P,
S(A) = Z Z exp(2mi F(x1, ..., xr)}

xi=l  x=1
satisfies the estimate
IS(A)| < exp{32x}Py ... PP ”, (7.33)
where
o= c(mxlogm}f)_l, x=n1+vyny+---+vn,,
and the natural numbers vy (s = 2, ..., r) are determined by the inequalities

—1 <InPs/In Py —vg <O.

We show that in the case under study the statement of the lemma follows from the
estimate (7.33). Obviously, it suffices to prove that

c - y
mxlogmx — (2n)? logn

= Pr-
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By definition, the numbers vy (s = 2,...,r) satisfy the inequalities v; =
In Pg/In Py + 1. We set
l=InP/InPi=z;, nPy/InPy =22, ... nP./In P| = z,.
Then we have

USSZS+15 S=25"'7r’ ISZISH'SZF7

,
zsnz+---+nr+nm+-~-+nrzrSn(r—1+2zs>.

s=1

Taking the logarithm of inequality (7.32), fors = 1, ...,r — 1, we obtain
In P41 < 1.2((n1 +1DInPi+nnP,+---+ngln Ps).
This implies that the numbers zy, .. ., z, satisfy the relations

271 =1, 70 < 12nz; + 1.2,
73 < 1.2n(z1 + z2)1.2,

A

zr < 12n(z1+ -+ z,—1) + 1.2.

To estimate », we successively apply these inequalities, starting from the last, and
obtain

r r—1
J{fn(r—l—{—ZZs) = (r—l—l—zr-{-ZZs)
s=1 s=1

r—1
< n<r —14+12+02n+ I)Zzs>
s=1

r—2

§n<r—1+2-1.2+(1-2n+1)221s> =

s=1

<n(r—1+120 =D+ 120+ DY) <2(12n + 1),

because 2.2n(r — 1) < (1.2n + 1)".
Recall thatm = (ny +1)...(n, + 1). Since r > 3 and n > 2, we obtain
m<m+1), me<@+1D) (1204 1) <2(1.6n)*,
Inmx <rln2(mn+1)(1.2n+ 1) < 5rinn.

Hence, for y < ¢/20, we have

p = ¢ > ¢ > ¢ > Y .
mxlogmx ~ 10r(1.6n)* Inn =~ 202n)?> Inn — (2n)* Inn
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So we have obtained the desired estimate of the sum S(A) for points of the second
class under condition (7.32).

But if a point A belongs to €21, then, by the definition of points of the first class,
we have

ao(t, .-, Ir)
a(tl""’t): —+ﬁ0(t1""?t )’
' CIO(tlyatr) '
(ao(tla ---7tr)7q0(t1a . "7tr)) = 17

—11+40.1 p—r; —t,
Botr,....t)| < P/ PP

and the least common multiple gg of the numbers go(¢1, ..., ) (0 <t <np,...,0<
tr < ny,t1 +---+1t > 1)is less than Plo'l. By the assumptions of the lemma, Q
is the least common multiple of the numbers ¢ (71, ..., t;) in the D-approximations
of a(ty,....t,) 0O <t <ny,...,0<t <n,t1+---+1t > 1) corresponding
tot(ty, ..., 1) = Pltl_l/6 Pzt2 o P,t", and this number Q exceed Plo'l. Hence there
isaset (t,...,t)suchthat g(t1,...,%) # qo(t1, ..., t). We will show that gg >

0.5 Pll/ 15. Indeed, we have

1
Q(tla,tr)QO(tlaatr)
< a(tl,---7tr) _ aO(t17~--atr)
- Q(tl’atr) CIO(tly,tr)
< p 10 pr potr g pritOprn  potrg =l ),

qo0 > qo(ti, ..., 1) > ()‘51)11/15‘

S |ﬂ(t1’ R tr)| + |:30(t1’ . "tr)l

Now, to estimate the sum S, we apply Lemma 7.10. We obtain
S| < Py... PP « P PP

So we have proved the statement of the lemma for the parameters P, ..., P,
satisfying condition (7.32). If this condition is not satisfied, then there exists an s
(1 <s <r — 1) for which the following inequalities hold:

pYo < pmtlpm  prrt
o6 (7.34)
ni+1 pn Ng41
PYS < Pt Ry pI,
PS> pitipy L pis,

In this case we prove the lemma by induction on the parameter r. By the induction
hypothesis, the statement of the lemma holds for all  that are less than some natural
number rg. Starting from this, we prove that the statement of the lemma holds for
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r = ro. In what follows, for simplicity, instead of rg, we write r. If we need to
estimate the sum S(A) where the number of variables is less than r, then, as if it were
already proved, we use the statement of the lemma with an appropriate change of the
parameter r by a smaller value.

We write the polynomial F(xy, ..., x,) in the form
ni ng
Fioox) =Y oo > gy Cosgts oo X)x L xl (7.35)
t11=0 ts=0
Recall that Q denotes the least common multiple of ¢ (¢1, . . ., t,) in the D-approxi-
mations of «(?q, ..., t) corresponding to t(t1,...,%) (0 <t <np,...,0 <t <
ne,tp +---+1t > 1). By Qo we denote the least common multiple of the numbers
q(t1, ..., ) satisfying the conditions #; + -+ + ¢, > 1, t;41 +--- 4+ > 1,0 <
H <ng,...,0 <t <n,, and by Q1 we denote the least common multiple of the
numbers g (f1, . .., t) satisfying the conditions t; = - - - =, =0, tg 41+ - -+t > 1,
0 < ty41 < n541,-..,0 < t, < n,. Finally, by O, we denote the least common
multiple of the numbers ¢ (71, ..., ) satisfying the conditions t; + --- + ¢, > 1,
i1 =---=4=0,0<1<ny,...,0<t; <n,.

By the assumptions of the lemma, we have Q = [Qg, O1, Q2]. As in the case of
double sums S, we separately consider the two cases: the case of large Q¢ and the
case of small Q.

Let Q¢ > Pllo”z’”“‘p'". For each set (71, ...,%) (0 <t <ny,...,0 <t < ny,
t1+- -+t > 1),by O(t1, . . ., t5) we denote the least common multiple of the numbers
q(ty, ..., ts, ..., t) satisfying the conditions 0 < t;41 < ng41,...,0 <t < n,,
ts+1+- -+ > 1. It follows from the definition of the numbers Qg and Q(zy, ..., #)
that Qg is equal to the least common multiple of the numbers Q(¢1, ..., %) (0 <t <
ny,...,0<t; <ng,t1 +---+t; > 1). Therefore, there exists a set (¢{,...,t;) = N
such that the following inequalities hold:

1/mg 10n2p,
o1, ..., t5) = QO/ C= P

For this set, we assume that Q3 = Q(ty, ..., 13).
Depending on the value of O3, we consider the following three cases:

10n%p 0.1.
(@ P " <03 <P

(b) P, sojrll < @3 and the inequalities

ts41—1/6 ts42 t

GUt1, ot ty) < PEHTVOPIZ L ph

h01dfor0§ts+lSns+lw-~705trSnrsts+l+"'+tr21;

(c) PSOJ':1 < @3 and there exists a set (¢;41, . .., #+) such that
ts+1—1/6 pt.

Gttty tp) = PERTVOPI i,
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For the set (¢, ..., t;) = N mentioned above, we set

g(xs—Ha e Xp) = 811,15 (xS-‘rls cey Xr)

in (7.35), and moreover, we have
n=10,...,t) = P{171/6P2[2 Ce Psts.

We consider the D-approximations of the fractional parts of the polynomial
g(Xs+1, - - ., xr) corresponding to 7y, i.e., we consider the relations

b 6

{85415 X)) = — + —, (7.36)
l l‘L’]

where (b,l) =1,1 <[ <7t,and |0]| < 1.
We consider case (a). We represent the sum S in the form

S=81+ 5+ 53,

where

Py Py
Si= Y 0 D> Y expRriF(xn, . Xy X - X))

(xs+1 ..... x,)eTj x1=1 xg=1

j=1,2,3,

and the domain of summation 7'; over the variables x5 1, . .., x, ineach of the sums S;
is its own and is determined as follows. We consider the inner sum over xq, ..., Xs:

Pl Ps
S(rggts o on X)) = Y os > eXpRATF (X1, .., X, 0o Xp)) (7.37)

x1=1 xg=1

Py Py ni ng
_ Z ZeXp{2”i<Z"'ZG(tl""’t“')xil ,..xﬁf)},

x1=1 xs=1 t©1=0 ts=0

where the numbers G (¢4, ..., t;) depend on x5, ..., x, and

G, ....t;) = 8t1,...,ts (xs+1’ ce Xp) = g(xs+1’ cees X))

If a point G with coordinates G (t1,...,t;) (0 < t; < ny,...,0 < t; < ng,
t1 +--- 4+ t; > 1) in the my-dimensional space is a point of the second class with
respect to the parameters Py, ..., Py, then the corresponding set x4 1, . .., X belongs
to the set 77. If this point is a point of the first class, but its coordinate G (¢, ..., t;) =
g(Xs+1, - - ., xr) satisfies relation (7.36) with [ > H = P12 "Pr then the corresponding

set (Xg+1, - - -, X) belongs to the set 7T,. All other sets belong to the set T3.
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For (x541, ..., xr) contained in the set 77, the point G is a point of the second class
and hence it belongs to the domain w; or to the domain w; introduced in Lemma 7.11.
If the point G belongs to wy, then in this case the least common multiple Q* of the
denominators in the D-approximations of the numbers g(t1, ..., t;), corresponding
to T(tq, ..., %), is no less than Plo'l. Hence, by the induction assumption, we have
the estimate

14

—Ps — £
IS(s41s - X)) K PLo PPy, py = Qm)® logn’

But if the point G belongs to w1, then, by the definition of the domain w; and by
Lemma 7.11, we obtain

S@stts e xr)| < Py PP Py PP

For the values contained in 73, the least common multiple of the denominators of
rational fractions in representation (7.36) is larger than H. Hence, by Lemma 7.10,
the sum S(x541, ..., X,) satisfies the estimate

ISty s X)) K Pro.  PBHTYCW <« Py PP

Now we given an estimate from above for Y, i.e., for the number of the sets
(Xs+1, - - ., xr) contained in 73. In this case, the fractional parts of the polynomial
g(xs4+1, ..., x,) are contained at least in one of the intervals of the form [b/] —
1/(zy),b/l + 1/(t1)] and [ < H. The number I' of the fractional parts of the
polynomial g(xs41, ..., Xx;) contained in one of these intervals does not exceed

_ —5np,
[ < Pyt - P(Uo) ™+ P,

Indeed, the polynomial g(x5+1, ..., x;) has the form

Ns+1 nr

2 r
g(Xsil,s .oy Xp) = Z ---Za(tl,...,ts,...,t,)xs‘ﬁ...x;

ts+1=0 t=0
and, by the assumption of the lemma, its coefficients satisfy the relation

a(tli""tr)

a(ty,....ty) = —— 4+ B(t1, ..., ),
q(ty, ..., ty)
where
-1
Iﬁ(tl’ --.7tr)| S (q(t15 "'7tr)r(t17 ""t"))
—11+1/6 p—12 —t —ls41 —t,
<P P, c .. P <P\ .. P,

and the least common multiple of the denominators ¢ (71, . .., t,), equal to O3, does
not exceed PSOJ'FII, i.e., the point with coordinates «(t1, ..., ..., 1) (0 < ts41 <
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Ns+1,...,0 <t, <np, tg41 +---+ 1t > 1) belongs to the first class with respect to
the parameters Py Lo P,. Therefore, applying Lemma 7.13, item (1), (a), with Q
10n3p,

equalto Q3 > P, to estimate I";, we obtain the estimate written above. Hence Y

satisfies the estrmate
— =5 r —Pr
Y K HTy < Py Po(r] 4+ P < Pogy L PP

We substitute the obtained estimates for S(x541, ..., X;) into the sums S| and $;
and estimate the sum S3 trivially by the number of terms. We obtain

ISI < 1S1l + 182l + 1S3] < Py... PP
Now we consider case (b). We represent the sum S as
S =84+ S5+ Ss,

where

=D Y Z ZepomF(xl,...,xr)}, =456,

(Xs4150ees xr)ET x1=1 xg=1

and the domain of summation 7; over the variables x,41, ..., X, in each of the sums
is its own and is determined as follows. We consider representation (7.37) of the
inner sum over xp, ..., xs. If a point G with coordinates G(¢1,...,%) (0 <1t <
ny,...,0 <t; <ng, t; +---4+1t;, > 1) is a point of the second class with respect
to the parameters P, ..., Py, then the corresponding set (x5+1, ..., x,) belongs to
the set 74. If this point is a point of the first class, but its coordinate G (¢1, ..., ;) =
g(xs+1, ..., x,) satisfies relation (7.36) with] > H| = Pxofls Pr=s thenthe correspond-
ing set (xs41, ..., X;) belongs to the set 75. All other sets (x541, ..., X;) belong to
the set Tg.

If the set (x541, ..., xr) belongs to the set Ty, the point G either belongs to the
domain w; (in this case we use Lemma 7.11) or to the domain w; (in this case we use
the induction hypothesis). We obtain

IS g1y -y )| K Pro.. PyP.

Now we estimate the sum S(x51, ..., x,) for the sets (x54+1, ..., Xx,) contained
in Ts5. By relation (7.36), we have

b 6
G(tlv" tS)___i_H

Ifl > Plo'l, then, by the induction hypothesis we have

IS (ts1s - s X)) K Pro.. PP
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Let! < Plo ‘1. Since the point G belongs to the first class, acting similarly to the
case of the sum Ss for the double sum §, we see that the least common multiple of the
denominators of the fractions determining the first class is larger than H;. Hence we

have |
1Sttt - %) < Py PH " < Py PGP

Now we estimate the number of the sets (X541, ..., Xx;) contained in 7g. As in the
case of the set T3, for these sets (x541, ..., Xr), the fractional parts of the polynomial
g(xs41, ..., x,) are contained at least in one of the intervals of the form

b1 b, 1 .
A

By Lemma 7.13, item (3), the number I" of the sets (x541, ..., X;) contained in
one of the above intervals does not exceed

I < Peyr ... P(t) ™" + PA), (7.38)
where the variable p is defined in Lemma 7.12 and is equal to

P :C(ks}flogks}f)_l’ H =Nl + Vs4olg42 + -+ Vel

log P,
—1< L—U, <0, t=s+2,....r, ks :mrmgl.
10g Py
‘We show that
c 14
= > == —g.
P = xloghksx — n)2r—91logn
We set
A_Z =1 i_z =1 L—z—l
lOg PS+1 s+1 9 10g PS_;’_I s+2 9 e ey 10g Ps_;’_l r .
Since vy < z;+1 (t =5 +2,...,r), we have the following upper bound for x:
r
%5n(r—s—1+ Z z,).
t=s+1

Relations (7.34) imply the inequalities

5/6 ns4+1+5/6 pngyo ny_
Py SPS-H Ps+2“‘Pr—l’

5/6 ns41+5/6 phngyo
Ps+3 = Ps+1 Rv+2 ’
5/6 _ pnse1+5/6
Ps+2 = Ps+1 .
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Taking logarithms of these inequalities, we obtain

Zs+1 =1, Zs42 < 1.2nzg1 + 1,
Zs+3 < 1.2n(2s41 + 2542) + 1,

Zr < 1.2n(zg41 +- -+ 20— + 1.

We use the above inequalities to estimate ». We obtain

n r—1
xfn(r—s—l-l— Z zt>=n<r—s—1+zr+ Z Zz)
t=s+1 t=s+1

r—1

§(r—s—1+1+(1.2n—|—1) Z zt>§...

t=s+1
<(r—s—14+r—s—1+12n+ 1" <2(12n+ 1.

Hence for r > 3 and n > 2, we have

ks < (n4+ 175 kex <2+ 1D)"5(1.2n41)"5 < 2(1.6n)>"
logksx < (r —s)log2(n+1)(1.2n + 1) < 5(@r — s) logn.
Hence for y < ¢/20, we obtain

Cc C
P = onloghksx ~ 20Q2n)20—9) logn

Z Pr—s-
Thus it follows from (7.38) that
[y < Py ... P(Ut) ™ + PO
and the number of sets Y contained in T does not exceed H 121"1,

Y € HIT) < Post oo BRI & Poyy o PP

In case (b), we finally obtain
S| < 1S4l + IS5 + |S6| < Pi... PP ™.

Now we study case (c). Here we have Q3 > PSOJ'FII, and there exists a set

(ts+1, ..., t) for which the denominator ¢ = ¢q(t1,...,%,...,t ) of the fraction
in the D-approximation of the number «(tq, ..., f, ..., ), corresponding to T =
t(t, ..., t, ..., 1), satisfies the condition

ts+1—1/6 plsi2 t
n= P Py .. P <qg =T
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We consider new D-approximations of the numbers « (¢, ..., 1, ..., ) for all
the sets (ts+la--~,tr) (0 = Il = ns+l’~~-70 e P (PR P B SR ol 1)
corresponding to

ts+1—1/6 . -
Nisits ..o ty) = PEHITVOPB plr,

in other words, we consider the representations

d(tsi1,...,t 0
a(tla"'atSs"'7tr): (S+1 r) ’
h(ts—i-la---,tr) h(tS+17"'atr)T(tS+1a"'7tr)
(d(ts-‘rl’ DI tr)’ h(t‘v—i-l’ R tr)) = 1? (739)
1 S h(tS+lv "'7tl’) S T’(ts_l,_l, -~-7tr)7 IQI = |9(ts+1» 7tr)| S 1
First, we assume that the least common multiple Q4 of h(t;41,...,%) (0 <
tst1 < Hgtls ..., 0 =<t <np, ts41+---+1t > 1)islarger than R?J'rll. Then, in fact,

the sum § can be estimated as in case (b). We represent the sum S as
S =587+ Sg + So,

where

Py Py
Si= Y > > > expl2wiF(xi,. ... x)), j=7.8,9,

(x3+1,...,xr)ETj x1=1 xg=1

and the domain of summation 7; over the variables xs1, ..., x, in each of the sums
is its own and is determined as follows. We consider representation (7.37) of the inner
sum over xi, ..., Xs. If G is a point of the second class with respect to the parameters
Py, ..., P, then the corresponding set (xs11, ..., X;) belongs to 77. If this point is
a point of the first class, but its coordinate G (¢1, ..., t;) = g(xs+1, - - ., X;) satisfies
relation (7.36) with [ > H| = PlO 250 "%, then the corresponding set (xg41, ..., Xr)
belongs to the set Tg. All other sets (x541, ..., X) belong to the set Tg.

The sums §7 and Sg are estimated precisely as the sums S; and Ss5. The sum Sy
can be estimated similarly to the sum Sg; in this case the estimates are the same, but
the coefficients of the polynomial g(xs41, ..., x;) for the sum S9 have a somewhat
different representation.

Now we assume that, in the new D-approximation (7.39), the least common mul-
tiple Q4 of the numbers A (41, ..., t) does not exceed R&rll. Then the following
two cases are possible:

2
PN > Q4> Hy = Pllon P and Q4 < H,.

First, we consider the case Q4 > Hj. Here the sum S is estimated similarly to the
sum § in case (a) considered above. We again divide the sum § into three sums:

S = S10+ S11 + S12,
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where

P RT
Si= Y > 21:-~Zexp{zniF(xl,...,xr)}, j=10,11, 12,

(x.s'+l ----- xr)ETj x1=1 xs=1

and the domain of summation 7; over the variables (xs1, ..., x;) in each of the sums
is its own and is determined as follows. We consider representation (7.37) of the inner
sum over xi, ..., xXg. If G is a point of the second class, then the corresponding set
(Xs+1, - - - , Xr) belongs to the set T(g. If this point is a point of the first class, but its
coordinate G(t1,...,t;) = g(xs+1, ..., x,) satisfies relation (7.36) with/ > H =
P12 "Pr then the corresponding set belongs to the set 771. All other sets (X541, ..., X;)
belong to the set 715.

Let us estimate the sum S(x;41, ..., X;) contained in S1g. In the case of points G
from the set w;, we use Lemma 7.11, and in the case of points G from the set w;, we
apply the induction hypothesis to the sum S(xg41, ..., X). We obtain

IS(stts oo X)) K Pro PP, [Siol < Pr.. PP

Now we estimate the sum S;;. If [ > Pl0 ‘1 then, by the induction hypothesis, we
obtain the estimate
IS (st - ves Xp)| K Py PyPLP.

Let! < Plo'l. We shall use the fact that G is a point of the first class, i.e., the
relations

a(ty, ..., tg)
G(ty, ..., t) = m+ﬂ(t1,...,ts),
(a(ti,....15),q(t1, ..., 1)) =1,
1B, ... 1) < PO P phs
nH+---+t,>1, 0<t1<ny,...,0=<t <ny,
hold and the least common multiple g of all the numbers g (71, . . ., t;) does not exceed
Plo'l. As before, in estimating the double sums in the case of S5, we show that

a(ti,....t) b

Q(Il7vts) l

and therefore ¢ > q(t1,...,4) =1 > H. We now apply Lemma 7.10 to the sum
S(Xs41, - - -, Xr) and obtain

IS(s1s ey X)) K Proo  PRHTYM T < Py PP
We trivially estimate the sum S1; by the number of terms:

[S12] < Pr...PY,
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where Y is the number of sets (x;541, ..., Xx,) for which the fractional parts of the
polynomial g(xs+1, ..., X,) are contained at least in one of the intervals of the form

b 1 b 1
o — 24— on=1 I<H (7.40)
[ I I Ih

The coefficients of the polynomial g(xs1, ..., x;) generate a point A; with co-
ordinates o (ty, ..., ts, ts+15---, ) (0 <t541 <ngy1,...,0<t, <np tsy1+---+
t > 1).

First, we assume that the point A belongs to the second class €2>. The domain €2,
consists of domains w; and w;. If the point A belongs to the domain wy, then, by
Lemma 7.13, item (2), the number I' of sets (xs+1, ..., X,) contained in one of the
intervals of the form (7.40) does not exceed

't < Psgr ... Pr((ltl)_l + p;:l/(20n)).
If the point A belongs to the domain w,, then, by Lemma 7.13, item (3), we have
1< Poyi o Pr((e) ™+ exp{320) P,
where

o= c(ks}flogksx)_l, ky = m,ms_l,

K =Ngq1 + N2Vsq2 + oo+ 1pVp,
—1 <log P/log Psy1 — v, <0, t=s+2,...,71.

Repeating the argument used in estimating the sum S¢ word for word, we obtain
the inequality p > p,_;. Hence

r < Fl < PS+1 e PF((IT])_I + st‘rplrfy)‘

Now let A be a point of the first class. Then we can represent the coordinates

aty, ..., tg, ts+1, - - ., ;) of the point Ay as
a(ts+lv --',tr)
a(t19"-7t.§‘7ts+17 -'-,tr) = _ +/3(t.v+1’-"7tr)7
qts+1, -5 1)
—t541+0.1 ,,—t542 —t
|B(ts+1, ..., 1) < P YT P 57 P
OSIS+1SnS+17"'10§trSnr’ ts+1+"'+tr21»
and the least common multiple ¢ of the numbers g (¢ts4+1,...,4) (0 < t;4] <
Rg+l,-..,0<t, <np, tgy1+---+1 > 1)does not exceed PSOJ'FII. Moreover, for the
coordinates «/(t1, ..., t,) of the point A1, relations (7.39) hold for H, < Q < PSOJ'FII,
namely,
Attty s 1r) 0
O‘(tl’~--7ts,ts+1w~~’tr) =

B h(ts+l’ ey tr) h(ts+1’ BRI tr)n(terlv BRI tr) ’



7.2 r-fold trigonometric sums 303

Is+1—1/6 plsi2 t
Nts+1, -, ) = PI7 P .. Pr, 0] <1,
0<tyy1 <ng1,....,0<t, <n,, tgp+---+t =1,

Q4 = lcm. (h(ts_;_l, ey tr)).
[ Y %

We show that the following relations hold for all the sets (t;+1, ..., #):

a(ts-i-]a "-7t}’) _ d(ts—i-l,---atr)
Q(ts+1a o ty) h(ts+l, costy)

Assume the contrary, i.e., assume that there is a set (f;+1, . . ., #) such that

altsyt, ..., 1) d(tsy1, ..., lr).
q(ts-‘rl?'-'vtr) h(ts-i-l""?tl’)’

then, on the one hand,

1
-~ p—02

a(ts41, ... tr)  dtsqr, ... 1)
I I S

Q(ts+la---,tr) h(ts—i-l’---atr)

since q(ts41,---,8) < g < R&ll and h(tg41,...,4) < Q4 < R?J‘rll; on the other
hand, we have

a(tS-‘rla cen ty) _ d(ts—s—lv )
qsits .o sty) h(ts-‘rl’-‘-atr)

S |:3(t17"'7tr)|+

1

h(ts+l, ) tr)n(terl’ BRI tr)

—ts4+1+0.1 p—t5 42 —t —ts+1+1/6 p—t542 —t —-5/6
P P+ P P 57 P <2P

= Ps-‘rl s+2 ’

since

—t5+1+0.1 5 —t542 —t
IBtssts oot < PLAT T PSP R, t) 2 L,

_ pls+1—1/6 ptygo 1
N(ts41, ... 8) = Psii-l Psim P

The estimates obtained for

altsyt, ..., 1) _ d(ts1, ..., 1)
Q(ts-‘rl’n-,tr) h(ts+17"'str)

contradict each other. So for all the sets (¢#;41,...,%4) (0 < to41 < ngyq, ...
0<t <np,ts41+---+1t >1)wehave

alts11, ..., 1) _ d(tsy1, ..., 1)
C](ts+la---atr) h(ts-"-l""’tr)

This implies ¢ = Q4 > H>.
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Now we estimate I' by Lemma 7.13, item (1), as follows:

D& Poyroo Pe(Ae) ™+ Hy 70,

So the number I" of sets (x;541, ..., X,) contained in one of the intervals of the
form (7.40) does not exceed

[ < Pyt P(Ae) ™ + P+ PO O,
Since the number of intervals of the form (7.40) does not exceed HZ, we have
Y < HT < Py ... PRH?H; /%Y < Py PP
Hence

S| < 110l + IS11] + |S12] < Py... PP ™.

Now we consider the case Q4 < H,. We represent the sum S in the form
S = S13+ S14 + Si5,

where

P Py
Si= Y > 21:~--Zexp{ZniF(xl,...,xr)}, j=13,14,15,

(Xs415eees Xr)ETj x1=1 xs=1

and the domain of summation 7; over the variables xs1, ..., x, in each of the sums
is its own and is determined as follows. We consider representation (7.37) of the inner
sum over xi, ..., Xs. If G is a point of the second class, then the corresponding set
(Xs+1, - - - » xr) belongs to the set T13. If this point is a point of the first class, and more-
over, in the D-representation of the fractional parts of the polynomial g(xs1, ..., X;)
of the form

b
Xgdly .- Xp)} ==+ B, b,h=1, 1<I<r,
{g(xs+1 )} ; B, (b, 1 (741

=P VOPR ps g < ()T, s=Pt.. P5IBl

the variables / and § satisfy the inequalities | > H = P12 "Pr and § > H, then the
corresponding set (X541, ..., Xr) belongs to the set T14. Finally, all the other sets
(Xs+15 - - - , Xr) belong to the set T75.
We estimate each of the sums S(x541, ..., x,) contained in S;3. The second class
€2, consists of two sets w1 and w». If a point G belongs to w1, then, by Lemma 7.11,
we have
1St os X0 K Py PPy GO,

But if a point G belongs to wy, then, by the induction hypothesis, we obtain

1S (st1s s )| K Pro. P PP,
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and hence
|S]3| <L Pr... PrPI_'Or.

Now we consider the sum Sy4. If in representation (7.41), the variable [ is larger
than Plo'l, then, by the induction hypothesis, we obtain

[S(Xs41y s X)) K Pr ... PSPI_pS.

Now we assume that / does not exceed Plo'l. The point G belongs to the first class,
i.e., its coordinates satisfy the relations
a(ty, ..., tg)
Gy, ..., t5) = — + B(t1, ..., t5),
Toq,.t) '
—1140.1 p— -
(@t oot gt t)) = 1, 1B, )] < PUOTIPY L PTE,

Oftlfnlv"'voitsfnSW t1+"'+t5217

and the least common multiple ¢ of all the numbers ¢ (¢, ..., ) is less than Plo'l.
Similarly to the case of the sum Sj7, this implies

a(ty, ..., ty) b

gy, ... 1) 1

and hence ¢ > g(t1,...,t;) =1land B(t1,...,t;) = B.
By the definition of the sum Sy4, we have either ¢ > H or § > H. Hence, by
Lemma 7.10, item (b), we obtain

ISt s )| K Pro PRHTYME < Py PP

Thus we have
IS4l < Py... PP,

Now we consider the sum Si5. We trivially estimate this sum by the number of
terms as follows:
[S15| < P1...PY,

where Y is the number of sets (xg41,...,Xr) (1 < x541 < Psy1, ..., 1 <x < Pp)
for which the fractional parts of the polynomial g(xs41, ..., x,) are contained at least
in one of the intervals [b/] — A, b/l + A], where

b.h=1, I<H=P", A=pP" PSP,

Here the variable Y is defined as in Lemma 7.14. Hence, by this lemma, we have
YL Psyp... P pr". This implies

ISis| < Py...P P ",
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and hence
IS| = 1813+ [S1al + |Sis| < Py... PP ™.

Thus we have estimated the sum S for Q¢ > Plom‘" Pr

Now we consider the case Qg < Plomsn Pr Smce 0 =1[0Qo, 01, Qz] and Q is

larger than P1 , we have either Q1 > P0 05=5m;n? pr or Q) < pO 05—5mn? pr

First, let Q1 > Pl0 05—5msn’p, ". We write the variables x; (1 < j < r) as follows:

xj=Qoyj+zj, 0=2z; =< Qo, —Zanl <yj < (Pj —Zj)Qal-

Recall that the D-approximations of the coefficients « (¢, ..., ) of the polyno-
mial F(xy, ..., x,) corresponding to (¢, ..., t,) have the form
a(ty, ..., t)
alty, ..., ) = —+,B(t1,..., )
' q(t, )

(a(tls---J‘r)»CI(tl’---ytr))=1, 1SCI(II’---,tr)ST(II:--wtr),
-1
|:3(tlaatr)lf(Q(tla,tr)f(tl,»tr)) ’

O0<n=n,....0=5t, <n,, n+---+t,=1

It follows from these relations that the polynomial F(xy, ..., x;) can be written
as
F(Qoy1 +z1,..., Qoys + 25, ..., Qoyr +2r)
=®(z1,...,2) + VY1 (Qoy1 + 21, ..., Qoys + 25)
+ "IJ(QOyl +Z1’ ey QOYr +Zr) (mOd l)a
where

Ng41
S alti,....t) 4
¢<z1,...,zS>_Z PIPIN Z gk,
=0 541 =0 1= q I
t1+ +zs>1 fyg1+- +z,zl

wl(xl,...,xs)—z Za(n,...,rs, con O

t1=0 ts=0
et >1
Ns41
- ,a(O,...,O,tsH,...,t,)
W(xp,....x) = Y - Z X 001 »
ts+10 lr—O q EREECEEIE] ’S+17--'ar
tsp1 =1
ni ng
t t
+Z-~-Z,3(t1,...,ts,ts+1,...,tr)xll...x;).
11=0 ts=0

fi+ s> 1
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We use the above representation of the polynomial F (xy, ..., x,) to transform the
sum S as follows:

Z Z exp{2wi F(x1, ..., xr)}

x,—l

Qo
=y ZZ Zexp 27i(®(z1, ..., 2r)

z1=1 zZr=1 N

X Z-~-Zexp {27iW(Qoy1 + 21, ..., Qoys +29) }s
Ys+1 Yr

here the summation is taken over the variables y; (1 < j < r) within the limits
—z; Qal <y = (P — zj)Qal. Hence we obtain the following estimate for the
sum S:

Py Qo
S| = T1+Z DD ZTZ,
x1=1 xs=1zg41=1 zr=1
I = Z.--Zexp{Zf[i‘I’(xl,...,xs,Q()ys_H—I—ZS_H,...,QOyr—{—Zr)} .

Ys+1 Yr

Therefore, to estimate the sum S, it suffices to obtain the estimate for 77 given in the
lemma. We represent the polynomial W(xy, ..., x,) as

Ns+1

n,
Is+1 !
WXy, .oon, Xp) = Z "'ths+1,...,tr(x1a XXX

ts41=0  £,=0
fog14 i >1

Ns+1

ny
Is+1 /7
= Z ~~ZB(;‘S_‘_l,...,tr)xsfH cox7,

ts+1=0 =0
typ1+-Ftr>1

where
a,...,0,t41,..., )
q@,...,0,t541,...,1)

ni ng
F D Y Bt )X xR

t11=0 ts=0

gt5+1,...,t,~(xlv e ’xS) = B(tS-‘rl’ ey t}’) =

We consider the D-approximations of the fractional parts of the polynomials
8tyityonty (X1, - . X5) = B(tg11, ..., 1) corresponding to n(fs41, ..., ),

l 1—1/6 pts42 t
N(tsr1, ..o 1) = PO Pl P,
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a(tsy1, ..., 1)
{B(ts41, ..., 1)} = Lot lr) + BUst1s oo 1),
q(ts-i-]s-' tr)
(a(ts—i-ly ceey tr)v q(lS-‘rla ytr)) = 17 1 S C](ts—i-lv . 'atr) S T(tAY+17 . "9tr)a

-1
|ﬂ(ts+l7'--atr)| 5 (Q(ts—i-h---atr)f(ts-i-l’---,tr)) ’

Ofts+1§ns+l,-~-’05tr5nrv ts+1+"'+tr21'

By Q5 we denote the least common multiple of ¢ (#5+1, . . ., #-), and by § we denote
the largest of the values

l
|/3(ts+1a-' tr)|< SS-H --Prtr,

Ofts+1§ns+l’~-’0§tr§nrv ts+1+"'+tr21'
We write the sum 77 in the form
Ty = S16 + S17 + S1s,

where

Qo Qo
DT DT D S X Zspta 20| =16,17,18,

(X5+1,...,X5)€Tj Zs+1=1 zr=1
S(xlv cees Xgy Zo41y e e Zr)

= Z ZCXP 2V (xy, ..., Xg, Q0Yst1 + Zst1s -, Qovr + 20},

Ys+1

the summation over y; (s + 1 < j < r) is performed within the limits —z; Q !
yj < (Pj—zj) Qal, and the domain of summation 7; over the variables x, ..., xy in
each of the sums is its own and is determined as follows. If a point B with coordinates
B(ts+1,...,4) (0 <ty41 <ngy1,...,0 <t <ny, ts41+---+1 > 1)isapoint of
the second class with respect to the parameters Psy1, ..., Py, then the corresponding
set (x1, ..., xs) belongs to the sum Ty¢. If this point is a point of the first class and
either 05 > H3 = P{ witha = 20(r —s)n3myp, ord > Plznp, then the corresponding
set (x1, ..., xg) belongs to the set T17. All other sets (x1, ..., x5) belong to the set 73.
We consider the sum S16. In this case, B is a point of the second class ;. All
points of the second class are divided into two domains w; and w;. If the point B
belongs to the domain w1, then the sum

Ps+1 Pr
SBY= D -+ ) expl2riFi (ot ),
X;+|=1 xr=1
Ns+1

Is1 t,
Fir(Xg41, ..., %) = Z ZB(xS_H,...,xr)xsi’l...xr’,

Is41= =0 =
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can be estimated, by Lemma 7.11, as

IS(B)| < Pyy1... PP M.

-l (7.42)

Hence, by Lemma 7.18, item (1), we have the estimate

—1/(40. —
SO, ey Xgs Zots + o0 2] € Pogt - PP 4O 0570,

If the point B belongs to the domain w,, then, by the induction assumption, the
sum S(B) satisfies the estimate

IS(B)| < Pyg1... PP, (7.43)

Thus, by Lemma 7.18, item (1), we have

—0.5 —
|S('x17"'7-xS7ZS+17"'7Zr)| << PS+1"'P s+1 Pr= SQ r+v

Therefore, for the sum S17, we obtain the estimate
|S16] < Py... PP .

Now we consider the sum Sy7. In this case, B is a point of the first class, i.e.,

b(tst1, ..., 1)
B(ts4+1,...,t =— [ R S N
(fs+1 r) I(ts41s s tr) + B1(ts+1 )
(b(ts-‘rl?"-atr)’l(ts-‘rl?"-atr)):13 (744)
s 1/6 p—ts -
1B1 (st ... 1) < PSPPI pte)

Ofts+1§ns+la--'aoftr§nr7 s+t >1,

and the least common multiple / of all the numbers /(#1, ..., #;) does not exceed

0.1
Ps+1

First, let Q5 > Perl Then we have g (ts41,...,%) # [(ts+1, ..., t,) for some
set (fs+1, - - -, t). As before, we obtain the inequalities

1
Q(ts+lv . -'9tl')l(ts+l7 R tr)
altsy1, ..., 1) _ bts41, ..., 1)
qts+1, ..., 1) I(ts1, .00 1)

41401 p—t540 —ty -1
<PH_; P57 P+ g (s, 1) P

—ts41+1/6 p—t542 —t,
s+1 Ps+2 "‘Pr "

—1 —t5+1+0.1 5 —t542 —t
I (tsrts oo ty) S qsyts o )Py P 5 P
1/15

tsr1+1/6 542 —t
+ Pv+1 PS+2 . P "= 2PH—I
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1/15 1/15

Hence !l > I(t541,...,4) > 0. 5P . If ] satisfies the inequalities 0.5 P P =< [ <
PS0+017, then, by Lemma 7.18, item (a), we have

1SCX vy Xy Zots - o0 2] K Py oo BLTYMHE QTS
L=1/0,00), f=nu1+-+n <—sn

Since

(.0 <Pl b=10mn*fp., PP <P 1= P,

N

our sum satisfies the estimate
—pPr -
IS, ooy Xy Zs41s -5 2)| K Pogy e e PrP1 Q0r+s'

Now we assume that the variable / satisfies the inequality [ > PSOJ'FO17. Then, by
Lemma 7.18, item (3), and the estimates (7.42) and (7.43), we obtain

705 —
|S('x17"'7-x57ZS+17"'7ZI’)| << PS+1"'P s+1 Pr= SQ r+s

Thus we have obtained the desired estimate of the sum S7 for Q5 > PSO+11
Now we consider the case Qs < PY '+1- The point B belongs to the first class and

satisfies relations (7.44). As before, we can show that

a(t5+17"'7[r) _ b(ts+17---atr)

Q(ts—',-l’ ) tr) B l(ts—i-ls BRI tr) .
Hence we have Qs =1 and B(¢5+1,...,4) = B1(ts+15 - - -, tr).
We set
lv
81(ts+1, . . tr) - erll o Prtrﬂl(ts-i-ly ceey tr)-
If PSOJFOI7 > > H; = qu and g = 20(r — s)n3mspr, then, estimating the sum

S(x1, ..., X5, Zs+1, - - - » Zr) by Lemma 7.18, item (2), (a), we obtain
|S(xls "~axSaZS+1a . "7Z}’)| << PS+1 .. 'P}’Lil/n+gQar+s7
L=1/0,00)., f=ny1+-+n.

2 N3
Since (1, 04) < Qf < P/ /" < plO T — PP and | > PP
have L > Pl0 'Sq. Hence

|S(X1, ceey Xgs Zs41s - --aZr)| < Ps+l o Prpl_prQ(;H_s'

If7 > P25 or 8 > P2S}, then, by Lemma 7.18, item (3), and by formulas (7.42)

and (7.43), we obtain

—05,0 —
ISCa1, -y Xos 2ot 20| € Py o PP Q5T
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If P12 < § < PSOJ'FOI4 , then, by Lemma 7.18, item (2), (b), we obtain

IS(XL. -2 Xga gl -2 2| K Pogy o P87 /e QU
Soif Q5 > Hzor§ > Pf"p’, then we have the estimate

ISQets oy Xss Zot 1 -0 20| K Pogr o PR PUP QT

Thus we obtain
|Sl7| L Py Prpl_pr-

Now let us estimate the sum S1g. We trivially estimate this sum by the number of
terms as

|S13] K Y Pyyq... P,

where Y is the number of sets (x1,...,x5) (I <x;1 < Pp,...,1 < x;, < Py) for
which we have the relations

s — 2 T
|,3(ts+17 ey tr)| = A(lx—',-ls ---ytr) = PS_:‘]H e Pr trP] " ,
OSts+l§ns+la---:OStrSnr7 ts+1+"'+tr217
Qs < Hy=P{, q =200 —s)n’msp,,
and B is a point of the first class. To estimate Y, we use Lemma 7.15 and obtain
YL P...PP "
Hence
|S18] < Py...P. P ",
S| < [Si6] + |S17] + S18] < Pi... PP/ ",

Thus we have estimated the sum S for Q| > P? where d = 0.05 — 5n3mspr.
The case Oy > Pld can be studied similarly to the preceding case Q1 > Pld .

The distinction is that the groups of variables (xi, ..., xs) and (xg41,...,X,) are
interchanged, and hence Lemma 7.16 must be used instead of Lemma 7.15. The proof
of the second main lemma is complete. O

7.2.3 Estimate for the multiple trigonometric sum

Here we state and prove a theorem about estimating a multiple trigonometric sum S(A)
for all points A of the unit m-dimensional cube €.

Theorem 7.3. Suppose that a point A belongs to the first class 21. Then the following
estimate holds:
IS(A)| < Py ... P, Q7 YFe
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If, in addition, we set

6= max P Prt’I,B(tl,...,tr)l,

.....

then, for § > 1, the following estimate also holds:
S(A)| < Pr... P (Q8)" "+

Suppose that the point A belongs to the second class Q2. Then the following
estimate holds:

IS(A| < Pr... PP, pp=y@2n) > log ' n;

here y > 0 is an absolute constant.
The constants in < depend only onr, n, and €.

Proof. The proof of this theorem repeats, in fact, the proof of Theorem 7.2. The only
distinction is that estimates for multiple sums are used instead of estimates for double

sums and Lemmas 7.10 and 7.11 and the second main lemma are applied instead of
Lemma 7.3 and the first main lemma. O

7.3 An asymptotic formula

In this section we derive an asymptotic formula for the multiple integral

J=J@r) = f : ~/|S(A)|2K dA.
Q

Its value is equal to the number of solutions of the system of Diophantine equations
Z( D/xf . xp =0, 0<n<n,....,0<t <n,,

where the unknowns x, ..., x,; vary within the limits
l<x;j<P,....1=<x;=P (=12,...,2K).

According to the partition of the points of the cube into the classes 2] and 2; (see
the notation in Section 7.1.1), we represent J in the form

J =+,

I = /.../|S(A)|2K dA, J= /---/IS(A)IZK dA.
Q §22

We have the following assertion.

where
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Lemma 7.19. Suppose that K > 2nm. Then the variable Jy satisfies the asymptotic
formula

Ji=00(Py, ..., PP ... prry=05m (7.45)
+O((Pr ... PYXK(P .. prry=05mpl/6)

where

+00 “+00
9_/ / ‘f f exp{2miFg(xy, ..., x)}dxy ..

Falxy, ... xr)—z Za(tl,...,tr)xl...xl, (0, ...,0) =0,

dA,

11=0 tr=
+00 +oo q(,....1) qny,....nr)
o= Y .Y > Y. WPk,
q(,....D)=1 gq(ny,...,n;)=1 a(0,...,1)=1 a(ny,...,n;)=1
(a(0,...,1), q(O ..... =1 (a(ny,..., nr) q(n1 ..... ny))=1
q q
Ua,q) =q " Z Z exp(2mi®(x1, ..., x,)},
x1—1 xr=1
a(ty, ..., ty) 4 .
d(xy,...,x) = xtooxl,
r Z Zq(tl ey Iy ) 1 r
tl“l‘ +t)21

qg=q@0,....,1)...qny,...,n.).

For the proof of this lemma, see Section 6.1 in Chapter 6.

Theorem 7.4. Suppose that Py — 400 and Py < --- < P,. Then there exists an
absolute constant ¢ > 0 such that, for K > ¢(2n)* rnmlogn(log P,/ log Py), the
following asymptotic formula holds:

J=00(Py...P)* (P ... prry=0m (7.46)
n,—0.5m p—1/6
+O((Py... P (P ... prry=03mprl/0)

where 6 and o are defined in Lemma 7.19.

Proof. From Lemma 17.19, for ¢ > 1, we have an asymptotic formula for J; with
the desired remainder. Therefore, to prove the theorem, it suffices to estimate the
integral J, with desired accuracy. For this, we apply Theorem 7.3 to estimate |S(A)|
in this integral. Since A is a point of the second class €22, this theorem implies the
estimate

IS <K Pr... PP ", pp=y(@2n) ¥ log ' n;



314 7 Special cases of the theory of multiple trigonometric sums

here y > 0 is an absolute constant. Thus we obtain the following inequalities for J>:

h< (P PP = (... Pr)zKPI—ZKp,

&L (Py...P)XK (P, prry=03m pO.srm p=2Kor,

But, by the assumptions of the theorem, we have

log P,
K > c¢(2n)” rnmlogn & -
log P,
Thus, for ¢ > y_l, we have
pO-3rmm p=2KP1 — expl0.5rnm log P, — 2K p, log P1}

1

IA

exp{0.5rnm log P, — 2¢(2n)* lognlog P,y (2n) ™% log™

— —1
< Pr ram._ Pl /6_

n}

Hence we can estimate the integral J; as follows:
- —-1/6
h & (Py... PP prry05mp /e

i.e., J is contained in the remainder term in formula (7.46).
So we have obtained an asymptotic formula for J. The proof of the theorem is
complete. O

We show that the asymptotic formula (7.46) in Theorem 7.4 cannot be obtained
for K satisfying the conditions 2mn < K < (m/12) - (log P,/ log Py).

Suppose thatm = m, = (n1+1)...(n,+1),m—1 = (n;+ D7 'm,,and J(r—1)
is the number of solutions of the systems of equations

2K
Z(—l)fx?j...xﬁg. =0, 0<th<ny ...,0<t <n,,
j=1
where the unknowns x;, .. ., x,j vary within the limits 1 < x2; < P, ..., 1 <x;j <

P (j=1,2,...,2K).
Obviously, J(r — 1) < J(r) = J for all possible values of the parameters
Py, Py, ..., P.. Precisely as in Section 4.2.4, we obtain

J(r—1) > QK)™™-1(Py... P (Py? .. prry~0me-t,

Suppose that the asymptotic formula (7.42) holds for some K > 2nm and
Py, ..., P, satisfying the conditions P; < --- < P, as P| — +o00. Then we have

J (P PP Py T0Sm,
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In the last inequality, the constant in < depends only on n and r, because, obviously,
the singular integral 6 and the singular series o decrease with increasing parameter K .
Thus, for a sufficiently large P;, we have
QK) (P PPy Py 0Sme
<Jr—1)<J (P ... PP PO

Taking the logarithm and passing to the limit as P; — 4-00, we obtain

—my_110g(2K) + 2K (log P, + - - - + log P;)
—0.5m;_1(nylog P +---+n,log P,) <2K(log Py +---+ log P,)
—0.5m(nylog Py +nylog Py + - - -+ n, log P,).

We assume that log Py > m;_;. Then, taking into account that m,_; =
m@n; + 1)~ <0.5m and log2K < K, we obtain the inequalities

2K log Py > —m;_110og2K +0.5(m — m,_1)(log Py + - - - + log P,),
m log P,
> — - ,
12 log P,

as was stated above. Thus, the variable K in Theorem 7.4 has a regular order of growth
with respect to the principal parameters Py, ..., P,.

Concluding remarks on Chapter 7. The results considered in this chapter were
obtained by the authors and published in [33], [34] and [35].



Chapter 8

The Hilbert—-Kamke problem and its
generalizations

In this chapter we present the solution of one of the classical additive problems in
number theory, namely, of the Hilbert—Kamke problem, and consider some of its gen-
eralizations the most important of which is the generalization to the multidimensional
case. In the Hilbert—-Kamke problem it is required to represent several increasing
natural numbers simultaneously as sums of the first, second, third, etc., nth powers of
natural numbers. More precisely, the problem is to prove the solvability of the system
of equations in the Hilbert—Kamke problem

X1+ -+ x =Ny,

x’11+"'+x]’<1:Nn

in natural numbers xi, ..., x; in the case where the number of the unknowns x is
bounded and the increasing parameters Ny, ..., N, satisfy several additional natural
conditions.

It is a very interesting problem to obtain the best possible estimates for the vari-
able r(n), i.e., for the lower bound of the number & of terms for which this system is
solvable. We deal with the Hilbert—Kamke problem in Sections 8.1 and 8.2, where we
obtain an asymptotic approximation of the logarithm of r(n).

In Section 8.3, we study the multidimensional additive problem. In this problem,
instead of numbers of the form x, x2, ..., x” as it was in the Hilbert—Kamke problem,
monomials of the form xil xéz ... x)", where the exponents 71, . . ., £, run independently
through all integer values in the intervals 0 < t; < n,...,0 < ¢, < n, except the
values 1] = --- =1, = 0, are taken to be the terms in the sums.

To each set (11, ..., 1), there corresponds its own equation with a right-hand
side that is assumed to be a natural increasing parameter N (f1, ..., t,). Here we have
problems of whether the number set {N (¢, .. ., t,)} can be simultaneously represented
as the sum of a bounded number of terms of the form mentioned above; we consider the
natural conditions to which the numbers from the set {N (¢, . . ., #,)} must satisfy; and
we look for a function rg(n1, .. ., n,) similar to the variable r (n) in the Hilbert—-Kamke
problem.
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8.1 Study of the singular series
in the Hilbert-Kamke problem

In Chapter 3, an asymptotic formula was obtained for the number of solutions of the
system of Diophantine equations in the Hilbert—Kamke problem (Theorem 3.7). This
formula is nontrivial if and only if the singular series ¢ and the singular integral y
in the Hilbert—-Kamke problem are positive. Moreover, it turns out that for o = 0,
this system of equations does not have any solutions at all, and for y = 0 the number
of its solutions remains bounded when the numbers Ny, ..., N, increase. Thus the
problem of the existence of 7 (n) and of estimating r (n) can be reduced to studying the
singular series o and the singular integral y. In this section we consider the singular
series 0. The next section deals with the singular integral .
By W(d; k) we denote the number of solutions of the system of congruences

X1 +--+x =N, (modd), s=1,...,n, 8.1)
for the unknowns x1, ..., xx. By the letter p we denote a prime number.
Lemma 8.1. Suppose that M and m are natural numbers, M = m!, and

k > 0.5n(n + 1) + 1. The following relation holds:
o= lim W(M; kM,
m—0o0
where o is the singular series in Theorem 3.7 in Chapter 3.

Proof. 1Tt follows from Theorem 3.7 (Chapter 3) that the series converges absolutely
for k > 0.5n(n + 1) 4 1. Therefore, for a fixed natural number d, we have

o= @+ @.

where
k
Y= ¥ Z Z( Zexp{zm(‘qﬂx+.--+z_"xn)})
»qn  ay x=1 1 n
0ld

. 1 dap
X exp{—Zm <q—N1 + -+ q_Nn> },
1 n

Y= > i/i( Zexp{2m(—x+ +“”x">}>k

1<q1,....qgn<+00 ai An x=1

otd

. a1 dap
X exp{—Zm (q—Nl + -+ q_Nn> },
1 n
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where, as above, Q = [q1,...,qn,] and g = q1, ..., qn.
We set d = M. Since the series o converges absolutely, the sum ) , (M) tends
to zero as m — 0o. Hence we have

7= mh—>moo Z1(1‘4)

Now we prove that ) ,(d) = W(d; k)d"—*. For this, we write W(M; k) as a
trigonometric sum. We obtain

M M M k
WM =M"> )" (Z exp(2mi(bix + - + b,,x")/M}) (8.2)

b1=1 b,=1
x exp{—2mwi(b1N1 + -+ b, N,)/M}.

x=1

We note that, for each s = 1, ..., n, the sum Z}IZ:I can be replaced by a double
sum of the form qulM Z’Zf For this, we must set g; = (bs, M)"'M and a;, =
(bg, M )_lbs. In this notation, we also have Q | M and, moreover,

M k
(Z exp(27i(bix + - - + bnx">/M}) exp(—27i (BN + - - - + by N,)/ M}
x=1
M

_ (Z exp{27ri(;l—1x ot Z—Zx") })k

x=1

X exp{—Zm’(;ﬂNl 4+ -+ a—nNn> },
1

4n
M a a
Zexp{Zm’(—lx +o 4 —nx”>}

x=1 a n
9 aj a
=MQ! Zexp{Zm’(—x +- 4+ —nx">}
x=1 a1 n
! aj a
= Mqg~! exp{Zni(—x+~-+—nx”>}.
Z q1 qn

x=1

Therefore, W(M; k) = M*" ", (M) and hence
ZI(M) = M"*W(M; k).

Passing to the limit in this relation, we obtain the statement of the lemma. The proof
of the lemma is complete. O
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Lemma 8.2. The relation

_ _ . o, o (n—k)
o=[lop. op=_lim W(pkp ™,

holds. The product l_[p o) is taken over all primes p.

Proof.  First, we note that, by the well-known theorem in the elementary number
theory, the number W (d; k) of solutions of congruences (8.1) is multiplicative with
respect to d, i.e.,

W(d; k) = W(di; k) W(da; k)

if only d1dy = d as well as (d1, d2) = 1. Therefore, by setting

M=m= Hp

p<m

where «, is the exponent of the prime p in the decomposition of the number M into
prime factors, we obtain

WMk =[] wpe: k.

p<m
Hence, by Lemma 8.1, we have
o= lim W(M;kM" " = lim [T w(p® kp*r®. (8.3)
m—00 m— 00

p=m

Let

Hd) =d* Z Z <Zexp{2m(b1x Foot bnx”)/d}>k
by, x=1
x exp{—2mwi(byN1 + --- + b, Ny)/d}.

It follows from (8.2) that

d"W(di k) =Y Hr)rk;

rld

hence we have (here 1 (r) is the Mobius function)

d*H(d) = per)Wdr~" dr )"
rld
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Since W (d; k) is a multiplicative function of d, it follows from the last relation
that the function H (d) is also multiplicative. Therefore, expressing W (p®; k) in terms
of H(d), we obtain

[T W opre= = H(Z H(p%) =11 <Z HpH— ) H(p/%)

p<m p<m B>y

=[Tor- Y H@:
q

p<m

here the symbol Y’ 4 denotes summation over all numbers ¢ that are not divisible

by m! and whose prime divisors do not exceed m. Obviously, the series )’ «H (q)
consists of a part of the terms contained in the sum ) ,(M) studied in the proof
of Lemma 8.1. Since the series o converges absolutely, the series Z’q H(q) also
converges absolutely, and moreover, as m — oo we have

> Hg) —o. (8.4)
q

Thus the product [ | o makes sense and from (8.3) and (8.4) we obtain

p=m

o= hm l_[ W (p®r; k) p*r" % = lim 1_[ Up+ hm Z H(g) = nap,
™ pzm " p<m p

as required. O

Now we assume that the natural numbers Ny, ..., N, (n > 3) satisfy the condition
that the system of linear equations

n
Ztrrsst, s=1,...,n, (8.5)

can have a solution for integer numbers ?1, . . ., #,. This condition was first formulated
in a somewhat different form by K. K. Mardzhanishvili (see [115], [119]). This
is a necessary condition for the solvability of systems of Hilbert—-Kamke equations
because, for any integer x, the system

n
E tri=x%5 s=1,...,n,
r=1

has an integer-valued solution of the form

(x—l)(n—x)
ty = , r=1,...,n,
r—1)\n—r
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where (Z) is determined for any natural number a by the relation

(x)_x(x—l)...(x—a-i—l)

a al

and is equal to unity fora = 0.

Lemma 8.3. Suppose that p < nandk > n*2°"~! = ky. Then the variable W (p*; k)
satisfies the estimate
W' k) = cp"*m >0,

where ¢ = p@*T2+DW=k0) s s the integer determined by the condition

1

’

px§n<pz+

and § is the exponent of p contained in the decomposition of the number (n — 1)! into
factors.

Proof. Fors =1,...,n, we set
Mssz_ls_zs_"‘_ns§

obviously, the set of the numbers M; satisfies condition (8.1), i.e., the system

n
donrt=M,, s=1.....n, (8.6)
r=1
can be solved for the integers t1, ..., t,.
Let a be a natural number, and let u; (s = 1, ..., n) be the least nonnegative

residue of the number #; modulo p®. Then
n
| T L Zurrs =N, (mod p%).
r=1

We assume that k zn—{—Z:‘:l u,. Next, we assume that

Dxp=mif 1 <m<n;
Qxp=ritn+ur+---+u, 1 <m<n4+ur+---+u,, r=1,...,n;
®)xpy=0if uy+---4u,+n<m<=<k.

Obviously, the number set (x, ..., xx) is a solution of the system of congruences

k
fonzNS (mod p%), s=1,...,n;

m=1
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by definition, the number of solutions of this system is equal to W (p?; k); hence we
have

W(p“ k) > 1.

Suppose that a natural number b satisfies the conditions:

(H2=<b=a;

2)2b>a+1;

3)p’ > n

@A) x+6>a—b.

We show that for any integers y, 1, ..., Yk, there exist integers yi, ..., y, for
which the numbers z1, .. ., zx satisfying the conditions

Zm=Xm+pb}’ma m=1,...,k,

are solutions of the system of congruences
k
> 2, =Ny (mod pt), s=1.....n (8.7)
m=1

Let Ny = Ag + By p®, where A and B are nonnegative integer numbers. Since
2b > a + 1, we can write system (8.7) as

k
> e, 4 sx5 v p”) = Ag+ Bop® (mod p*th, s =1,....n.
m=1

Hence, for some integers Dy, we have

n k
Z sxf,flym = Dsp“*l7 — Z sx,ﬁflym (mod p”fbH); (8.8)
m=1 m=n+1

here x,, =mforl <m <n.
We consider the following system of linear equations for the unknowns vy, . .., v,:

n k
Zsms_lvm=Dspa_b— Z sx;flym, s=1,...,n.
m=1

m=n+1
We denote the determinant of this system by «. Then

I ... 1 1

an -1 =nl(n—1!...2111 #0,
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and hence this system has a unique solution of the form
v =op/a, r=1,...,n,

where «; is the determinant obtained from the determinant o by replacing the rth
column by the column composed of the numbers F1, ..., F,, where

k
F, = Dsp”_b - Z sx,il_lym, s=1,...,n.
m=n+1

Suppose that §,(m) is the determinant obtained from the determinant «, by re-

placing the numbers Fy by the expressions sx%~'y,,. By obvious successive trans-

formations we reduce calculating the determinants « and B, (m) to calculating the
Vandermonde determinants and obtain

a_lﬂr(m) = ymfr (xm)a
where the polynomial f(x) is given by the relation

mnm—x)...r+1—-x) x—r+0D...(x—=1)
(n—r)! ' r —1)!

fr(x) =

For an integer x, the value of f,(x) is, up to the sign, the product of binomial
coefficients and hence is an integer. Hence for all m, the numbers «~! 8, (m) are also
integer. This implies that

k
=o' —yat= Y a”'B(m)

m=n-+1

are also integer; here y; denotes the determinant obtained from the determinant o, by
replacing the numbers F; by the numbers Ds p®~?. Let us consider this determinant.
By A(s, r) we denote the coefficient of x*~! in the polynomial fr(x). Expanding the
determinant y, with respect to the rth column, we obtain

n
yr=ap®"> s Dos. 7). (8.9)
s=1

The coefficients A (s, r) are rational numbers, and the denominator of each of them
is a divisor of the number (n — r)!(r — 1)! and hence of (n — 1)! because (n — 1)!((n —
MNr — 1)!)_1 is a binomial coefficient. This implies that the denominator Q, of
the rational number « 'y, represented as an irreducible fraction is not divisible by p
because all Dy are integers, the exponent of p contained in this representation is no
less than a — b — x — §, and this number is nonnegative due to condition (4) imposed

on the numbers a and b. Therefore, for the numbers v, we have the representation

Ur :Oerli1 = Ur +a717/r = PrQ;la
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where P, is an integer and (Q,, p) = 1.
We find Q’ from the congruences

0,0 =1 (mod p*~"*h),

then it follows from the elementary theory of congruences that the set of numbers
Ym = Q) Pn (m = 1,2,...,n) is a solution of the system of congruences (8.8).
Thus, for any set of numbers (y,+1, ..., Yx), we have found the numbers yy, ..., y,
for which the system of congruences (8.7) is solvable. If the numbers (y,+41, ..., &)
run independently through all the values in the complete system of residues modulo p,

then the number of solutions W (p®*!; k) of this system satisfies the inequality

Wtk = pir.

From each of the obtained solutions of system (8.7) modulo p®*!, following the
same scheme, we pass to solutions modulo p“+2. For this, instead of the number b, we
must take the number b+ 1 and verify whether the conditions imposed earlier on b with
respect to the number a are satisfied for the b 4- 1 with respect to the number a + 1.
Indeed, these conditions are satisfied because the inequality 26 > a + 1 implies
2(b+1) = (a+1)+1, theinequality b < a implies b+1 < a+1, the inequality p® > n
much the more implies pbJrl > n, and moreover, (a+1)— (b+1)=a—b > s +36.

The only distinction here is that, instead of x; = 1,x; = 2, ..., x, = n, we use
the numbers that are pairwise congruent to these numbers modulo p”. The differences
of these numbers are contained in the denominators of the coefficients A (s, 7) instead
of the numbers 1,...,n — 1 in representation (8.9) of the determinant y,. But the
power of the prime p, which is a divisor of these denominators, remains unchanged
because the numbers s and s + tpb, where ¢ is an integer and s < n — 1, are divisible
by the same power of p that is less than b because s < n — 1 < p?. Because of this,
the denominators Q, of the numbers o', are not divisible by p, and hence all the

other reasoning remains valid. Thus for W ( p“+2; k) we obtain the estimate

W(pa-‘rQ; k) > pZ(k—n).

Repeating this process 7 —a times, for W ( ph; k) we obtain the estimate W ( ph; k) >

p=®%=m and hence
W(p'i k) = pt0 0 phEem. (8.10)

Now we choose parameters a and b so that all necessary conditions be satisfied.
For this, we seta = 21 + 1 and b = n + 1, where n = ¢ + §. Then we have

(Hhb=n+1<2n+1=a, ie., b <a;

2)2b=2n+2>2n+1=a, ie., 2b>a+1;

@) pt = pp" = pp*p® = pt > n, e, pt>n;

Ax+6=n=a—>b, ie., x+85>a—>b.
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Hence, under this choice of a and b, all required conditions are satisfied, and the
estimate (8.10) actually holds for

We now show that the numbers u1, ..., u, can be chosen so that the inequality

n
n+ Zur < n222nfl

r=1

be satisfied. For this, we write system (8.6) in the equivalent form
n
Ztrr(r— D...r—s+ 1) =M, s=1,....,n
r=1

here M| are some integers and the equations in the last system are linear combinations
with integer coefficients from system (8.6) and conversely. Hence the solvability
conditions for both systems are equivalent. Since the quantity r(r — 1) ... ([ —s+1)
is divisible by s! without a remainder, the number M is divisible by s!.

Suppose that the integers H, are determined by the relations s!H; = M. Then
the numbers 71, .. ., t, satisfy the system of equations

n
S hrr—1)...0—s+1) =slH,
r=1
and the numbers uy, ..., u, satisfy the system of congruences
n
> ur(r—1) ... —s+1)=sH, (mod p*).
r=1

By bs; we denote the exponent of p contained in the decomposition of s! into prime
divisors. Then the last system of congruences can be written as (note that a > §)

" rr=1D...r=s541
>

' = H, (mod p®~%).
s!

r=1

In the determinant of this system, the units stand on the main diagonal, the zeros are
below the main diagonal, and some integers are above the main diagonal. Successively
solving the congruences in this system, starting from the last, we see that u, satisfy
the conditions

O<u, <p*%—1, r=n,... L
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Thus we have the inequality

n n
n Y ue <) P ptp=DAP T =D+ (p =D B
r=1

r=1

<p'p—-DA+p ' +p2+..)=prT

We write p®*! as

a-+

1 _  2n+2 2x+286+2 2x 2642
piT = p .

=p =p7p
By the definition of », we have pz" < n2, and the definition of the number § implies

2(1=D)p~ "+ =1Dp~'1)+2

2642 _
=p ,

p

where the integer 7 is determined by the inequalities p’ < n — 1 < p'*!. Hence we
have

2542
pPt<p

=p

2((n=1)/p+-+n=1)/p")+2 2((n=1)/(p—D)(1-p~H+2

=p

2((n=D/(p—=D)(A=1/(n=1))+2 p2(n*2)/(17*1)+2.

Nowweseta =(n—2)—(p—1)=n—p—1.Thenn -2 =a+ p —1and
hence

2(n—=2)/(p—1)+2 4 204/([7—1)'

p =pp

If p = 3, then because of the inequality n > 3, we have

pAp2e/ (=D — 3 _ 921

But if p # 3, then p!/?~1 < 2 and p* < 2%P. Hence

pZu/(p—l) < 22017 pZ(n—Z)/(p—l)+2 < 22p+2a — 22n—2‘

So in both cases we have
n
pa-H < 22n—1’ n +Zur < pa+1 < 22n—1'
r—1

It follows from this and (8.11) that the estimate of this lemma holds for k = k;. But
if k = k1 + ko (ko > 0), then we can obtain the statement of the lemma by fixing the
last ko unknowns in all possible ways. The proof of Lemma 8.3 is complete. O

Lemma 8.4. The statement of the preceding lemma holds if we set ki = 3n32" — n.



8.1 Study of the singular series in the Hilbert—-Kamke problem 327

Proof. Forn = 3 and n = 4, the statement of this lemma follows from Lemma 8.3
since in this case we have
n222 1 < 332"

hence we assume that n > 5.
Fors =1,2,...,n, we set

n
My =N, —AY r,
r=I1

where A is a natural number whose exact value will be given later. Obviously, the
numbers M satisfy the solvability condition (8.5), and hence the system

n
ZtrrszMs, s=1,...,n, (8.12)
r=1

can be solved for integers ¢, ..., t,.

Let a be a natural number such that a < 2n + 1. Recall that = »x + 8, where § is
the exponent of p contained in the decomposition of the number (n — 1)! into prime
divisors; a natural number » is determined by the condition p* < n < p**l. It
follows from (8.12) that there exist integers u1, .. ., u, such that

n
ZM,«FSEMS (mod p%), s=1,...,n,0<u,<p*—1,r=1,...,n.

r=1

Hence we have

n
A-l‘v—{—--~+A-ns—|—ZurrSEN (mod p%), s=1,...,n,
r=1

0<u, <p*-—1.

Fork>An+4+u;+---+uy,andr =1,2,...,n, we set
Dxp=rif A —1) <m < Ar;
Qxp=rif An+ui+---+u—1<m=<An+uy+- -+ u,;
B)xp=01if An+ui~+---4+u, <m=<k.

Then the numbers x1, ..., x; are solutions of the system of congruences
k
Y x, =N, (mod p*), s=1,....n (8.13)
m=1

‘We assume that there exists a natural number b such that

(1) 2<b<a;



328 8 The Hilbert-Kamke problem and its generalizations

2) b(ni+1)>=a+1, where n;=1[0.5n]+1;

3) p’>n; (8.14)
4 a>b+2x+56.
Suppose that for m = 1, ..., k the integers z,, and y,, satisfy the relations

(1) Zm = Xm + pPym if 1 <m <nA;

2)zm =xp if A <m <k.

Our nearest goal is to choose numbers yi, ..., y,4 so that the following system

of congruences be satisfied:
Y 2, =Ny (mod pt), s=1,....n (8.15)

Form <nA,r <n,and! < A, we set

Zrl = Z(-DA+r> Xl = X(—1D)A+r>  Yrl = Y(I-1)A+r>

then system (8.15) can be written as

n A k
ZZzil + Z xp, = Ns (mod p”“).

r=1[=1 m>nA
We shall seek the numbers y,; = t,v;, where t, and v; are some integers. Then,
by the definition of z,; and x,;, we have

b b
il =X+ p vy =1+ p it

This implies

K

S
s 2 : s—d d, d _ bd
Y= (d)r VP

d=0

n A n s s n s s A

s s—d . d d _bd s—d ,d d _bd
S Y=Y 3 (5 )t = % ()t (ko)
r=1[=1 r=11=1d=0 r=1d=0 =1

According to the second condition imposed on the number b, we have
b(ni+1)>a+1, n;=[05n]+1.
Therefore, after obvious transformations, system (8.15) can be written as

n  np

A
ZZ (2);’#%5(2 vldpbd> = )y p® (mod paH), s=1.....n (8.16)
=1

r=1d=1
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where ny = (s, n1) and A; are fixed integers.
Letg = [1,...,n]. We define the integers M1, ..., M, by the relations

/ / /
My=q, My=---=M, =0.
For these numbers, condition (8.5) is satisfied with respect to the number 7.
Indeed, this condition means that the system of equations

ny
Ztrrd =M"1, d=1,...,ny,
r=1

can be solved for the integers 1, . .., t,. This system is equivalent to the system

ny

Ztrfd(r):ML/{/, d=1,...,n;.
r=1

where
fd()c)=x(x—1)...()c—d—i—1):)Cd—i—ozd_lxdf1 + -4 ox,
M) =M)+og_1M)_+ - +a M.

For solvability of the last system, it is necessary and sufficient that the numbers
N/ be divisible by d! without a remainder. But since M), = 0 for d # 1, we have

Mz/l/ = othi =(d-1)lgq.
The ratio ((d —/d !)q is an integer (because ¢ is divisible by d by the definition)

and thus condition (8.5) is satisfied for the numbers M|, ..., My .

Now we set A = n%22’”’1. Then, by Lemma 8.3, there exists a number set

vy, ..., v for which the system of congruences
A
Zvld = M) (mod Y, d=1,...,n,
=1

is satisfied. Substituting this set into the congruences in system (8.16) and taking into

account that M = --- = M, = 0, we obtain the following system (for the desired
numbers tq, ..., t,):
n
> srlhgp? = ap® (mod p*Th, s=1.....n. (8.17)
r=1
This system consists of linear congruences for the unknowns ¢4, .. ., t,. We show

that the system has a solution. Suppose that the numbers ¢’ and »; are determined by
the conditions

¢ p=1, qg=4qp",
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then p”! < n{, and we can rewrite system (8.17) as

p y
n
Zsrs—ltr = Mspa_b_xl (mod pa—b—x1+l)’
r=1

where wg are some integers (s = 1, ..., n). Repeating the corresponding argument
in the proof of Lemma 8.3, we first solve the system of equations

n
E sr‘f_lwrzurp“_b_”', s=1,...,n.
r=1

This system has a unique solution of the form

n
wy = p PN T (s, ),

r=1
where A(s, r) is the coefficient of x*~! of the polynomial f,(x) in

n—x)...r+1—-x) x—=1D...x—r+1)
(n—r)! ' r—1)!

frx) =

The denominator of each of the rational numbers A (s, r) is a divisor of the number
(n —r)!(r — 1)! and hence of (n — 1)!. This implies that the exponent of the prime p,
which is a divisor of the denominator of the number

n
Y s wgh(s, ),
s=1

does not exceed » + §. But, since the inequality a — b — » > x + § holds and,
moreover, the inequality »; < x holds because of n| < n, we see that, for all r,
the denominator of the number w, in its representation as an irreducible fraction is
not divisible by p. Therefore, repeating the argument similarly to the corresponding
argument in the proof of Lemma 8.3, we obtain the solution ¢1, ..., t, of the system
of congruences (8.17). Hence the system of congruences (8.15) is solvable.

Ifa+ 1 < 2n + 1, then we again repeat the above argument passing from the
congruences modulo p*! to the congruences modulo p¢*? and increasing the pa-
rameter b by 1. Repeating if necessary this process several times, we can obtain the
solution of the system of congruences (8.15) for a + 1 = 2n + 1 only if, instead
of the numbers x,,, this system contains numbers congruent to the latter modulo p”.
But since p? > n, we can further pass to large values of a similarly to the proof of
Lemma 8.3. Finally, we obtain

h(k—n)

W(ph; 5) > cip . ] = p(2%+26+1)(n—k1)

ifonlyk > An+ Y "_, u,.
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To complete the proof of the lemma, it remains to choose values of the parameters a
and b so that conditions (8.14) be satisfied and to estimate the variable

An + iu,.
r=1

We seta = 3x 4 § and b = x 4 1 and verify conditions (8.14).

(I)Wehave x > 1,since p <n,b=x4+1>2,a=3x+6+1>x+1=0b,
i.e.,2 < b < a, and condition (8.14), (1) is satisfied.

(2) We show that b(ny 4+ 1) > a + 1. For this, we set t = [0.51]. Then for p # 2,
in view of the inequality n > 5, we have 6 < n —3,n; = [05rn]+1 =1t + 1,
n <2t+1,and § < 2t — 2. Therefore, the inequality in condition (2) follows from
the inequality

e+ D +2) > 3%+ 2t.

After equivalent transformations, we thus obtain
xt+t+2x+2>3x+2t, (x—1D—-1)+1>0,

which indeed takes place because x > 1 and r+ > 1. Hence condition (2) holds for

p#2
Now let p = 2. Then for n = 5, a straightforward verification shows that condi-

tion (2) is also satisfied. Butifn > 6,thenx > 2,¢ > 3,6 < n — 1, and inequality (2)
follows from the system of inequalities

=D =1 >1, (G+1D(E+2)>3x+2t4+2,
bni+1D)>0c+DE+2)>3%x+2t+2>3x+n+1>3x+5+2=a+1.
Thus we have proved that condition (2) holds in all cases.
(3) The desired condition p” > n for b = x + 1 holds automatically according to
the definition of the number x.
@ Ifa=3x+6+1andb = x+ 1,then b + 2x +6 = 3% + 5 + 1, i.e.,

condition (4) is also satisfied.
Now we show that the estimate

n
nA—l—Zur < 332" —n

r=1
holds. For A, we have the relation

A= n%22”‘_1.
Since ny = [0.5n]+ 1 (n > 5), we have

A <0.9122", nA <0.9n°2" < n32".
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In the proof of Lemma 8.3, we obtained estimate (8.11) for Zf: | ur (here we
also have the condition a < 8, where 8, is determined by the relation p% || s!). This

estimate has the form
n
Z u, < p“Jrl —n.
r=1

Now we estimate

a+1 3x+5+2 3642

p =p <n )2 = n3p[(7l—1)/p]+---+[(n—1)/p°‘]+2’

where the integer « is determined by the condition p® <n — 1 < p**tl,
For n = p we have § = 0. Hence, in view of n > 5, we obtain

pa+l :n3p2<n32n‘
If p < n, then
n—1 n—1 n—1 n—1
+ 2 < +2

p p* p P

n—1 p*—1 n—2
= . +2< + 2.

p—1 p p—1

Now for p = 2 we obtain p?t! < n32"=2+2 = ;32" Butif 2 < p < n, then
pY/(P=D <2 Hence we have

a+l 3 (n=2)/(p—D+2 <n3p3p(n—p—1)/(p—l) <n3p32—(p+2)2n+1 <n32n+1‘

P =np

From the above relations we finally obtain
n
nA -+ Z”’ < 32" 4 2032" —n =302 —n.
r=1

Thus we have proved the statement of the lemma for k| = 3n32" — n, as required. O

Suppose thatn, m, k,ry, ..., rm, A, N1, ..., Ny, are natural numbers (n > 3,1 <
ry <--- <ry =n), pisaprime number (p > n), and T) is the number of solutions
of the system of congruences

x4+ x =N,
(modp)‘), 1 <x,...,xx < p~.
X" 4 X" = Ny,

Further, let k > 2mnlInn,andletn < p < 2nlnn. Then T} > 1.
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Indeed, we consider the system of congruences (here g is some primitive root
modulo p)

yigh 4 4 ymg™" = N,

(mod p), 1=<y1,...,Ym < p.

mry

g™+ ymge " = N,

The determinant of this system is
YN P £0 (mod p).

Therefore, this system is solvable and, moreover, 1 < y; < p < 2nlnn (@ =
1, ..., m). Representing each y; as the sum of units, we obtain the following statement.

Lemma 8.5 (Yu. V. Linnik). The number T satisfies the asymptotic formula
Ty =p" +0myp). 6] <L

moreover, T) > 1if p > 92 and k >4mnn.

Proof. We have

p—1 p—1
Ti=p ™Y Y SMai.....am) exp(=27i(@ N1 + -+ + amNw)/p},

a;=0 a, =0
where

p
S(ar,....am) =Y _exp(2mi(aix + -+ anx™)/p},

x=1

Selecting the term with a; = - - - = a,, = 0, which is equal to p* =", and applying
A. Weil’s estimate (Lemma A.5)

ISar, ....am)l <ny/p

to the other terms, we obtain the first assertion of the lemma; the second assertion
follows from the first. O

Lemma 8.6. Letn < p < 9n2, and let k > [32mnlInn]. Then T > 1.
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Proof. We have already considered the case p < 2n Inn. Therefore, we assume that
p > 2nlnn. We choose Y = 2n and consider the following system of congruences:

1 +z0x;t + -+ Ok + 20x = N,
: (mod p),
1 +z0x)" + -+ + Ok + 2)x" = N,
l<y,,z1<Y, 1<xi<p, i=1,...,k

We denote the number of solutions of this system by 7. We have

p—1 p—1
T=p™Y > Wai.....am)exp{=27i(a1 N1 + - + auNu)/p},

a1=0 a,=0

where

Y Y p
W(ai,...,anm) = ZZZexp{Zm’(y + 2)(arx™ + -+ apx)/p}.

y=1z=1x=1

Let us estimate |W(ay, ..., an)| for (a, ..., an) # (O,...,0). Since the con-
gruence
arx" + -+ apx™ =1 (mod p)

has at most n solutions for any A, we have

p Y Y
[W(ai, ..., an)l SZ ZZexp{Zni(y-i—z)(alx” + -+ anx™)/p}
x=1"y=I1z=1
P Y 2
S”Z Zexp{ZniAy/p} =npY.
a=1"'y=1

Hence
T =?p)p™" +61(pY)* = Y p" (1 +6:1(a¥ ) p™),
where |0;] < 1. Thus, for k > 8mlInn, we have T > 1 and, finally, for £k >

[32mn Inn], we have 71 > 1. The proof of the lemma is complete. ]

It should be noted that, for p > 9n2, we have an asymptotic formula for 77 and
only a lower bound for T for “small” p (n < p < 9n?). Moreover, from Lemma 8.5
and 8.6, we have

W(p;k) =1

fork > ko = [32n2 Inn] + n, as well as
W(p; k) = p*™" +0(np'/*)*

for p > 9n’.
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Lemma 8.7. Suppose that p > n, k > ko = [32n°Inn), and h is a natural number.
Then
W(ps k) = p"~fe phm.

Proof. First, we note that, without loss of generality, we can set k = k». We prove

this lemma by induction on the parameter 2. We consider a system of congruences of
the form

k
Y xp, =N, (mod p), s=1,....n, (8.18)

Xp=m (modp), m=1,...,n.

By T (h) we denote the number of solutions of this system. Obviously, W ( ph; k) >
T (h). We shall prove that T'(h) satisfies the estimate T (h) > p”’k2 ph(k ). For

h = 1, this statement follows from Lemma 8.5. We assume that it has already
been proved for all 4 such that 1 < & < a. Then we prove that this also holds for
h = a + 1. To this end, we represent the unknowns x,, (m = 1, ..., k) in the form

Xm = Ym + P Zm-
It follows from the induction assumption that the following congruences are sat-
isfied:

k
nynENS (mod p%), s=1,...,n,
m=1

ypy=m’ (mod p), m=1,...,n.
Because of this, for 1 = a+ 1 and for some vy, . .., vy, system (8.18) is equivalent
to the following linear system of congruences in the unknowns z1, ..., zi:

m=1
If we arbitrarily choose numbers z;1, ..., 2k, then the unknowns zy, ..., z, are
uniquely determined, since the determinant corresponding to these unknowns is not
zero because of the conditions on y1, ..., y,. Hence we have the relation

T@a+1) =p""T().

Thus
T(h) = T(l)p(k_")(h_l), W(ph; k) > pn—kxp(k—n)h_

Lemma 8.7 is thereby proved. O

Lemma 8.8. The following estimate holds for p > 9n* and k > 6n*:

W k) = p"Ema - pI).
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Proof. We divide the proof into two cases: & = 1 and & > 1. First, we consider the
case h = 1. By Lemma 8.6, we have

W(pik) = p" +0mp®) = p (4 on p" 0, 1) < 1.

Ifp> n3, then

nkpn—O.Sk < pn—k/6 < pn—n2 < p—4’
but if 9n? < p < n>, then
nkpnfO‘Sk < pn37k < n3n376n2 < p74'

Therefore, in both cases we have
W(psk) = p*"(1 = p~™.

Let now & > 1. By definition, W ( ph; k) is the number of solutions of the system
of congruences

k
D X =Ny (mod p), s=1.....n (8.19)
m=1
here the unknowns xi, ..., xx independently run through the complete systems of
residues modulo p”.
We divide all sets of numbers (x1,...,x;) into two classes. A set (xq, ..., Xk)

belongs to the first class if it contains at least # numbers that are pairwise noncongruent
modulo p. By Wj(h) we denote the number of solutions of system (8.19) that are
sets of the first class. All other sets belong to the second class. By W»(h) we denote
the number of solutions of system (8.19) that are sets of the second class. By this
definition, we have

W(p"; k) = Wi(h) + Wa(h),

and hence W(ph) > W(h). We give an estimate from below for Wi (h). For h = 1,
the variable W, = W, (h) satisfies the inequality

W2 S nkpn—l’

since in this case the number of solutions contained in the second class does not exceed
the number of sets (x1, ..., xg) satisfying the conditions 0 < x; < p (s =1,...,k).
Moreover, for each set of numbers, there exist at most #n — 1 different numbers. Hence,
for Wi = Wy (h) with h = 1 we have the estimate

Wi = W(pik)— Wy =p""(1— p~hH —nfp"~ 1 = pf(1 = p72).
Butif & > 1, then W (h) satisfies the relation

W1 (h) — p(kfn)(hfl)Wl .
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This relation can be proved by a word for word repetition of the corresponding ar-
gument in the proof of the preceding lemma. We only must replace the numbers
X1, ..., Xt in the preceding lemma by some » numbers from the set (xy, ..., xz) that
are noncongruent modulo p. So for an arbitrary & we obtain

Wi(h) = p*0=Dwy > phEmq — p=d),
hence
W(p" k) = Wit = p" (1 = p7d).
The proof of Lemma 8.8 is complete. O

Theorem 8.1. Letk > T = min(n?22*~1, 3n32" —n). Then the following inequality
holds under the condition (8.5):

_ 49n
o>n 20n"2'

’

where o is the singular series in Lemma 8.1.
Proof. By Lemma 8.2, we have

= : = lim W(p"; k)p"=>.
o l;[o'p Op pm (p )P

Estimating W(ph; k) by Lemmas 8.3, 8.4, 8.7, and 8.8 for different values of p
and taking into account that k > T, we obtain:

(1) O,p Z p(2u+28+1)(n7T) fOr p S I’l;

2 op=p" kry = [32n%Inn] +n, for n < p < 9n?% (8.20)
(3) op,>1—p3 for p=>m?

k2

We set
¢1=1—[0p, Y2 = l—[ Op, @3= 1_[ Op.
p=n n<p<9n? p>9n?
Then
0 = ¢192¢3.

For the variable ¢3 in (8.20), we have the obvious estimate
@3 > 0.5.
Now we estimate ¢ and ¢;. First, we consider ¢,. Using (8.20), we obtain

—32n%Inn
ez [] pos2 ]y =2( [] ») .

n<p<9n? p<9n? p<9n?
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Next, we use the estimate ¥ (x) < xIn4 (see Lemma 3.8 in Chapter 3), where
¥ (x) is the Chebyshev function. It follows from this estimate that

[]r <4 8.21)

p=x
where » = x(x) is determined by the relation p* < x < p**!. Hence for x = 9n?,
we have ) urd
np< l_[ p}t<49n’ (p2>2—23n1nn+1.

p<9n? p<9n?

Now we estimate ¢1. We have

Q1 = 1_[ op > l_[ p(2%+28+1)(n—T) — (¢4¢5)n—T’

p<n p<n
where
_ 23+1 _ 28
oo =[] P> es=]]pr"
p=n p=n

Using (8.21), for » = x(n), we obtain

oy < l_[ p3x < 431 — pbn

p=n

Next, by the definition of § (see the assumptions of Lemma 8.3), we have

s =[] p? < (0 —11)°

p=n
Obviously, (n — 1)! < 27"n" and hence

@5 < 2—2nn2n, Qags < 24nn2n.

So we have ¢ > 24(1=T1),2n(n=T),

Using the estimates for ¢1, @2, and ¢3, we obtain

622, 4 4o
o= Q1203 > 24n(nfT)72 3“n lnnn2n(nfT) - n720n 2 )

The theorem is thereby proved. O

Condition (8.5) is necessary for the positiveness of the singular series o. As
Theorem 8.1 shows, this is also a sufficient condition if only the number of variables k
is large; more precisely, kK must be no less than 7. The value of T also increases with
increasing n, but it turns out that it is impossible, instead of 7', to use any other variable
that increases, say, slower than T1-¢ (for any € > 0). In other words, the parameter T
is a variable of regular growth. The proof of this fact is the main goal in this section.
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We consider a sequence of polynomials with rational coefficients

xx+1D)...(x+s—-1)
s! ’

f()(X)Zl, fl(X)Z)C, ceey fY(x):

All these polynomials are integral-valued, i.e., they take integer values for integer x.
For fo(x) and fi(x), this is obvious, and for all other polynomials, this follows from
the property

fs@) = fi(x = 1) = fi_1(x). (8.22)

The last relation actually takes place, since

x(x+1D...x+s—=1 _ x—Dx(x+1D...(x+s5s—-2)

@)+ fix+1) = . N
Cx A+ D (x+s—2) (c+s—1—@x-1D)
N (s — ! (s — 1)!
x4+ D +s—-2)
= G5 —1)! —fs—l(x)-

Relation (8.22) also implies that if

On(x) = ap fo(x) + - +ay fnlx),

then, for a natural number n, we have

Qui1(x) =Y 0n() = a0 fi(x) + -+ + an frs1(x).

t=1

Further, we consider the sequence of polynomials g;(x) given by the relations

g1(x) = filx) = x, g2(x) =Y (2g1(t) = 1),

=1

gr1(x) =) (2g,() — 1),

t=1

It follows from the above properties of the polynomials f;(x) that

g (x) =2f(x) — fix), g3(x) =22 f3(x) — 2o (x) — f1(x),

s—1

&) =2 i) = Y 27 fr(),

r=1
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Lemma 8.9. For an integer x, the polynomial g, (x) satisfies the congruence

2gs(x) = 1+ (=1)* (mod 2°*1). (8.23)

Proof. We prove this relation by induction on the parameter s. For s = 1 we have

0=1-(—1* ifxiseven,

2 =2x=
g1(x) X 2=1—(=1)* ifxisodd.

So the statement of the lemma is proved for s = 1. We assume that this statement
holds for s = m, m > 1, and prove it for s = m + 1. By the induction hypothesis, we
have

2gm(x) =0 (mod 2”1y if x is even,
2gm(x) =2 (mod 2™y if x is odd.
For a natural number x, this implies

2gm(x) — 1= (=D)**' (mod 21,

28m+1(x) = 22 (ng(t) — 1) = 2(1 — 144+ (D" + (_1)x+1)

t=1

=1-—(=1)" (mod 2"*?).

Thus we have proved the statement of the lemma for a natural number x. To extend
the proof to all integer x, we note that, in the representation of the rational number
25~ 1(s1)~! as the irreducible fraction P Qs_l, the denominator Q; is not divisible
by 2 for all natural numbers s. By this and the fact that the polynomial gg(x) is
integral-valued, for all integer x, we have

gs(x) = Gy(x) (mod 2%),
where
s—1
Gy(x) = PQux(x+1)...x+s=1) =Y POx(x+1)...(x+r—1),
r=1
and the integers Q) forr = 1, ..., s are determined by the congruences
0,0, =1 (mod 2%).

Since the polynomial G4 (x) has integer coefficients, it is periodic modulo any
number, and the right-hand side of congruence (8.23) is periodic modulo any even
number. Therefore, the congruences

2G+1(X) = 2gmi1(x) = 1 — (=1)* (mod 2""+2)

hold for all integer x, as was to be proved. O
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Lemma 8.10. Suppose that integer numbers ay, . . ., a, are coefficients of the poly-
nomial G, (x) constructed in the proof of the preceding lemma. For the system of
congruences

to have a solution, it is necessary that the following inequality be satisfied.:
k = bo,

where by is the least nonnegative residue of the number b modulo 2",

n
b= Zast.
s=1

Proof. By construction, the polynomial G, (x) satisfies the congruence
2G,(x) = 1= (=1)* (mod 2"*1).

This means that, for even x, the number G, (x) is congruent to zero modulo 2"
and, for odd x, with unity. Therefore, multiplying the congruence with index s by ay
and adding all congruences of the system under study, we see that the number H of
odd numbers among x1, . .., x; satisfies the congruence

H =b (mod 2").
This readily implies the statement of the lemma. O

The solvability condition (8.5) depends only on the values of the residues of the
numbers Ny, ..., N, modulo n!. Indeed, system (8.5) is equivalent to the system

n
S =D r—s+D =M, s=1,....n,
r=1

where (M1, ..., M,) is a set of integers that bijectively corresponds to the set
(N1, ..., Ny). The solvability condition for the last system is obvious. It means
that if each Mj is divisible by s!, then the system has an integer-valued solution. The
terms Ny, ..., N, can be linearly and with integer coefficients expressed in terms of
My, ..., My, and conversely. Therefore, in the solvability condition (8.5), it suffices,
instead of the numbers Ny, to consider their residues modulo n!. Thus the system of
equations in condition (8.5) can be replaced by a system of congruences modulo z!. In
turn, this system is equivalent to a set of systems each of which corresponds to its own
prime number p, where p < n, and the congruences are taken modulo p‘s, where § is
the exponent of the prime p contained in the decomposition of n! into prime factors.
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These systems are independent of one another in the sense that the unknowns in them
run through their own complete systems of residues independently of one another for
different primes p.

Thus the solvability condition (8.5) is equivalent to a set of independent solvability
conditions for each prime p that does not exceed n. For each p, this condition written
for the numbers My, ..., M,, means that the number M; (s =1, ..., n) is divisible
by p%, where &, is determined by the relation p% | s!. We note that 8; < n for all
s < n. Therefore, is suffices to consider the congruences modulo p”. All the sets
(M, ..., M,) and the sets (N, ..., N,) satisfying the solvability condition (8.5) are
now divided into classes depending on the values of the residues modulo 2" of the
numbers contained in these sets. The number of these and those sets is the same in
any class. Denoting the number of classes by A, we obtain

A — 2112—(3,1—“'—(31

Further, since §; = 0, the residue of the number M can take any value modulo 2"
independently of the other numbers M (s = 2, ..., n). We express the number b in
Lemma 8.10 in terms of My, ..., M,, and obtain

n—1

b=P.Q My~ ) PQ.M; — M.
r=2

This implies that the number of solutions of the congruence b = by (mod 2") for
any fixed bg such that 0 < by < 2" — 1 is equal to 27" A. In particular, we can set
bo = 2" —1. Thenit follows from Lemma 8.10 that there exist 27" A sets (N, ..., Ny)
satisfying the solvability condition and the condition that the relations

W(p"i k) >0
imply k > 2" — 1. In particular, we can choose Ny = N, = --- = N, = 2" — 1
(mod 2"). By setting by =0, 1,...,d (d < 2" — 1), we see that there exist at least
(1 —=27"d)A sets (N1, ..., N,) satisfying the solvability condition for p = 2 and the
condition that

wWR" k)=0

if only £ < d. Simultaneously, here we have o = 0 because for & > n the relation
W2 k)y=0

implies that
wQ"; k) =0,

and hence 0o = 0 and 0 = [],0, = 0. By settingd = 2" — 1, we see that the
number & in Theorem 8.1 must be no less than 2" — 1. In other words, if Ty is the
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least value of k starting from which the inequality ¢ > 0 holds for all Ny, ..., N,
satisfying condition (8.1), then the following inequalities hold:

M1 <Ty<T =3n2" —n.
For any ¢ > 0 as n — 00, we have
Q" = DT > +o0;
hence (here the constant in Vinogradov’s symbol < is independent of ¢)
T'" < Ty <T,

i.e., the parameter 7 is a variable of regular growth. So we have proved the following
theorem.

Theorem 8.2. Let o be the singular series in Theorem 8.1,
o= 1_[ op,
P

where the numbers o, are defined in the assumptions of Lemma 8.2. Then
(1) there are number sets (N1, ..., Ny) satisfying the solvability condition (8.5)
and o = 0 for these numbers if k < 2" — 1, but o > 0 for all sets satisfying
condition (8.5) if
k>T = min(n222”_1, 3n32" — n);

(2) the system of equations in the solvability condition (8.5) can be replaced by
the set of mutually independent systems of congruences; moreover, to each prime
number p that does not exceed n, there corresponds its own system of congruences
modulo p™;

B)among A (A > 0) sets (I1, ..., 1,) of classes of residues modulo 2" satisfying
the solvability condition corresponding to the prime number 2, there exist at least
A(1 —27d) sets for which

o0=0 ifk<d<2"—1, o0,>0 ifk>T.

8.2 The singular integral in the Hilbert-Kamke problem

In this section we study the relation between y, which is the value of the singular
integral, and the properties of solutions of the system of equations

k
doxp =8 s=1....n (8.24)
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where f; are determined by the relations 8, = Ny P %, and the unknowns x,, satisfy
the conditions 0 < x,, < l1form =1, ... k.

By Q2 we denote the domain of points (xi, ..., xx) in the k-dimensional space for
which the following inequalities hold:

1 0<x, <1, m=1,...,k;

@ | >
m=1

We let w(h) denote the volume of the domain €2, i.e., we set

u(h)z/---/dxl...dxk.
Q

Lemma 8.11. For k > 0.5n(n + 1) + 1, the following relation holds:

y =y B) = Jim 27" (),

<h, h>0 s=1,...,n.

Proof. Since the integral y converges absolutely fork > 0.5n(n+ 1)+ 1, this integral
is a continuous function in all the variables By, ..., 8,. We set

.61 lgn
F(,Bl,---,ﬂn)=/ / y(ar,...,an)day .. .doy.
0 0

Then we have

_OF(Bi, ..., Bn)
y(ﬁls"‘vﬁﬂ)_ aﬂ],...,aﬂn
:Ai_r)r%)Z"h"/‘-‘~-/y(oe1,...,an)doz1...d(xn.
Q

Now we show that

FBiv....B) = // dxi . dx.

Q1(B1,-Bn)
where Q1(81, ..., B,) denotes the domain of points (xi, ..., xx) determined by the
conditions
O<x,<1, m=1,... k, O<xj+--+xi<pBs, s=1,...,n

Indeed, by the definition of the functions F (1, ..., B,) and y (o1, ..., o), We
have

ﬁl ﬁn
F(,Bl,...,ﬂn)z/ / y(oey, ...,op)day .. .doy
1 0
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B Bn +o0 +o0
:f / dal...dan/ / dzi ... dz
1 0 —00 —00
1 1 n
x/ / exp{Zm’ Z(ts—ocs)zs}dxl...dxk,
0 0 s—1

where the variables #; are determined by the relations

=xji+--+x (s=1,...,n).

Changing the order of integration and integrating with respect to «q, . . . , o, we hence
obtain
oo Foo 1 —exp{—2miz
F(r..... Bn) / / ( Pl Sﬂs})dzl...dzn
2mizg

x/ / exp{Zmthz;}dxl .dxy
0 0

s=1
1 1
:/ / dxy...dxy

0

/+ / exp{zmtvzv}—exp{ht(n Bs)zs}
X Z
B 1

A

dzi...dz
2mizg ! "

1_[ (sinZﬂZsl‘s _ sin2mzs(ts — ﬁS)) dzs)d)ﬂ coodxg.

s s
But since
T sinax T
dx = —sgna,
0 X 2
we have

1 1 n
F(ﬁl,...,,Bn):/O /0 [ (sents — sgn(es — By)) dxi ....dx
s=1

o [ e [

15 <Ps Q1(B1se-Bn)

0<X1 ..... k<1

Thus we have proved the desired relation for the function F (B, ..., B,). This
readily implies that the integral in the right-hand side of the above relation for the
variable y (By, ..., B,) is equal to w(h). Hence

v(Br. ... Pn) = lim 27" u(h,
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as required. O

We consider a system of equations for the unknowns x1, .. ., x; of the form
XN+t x =0, s=1,...,n, [ >n (8.25)
We assume that the variables x, ..., x;, o1, ..., o, satisfy the conditions

O<x, <1, m=1,...,1 O<a,, s=1,...,n.
Next, we consider the set composed of / positive numbers y1, ..., y;, where ! > n.
In a way, we choose n numbers with different indices among these variables. Suppose
that these numbers are z1, ..., z,. By setting zo = 0 and z,,+1 = 1, we add two more
numbers to this set.
The variable A(yy, ..., y;), where

A(y177y1)=max mln |Zl_Zj|7
% 0<i<j<n+l
will be called the characteristic of the set (y1, ..., ).
If the set (y1, ..., y7) is a solution of some system of equations, then its charac-

teristic will be called the characteristic of this solution of the system.

Lemma 8.12. Suppose thatforl = nand apositive €, the characteristic A(x1, . .., X,)
of a fixed solution of system (8.25) satisfies the condition

A(x1,...,x,) > 6.
Suppose also that the numbers hy (s = 1, ..., n) satisfy the inequalities
lhs] < H = (0.25¢)".

Then there exists a set (y1, .. ., yn) whose coordinates satisfy the conditions:

n
(1) Zy;;:as—l—hs, s=1,....,m
m=1

2) A(y1,...,yn) = 0.5¢;

3) |xm — yml < H 2221 xp — ym| <0255,  m=1,...,n.

Proof. Let a be a sufficiently large natural number.
We recursively define numbers y,,p and z,,p (m = 1,...,n; b = 0,...,a) as
follows:

1) Yymo = xm and z,,0 = 0;
2)  Ymb+1 = Ymb + Zmb+1s
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(3) the numbers z,;, p4+1 (for fixed numbers y,,;) satisfy a system of linear equa-
tions of the form

n
1 h
doambiiy =t s=1on (8.26)
m=1

We will prove that the numbers y;,;;, thus defined satisfy the inequalities
[Ymb — Xm| < 0.25¢. (8.27)

For b = 0 this condition readily follows from the definition of the numbers y;;;.
Now we assume that d > 0 and it has already been proved that this condition holds
for all b < d. Then we shall prove this condition for b = d + 1 < a. Solving the
linear system (8.26) for the unknowns z,, 441, we obtain

Z?:1 hsoy (as)_l
Sm ma)

Zmd-i-l: k) mzl,""n;

here oy is the coefficient of x*~! in the polynomial f,, (x), where

x = y1a) .- (x = Yna)
X — Ymd

Sm(x) =

Since |yug — xq| < 0.25¢ and x,, > ¢, we have y,,4 > 0 and hence

n

D losl = (=" fu(=yma) < 2",

s=1

Moreover, by assumption, we have |hg| < (0.25¢)". Next, since |x,, — x| > &, we
have |yng — yra| = 0.5¢. Therefore,

lzmari] < 2" 'a"'h(0.5¢) "1, (8.28)
and hence

|zma+1] < 0.25a e,
d+1

D am

b=1

(8.29)

|Ymds1 — Xm| = <0.25a7'e(d + 1) < 0.25¢.

So inequality (9.27) is proved.
Now we consider the variables

n n
Ry = Rs(a) = nyna—fon—hs, s=1,...,n.
m=1

m=1
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We show that Ry — 0 as a — oo. Indeed, by the definition of y,,,, we have

n a—l1 n_a-l
Ro =D > Omprr = Yme) —hs = 20 > (Omb+ 2mpe)” = ) = s
m=1b=0 m=1b=0

Using the expansion of the variable (y;,p + Zmp+1)° in the Taylor series around
the point y,,;, we obtain

Vb + Zmb+1)* = Vi = SZmb1Y5p" +0.55(s — Dz i )’ 2,

where the number y; , satisfies the condition y,; < ¥/, < ymp+1. Hence we have
0< yr’nb < 2. Therefore, by (8.29), we obtain

[Rs| < 0.5s5(s — 1)(0.25¢)%a"'2°7% < a~'n?2".

We have Ry — 0 as a — +oo. Hence if (yy, ..., y,) is the limit point for the
set of points (Y14, - - -, Yna), then this point satisfies condition (1) in the lemma. The
second condition in the lemma is satisfied for this point because of inequality (8.28),
and the third condition holds by inequality (8.29). Thus the proof of Lemma 8.12 is
complete. O

We note that the system of equations in item (1) in Lemma 8.12 has only one
solution that satisfies conditions (2) and (3), since the specific form of this system
implies that all its solutions are permutations of a single solution and any permutation
of the numbers y1, ..., y, does not already satisfy condition (3). Next, the numbers
Y1, - .-, Y continuously depend on the variables Ay, ..., h,. To prove this fact is
suffices to surround the point (41, .. ., k) by a sufficiently small §-neighborhood and
to apply the already proved Lemma 8.12 to each point (k1 +61, . . ., h, +§,), replacing
the numbers hs by hy + 65 (s =1,...,n).

Lemma 8.13. Suppose that some solution (x1, . .., xr) of system (8.24) has a positive
characteristic €. Then, for a sufficiently small h, the volume (1 (h) of the domain Q
satisfies the inequality

M(h) > M 22n(n—k)kn—kn—k—n8n(k—n) .

Proof. Any permutation of the set (xp, ..., xx) is also a solution of this system.
Hence we can assume that

X1 =28 X2 — X[ Z& ... Xp—Xp—1 26 Xy =1
We consider the numbers y; 1, ..., Y satisfying the inequalities

Xm =81 < ym <Xm, m=n-+1,...k 8 = (0.25)" kn)"".
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Foreachm and fors = 1, ..., n, we then have
iy, = Vil = 1m = ¥l G -y < 881 < (0.250)"k

and hence, by setting

k
Ry= Y (x5 =y

m=n+1
we obtain |R;| < (0.25¢)".
By Lemma 8.12, there exist numbers yy, ..., y, satisfying the condition
n k
Synw=Bs+R— Y xh. s=1...n
m=1 m=n+1
and uniquely determined by the variables Ry, i.e., by the set (y,+1, ..., yx). This

implies that the point (y1, ..., yx) is a solution of Eq. (8.24).
Now we note that, for a sufficiently small & and for |z, — yu| < hn=2 = §,, we

have the inequality

—1
lzp — Y| < hn™",

and in this case the set (21, . .., Zn, Yn+1, - - - » Yk) belongs to the domain 2. We denote
the set of all such sets by €21. The volume of the domain €2 can be written as the

multiple integral
/-~-/a’zl ...danyn.H ...duk.
Q)

Since 21 is contained in €2, the volume of €2 equal to (k) satisfies the inequality
pi = [ [ dzidzdyn . du
Q

hence

Xn+1 Xk yi+82 Yn+62
,u(h)z/ / dyn+1...duk/ / dzy...dz,
Xn4+1—01 Xk—381 y1—38 Yn—382

= 881(289)" > (0.25¢)"k=mpn gk h=n,
This implies the statement of the lemma. O

Lemma 8.14. Suppose that the characteristic of each solution to system (8.24) does
not exceed ¢. Then, for k > 2n* and a sufficiently small h, the volume w(h) of the
domain Q satisfies the estimate

(k) < 2mpn2n g2 pk=2n gh=3n—n?
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Proof. First, we prove that if the characteristic of each point (x1, ..., x;) in some
domain w lying in the /-dimensional unit cube (! > n) does not exceed a, then the
volume of this domain p, satisfies the inequality

wa < " Y(na)' . (8.30)

Without loss of generality, we can assume that all coordinates of each point from w
are distinct. We divide these points into classes as follows. To each point ¢ =
(x1,...,x), we assign a set of indices ji,...,jr (r < n —1; jyu, # Jjm, for
my # ma, 1 < ji,...,jr < k). Suppose that the characteristic of the point « is
equal to 6. Among the numbers x1, . . ., x;, there exist numbers that are larger than 8.
We take the index of the smallest of them to be ji, the index of the smallest of the
numbers x,, (m =1, ...,[) satisfying the inequality

Xy > Xj; +0

to be jp, etc., i.e., we take the index of the smallest of the numbers x,, satisfying the
inequality
Xm > Xj._, +4

to be j,. Note that the number r for which this process stops does not exceed n — 1.

Otherwise, the characteristic of the set (xj,, ..., x;,) as well as the characteristic of
the point « will be larger than §.
We assign the set of indices ji, ..., j-—1 thus constructed to the point «. All the

points for which the set of these indices is the same will belong to the same class.
Obviously, the total number of such classesis [ +I({ —1)4---+I({—1)...(I—r+1),
which does not exceed I"~!. These classes do not intersect. Each coordinate x,, of
the point « (contained in a class) that corresponds to the indices ji, ..., j lies in one
of the intervals 0 < x,, < 6, xj;, < Xy < Xxj; +6,...,xj, < xp, < xj, + 8. Since
8 < «a, the volume of the domain of points assigned to the same fixed class does not
exceed (na)[ ~". If the coordinates with numbers ji, ..., j, are fixed arbitrarily, then
all the remaining coordinates belong to fixed intervals whose total length does not
exceed na. Multiplying this number by the number of different classes, we obtain
the desired estimate for p, because na < 1 and r < n. Thus we have proved
inequality (8.30).

Now we divide the domain €2 into two parts €2 and €2,. The first part 2| contains
the points o whose characteristic A («) satisfies the inequality

(A(@)/8)" > h. (8.31)

The second part €2, contains all the remaining points of the domain 2. We estimate
the volume 1 (€22) of the domain €27 using inequality (8.30). The points « € 27 satisfy
the condition (A(«)/8)" < h, and hence A(x) < ghl/n, By setting a = 8h'/" from
inequality (8.30) for [ = k, we obtain

n(€2) < knfl(thl/”)k*" < k"*l(gn)kfnhflJrk/n'
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Since k > 2n2, we have u () < k"~ 1(8n)kp2—1,
Now we estimate the volume ©«(£21) of the set ;. For this, we first divide the
set 21 into subsets wi, ..., wr so that w; will contain the points « satisfying the

condition
27 <Al <e2', r=1,...,T —1.

The last set wr contains the points such that
e27 T < 8h'/" < A(w) < 2T,

Let us estimate the volume wu(w,) of the set w; forr = 1,..., T. Now we divide
already the sets w; into classes. To each class, we assign a set of indices ji, ..., j,
according to the following rule. If the characteristic of a point « = (xy, ..., xg)
is equal to the characteristic of the set of numbers (xj,, ..., xj,), then the point « is
contained in the class corresponding to the indices jy, ..., j,. Of course, these classes
can intersect. We note that the volume of the set of points for each class is the same.
To verify this, it suffices to renumber the variables. The number of all classes is equal
to (];) Hence if ;£(V) is the volume of the set of points of the class V corresponding
to the indices 1, 2, ..., n, then

k
plw) < <H>M(V)-

Now we shall estimate (V). The characteristic of the set of numbers
(X415 - - -, x;) for each point o from V does not exceed €21~ while the charac-
teristic of the point « itself is no less than €27, Therefore, the set V belongs to the
set W consisting of the points o = (x, . .., x) satisfying the conditions

1) «ae

2) Axq,....xp) > =8271, x1 <. < Xxp;

B) A@pi,...,xx) <2g =271

We give an estimate from above for the volume (W) of the set W. This can
be done as follows: first, we estimate the (k — n)-dimensional volume w; of points
(Xn+1, - .-, xx) satisfying condition (3); then, for fixed values of the variables
Xn+1, - - - » Xk, We estimate the n-dimensional volume w7 of points (xq, ..., x,) satis-
fying conditions (1) and (2). Then for (W) we have the estimate

w(W) < puipa.
To estimate 1, we use inequality (8.30) with/ = k —n and a = £2'~". We obtain
o 5 knfl(ngzlfl‘)kfzn.

Now we estimate (1. By condition (1), each point @ = (x, ..., x;) of the set W
satisfies the system of inequalities

n k
DIEED DR
m=1

m=n-+1

<h, s=1,...,n.
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Since condition (2) implies the relations
(AGer o x)/8)" = (A@/8)" 2 b, x1 < <,

applying Lemma 8.12 with h = H and ¢ = &;, we see that there exists a set of numbers

(y1, - - -, yn) such that the system of equations
n k
nyn—l— Z X, =vs, s=1,...,n,
m=1 m=n+1
is satisfied and the following inequalities hold:
lm — ym| < h22" 722! 7)1 7" <0.25(227), Ay, ... yn) = 0.5(27).
Since x; < --- < xp, we also have y; < --- < y,, which implies that the
set (¥1,..., yn) is the same for all the numbers xy, ..., x, (if only the numbers
Xn+1, - - - X are fixed). Therefore, the entire set of points (x1, ..., x,) considered
is contained in the n-dimensional cube centered at the point (yy, ..., ¥,); the side of

this cube is equal to 2h22=2(g21=1)1=" Therefore, Wy satisfies the estimate
o < (2h)n2(2n72)n (82171)(17n)n.

Multiplying the estimates obtained for +1 and w,, we obtain an estimate for w(W),

as well as estimates for u (V) and p(w;). Then summing p(w;) overallt =1,..., T
and adding the result to the estimate obtained earlier for £ (€2;), after several obvious
transformations, we arrive at the statement of the lemma. O

Theorem 8.3. Denote by ¢ the maximal value of the characteristic of the solution
(X1, ..., Xn) of system (8.24) of equations. Then the following inequalities hold.

22n(n—k)kn—kn—k—n8n(k—n) <y< 22nzannk—2n€k—3n—n2

)

where y is the singular integral in the Hilbert—Kamke problem.

Proof. By Lemma 8.11, we have
y = }}i_)moz_"h_"u(h).

Estimating w (/) from above and below by Lemmas 8.13 and 8.14 and passing in these
inequalities to the limit as # — 0, we obtain the statement of the theorem. O

Remark 8.1. It follows from Theorem 8.3 that the relations y = 0 and ¢ = 0 are
equivalent. The same holds for the inequalities y > 0 and ¢ > 0. Now we assume
that the parameters k, Ny, ..., N, in the system of Hilbert—-Kamke equations take the
values for which the singular series o in the asymptotic formula for the number of
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solutions of this system is positive. Thusife > 0, theny > 0 and the above asymptotic
formula together with Theorem 8.3 allows us explicitly to obtain, depending on o,
k, n, and ¢, the bound Py such that for P > Py the system has at least one solution.
But if y = 0, then ¢ = 0, i.e., the characteristic of any solution of Egs. (8.24) (in
real numbers) is equal to zero. This means that, among these numbers, there are at
most n — 1 different numbers. The same can be said about the system of Hilbert—
Kamke equations, since if we divide all its unknowns by P, then we obtain a solution
of system (8.24). But the number of such solutions is finite for both these systems
since the number of real solutions of the following system is also finite:

p
X:kmy;:1 =N, s=1,...,n,
s=1

where yq, ..., y, are unknowns, k1, ..., k, are fixed natural numbers such that k; +
oo+ ks <k,andy; # yjfori #j,1<1i,j <r,andr <n — 1 (the number of
solutions of this system does not exceed r!).

Thus, for e = y = 0, system (8.24) has only finitely many solutions. We also note
that if system (8.24) is solvable and ¢ > 0, then Lemma 8.12 implies that, since the
numbers xi, ..., x, depend on x,41, ..., Xk, B1, - .., By continuously, this system
has a solution such that there are at most n distinct numbers among the numbers
X1, ..., xk. If we denote these distinct values of the numbers x,, by yi, ..., y,, then
the characteristic of the set (y1, ..., y,) satisfies the inequality

OSA(yla"'ayn)fg'

In this case, for fixed natural numbers k1, ..., k,, k1 + - - - + k,, < k, the numbers
Y1, ..., yn satisfy the system of equations

n
ka)%:ﬂs, s=1,...,n.
m=1

Thus we have obtained another criterion, which is numerically somewhat less
precise but allows us to study the problem of whether the quantity y is different from
Zero.

8.3 Multidimensional additive problem

This section is devoted to several generalizations of the Hilbert—Kamke problem. The
most important of them is the multidimensional additive problem, i.e., the problem

of representing a set of increasing natural numbers N (¢, ..., t,) simultaneously by
finitely many terms of the form X e xﬁ’ . Here the exponents 71, . . ., ¢, take all pos-
sible values in the intervals [0, n1], .. ., [0, n,], respectively. Moreover, it is assumed

thatt;+4---+1. > 1. Forr = 1, this problem is precisely the Hilbert—Kamke problem.
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In the multidimensional case, i.e., for » > 1, this problem was first formulated in the
monograph [29], in the section called “Problems.”

The general scheme for solving the multidimensional problem is the same as in
the one-dimensional case, however, new problems must be solved at each of its stages.
There are three such stages. The first consists in obtaining an asymptotic formula for J,
i.e., for the number of representations of the numbers N (¢, ..., #.). We obtained this
formula in Chapter 6 (Theorem 6.2) using the results of Chapters 4 and 5. This formula
can be written as

J = J(Pl,...,Pr;nl,...,nr;k;N(l,O,...,O),...,N(nl,...,nr)) (8.32)
_ O_yplkfmn]ﬂ o Prkfmnr/Z + O(Plkfmnl/270.1 o Prkfmn,/Z)’
wherem = (n1+1)...(n, +1).
The quantity J is the number of solutions of the system of Diophantine equations

k

t 1,
lelj...xr’j =N(q,...,t),
=1

Oftlfnl,u-aoftrfnr, t1+"'+tl'217 (8'33)

I<x;j<P,....,1=2x;<P.

In system (8.33), as in formula (8.32), the variables P, ..., P, are, in fact, in-
creasing free parameters, and their values are chosen according to the mutual orders
of growth of the right-hand sides N (¢, ..., t,) in each of the equations in this system.
The quantity ¢ in formula (8.32) is the value of the singular series, and the quantity y
is the value of the singular integral of the multidimensional problem.

The second stage of solving this problem is to prove that the singular series o is
positive, and the third stage is to prove that the singular integral y is positive. It is
clear that if it is proved that ¢ and y are positive for some k, then formula (8.32)
implies that, for increasing Py, ..., P, system (8.33) has solutions and there exists a
simultaneous representation of N (1, ..., t,) by a bounded number (by k) of terms of
the required form, i.e., the complete solution of the problem under study is obtained.

Precisely as in the one-dimensional case, system (8.33) is solvable if conditions
of the following two types are satisfied: arithmetic conditions related to the fact that
the singular series o is positive, and ordering conditions related to the fact that the
singular integral o is positive. Moreover, the arithmetic conditions are equivalent to
the solvability conditions for the system of congruences of the form

k
Y xpi . al = N, 1) (mod g), (8.34)
j=1

Oftlfnl’u-,oftrfnh
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for all moduli ¢ that do notexceed 7', where T = T (ny, ..., n,) is a positive constant.
In Theorem 8.5, we establish relations between the solvability of systems of congru-
ences (8.34) and the solvability of some system of linear equations in integers. It turns
out that the solvability of this linear system of equations in integers is precisely the
required arithmetic condition.

We also note that the ordering conditions are the conditions that there exists a
solution of Egs. (8.33) in real numbers such that the Jacobi matrix corresponding to
this solution has maximal rank.

Both the ordering conditions and the arithmetic conditions presented in this section
are generalizations of the corresponding conditions in Sections 8.1 and 8.2 for the
Hilbert—Kamke problem. It is possible to show that, for a sufficiently large number
of terms, it follows from these conditions that o and y are positive in the asymptotic
formula (8.32) for the number of solutions to Egs. (8.33). Thus it is possible to solve
the multidimensional additive problem completely. Simultaneously, we give similar
conditions for some other additive problems.

We consider the system of Diophantine equations

&1+ +e&s = Mo,
£1X1 + -+ - + &5x5 = My,

(8.35)

e1x] + -+ exy = M,
where My, My, ..., M, are fixed natural numbers; here the unknowns are the vari-
ables xp, ..., xs, €1,..., &, and xq, ..., x; take nonnegative integer values, while

&1, ..., & take the values 1.
Next, we consider the system of linear equations for the integer numbers g, 1,
1, ...,y

h+n+n+---+1, = Mo,

42t 4+ nt, = M,
(8.36)

nh+2"tp+ - +n""t, = M,.

Lemma 8.15. The solvability of system (8.35) implies the solvability of system (8.36),
and conversely, the solvability of system (8.36) of equations implies that there exists
an s for which system (8.35) has a solution.

Proof. First, for any integer x, we find a solution in the integers Ty, 71, . .., T, of the
system of equations

n
ZTiﬁ:xS, s=1,...,n. (8.37)
=0
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The variables 7; = T;(x) as functions of x are nth-degree polynomials, and more-
over,

Go1). (r—i—Dx—i+1)...(x—n)
il(n —s)! '

This implies that 7; are integers. Now we assume that system (8.35) is solvable and
the set xq, ..., X5, €1, ..., & 1s its solution. In system (8.37), we set x = x,, (Vv =
1,...,s). Instead of 1, x,, ..., x], into (8.35), we substitute the left-hand sides of the
equations in (8.37). Collecting the similar terms with 1,7,...,i" (i =0,1,...,n),
we obtain the following solution of system (8.36):

X
T; = Ti(x) = (=D""

N
,izzT,-(xv), i=0,1,...,n.
v=1

The first part of the lemma is proved.
Now we assume that the numbers g, #1, ..., #; give a solution of system (8.36).
We sets = |to| + |t1] + -+ + |tal,

xl:"'=x|t0|:0’ &1 = - = &)y = sgN 1o,
Xltgl+1 =+ = Xjgo|ny| = 1, Eltg|+1 =+ = Eltg|+]ry| = SN,
Kol +ltp1 41 = -0 = Xs =1, Eltgl+Hlta—r|+1 = * = €5 = SENIy.
These x1, ..., x5, €1, - . . , & give a solution of system (8.35) of equations. The proof
of the lemma is complete. O
Suppose that Ny, ..., Ng, and k are natural numbers, fi(x), ..., fr(x) are poly-

nomials with integer coefficients, and n is the maximal degree of the polynomials

S1(x), . fie(0).

We consider the system of equations

s
Y e fuler) =Ny, v=1.... .k (8.38)
r=1
where the unknowns are the variables x1, . .., x;, €1, ..., & and, moreover, xi, ..., Xg
take nonnegative integer values, while €1, ..., &5 take the values 1. Next, we con-
sider the system of linear equations for the integers fg, . . ., t;:
n
Y tfi)=Ny v=1.....k (8.39)
r=0

Theorem 8.4. The solvability of system (8.38) implies the solvability of system (8.39),
and conversely, the solvability of system (8.39) of equations implies that there exists
an s for which system (8.38) has a solution.
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Proof. Obviously, the solvability of (8.39) implies that system (8.38) of equations
has a solution. Now let x1, ..., xg, €1, ..., & be a solution of Egs. (8.38), f,(x) =

U)—i—a(v)x—}— —l—a('}) " Then using LemmaS 15, we can represent the numbers N,,
(v =1,...,k)as

N, = igrfv(xr) = Zsr Za(”)xr = Za(”) Zsrxr

r=1

= Za( )Zl‘,lj —Zt,Za( V)i —Zl,fv(l)

i=0 j=0
The obtained numbers 7y, t1, . .., t, form a solution of system (8.39).
Let1 </ < --- < m < n be natural numbers. We consider the system of
equations
1 I _
e1x] + -+ egxy = Ny,
: (8.40)
eixy' + -+ exy’ = Np,
e1x] + -+ &5xll = Ny,
where the unknowns xi, ..., x; take integer nonnegative values, while ¢1, ..., &

take the values 1. Further, we consider the system of linear equations for integers
M, .o.., Iy

n+n2 +. o+l =N,
(8.41)

H+02"+. - +1t,n" =N,
H+62"4+. -+ t,n" =N,. O

Corollary 8.1. The solvability of system (8.40) implies the solvability of system (8.41),
and conversely, the solvability of (8.41) implies that there exists an s for which sys-
tem (8.40) has a solution.

Theorem 8.1 gives this result if fj(x) = xho fr—1(x) = x™, fi(x) = x".
We consider the system of equations

Zsm, =N(t.....ty), 0=t <m,....0<t<n,, (842

where theunknowns x,,; (v=1,...,r,j =1,...,s)take nonnegative integer values,
while €1, ..., & take the values ==1. We consider the system of linear equations for
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integers c(iy, ...,iy) (0<i; <ny,...,0<i, <n,):
ni ny
DD et it i = Nt ), (8.43)
i1=0 i,=0
0<t <np,...,0<t <n,.

Theorem 8.5. The solvability of system (8.43) implies the solvability of system (8.42),
and conversely, the solvability of system (8.42) implies that there exists an s for which
system (8.43) has a solution.

Proof. Clearly, the solvability of (8.43) implies the solvability of (8.42). Now we show

that the following system of equations for the integers ¢;,,..; = ci;.....i, (X1, ..., X)
is solvable:
ni ny
.t oty 1 tr
Z”'Zcil _____ i =x (8.44)
i1=0 ir=0
0<t<np,...,0<t <n,.

For a solution of the equations (8.44), we take the numbers ¢;, _;., wherec;,, . i =
T;, (x1) ... T; (x,) and the set T;(x) is a solution of system (8.37). We obtain

ni ny
Z"'Zcil ..... il
i1= ir=0
ny ny
_ (Z Til(xl)iil) . ( Ti,(x,)i;r) =xI X
i1=0 ir=0
Next, similarly to the proof of Lemma 8.15, substituting the solution of (8.44)
into (8.42), we obtain a solution of system (8.43). O
Suppose that Ny, ..., Ni, and k are natural numbers, fi(x1,...,x:),...,
fr(x1, ..., x,) are polynomials with integer coefficients, and n; is the maximal de-
gree of the polynomials f, ..., fx with respect to the variablex; (! =1,...,r). We
consider the system of equations
N
D eifixij . x) =N, 1<t <k, (8.45)
j=1
where the unknowns x1;,...,x,; (j = 1,...,s) take nonnegative integer values,
while €1, ..., & take the values -1. Further, we consider the system of linear equa-
tions for integers c(iy, ..., i) (0 <iy <ny,...,0<i, <n,):
ni ny
YooY elinn i filin i) =N, 1<t <k (8.46)

i1=0 i,=0
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Theorem 8.6. The solvability of system (8.45) implies the solvability of system (8.46),
and conversely, the solvability of system (8.46) implies that there exists an s for which
system (8.45) has a solution.

Proof. The proof is similar to that of Theorem 8.4; in fact, the only distinction is that,
instead of Lemma 8.15, we use Theorem 8.5. Hence we do not repeat this proof here.
O

Theorem 8.7 given below is a distinctive consequence of Theorem 8.5.
Let f(x) = f(x;a0,...,a,) = ap + aix + --- + a,x" be a polynomial with
integer coefficients. We consider the equation in polynomials

g(x) = el fF Q) + -+ e fE ), (8.47)

where f1(x), ..., fs(x) are unknown polynomials whose degrees do not exceed n,
and the unknowns €1, . . ., &5 take the values +=1. We also consider the linear equation
with integral-valued unknowns ¢ (ig, . . ., iy):

k k
gUr) =) o Y tlios. s in) fE(i0s i), O <to, ...ty k. (8.48)

io=0 in=0

Theorem 8.7. The solvability of system (8.47) implies the solvability of system (8.48),
and conversely, the solvability of system (8.48) implies that there exists an s for which
system (8.47) has a solution.

Proof. Ttisobvious that the solvability of Eq. (8.4) implies the solvability of Eq. (8.47).
First, we show that the following equation is solvable for the integers c(io, . .., in)
(Ofi()’---,in Sk):

k k
DY clion i) frxsios i) = fHxiao. . an). (8.49)

iop=0 i,=0

Indeed, equating the coefficients of equal powers of x, we obtain the following
system of equations equivalent to the preceding equation (0 < s < k):

k k k k k k
DD clion i)Y Y iR i =YY ag, L alr. (8.50)
ip=0 in=0 to=0 t,=0 to=0 t,=0
to+-Fty =k to+-Fty=k
ety =s ety =s
By Theorem 8.5, the following system of equations for integers c(ig, . .., i,) is

solvable:

k k
DD clion )i i =a. . al, 0<to..... 1y <k (8.51)

ip=0 in=0
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The solvability of system (8.51) implies the solvability of system (8.50), and hence
the solvability of Eq. (8.49). Substituting the obtained solutions into Eq. (8.47), we
obtain a solution of Eq. (8.48). The theorem is proved. O

In fact, Theorem 8.7 gives arithmetic solvability conditions for the “Waring prob-
lem in polynomials with natural (integer) coefficients.” This additive problem is
similar to the Waring problem. This problem studies the possibility for representing
a polynomial with increasing natural (integer) coefficients as the sum of a bounded
number of polynomials so that each of them be the degree (one and the same) of
another polynomial again with natural (integer) coefficients.

Concluding remarks on Chapter 8. 1. The main results considered in Sections 8.1
and 8.2 were obtained by G. 1. Arkhipov in [7], [8], [9].

2. Lemma 8.6 in Section 8.1 was proved by A. A. Karatsuba in [89] (see also [120],
[121]).

3. G. 1. Arkhipov and A. A. Karatsuba in [22] proposed a multidimensional analog
of Waring’s problem.

4. The results discussed in Section 8.3 were obtained by G. I. Arkhipov and
V. N. Chubarikov [12].

5. Exact estimates for the number of terms in the Hilbert—Kamke problem were
obtained by D. A. Mit’kin [121], [122].



Chapter 9

The p-adic method in three problems
of number theory

In this chapter we consider the application of the p-adic method to three well-known
problems in number theory. One problem concerns the algebraic number theory and
is related to the problem of finding a local representation of zero by an integer-valued
form in several variables. The other problem concerns the analytic number theory
and is related to the problems of estimating the function G (n) in the Waring problem
already considered in Chapter 3. The third problem studies the behavior of fractional
parts of functions increasing faster than polynomials.

9.1 The Artin problem of finding a local representation
of zero by a form

The principally new results obtained in the Artin problem of finding a p-adic repre-
sentation of zero by a form of an arbitrary degree continue the studies of the Hilbert—
Kamke problem given in Chapter 8.

Suppose that p is a prime number, F'(xy, ..., x¢) is aform of degree n in k variables
X1, - .., x; with integer coefficients over the field O, of p-adic numbers. If there exist
integer p-adic numbers x, ..., x at least one of which is not zero and

F(xi,...,x) =0,

then it will be said that there exists a nontrivial representation of zero by the form F
in the field Q.

Artin’s conjecture stated that, for any p,n > 1, and k > n2, any nth-degree form
F(x1, ..., x;) can nontrivially represent zero in the field Q). This hypothesis was
disproved in 1966 by G. Terzhanian who constructed nth-degree forms in k variables
(k > n%, where o = log, 20) that represent zero in Q, only trivially. The same
year, this result was sharpened by 1. Brovkin who constructed forms that only trivially
represent zero in ), with k > n37¢, where ¢ > 0 is an arbitrary, but small, fixed
number.

In this section, we prove a principally stronger assertion. Theorems 9.1 and 9.2,
as well as the main lemmas, which are also of interest in themselves, are stated in the
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language of the theory of congruences. In this statement, the assertions become more
precise. Lemmas 9.6 and 9.7 are original assertions.

9.1.1 Definitions and the simplest lemmas

In what follows, we consider the nth-degree forms F = F(xy, ..., x¢) in k variables
X1, ..., Xx with integer coefficients; p is a prime number.

Definition 9.1. We shall say that a form F does not represent zero modulo p if, for
some natural number r, the congruence

F(x1,...,x;) =0 (mod p)
implies

x1=---=x,=0 (mod p).
Lemma 9.1. Suppose that the form F = F(xy,...,xx) is of degree n and does
not represent zero modulo p. Then, for any m > 1, there exists a K such that the

congruence
F(x1,...,xx) =0 (mod pX)
implies

x1=---=x=0 (mod p™).

Proof. 1If r is the natural number in Definition 9.1, then we can take mn + r to be K.
O

Definition 9.2. A form F that does notrepresent zero modulo p is said to be p-singular
or simply singular.

Definition 9.3. By §,(a) for a # 0 we denote the maximal degree p that divides a,
ie., 8p(a) =a,wherea =0 (mod p%),buta #0 (mod p*T1h). Moreover, we set
82(a) = d8(a).

Lemma 9.2. For any natural number n, the following relation holds:

85" — 1) = 8(n) + 2.

Proof. Letm = 6(n), ie., let
n=2"n1, m—-172) =1;
then

n(n — 1)22,2 nn—1)(n — 2)22.3

1.2 1-2.3 o

5”:(1+4)”=1+?22+
=1+42""2n +2M),

where M is a natural number. This implies the statement of the lemma. O
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Lemma 9.3. Suppose that p is an odd prime number, o« > 2, g is a primitive root
modulo p®. Then the relation

8p(g" P — 1) =8,(n) + 1
holds for anyn > 1.
Proof. The primitive root g modulo p® (« > 2) satisfies the relation
g ' =1+pM, (M,p)=1.

By setting n = p™ny, m = §,(n), and (n, p) = 1, we hence obtain

n nn—1

1.€.,
Sp(g" P =) =m A1 =5,m) +1,

as required. The proof of the lemma is complete. O

Lemma 9.4. Suppose that n = 2" (h > 2) is an integer; then for any k < 4n the
form F = F(xy,...,x) = x| + -+ x; is singular modulo 2.

Proof. We will prove that the congruence
x4 a =0 (mod 2"2) ©.1)
implies the congruence
x1=---=x, =0 (mod 2).

Indeed, since & > 2, we have n = 2" > h + 2. Therefore, we can assume that in
(9.1) all x; are odd numbers, i.e., x; = 4m; &= 1. But then

Xt = (£l +4m;)" = 14+4nN; =1 (mod 2",

and the inequality
k > 22 = 4n

is a necessary condition for (9.1) to be satisfied. The lemma is proved. O

Lemma 9.5. Suppose that p is an odd prime number, h = p', and t is a natural
number. Then for k < p'*! the form

F:F(xl,...,xk)=x?(p71)+---+x£(p71)

is a singular form modulo p.
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Proof. We prove that, for k < p'*!, the congruence
xiz(p—l) I _|_xlit(p—1) =0 (mod p"®P~D) 9.2)
implies the congruences
x1=---=x,=0 (mod p).

Indeed, if the congruence (9.1) contains at least one x; such that (x;, p) = 1, then,

by Lemma 9.3,

P =0 (mod p'th.

Sincet+1 < h(p—1) = p'(p—1), passing from (9.2) to the congruence modulo

p'T1, we obtain

ki =0 (mod p'*h, ki <k,

which is impossible. Hence all x; (j = 1,...,k) in (9.2) are multiples of p. The
lemma is proved. O

9.1.2 Main lemmas

As we noted above, the lemmas in this subsection are original and of interest in
themselves.

Lemma 9.6. Ler 1024 < n < 96m, and let jy, ..., ju be arbitrary integers such that
3njflo < j1 < jo <+ < jm <nj2.
We consider the system of congruences
xfjl +--- +x,3j1 =0 (mod 2%"),

9.3)

x12/m + . + xlzjm = O (mod 22];71)

under the condition that there are odd numbers among the unknowns in this system.
Then the solvability of this system implies that

k>2", u=n/32.

Proof. Without loss of generality, we can assume that all xp, ..., xt in system (9.3)
are odd numbers. We represent each x; (j =1,...,k) as

xj =%5% (mod 2").
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Further, we define the polynomial f(¢) by the relation f(t) = t*!' +-- -+ %, We
have f(1) = k > 1. Now we prove that

F(1)=0 (mod 2%) (9.4)

for some integer u > n/32. This will imply the statement of the lemma. First, we
note that the definition and Lemma 9.3 imply the relations

F5Yry = 5N 4o 4 (52 = x4 X2 =0 (mod 2%)  (9.5)

forr = 1,...,m. We divide f(¢) by the product (tr — 5201y ... (t — 5%m) with a
remainder and find

f) = @)+ g0)t — 54y ... (t — 5%m), (9.6)

where ¢(¢) and g(¢) are polynomials with integer coefficients and the degree of ¢(¢)
does not exceed m — 1. Indeed, the polynomial ¢(¢) can be written as

o(t) = ag + ay (t — 5%m) + ax(t — 5*my(t — 521y 4. ..
@y (t — 5y (e — 5Pty (- 5P,

We can also take ay = f(SZJm), ai to be equal to the value (for ¢ = 5%im=1) of
the quotient obtained dividing ¢(¢) — ag by t — 5%/m, a, to be equal to the value
(for t = 5%m=2) of the quotient obtained dividing ¢(t) — ap — a1(t — 52jm) by
(t — 5%Im)(r — 5%im=1)_etc. We note that (9.5) and (9.6) imply the congruence

9(5%)y =0 (mod 2%7), r=1,...,m. 9.7)
For brevity, we denote the numbers 52ir by the letters ¢,, i.e., we assume
1, =52j’, r=1,...,m.

Then we can represent ¢(t) as the Lagrange polynomial

- t—1) ... (=t )t —trg1) ... (t — 1)
(p(t) B g(/)(tr) (tr - tl) s ([r - tr—l)([r - tr-‘rl) s ([r - tm).

Applying Lemma 9.2, we easily obtain

3<<p(521'r) (_1; 5271, —EZ_J'rfl)(l —521_'r+1z._..(1 — 5%im) _ )
(1—52Gr=i0) .. (1=52Ur=Jr-0)(1 =52Ur+1=0)) . (1 —=52Um=ir))
= 8(¢(5%) +3(m — 1) +8(j1) + -+ 8(jr—1)
+80r+1) + -+ 80m) —=3m — 1) =8y — j1) — -+ = 8(r — jr—1)
= 8(r+1 = Jjr) — -+ = 80m — Jr) 9.8)
>2jr = 8Gr — J1) =+ = 8Cr — jr=1) = 8Cjr+1 = jr) — -+ = 8(m — Jjr)

> 2 = 8(Gr — J0)!) = 8(Gim — j)Y).
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But for §(a!) (a > 1), we have the formula

' a a a a
dah) = ||+ |z |t <yt pmtoo=a
hence the right-hand side of (9.8) is larger than
2jr = Ur = JU) = Um — Jr) = 2jr + J1 — jm = n/32.
This implies
8(p(1)) = n/32. 9.9)
Moreover, we have
$(g(H(1 = 5%y ... (1 —5%m)) > 3m > n/32. (9.10)
The above estimates (9.9), (9.10), and (9.6) imply (9.4). The proof of the lemma
is complete. O
Lemma 9.7. Suppose that p is an odd prime number, n > 16(p — 1), m >

n/(16(p — 1)), and ji, ..., ju are arbitrary integers satisfying the relations

3n . . n
<J1 < <Jn =

8(p—1) p—1

We consider the system of congruences

A L 0D 20 (mod pithD),

: (9.11)
AP 4y n 7D 20 (mod pintr-D)

under the condition that there are numbers indivisible by p among the unknowns in
this system. Then it follows from the solvability of the system that

n
k>p", u=—.
=7 16(p — 1)
Proof. We follows the argument in Lemma 9.6. Without loss of generality, we assume
that all x1, ..., xx in system (9.11) are indivisible by p.
Let g be a primitive root modulo p". We represent each x; (j =1,...,k) as

xj=g% (mod p"), j=1,...,k,

and define the polynomial f(¢) = t*' +- - - +1%. Obviously, f(1) = k > 1; we shall
prove that
f() =0 (mod p*) 9.12)
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for some integer u > n/(16(p — 1)). This will imply the statement of the lemma. We
first note that the definition of f(¢) and system (9.11) imply the relations

f(gjr(Pfl)) — (goq)jr(pfl) 4t (golk)jr(l?*l) 9.13)
= xljr(pfl) R _’_xl{r([’*l) =0 (mOd pjr(p—l))’
r=1,...,m.

We divide f(¢) by the product (t — g/1?=Dy) . (t — g/»(P=D) with a remainder
and obtain . .
f@) =) +g@)t— g Py (¢ —gmPD), (9.14)

where ¢(¢) and g(¢) are polynomials with integer coefficients and the degree of ¢(¢)
does not exceed m — 1.
We note that relations (9.13) and (9.14) imply the congruences

(g P Dy =0 (mod p#PVy, r=1,...,m. 9.15)

By setting _
=g P=V =1, m,
we obtain the following Lagrangian representation for ¢ (z):

Y\ (= 1) e (= 1) = ty1) o (F = )
§0(t) B ;(p(tr) t — tl) o (= tr—l)(tr - tr-‘rl) (= tm).

Using Lemma 9.3, we easily find

5p<§0(lr) d-—n)...d=t—pDU =t ... (A = 1) )
(tr—t) ...t — =)t — trg1) ... (& — 1)

=8p(0(t)) + m = 1) +8,(j1) + -+ 8,(r-1)
+0pUre) + -+ 8p(m) —(m = 1) =8,(jr — j1) — -+~
—8pUr = Jr=1) = 8pUr+1 = Jr) =+ = 8p(jm — Jr)

= 8p(@tr) — 8p((r — JOD = 8p(Gim — Jr)D-

9.16)

But for §,(a!), we have the formula

5, (al) |:a]+|:a:|+ a+a+ a
P p p? p P2 p—1

moreover, we obtain §,(¢(#)) > j-(p — 1) from (9.14). Therefore, the right-hand
side of (9.16) is larger than
. Jr—J1 Jm — Jr . Jm — J1 n
S (p—1)— — =j(p—1— .
Jr(p =1 P E— Jr(p =1 =1 16— 1)
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This implies
n

1) 1 _ 9.17
PO > o 9.17)

and moreover,
S(e()(1 — og1P=Dy (1 — o/m(P=DY) > 1 > L_ 9.18
(e —¢g )...(1—¢ ))_m_16(p_1) 9.18)
The estimates (9.17), (9.18), and (9.14) imply (9.12). The proof of the lemma is
complete. O

9.1.3 Theorems

We state and prove theorems about forms (in a large number of variables) that do not
represent zero modulo p.

Theorem 9.1. For any natural number r, there exists an infinite sequence of natural
numbers nyi,ny, ... such that, foranyn = n; (j > 1), there is an nth-degree form
F(x1,...,x,) with integer coefficients that does not represent zero modulo 2; the
number of its variables is k,

n
u= .
(logy n)(log, log, n) ... (log, .. .logy n)(log, . . . logg n)
r r+1

k> 2%,

Proof. Suppose that / ia an arbitrary natural number, & > 8, r = 2", and k; = 2!/16,
We consider a form in k; variables of the form

Fi = F1(X0, X1, ..oy Xkg—1) = Yo+ + Yi_y,
where

yj:SZjS4t—2j» J:0’179Z_15
svzx(‘))—}—x}’—i—--'—l—x,:l_l, v=0,...,4t.

We need to prove that F} is a singular form modulo 2. Indeed, the form y{+ - - - +
yt’_1 in the variables yo, ..., y;—1 is a singular form modulo 2 (Lemma 9.4). Hence,
by Lemma 9.1, for some M, the congruence

Yo+ -4y =0 (mod2")
implies the congruences

yi =s2js4—2; =0 (mod 2%), j=0,1,...,1—1.
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The last congruences show that there are + numbers j, say, ji, j2,..., ji, 0 <
J1 < j2 < --- < j; <2t, for which the following congruence holds:

$2j, =---=s2j, =0 (mod 2*).

Now let j{ = j3jat1,j5 = J3tj4+2,---»Jyy = Ji» and let m = t/4. Since
J3t/a+1 > 3t/4, by setting 4t = n, we obtain
3n/16 < ji < --- < ji <n/2, m=n/16, n=2"%>1024,

m

and moreover,
SZj{ =...= Szj";l =0 (mOd 2}’[) (919)

All conditions of Lemma 9.6 are satisfied, and k; = 2!/16 = 2n/64 ~ pn/32
Therefore, it follows from (9.19) that

X0=x1 = =Xx[,—-1 =0 (mod 2),
i.e., the form Fy(xg, X1, ..., Xk,—1) is singular modulo 2. Note that the degree of F
is equal to 4¢% = 2%/+2,
Now we consider a form F, = Fa(xg, X1, ..., Xk,—1) inky = 2k1/16 variables of
the form

Fy = F(x0, X1, -« s Xip—1) = F1(0, Y15 - -5 Yiy—1),

where
Yj = 82j84:-2j, j=0,1,...,t—l, 4t = ky;
Sy = X0 +X] + X g
We prove that Fp(xp, x1, ..., Xk,—1) is a singular form modulo 2. Since
F1(y0, y1. - - .. Yk,—1) is a singular form modulo 2, for some M, the congruence

F1(Y0, Y1, -+ Yii—1) =0 (mod 2M)
implies (Lemma 9.1) the relations

Yo=Yy =-=yy-1=0 (mod2%),

yj =s2js4—2; =0 (mod 2%), j=0,1,...,1—1.

Thus all conditions (including the notation) for Fi (xo, X1, . .., Xk, —1) to be asingu-
lar form are satisfied. Hence, from the last congruences, repeating the above argument,
we obtain

X0 =X| = =Xp,—1 =0 (mod 2),

namely, the form F, = F,(xo, X1, ..., Xk,—1) is singular modulo 2. We note that
degree of F> = k - degree of F| = k; -412. Moreover, the number k; of the variables
in the form F> is equal to 2K1/16,
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If the singular form Fy = Fy + (x0, X1, ..., Xk,—1) (s = 1) in the k,; variables
X0, X1, - . ., Xk,—1 has already been constructed, then the form F; can be constructed
as follows. We take Fyi1 = Fyi1(x0, X1, -, Xk, 1), Where kg1 = 25/16 of the
form

FS+1 = FS+1(X(),X1, L 7xks+171) = Fs()’O’ ylv ] yksfl)v
where

yj=s2jSa—2j, Jj=0,1,....t—1, 4t =k

Sy :xg—i—xf—l—-.-—i—x,‘;m_l.

The preceding argument shows that F;, is a singular form in kg4 variables
X0, X1, -+, Xk, —1> We have: degree of Fy 1 = kgks—1 .. k1222 where h > 8 and
__ nks/16
ks-i—l =2 .
We take the following numbers n; (j = 1, 2, ...) whose existence is stated in the

theorem:

18 )
nj =2 kyr4jt+3kar+jt2-..ki;

the singular n jth-degree forms F3, 4 j 14 with h = 8 in k4 j14 variables correspond
to these numbers. We setn = n, k = kp, j14 and prove that the inequality

k>2", u= n .
(log, n)(log, logy n) ... (log, . . .log, n)(log, . . . log; n)
r r+l1
holds for j > 0.
First, for any s > 2, we have
logy ks — 5 = 2%k, 1. (9.20)

Indeed, k; = 2K-1/16 and hence

ky— ks ks ks_
10g2k5= ;61’ sl_ s1= x1>5

because k| = 21°.
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From (9.20), for any natural numbers s and m, we obtain

ks+m — 2ks+m—1/16.

log, ks+m = 2_4ks+m—17
log, log, ks+m = logy kstm—1 — 4 > logy ks1m—1 —5 > 2_5ks+m_2,

log, log, 108, ks4m = 108y kgtm—2 — 5 > 2 kym—3,

log, . ..logy kstm > 2_5ks > 2_5k1 > 5.
——
m
It follows from the definition of k that
kor+j+3 = 161og, koyyj1a < 16log, k < 27 log, k,

koryji2 = 16logy kor 1 j13 < 16(log, log, k +5) < 2° log, log, k,

9.21)
kryji2 =16logy kyyji3 < -+ < 23 log, . ..log, k.
[ ——
r+2
Next, for any natural number s > 2, we have
28k 1. ki < k. (9.22)

Indeed, for s = 2, we have
ky = 2k1/16 — 222 18416 _ 534
If (9.22) takes place for s = m > 2, then
ka1 = 200/16 5 92kt o pM8gknt /160,y = 218k ki -k
therefore, using (9.21) for s = 2r + j + 2, we obtain

18
n=n1 =2 kytj43kor+jt2... k1

<25t 000g, k - log, logy k .. . log, ... log, k - 51og, . .. log, k

r42 r+2
<25t jog, k - log, log, k .. . log, . .. log, k - log, . .. log% k.

r+1 r+2

Next, from (9.22) we obtain

log, ... logy k =log, ... logy kot jsa > 2 kg jy2 > 2 ks 43

r42 r+2
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Moreover, for any natural number r, we have
2k, 3 > 271, (9.23)
Indeed, for r = 1 we have
ky > ko =227 = 2%
If (9.23) holds for = m > 1, then
2_5km+4 — —50km+3/16 2—5225m+‘6 > 25m+20’
because 2716 > 5 4+ 25, So we have

log, ...log, k > 2> 15,
—_———
r+2

and hence

n < log, k -logylogy k... log, ...log, k - log, . .. logg k. (9.24)

r+1 r+2

Suppose that the inequality

n

k<?2% u= 3
log, n -log, logy n ... log, .. .log, n - log, .. .logs n

r r+1

holds. Then we successively find

log, k < u,
log, log, k < log, n,

log, . ..log, k < log, ...log, n,

r+l r
log, ...log, k < log, .. .loggn.

r+2 r+1

Multiplying the left- and right-hand sides of these inequalities and using (9.24),
we obtain the contradiction:

n < logzk-logzlogzk...logz...logzk-logz...loggk <n.

r+l r+2

Thus the assumption that k& < 2" does not hold; namely, we have k > 2%. The theorem
is proved. o
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Theorem 9.2. For any natural number r, there exists an infinite sequence of natural
numbers ny, ny, ... such that, for any n = n; (j > 1), there is an nth-degree form
F(xy, ..., xy) with integer coefficients that does not represent zero modulo 2; the
number of variables in this form is k,

k<p", u= n -
log,n-log,log,n...log,...log,n-log,...log,n
r r+1
Proof. 'We follow the argument in Theorem 9.1. Let Fy = Fi(xo, x1, ..., Xk, —1) be

an ngyth-degree singular form in k; variables modulo p. We shall construct F;1. By
construction, we set

FS+1 = FS+1(~x0’x17 "‘7xk5+171) = Fs()’O’ )’1» ] Yksfl),

where

Vi =Sj(p-1)Sn—jp=1), n=2(p—Dks, j=0,1,.. ks —1;
Sy = xp + x| +~--+x};s+l_1.
We prove that F is a singular form modulo p. By Lemma 9.1, the congruence
Fys1 = Fs(3o. y1. ... k=) = 0 (mod p*)
implies the congruences
Yj =S8j(p—1)Sn—j(p—1) =0 (mod P, =1, k=1
Therefore, there are numbers 1 < j; < --- < j; < 2k such that
Sjip=1) == Sj,(p—1) =0 (mod p"). 9.25)

We choose a natural number m from the conditions 0.25¢ — 1 < m < 0.25¢. Now
we assume thatn = 2(p — 1)kg = 2(p — 1)t > 16(p — 1) and set

. ./ . ./ . ./

.]l :Jyn7 Jl—l = ,] ) ]t—m+l zjl'
Then

t—m<ji<-<ji<2ks=n/(p—1).

Moreover,

3 3n t t n

t—-m>"t=——, m=-—1>-=———.
4 8(p—1) 4 8 16(p — 1)

Hence, from (8.25), we obtain the system of congruences studied in Lemma 9.7:

S]l/(p_l) = ... = Sj;n(p_]) = O (mOd pn)
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Thus the form Fy is singular for

Koy < p/60=1) — /8.

We take kg1 = pkl/l’2 < pk/% and assume that k; is divisible by p. Then it follows
from the above that the form Fs1 = Fyy1(xo, X1, ..., Xk, —1) is a singular form
modulo p; its degree is

ney1 = nng = 2(p — Dkgn,

and the number of variables is ks.; = p&s/ .

It remains to find F|. We set

h(p—1) h(p—1)
0

h(p—1
Fi = Fi(xo, X1, ..., Xi—1) = X +x1(p )+-~+xk1,1 ,

h=p° Kk =p°

By Lemma 9.5, the form F} is singular. The degree of F) is equal ton; = p®(p — 1).
All the conditions we used above hold for all ng and k; (s = 1, 2,...). Therefore,
we have

ngg1 =2°(p — Dkskg—1 ... kiny = 2°(p — )’ pShy .. ky. (9.26)

To obtain the statement of the theorem, we first perform simple calculations. For
any s > 1, the inequality
log, ...log, ksy1 >3 (9.27)
—_—

N

holds. Indeed, log,, ks41 = ks/p* = p* > 3if s = 1. Fors > 1 we have (using the
fact that log17 ky_1 > 6)

log, log, ks41 = log, ks — 2 > 0.5log,, ks > ks—_1/p°,
logp log,, log, ks+1 > log,, k1 —3> 0.510g17 ky—1 > ks_z/p3,

and so on. Finally, we obtain

logp...logpkHl >k1/p3 =p>3.
————

N
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Further, using this inequality, for any m < s — 1 we find (for brevity, we set
ks+l =k)
) 3
ks = p~log, ks11 < p”log, k,
ks_1 = p> log,, ks < pz(logp log, k+3) < P> log,, log , k, (9.28)
ky_o = p2 logp ks—1 < pz(logp logl7 logpk +3) < p3 logp log, logp k,

ks—m < p3 log, ...log, k.
———
m+1

Finally, the inequality
P25 ky kg1 < ks (9.29)

holds for any s > 2. Indeed, for s = 2 we have
ky = pM/P = pr' s pPk = p* pt > 46,

Suppose that (9.29) has already been proved for s = m > 2; we prove (9.29) for

. . . 2 20m—2
s = m + 1. Using the assumption, we obtain k,, | = p*/P" > pP krokm—1

Moreover, p20" Dk, k,, = k; ...km_lpk"’—'/f’2+20(m+1), and thus it suffices to

show that

20m—2 _ 2_
pP kiwdon—1—=km—1/p~=200m+1) _ ki km_i.

But this inequality is obvious, since
P22 > 20(m + 1) + 2.
Hence the inequality (9.29) is always satisfied and
ki...ks_1 < p~2%k,. (9.30)

Now we find the sequence of numbers n/j (j = 1,2,...)whose existence is stated
in the theorem. We set

n}=n2r+4+j, j=12,...;
denoting s + 1 = 2r +4 + j and ny41 = n, we obtain from (9.26)
n=2(p -1 pbk.. ki 9.31)

Next, it follows from (9.29) that ky ... k;_,_» < p‘zo(s_r_l)ks_r_l, hence we
have
n<25(p—1yTplp=206=r=Dp ke 1. ke k>

s—r—1-
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Now it follows from (9.31) and the estimates for k, ks_1, ... that

n <28 psH7=206=r=1 30 +2)+3 log, k-log,log,k...log,...log,k-log, ... log% k.

r+1 r+2
Since s = 2r + 3 4 j, we readily see that
2sps+7—20(s—r—1)+3(r+2)+3 < p4r+6+2j+7+3r+6+3p—20r—40—20j <1.
Thus the inequality
n <log,k-log,log,k...log,...log, k-log,...log, k (9.32)
r+1 r+2
holds. Hence we shall prove that
n
k>p", u= 5
log,n-log,log,n...log,...log,n-log,...log,n
r r+1

Indeed, if we had k < p*, then we would obtain the inequalities

logpk <u,

log, log, k < log,n,

log,...log, k <log,...log,n,

r+1 r
log,, . ..logi k <log, . ..login.

r42 r+1

Multiplying the left- and right-hand sides of the inequalities and taking (9.32) into
account, we obtain the contradiction: n < n. Thus the statement of the theorem is
proved completely. O

The sequences of degrees n; (j = 1,2,...) in Theorems 9.1 and 9.2 are very
sparse. However, it is possible to shift these sequences in the sequence of natural
numbers, which allows one to prove somewhat more general assertions. Here we state
these assertions, since their proofs basically coincide with the proofs of Theorems 9.1
and 9.2 (the forms should be constructed in the reverse order, i.e., the form of the
maximal degree must be constructed first; we recommend the reader to read the original
papers [19], [21]).
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Theorem 9.3. For any natural number r, there exists a number ng = no(r) such that,
for any n > ny, there is a form F(xy, ..., xi) of degree < n with integer coefficients
that does not represent zero modulo 2; the number of its variables is k,

n

k>2% u= 5—-
log, n -log,log, n ... log, ...log, n - log, ...logs n

r r+1

Theorem 9.4. Let p be an odd prime number. For any natural number r, there exists
a number ny = n{(r) such that, for any n > ny, there is a form F(x1,..., xg)
of degree < n with integer coefficients that does not represent zero modulo p; the
number of its variables is k,

n

k> p", u= 5
og,n-log,log,n...log,...log,n-log,...logyn

r r+1

9.1.4 Hypotheses

Now we state several hypotheses which, as we believe, belong to the set of problems
under study (these hypotheses were stated in [19]).

Hypothesis 9.1. If p is a prime number, p > n, then for any nth-degree form F in k
variables, k > n?, the congruence

F(x1,...,xx) =0 (mod p™),
where m is an arbitrary number, has a solution x1, ..., xj satisfying the condition

that not all x1, . .., xx are multiples of p.

Hypothesis 9.2. Let ny, ..., ng be natural numbers, let p > max(ny, ..., ng), and

let Fy, ..., Fs be forms of degrees ny, ..., ns in k variables. Then for any m and

k > n3 + - +n2, the system of congruences

Fi(x1,...,xx) =0,
(mod p™),
Fo(x1,...,x) =0

has the solution x1, . . ., xi satisfying the condition that not all x1, . . . , x; are multiples
of p.

Hypothesis 9.3. Suppose that 2 < p < n, p is a prime number, and a,(n) is the
exponent of p contained in the canonical decomposition of n!, i.e.,

n n
wwm=[7]+ [ 7]+
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Forany ¢ > 0, there is an ng = no(¢) such that, for all n > ny, for any nth-degree

form F in k variables,
k> p(1+e)(ap(n)+2)’

for any m, the congruence
F=F(1,...,xx)=0 (mod p™)

has a solution x1, . . ., xi satisfying the condition that not all xy, . . ., xy are multiples
of p. Moreover, for any ¢ > 0, there exists an infinite sequence of natural numbers n
such that, for each of them and for any p < n, there exists an nth-degree form
F(x1,...,xx) ink variables, where k > p“’e)(“!’(”)”), that does not represent zero
modulo p.

9.2 The p-adic proof of Vinogradov’s theorem on
estimating G (n) in the Waring problem

In what follows, we propose a distinctive application of the p-adic method in the
Waring problem, namely, the proof of the well-known Vinogradov’s estimate

Gn) <n@RInn+4Inlnn+2Ininlnn + 13). (9.33)

The estimate (9.33) has recently been the best possible for large values of n. Our
proof is based on “good” estimates of trigonometric sums A(«) for o contained in
“small” arcs,

X
S(a) = Z exp{2miax"}.

Here x runs through X values of natural numbers of a special form, and the estimates
have the form
S(Ol) << Xl—C/(n logn)’

where ¢ > 0 is an absolute constant and the constant in < depends only on n (see
Lemma 9.9 below [91]).

9.2.1 The v-numbers

In what follows, n and [ are natural numbers (n > 3,/ > 2) and R is an increasing
parameter,

R > Ry = Ro(n,l) = (64nl)64n818(1+1(n—1))’;

for j =1,2,...,1, the letters P;, X;, and Y; denote the variables

1/n)(1—1/n)i 71 .
R; = RY/MU=I/mWIT 0 ¥ —0.25R;, Y; =0.6R;;
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the letters p; denote the variables running though the values of primes in their intervals
Xj <pj= Yj,and(pj —1,n)=1.

We define the v-numbers corresponding to the parameters (I, R) by the relation
v = p1...p;. Itis easy to see that the number V of such v-numbers corresponding
to (I, R) satisfies the relation

V = RIZ0=Un qn Ry~
while the numbers themselves vary within the limits
4l RI-U=1n) o~ pl=(1=1/n)"

Note that the v-numbers are similar to Linnik’s numbers (see Section 3.5, Chap-
ter 3).

Lemma 9.8. Let J be the number of solutions of the equation

where x1,...,X1, V1, ..., Y] take the values of the v-numbers corresponding to the
parameters (I, R). Then the following estimate holds:

1 1

s=1 Jj=s

Proof. We represent J as an integral of a power of the modulus of a trigonometric
sum. We have

1
J:/ 1S(@)|? de, (9.34)
0

where

S =Y S p,

Xi<p1=h

S(: p1) = Z Z exp(2mia(pip2... p)"}.

Xo<p2=Y2 Xi<pi<Y

We take H = (21)%"! and H, = (Y1 — X1)H ! and divide the interval (X, Y]
into H intervals of the form

(X1 + @ —DH, X1 +rH], r=1,...,H.

According to this partition, S(«) is the sum of H terms:

H
S(a) = Z S, (@), (9.35)
r=1
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where

S-(@) = > S(a; p1)-

X1+(r—1)H <p1<X1+rH;

Raising (9.35) to the power [/, we obtain

H H
Sy =Y " S(@)... S (@).

ri=1 ri=1

We divide all sets (rq, ..., r;) in the last multiple sum into two classes A and B.
The class A contains the sets for which there is an r; different from all other ry, i.e.,
ri #ry (s # j,1 <s <1[). The class B contains all other sets. According to this

partition, we obtain
[ —
S () = E LT E 5 (9.36)

where
Zl =D ) Sy@) ... Sy (), Zz =D D 8 (@). . Sy ().
(Fiyenns r))EA (r1,...,r1)€B
The terms in Zl have the form (after rq, ..., r; are reindexed)

Sn@)SP (). S0, 2<t=<I
hereri #rj(j=2,...,0)and B > 1, ..., B; > 1. The terms in >, have the form
SPH @) S22 (@) ... SPr(a);

here By >2,...,>2,ri<rm<---<rnand By +---+ B =1.
The number 1 (A) of terms in ), does not exceed H !, We estimate the number
w(B) of termsin ), as

w(B) < Zz’ H'x (1), 9.37)

t>1

where x(¢) is the number of solutions of the equation 81 +---+ B, =1 (8; > 2) or
of the equation | +--- + B/ =1 (,8} > 0). Hence r <1/2 and

L U—t=1 (11— -1
”(t)_(l—zt)!(l—l)!_< -1 )§(t—1)' ©-38)

From (9.37) and (9.38) we find
w(B) < @D'272H'2.

We square (9.26) and apply the Cauchy inequality. Then we obtain

1S@)1* <2u(A)> " D ISy (@) P1Sr @) 1S, ()P + (9.39)
(T ry)EA
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F2u(B)Y ) IS @PF S, @)

To the terms in the first and second sums, we apply the inequality relating the
geometric mean and the arithmetic mean. For the first sum we have

2B¢ < 132|Sr2(0l)|2(l*1) + .+ IBZ|Sr,(a)|2(t71) '

1S5, @) .. |8, (@) - ,

for the second sum we have
|Sr (@) + -+ + Sy (@) ¥
; .

Substituting these inequalities into (9.39) and then substituting (9.39) into (9.34),
we obtain

1S, @)]? ... 1S, (@) <

J < 2p> (A + 212(B) Y, (9.40)
where

1 1
= / 1S, @IS @ P2 da, IV = / 15, @) de,
0 0

where r; # r and r; and r are fixed numbers (1 < ry, r < H) such that J; and 12(1)
take maximal possible values.
We note that the only difference between Jz(l) and J is that the interval of variation

of p1 (X1 < pi < Y1) in J is replaced in J." by the interval
1 _ B _ v
X\'=X1+r—-DHi<pr=Xi1+rH =Y, ",

whose length is H] = Yl(l) — X}l) =, - X)H L
Let us estimate J;. Applying Holder’s inequality to | S, («)|?~2, we find

20-2
S@P =] 3 S@po[ C=HET Y IS@ ol
X§1)<P1§Y1(1) X§1)<P1§Y1(1)
1
Jy = HY? / 1S, (@218 (s p) 1?2 da, (9.41)
0

where p is a fixed prime number and X| + (r — 1))H| < p < X +rH| (r # ry).
The last integral is equal to J3, which is the number of solutions of the equation

X =y =p"Cy X =y = =), 9-42)

where x1, y; take values of the form pip> ... p;, while x», ..., y; take values of the
form p, ... p;, and

Xi+(m—DHi<p1 <X1+rH, Xj<pj<Y;, j=2.
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Since r # r1, we have p # pp. It follows from (9.42) that J3 < T J4, where T is
the number of solutions of the congruences

x| =y] (mod p"), (9.43)
and Jy4 is the number of solutions of the equation
Xy 4 x =y 44y (9.44)

in numbers x2, ..., y; of the form py, ..., p;.
By the definition of the numbers x; and y;, these numbers are coprime to the
modulus p" in the congruence (9.43).

The numbers x; and y; do not exceed 27'Ry...R = 2_1R1_(1_1/”)[, while
p > 2721 R Hence it follows from (9.43) that x; = y1, and

l
T <n[](¥; - X)) =n(¥1 = X)T. (9.45)
j=1

Substituting the estimates (9.45) and (9.41) into (9.40), we obtain
J <22 (AHP 2 (Y = X)) T1Ja + 207 (B) Jy (9.46)

<2nHYHY2(v) — X)) T Ja + @DH273H 1Y,

here T = ]_[lj:z(Yj — X ), the number Jy4 of solutions of Eq. (9.44) in numbers
X2, ...,y of the form p>... py, Jz(l) has the same form as J, only the variables

X1, Y are replaced by the variables Xgl), Yl(l).
For convenience, we rewrite inequality (9.46) as

JO <2 HX2(v© — X110y + QD* 23 H I P, (9.47)
where we introduce the following notation:
JO=g, g2 =u5" yvP=r, xV=x.
Now, applying (9.47) to estimate J 1), we obtain
JO <28 50 — X1+ @DP 23 H TP,
where
y® _xO = @ _xO)g-t gy — O~ x Wy,

here J ) has the same form as J, only the variables X, Y| are replaced by the variables
X2 y®.
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Let us find the number w from the relations
H' <y — X < HMPS,
For j =0, 1, ..., u, we successively find
J9D <20 HYPn(r — X1 gy + @)P 273 H D, (9.48)
where
Yl(j) _ X%j) —(yU=D _xU-Dyg=l — (v, - x)H',
Hipn = = XY H™ = = X)H 7!
the range of py in JU+D has the form
ng-H)

+1l<p < Yl(jH).

Finally, we estimate J**! as

Juth —

21
> S@p)| de

, |
XD 41 py <y D

1
1 1 —
< (T - xR / IS(@; poIP' da = (¥ = X" H-H 0401,
0

where ;| is the number of solutions of the equation in the lemma under the condition
that x1, ..., x7, ¥1, ..., y take values of the form p, ... p;. For I;_;, we easily find
the estimate

L1 < (Y= X ... (Y — X)) Ja,
where Jy is the number of solutions of Eq. (9.44). We rewrite formula (9.48) as
JW <2g=i@=D+ 2y, _ x 2= gy 4+ qUFD, (9.49)
where a = (21)?273 H!. Multiplying both sides of (9.49) by a/ and summing over
j=0,2,..., u, we find
koo mo '
JO 4+ Zaf JY < 28> (v — x)¥ ', ZalH—f@l—U
j=l1 j=0

"
+ 3 al gD 4t D,
j=1



384 9 The p-adic method in three problems of number theory

)
J=JO <4m%*y; — x)¥2 ]_[(Yj — X)) s
j=1
+a (0 = X0H ) (0 = X2 (= XD,

Since H*13 > ¥, — X, we have
(Y, — X)H "1 < H2.

Moreover,

) )
=X [Jn-xp) = e (i -XpH Y Tl -x)%  9.50)
j=1 j=2

Thus we obtain the main recurrence inequality for J:

l
J<sH (- xp)? 2 [ - xpaY,
j=1
where Jil) is the number of solutions of Eq. (9.44). To J,’, we apply the same
argument, and so on. After the (s 4+ 1)th step (s + 1 < [), we obtain an inequality of
the form

&)

l
LY < sHY — X 02072 TT o = xpat0 @51
Jj=s+1
where J fH) is the number of solutions of the equation

Kya ol =

in numbers xz41, ..., y; of the form psyo ... p;.
We note that all conditions on the parameters in deriving (9.51) are satisfied auto-
matically; an analog of relation (9.50) looks as (s <[ — 2):

!
(o1 — Xyq)207972 1_[ Y, —X;)
j=s+1

!
——1\2(—:
> " (Vo1 — XopDH 0 TT v - X))
j=s+2

and can be verified easily. For s = [ — 1, the variable J 4(s+1)

can be estimated trivially:
Jil_l) <Y — X

Collecting all the above estimates, we obtain the statement of the lemma. O
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9.2.2 Estimates of special trigonometric sums
on small arcs

Throughout this subsection, we assume that n > 4 and N > Ny(n), as well as P =
[N'/"] and T = 2nP"~!. We represent each « in the interval =1/t <a < 1 — 1/t
as

a
a:;—l—z, l<g<t, (a,¢)=1, |z<(@n)™" 9.52)

The set E; (the set of “large arcs”) contains « for which ¢ < P'/® in represen-

tation (9.52). The set E; (the set of “small arcs”) contains all other « in the above
interval. Thus, if « € E;, then g > PY%in (9.52).
Next, we choose the numbers

X=10"*P2 Y =10"2PY% [, =[2nln],
and consider the trigonometric sum
!/ /
W(x) = Z Z exp{2miax"y"},
X<x<2X Yy

where x runs through the values of the prime numbers in the above interval, while y
runs through the values of the v-numbers corresponding to the parameters (I, R),
where/ =/jand R =Y.

Lemma 9.9. Suppose that « € E>. Then |W («)| satisfies the estimate
W@ < pl=@inan
where the constant in < depends only on n.

Proof. We choose t; = (4X)" and represent « as

o= % ta, =g <tu. @q)=1 lal<@m™. 953

Let us consider two cases.

1. g1 > X /3 Since, in the sum W(a), the number of numbers x such that
(x,q1) > 1 does not exceed c(e)q{, where & > 0 is an arbitrarily small constant, we
have

W ()| < X'2Y + [Wi(@)],

where
Wi@l=s Y| Y explamian’y)| 9.54)

X<x=<2X vy, <y§21 Y
(x,q1)=1
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Y, =4~ hyl=a=1/n" _y

Let 6 be an arbitrary real number satisfying the condition |§| < Y~". Then we
successively obtain

/ /
Z exp(2riox”y"} = Z exp{2mi(ax" + 8)y"}

Yi<y=<2hy, Y <y<2hy,

+ Z/ exp{2mi(ax” + 8)y"}(exp{—2misy"} — 1)
Y1<y§2’1Y1
2liy
= CQ"Y)) exp{—2mis2l1y )} — / C(u) d exp{—2midu"},
Y

1

where

Cwy= Y exp2mifax” +8)y"),
Yi<y<u
2y,
< C@ v+ |6|Y{“1/ IC@w)l du.

Y

) Z/ exp2miax"y"}

Y1<y<2iy,

Summing both sides of the last inequality over x and then integrating over § within
the limits —Y ™" < § < Y ", we obtain the relation

/ ’
=3 | X
X<x<2X y <y<2hy
(x,q1)=1

v Y / 3 expl2mitax” + 8)y")| ds,
)((<x§2)1( Y1<y<Y2
X,q1

where Y is some fixed number that does not exceed 21 Y;. Further, applying Holder’s
inequality, we obtain

w2 <y"(XIn~! x)%1—! (9.55)
yn , 21
Z / exp{2mi(ax" +8)y"}| ds.
X<x<2x /Y™ Y1<)<Y2

(x,q1)=1
Let x" # x| (mod g1). Then, using representation (9.53), we obtain

1 1
> — = [2l@X)" > — > —.,

lox" — oex?
2q1 yn

a1(x" _xn)
="+ 6" -

qi

since g1 <17 = (4X)".
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The congruence x" = A (mod ¢q;) (X < x < 2X, (x,q1) = 1) has at most
c(e)(X/q1 + 1)qi solutions. Therefore, from (9.55), Lemma 9.8, and (9.54) we
obtain the inequalities

21 n -1 X & 03 ! m |20
WA <« Y"(XInm" X)“! — +1)q ‘ Z exp(2ray"}| do
1 N YI<y<h

< Yn(X ln—l X)le—l ({ + 1>qf‘Y211—n—(11—n)(l—l/n)ll
q1

1 1

<« (XY)Z“(— + _)qu—(ll—n)(l—l/n)ll < P211—1/6’
q X

W< P1—1/<1211), W(a) < pl-1/az2h) _ Pl—(24n1nn)_1'

So we have proved the statement of the lemma for ¢; > X'/3.

2. g1 < X'/3. Applying Holder’s inequality, we obtain

/ / 214
W@P' <Xt 3 3 explmiany”)
X<x=2X vy, <y§211 Y,

< xht Y J,,(x)‘ 3 explemianx”)

[AY] X<x<2X

’

where Jj, (A) denotes the number of solutions of the equation

in the v-numbers y; (j = 1,...,2l;). We again use Holder’s inequality and the
inequality J;, (A) < Jj,(0) and thus find

W@ <« X“l—z( > le(/\)) (9.56)
Al Y]
x( Z Jll(k)‘ Z/ exp{2niakx"}2>
Ay X<x<2X

2
< X41172y211(17(171/n)11)Jll(0) Z ‘ Z/ exp{2miaix"}
<Y X<x=<2X

< X4l| —2Y4l| —@lh—n)(1-1/n)11 —na’

where
2

o= Z ’ Z/ exp{2miaix"}

MY X<x<2X
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Now we square the modulus of the sum over x in o, collect the terms with x = x1,
and sum the remaining terms over A. Thus we obtain

/ 1
o LY'X + min <Y", —) 9.57)
: ; Ve =l
1
LY'X+X min <Y",—>.
1 X<§<:2X Hllex + ]

Without loss of generality, we assume that, in representation (9.53) of the number «,
the variable z; is nonnegative, i.e., 0 < z; < (g 1r1)_1. In the case under study, we
have g1 < X1/3 < p1/%; therefore, z; must exceed (g1 7)~!, since, otherwise, o would
belong to Ey, which is the set of “large arcs.” So we have (g ) l<z < (611T1)_1.

In the last sum, we represent the numbers x as

x=gqs+t, 0<t<gq, (X—t)qfl<s§(2X—t)qfl.

Then we have
at"

loex™ + Il = H +Z1(611S+t)"+ﬂH-

q1
If s increases by 1, then the function

at"

D(s) = z1(gq1s + )" + p
1

+ B

varies by a value d, where nle"_lql <d < n2”le”_1q1.

Thus the values of ®(s) can be represented as kd (K < k < K + qu_l + 1).
Since z1(q1s +1)" < z1(2X)" <27, the number kd can be integer only for a single
value of k. Therefore, we have the following estimate for the sum over x:

in|Y! —1 in|Y! —1 9.58
2 mm( - IIax”+ﬁ||> < ‘”;mm( - ||c1>(s)||) ©-59)

X<x<2X
1
<q (Yln + Z g) L @Y + X" n p).
k>1
From (9.58), (9.57), and (9.56) we successively find
o LY Xqi1(1+ Pn_lYl_"X_"'H) < Y1nX4/3»
W ()| <« (XY)411X—z/ay—szla—l/n)’l « pi-1/3,
(W ()| < P02 « pl-Qaninm="

The statement of the lemma is also proved in the second case. The proof of the
lemma is complete. O
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9.2.3 The u-numbers

We shall use the parameters R, R; (j = 1,...,[) introduced in Section 9.2.1 and in-
troduce some new parameters; p1, p2, - .., p; are arbitrary, but fixed, prime numbers,
0.5R; < pj < Rj; further, x, x2, ..., x; denote the variables running through the
values of the natural numbers in the intervals (0.25R;)" < x; < (0.5R;)" such that
(xj,p))=1((=1,...,1—1)and x;’ takes only a single value modulo p;.

We define the u-numbers corresponding to the parameters (/, R) by the relation

u=x{+pixs+@Pip)"x5+---+(pip2... p—1)"x;".

The u-numbers vary within the limits 2_2”2 R"<u < 12_”2 R"™. The number U of u-

. . . 1
numbers corresponding to the parameters (I, R) satisfies the relation U =< R"~"(1=1/n)"
If uy, up are two u-numbers,

up = x’f + p'llxlzl +---+(p1.-. .pl_l)nxln,

up=y{ +piys+-+ @i p-D"y,
then the relation u| = u; implies x{ = y{ (mod p{); since pf > 27"R] > x1 and
> y1, this implies that x; = yp; similarly, we obtain x; = y», ..., x; = y;. Thus for
a fixed A, the equation # = A in the u-numbers has at most one solution.

We note that the u-numbers constructed here are the p-adic analogs of the u-
numbers constructed in Chapter 3, Sections 3.2 and 3.3.

9.2.4 The theorem

Now we state and prove an assertion that is somewhat more strict than (9.33). We
assume that n > 4000.

Theorem 9.5. The variable G (n) satisfies the estimate

G(n) <2nlnn+2ninlnn + 12n.

Proof. We consider the equation
2yt tun )"+ Gan)" =N, (9.59)

where N > Ny(n), z1, ..., 24, are natural numbers; P = [NY"], uy, u are the

u-numbers corresponding to the parameters (I, R), where!/ =, = [nInn+nlnlnn+

2.6n] and R = P; k = 2n; the x; run through the values of the prime numbers in the

interval (X, 2X), X = 10~*P!/2; and the y ; Tun through the values of the v-numbers

corresponding to the parameters (/, R),l =11 = [2nlnn],and R =Y = 10-2p1/2,
Let J be the number of solutions of (9.59). Then we have

1-1/t
J = [ S (@) T2 () WK () exp{—2miaN}da,
-1/t
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where

P
S(a) = Z exp2miaz"}, T () = Zexp{Zm’au},

z1=1

W(a) = Zexp{27riax”y"}, T =2nP" L
X,y

We divide the interval —1/7 < o < 1 — 1/t into two sets E and E; (the sets
of “large and small arcs”) as in Section 9.2.2. Then we present J as the sum of two
integrals: J = Jy + J», where J; = fEl and J, = sz.

Let us estimate J; from below. We have

Ji = Z Z Z /;El S (a) exp{—2mia N} da.

ui,uz2 xX1,y1 Xk Yk

where Ni = N —u'{ —us — (x1y0)" — - — OGayp)”.

From the definition of u1, u3, x;, y;, we easily find the range of variation of Ny,
namely, 0.5N < N; < N. Applying Lemma 9.7 (see [162], p. 43) to estimate the last
integral, we obtain

/ S (@) exp{—2miaN;}da > N3,
E;
Ji> N3 Pz(n—n(l—l/n)lz)xk(ln X)—kyk(l—(l—l/n)’l)(ln Y)—kzl‘ (9.60)

Now let us estimate J, from above. Applying Lemma 9.9 and using the property
of the u-numbers, we find

I < pk(1=Qaninm=") pr4 pn—n(i=1/n)2 9.61)

It follows from (9.59) and (9.61) that J = J; + J» > 0,1ie.,G(n) <4n+2l +k <
2nlnn 4 2nInlnn + 12n. The proof of the theorem is complete. O

9.3 Fractional parts of rapidly growing functions

The old still unsolved problems on the behavior of fractional parts of the functions
(3/2)*, a2*, x = 1,2, ..., are well known. A distinctive record is established by
Vinogradov’s theorem on the uniform distribution of fractional parts of the function
expf{log® x}, where c is a fixed number, 1 < c < 3/2,x =1,2,... (see [84]). Here
we show that the p-adic method allows one to obtain meaningful assertions about the
behavior of the fractional parts of functions that are growing even faster. We introduce
a new notion, which allows us to formulate the result in a more convenient form.

Let A be a subset of the set of real numbers, and let B be an infinite subset of
the set of natural numbers. We shall say that A is a regular set with respect to B if,
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for any o € A, the sequence {an} is everywhere dense on [0, 1) provided that n runs
through all the values in B. For example, if A is the set of irrational numbers and B
is the set of values attained by the polynomial f(x) with integer positive coefficients,
x =1,2,...,then A is regular with respect to B. But if B is the set of numbers of the
form 2*, x = 1,2, ..., and A is the set of irrational numbers, then A is not a regular
set with respect to B. However, it is possible to assume the following: if A is the set
of algebraic numbers of degree n > 2, then, in this case, A is regular with respect
to B. The goal in this section is to prove the following Theorem 9.6.

Theorem 9.6. Suppose that A is the set of real algebraic numbers of degree n > 2
and B is the set of natural numbers of the form xllog’ 1 x =1,2,..., where ¢ is an
arbitrary fixed number in the interval 0 < ¢ < 1. Then A is a regular set with respect
to B.

Theorem 9.6 is an obvious consequence of the following theorem.
Theorem 9.7. Let o be an arbitrary real algebraic number of degree n > 2, and let

f(x) = aexp{[log® x]log x},

where c is a constant, 0 < ¢ < 1, and [log® x] is the integral part of log® x. Then
there exists a number X1 = X1(c¢) > 0 and constants c; > 0 and ¢ > 0 such that,
for X > X1 and any real number &, the number of solutions of the inequality

1€ — f(x)|| < exp{—cy log' ¢ X}
in positive integers x, x < X, is larger than or equal to
X exp{—ca(log' ~* X + log® X loglog X)}.

In particular,
min [|€ — f(x)|| < exp{—ci log! ¢ X}.
x<X

The method used to prove Theorem 9.7 essentially repeats the method used in the
preceding section. However, the estimates for the sums S(c) cannot be used directly
in the proof of Theorem 9.7, because X is a parameter strongly increasing with n; this
increase is determined by the variable Ry introduced above in Section 9.2.1. Here by
the letters c, c1, c2, ... we denote absolute positive constants such that 0 < ¢ < 1
and c1, c2, ... can be different in different formulas; X is the principal increasing
parameter, X > X(c) > 0; log N < log X; n and k are natural numbers such that
n =< log¢ X and k =< log® X; 0, 6y, ... are some functions satisfying the conditions
0] <1, 161] < 1, etc.; and the constants in the signs O are absolute constants.

First, precisely as in the preceding section, we prove the main lemma on the upper
bound for the number of solutions of the Diophantine equation

XXy A =Y+l (9.62)
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The unknowns xi, ..., xg, ¥1, ..., yr in Eq. (62) take values in the set of integers
of a special form, which will be called v-numbers. To define the set V of integers
corresponding to the parameters N, n, and k whose elements will be called v-numbers,
we define the numbers X ; and Y; for j = 1,2, ..., k by the relations

1 1/my(1—1/n)/ 7!
For each j, 1 < j < k, we make the parameter p; range over the set of all primes in
(X, Y;l,ie., the p; are prime numbers such that
Xj <pj= Yj.

Definition 9.4. The V-set corresponding to the parameters N, n, and k or, more
briefly, the V-set, is defined to be the set of numbers of the form v = pyp> ... p.

It is obvious that v # v if p; # p;. for at least one j, 1 < j < k. Hence the
number of solutions of the equation xy = z, where x and y are unknown v-numbers
and z is a given positive number, does not exceed 2%, Let ||V be the number of
elements of V, i.e., the number of all v-numbers. We have

k
i=[]Ew)-nx)).
j=1

Using de la Vallée-Poussin’s asymptotic formula
w(x) = / ﬁ—i—O xexp{—ch/logx}),
0
we obtain
1 Y
8k logY;

1 Y;
=7 —7(X)) = 5 fY 47k < v < M,
0g

k k(k—1)/2
(Y (4 N1/t
2k log N n—1

An upper bound V; and a lower bound V) of v are given by the formula

where

k
V) = (1 _ %) N 1=a=1/nf <v< NI-(=1/m* _ Vs.

Lemma 9.10. Let I be the number of solutions of Eq. (62) under the condition that
X1, vvsXks V1, - - - » Yk take values in the set of v-numbers, and let 2n + 6 < k < n.
Then

I < a(n; k)N?k—nte
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where

a(n; k) = (4k)f(k72n75)(1.5k+n741)7(2n+5)(4n+9),

w=wh;k)= n(l - %)k—Zn—S — (k+2n +4)<1 — %)k — 1.

Proof. 1. For any integer s, 0 < s < 51 = k — 2(n + 3), we denote by /®) the
number of solutions of the equation

XprH o =i e (9.63)
Here x; and y;, j = s + 1,..., k, take values in the set of numbers py41... px,

where p; ranges over all prime numbers in (X, Y;]. It is obvious that / O =7,
2. We claim that the following recurrent inequality holds for 7¢):
k—s
19 < SnH(Yyp1 — X ) C D10 TT Wy = X)), (9.64)
j=2

where H = (2k°)*.
3. We write /) as an integral of the corresponding trigonometric sum. Let

Sey= > Y expmia(pspr... po)")
Xs+1<ps+1=Ys5+1 Xi<pr<Yi
Then .
¢ = / 1S(@))?*) da. (9.65)
0

4. We transform S(«). Introducing the new trigonometric sums
S pey) = Y - > explmia(psri... pi)"h
Xsy2<ps+2=Ysy2 Xk<pk <Yk

we obtain
S@= Y S ps)

Xsr1<ps+1=Ys11

We put H = (2k)*, Hgyp = (Ysq1 — Xs+1)H_1, and partition the interval
(Xs+1, Ys+1] into H intervals j, of the form

Jrt (Xs+1+ (r = DHyq, Xo1 +rHegt], r=12,... H.

According to this partition, we represent S(c) as a sum of H terms,

H
S() = Z S, (@), (9.66)
r=1
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where
Sr@)= Y S pst)- (9.67)

Ds+1€Jr

5. We transform S¥5 (o). Raising both sides of (9.66) to the power k — s, we
obtain the equality

H H
S @ =" Y Sy(@) .. S (@) (9.68)
ri=1 rr—s=1
We partition all sets of numbers of the form (ry, ..., rk—5), | < ry,...,rp—s < H,
into classes A and B as follows. Class A contains the sets (rq, ..., rx—s) in which

there is an r; that is different from all other r,,, j # v,ie.,r; #r,if v # j. Class B
contains all other sets. By ), we denote the sum on the right-hand side of (9.68)

taken over the sets (rq, ..., rx—s) of class A. The symbol ), will stand for the sum
on the right-hand side of (9.68) taken over the sets (ry, ..., ri—s) of class B. Then
D= S Sy (@),
(F1seesTh—s)EA
ZZ =Y Y Sy ... S (@)
(F1seesTh—s)EB

Relation (9.68) can be written as

S5 (@) = Zl +Zz. (9.69)

6. We transform the terms in ), and ) ,. Changing the indexing of
(r1, ..., rk—s), we can write the terms of ), as

Sr (@) Sy (@) ... Sy, (@),

where r1 # ry, v = 2, ...,k —s. Changing the indexing of (rq, ..., ri—s), we can
write the terms of ) , as
SP (@) ... 8P (), (9.70)

wherer, £rj,v#j, 1 >2,...,6 >2,and

Bi+--+8 =k—s. 9.71)

7. Let || Al and || B|| be the number of sets (71, ..., rg—s) of class A and of class B,
respectively. We have the following trivial upper bound for ||A|: [|A| < H*S.

Let us estimate || B||. Since the numbers S, ..., B; in (9.71) are larger than or

equal to 2, we have r < 0.5(k —s). Letry,...,rs and By, ..., B; be given. This
means that in the set (r(, 72, ..., rk—s), ¥1 occurs B times, r» occurs 3, times, ...,
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and r; occurs B; times. Therefore, in k — s places, r| occupies 8; places, which can
be done in
hk—s)k—s—1)...k—s—B1+1) < (k—s5)P

ways, rp occupies B, places, which can be done in at most (k — )P ways, ..., and,
finally, r; occupies B; places, which can be done in at most (k — )P ways. Hence the
number of terms of the form (9.70) for given ry, ..., r; and By, ..., B¢ is less than or
equal to

(k — )1k — )PP < (ko — 5)2E=9),

Further, if 7(¢) is the number of solutions of Eq. (9.71) in By, ..., B, thenr(t) <
(k — s)'~1. Hence

1Bl < Y Hrok—*" <2k — 5> IO,
1<t<0.5(k—s)

8. We pass to inequalities in (9.69). Squaring both sides of this inequality and
using the Cauchy inequality, we obtain

S@PE <2l AN D 1Sy @ 1Sy (@) 9.72)

(1o Tk—s)EA

F20BIDY Y ISy @[Sk, (@),

(r1s-estk—s)EB

We transform the terms on the right-hand side of this inequality as follows. We apply
the inequality between arithmetic and geometric means to the products in the second
multiple sum. Applying this inequality to the products of all factors but the first in the
terms of the first multiple sum, we obtain the following inequality for the terms of the
first sum:

1S, @) 1218, @)% ... Sy, (@)]? (9.73)

1 . .
< IS @P (S @PE T 18 @),

Herery #r, j=2,...,k —s.
We obtain the following inequality for the terms of the second sum:

1S5 (@)% 1Sy, (@) (9.74)

1 _ _
= - (ISh@PE 18, @),

Substituting (9.73) and (9.74) into (9.72) and then substituting (9.72) into (9.65), we
obtain the inequality

19 <20 A)2 1D + 21 B2 LY, 9.75)
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where

1
1Y = /0 1S, (@) 218, (@) ** =V da, (9.76)

1
LY = /0 1S, (@) 2% da. 9.77)

The ry, rp, and r in (9.75) are fixed positive integers such that r| # rp, 1 <
r1,r2,r3 < H, and the integrals / 1(5) and 12(3) take their maximal values. Let us also

note that IZ(S) has the same form as *), with the only difference that the range of pj.
in S(a), which has the form

Xsr1 < ps+1 =< Yoq1,
is replaced in S, (o) by the shorter interval
1 1
X§+)1 = X541+ (r — DHs41 < ps41 < Xgq1 +rHgqp1 = YS(+)1,
whose length is equal to

1 1 —
Hopr =Y = X0 = Vo = XopH

9. We transform the integral / 1(5). Since

Sy, (@) = Yo S psrn).

1 1
X§+)1<PS+15Ys(+)1

we can pass to inequalities. Applying Holder’s inequality, we obtain

g 2(k—s—1)—1 g
1Sy (o) P67 < 2D YIS perPETY,
Xy <pen =l 9.78)
1
2(k—s—1 —5—
1 =m0 [ @Pis: p Pt de
0
In the last integral p stands for some fixed prime number in (XSF)I, YS(}F)I ], i.e.,

XSQ[ = X541+ (2 — DHyy1 < p < X541 +12Hpp1 = Ys(i)la

where r, #~ r1 and p is such that this integral takes its maximal value.
10. Let

1
1= [ I @Pisa: pP4 de
0
It is obvious that / is equal to the number of solutions of the equation

n n _ n n n n n
Xgpl = Vo1 =P (Gqp oo X = Yo — 0 = W)
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In this equation the unknowns x| and ys| take values in the set of numbers of the
form psi1 ... pr, and the unknowns x4, ..., Xk, Ys+2, - - . , Yk take value in the set
of numbers of the form ps4- ... pr. Here psy1 ranges over the interval

Xst1+ (r1 — DHs1 < ps+1 < Xs41 +r1Hs41,
and ps42, ..., px range over the intervals
Xj<pj§Yj, j=s+2,... k.

Since rp # r1, we have p # ps1.
Let T be the number of solutions of the congruence

Xy =Yg (mod p") 9.79)

in xs41, ys+1. Then
I <TI, (9.80)

where ] is the number of solutions of the form p,4» ... pi of the equation
Xt B =y TN

inx;,y;,j=s+2,...,k Itis obvious that I} = I¢+D.
11. We find an upper bound for 7. By definition, x5 and ys4 have the form

Ps+1 -+ - Pks Where (p, xs41) = (p, ys+1) = 1 and X541 < p < Ys41. The upper
bounds of the range of ps41, ..., px imply the following upper bound for x,4; and

Ys+1- .
max (Xsp1, Ys1) < Yopr ... ¥ = N/ =0=1/mn,

The following lower estimate holds for p":

n
pl> Xl = (1 -~ %) N1/

The assumptions on N, k, n and s imply that

n
N ==k _ (1 _ i) N

4k

Hence the unknowns x,41 and ys41 in the congruence (9.79) take values in a subset
of the reduced residue system modulo p”. Therefore, for fixed ys+1, the congru-
ence (9.79) has at most n solutions. Hence,

T <n(¥oi1 — Xya1) .. (Vi — Xp). (9.81)
12. We continue the estimates. Formulas (9.80) and (9.81) imply

I <n(Yos1 — Xop1) ... (Ve = XTI 6D,
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Formula (9.78) implies

2(k—s—1 2(k—s—1
10 < HESV1 <nl1E TV W — X)) o (e — X010 (9.82)

Finally, combining the estimates for ||A|| and || B|| with formulas (9.75)—(9.78) and
(9.82), we obtain the first main estimate for ):

19 <20 H*EO 28Dy — X)L (Y — X IOHD (9.83)
+2(k — 5)> O s [
=2nH* O 2 D (v — X)) LISt
+2(k — 5) kO gh=s 1),

In this inequality Hy41 and L are given by the formulas
Hop1 = Yoy — XepDH ™', L= (Yos2 — Xep2) ... (Ye — Xp),

and IZ(S) has the same form as *), with the only difference that the numbers X, and
Y41 that occur in the definition of / () (the bounds of the range of the primes p;.1)

are replaced by new ones, namely, by X Sr)l and Ys(i)l, where

Xi}:] = Xr+1 +(r— 1)I_Is+1y Ys(—}-)l = Xs+1 + rXS+17

and r is some fixed integer, | <r < H.
13. Using the notation

(s) (s) (s) (0) ()
19 = Lo L' =hLy, Ysp=Yo, Xen=X,
0 0 0 -1 1 0 0
Hyyy = Hs(+)1 = (Ys(-i-)l - X§+)1)H ’ X§+)1 = X§+)1 + (ro — 1)Hs~(+)1’
1 (0) (0)
Ys+l = Xs+l + rOHs+1’
we write inequality (9.83) as
_ 0 —e— 0 0
1) < 2nH* D (HD e Dy Q) — xQHLeHy (9.84)

+2(k — ) HF L
14. We now define a positive integer p by the inequalities
H'"2 < Yoo — X1 < HP

For j = 0,1,..., u, we define the parameters X(j+1), Y(j+1), and HY

_ s+1 s+1 51 by the
relations

+D ) ) +D ) )
Xsﬂrl = Xsﬂrl + (rf - I)Hsil’ Ysil = Xsﬂrl + rJ'Hsil’
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)

)
H s+1

) -1
s+1 - Xs+l)H :

Here the r; are integers (for example, ro = r) that occur in the corresponding iteration
process, 1 < r; < H. Repeating the arguments used in items 3-12, we obtain a
relation similar to (9.84):

Iz(’SJ) < 2nH2(k—S) (Hs(i)l)Z(k_s_l)(Ys(_{_)l _ XEQ[)LI(SJ’_I) (985)

+2%k — sy H
15. We find an upper bound for / (s)

PYRE We estimate this integral in the following
trivial way:

2(k—s)

s da (9.86)

1
2, +1:/
" 0

1
< (Y(H“Fl) _ X(/‘v‘i‘l))Z(kS)/ IS(a, p)|2(k73‘) da.
0

> S(a; ps+1)

(n+1 +1
X )<PS+15Y;$1 :

s+1 s+1
The last integral is equal to the number of solutions of the equation
ot =yl ]

where the unknowns x; and y;, j = s + 1, ..., k, take values in the set of numbers
of the form pgy7 ... pi. It is obvious that

1
/ 1S(at; p)IP* 7 da < Yoyt — Xo11)? ... (Y — Xg)2T6HD, (9.87)
0

The definition of the parameters ., Y, s(-{)l’ and X iﬂ: | implies that

+1 +1 —p—
vy - xUD = (v - X pH < B

Formulas (9.86) and (9.87) imply the desired estimate for Iz(s,i e
1) < HY (Yo — Xopn)? o (Y — Xp)? 16T, (9.88)
16. Let a be the coefficient of IZ(S]) 41 on the right-hand side of inequality (9.85):
a =20k — sk gk,
Multiplying both sides of (9.85) by a/, we obtain

al 1) < o H2EO LI D] (HD 2O D I P (9.89)
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Summing both sides of (9.89) over j =0, s, ..., u, we obtain the inequality

o u
12(% + Zajlz(f; < 2 H2k=9) [ s+l Z aj(HS(i)l)2(k—s—1) (9.90)
j=1 Jj=0

N
j 7(s) +15(s)
+Y ) +a )
j=1
Hence, using the formula Iz(s()) = I®) and the estimate (9.88), we obtain

19 < @nH* I LV) + V) 16+D, 9.91)

where

Vi = iaf(HsFi>1)2<k—“—l>, Vo = a" PP HYO (Ve — X )? L (Y — X0
j=0
17. We find an upper bound for Vj. Since
H= Q) a=2k—s)P>cH" < id—gh,
Hs(_{_)1 = (Y41 — XS+1)H_j_17
we can estimate the summands in V; as follows:
al (H{)E Y
< QK5I k=) ite=s)y x y2k=s =D g=2(k=s =) g—j2k=2s=2)
= (Yoy1 — XS_H)Z(kfsfl)H72(k7s71)((2k5)k7sH7(k7s)+2)j
= (Yoy1 — XH_l)Z(k—s—l)H—Z(k—s—l)((ZkS)—3(k—s)+8)J.
Since k — s > 2(n 4 3), we have

Vi <2H 205Dy = X 2D,

We claim that

2nHX DL 2H 2O Dy — X )2 (9.92)
k—s
<4nH>(Yspr — X0 C Y ] ot — Xoa ),
j=2
afPHARE) (Y — X )2 (Y — Xp)? (9.93)

k—s
=< ”Hz(Yerl - Xs+l)2(k_s_l) l_[(Ys+j - Xs+j)-
j=2
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Let us recall that

L =2~ X542)... Yk — Xp),

H'"? < Yoo — Xop1 < H'P, a =20k — sy HF,

It is obvious that relation (9.92) is an equality. Dividing inequality (9.93) by the
common factor, we obtain the inequality

a"PPHYTO2 (Y — X)L (Ve — Xp) < n(¥ppn — X678
Replacing a**2 by a greater quantity, we claim that a stronger inequality holds:
_ +2 — —5)—
20k =) Vo = X ) T HE 2 Vg = Xopo) o (V= Xp)
<n(¥s41 — Xs+1)2(k_s)_4~

Since 2k> = H'*, we have (2(k — 5)°)* < H*=9/4  Besides, H**? < Y41 —
Xs+1. We claim that an even stronger inequality holds:

Vo1 = Xop ) OEHAEEI 2 (Y — Xopa) o (V= Xi)

<n(Ys42 — Xs+2)2(k_s)_4'
We even claim that

HY* ) (Yii0 — Xgq0) oo (Ve — Xp) < (Yyg1 — X ) E04400 0 (90.99)
Replacing Y; and X ; by their values, we obtain the formulas

- - —1/nyi-1
Yj—Xj = @4k)"'Y; = @k~ NO/mAmT
(Yos2—Xe12) ... (Yi—Xp) = ((4k)—1)k—s—1 N/ ((l—l/n)”l+~--+(l—l/n)k_l)’
Yoyt — Xgp1) Cm9)/4=4 ((4k)—1)3(](—‘?)/4—41\,(1/11)(1—l/n)s(3(/(—5)/4—4)'

Now we can rewrite formula (9.94) as

HAE=) ((4k) 1) ETA < (9.95)

1 1\*/3 1 1\**! 1\ k!
x=—(1—=)(Zthk=s)—a)——([1-= +o4(1=-=
n n 4 n n n
IN'/3(k—s) 4 1 1\**
=|ll-=)|————-—-1+—-4+(1-- .
n 4n n n n

We strengthen (9.95) once more:

H4(kfs) < N(l —1/n)* (3(k—s)/(4n)—(n+3)/n) )
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Hence it is sufficient to prove the inequality
H* < NA=Un" (/6@ =043 (nk=9))
Taking into account that k — s > 2(n + 3), we claim that
HY < N0/t (9.96)
Recalling that N < log X, k < log¢ X, n < log¢ X, H = (2k5)4, and0 <c¢ < 1, we
establish that (9.96) holds with X > X(c) > 0.

Hence inequalities (9.92) and (9.93) hold. Combining them with formula (9.91),
we obtain the second main formula

k—s
19 < SnH?(Yopr = X)X 670100 T = X)),
j=2
which coincides with inequality (9.64) in item 2.
18. Taking the product of (9.64) over s =0, 1, ..., 51, we obtain the inequality
S1 51
7O l_[ & < 51+l ( l_[ I(s)>(5nH2)sl+1
s=1 s=1
S1 s1 k—s
x ([Tt = Xer0? D) (TT [T = Xe10)-
s=0 s=0 j=2

Dividing both sides of this inequality by the corresponding product, we obtain the
estimate

19 < ABCD, 9.97)
where A = (SnH?)"1+1,
S1 s1 k—s
B =[]Wer1 = X0 0 C =] [[Fess — Xt )
s=0 s=0 j=2

and D = [©1+D), Using the trivial estimate (all unknowns except one are fixed)

k
2(k—s)—1
Imf( [1 (YJ'_Xj)> :

Jj=s+1

we obtain the inequality

k
, 2(k—s1—1)—1
D=1 < ([T ;- x)) .
J=s1+2
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Since we have H = (2k°)*, s1 =k —2(n +3) > 1, and
Y, —X; = (4k)_1N(1/")(1_1/”)j71,
we obtain the following inequalities for A, B, C, and D:

A < (1280k*)k=2n=5 _ 46(k=2n=5) 41(k=2n=5)

S1
B = H(4k)*2(k*571)N2(kfsfl)/n(lfl/n)s
s=0
= (4k)—2k(S1+1)+(S1+1)(S1+2)Nzk—zn—(2n+10)(1—1/n)ﬂ+' ’

s1 k—s

c=]] ]_[(4k)—1N(1/">(1—1/")”"‘
s=0j=2
S1
_ 1_[(4k)—(k—s—l)N(1—l/n)*‘+l—(l—l/n)k
s=0

— (4k)—k(31+1)+(51+1)(Sl+2)/2Nn—1—n(l—1/n)“‘1+2—(S1+1)(1—l/n)k,

k
DZ( 1_[ (4k)_1N(1/”)(1—1/n)j—1>4n+9
j=s142
= (4k)7(2n+5)(4n+9)N(4n+9)((1—1/n)s1+17(171/’1)1().

Combining these estimates for A, B, C, and D with formula (9.97), we obtain the
final inequality for 1© = I:

I = I(O) < a(k; n)NZk—n+w’

where
a(k:n) = (4k)—(k—2n—5)(l.5k+n—41)—(2n+5)(4n+9)
1 k—2n—5 1 k
wzw(k;n)zn(l——> —(k+2n+4)(1__) -1,
n n
which completes the proof of the lemma. O

Remark 9.1. Taking into account the assumptions k > 2(n + 3) and n < log® X, we
obtain a simple version of the estimate for a(k; n):

1
alk; n) < exp{ - §k2 logk}.

Applying Lemma 9.10, we estimate the double trigonometric sum W («) defined
in the following lemma.
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Lemma 9.11. Let o be a real number, and let
a " 0
o=—+ —,
g q°

where g > 3, (a, q) = 1, and |0| < 1. Consider the double trigonometric sum
W(x) = Z Z exp{2miamx"y"},
xeV yeV

where x and y range over the V -set corresponding to the parameters N, n, and k; m
is a positive integer. Then
W@ < IIVZI?A,

where

Ao = (mlog g) !/ #) (Ne1g =1/ 4 No2 g /@) 1og N,

_ Lol "—2"‘5+ AV
=T T 2 n 2% 2k2 n)
gy L (N L a2 (1

2T Tk T k2 n 2% k2 n)

Proof. Using Holder’s inequality, we obtain

W ()| < (Z ‘ 3 expl2miams"y")

xeV yeV

< vt Z ‘ Zexp{2niamx"y"}

xeV yeV

= VI YD () exp(2miamxA),

xeV A

)2k (9.98)

2k

where I (A) stands for the number of solutions of the equation
W = Y A (9.99)
inyp,...,yu € V. Since Vi < y; < Voforl < j < 2k, Ix(}) is equal to zero

if [A\] > A = k(V}' — V["). For this reason, we assume that |[A\| < A in (9.98).
Interchanging the order of summation in (9.98), we obtain the formula

W) < vty Ik(k)‘ > exp{2miamix"}|.
A=A xeV

Raising both sides of this inequality to the 2kth power and applying Holder’s inequality,
we obtain

W (@)* < ||V||2"<2’<—1>< 3 Ik(x))Zk_l x (9.100)

A=A
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2k

x 3 Ik(k)‘Zexp{Zniamkx"} — V=2 W, W,
IA<A xev
where
2k—1
Wi =( 3 Ik(x)) : (9.101)
A=A
2k
W=y Ik(k)‘ 3 explemiamix™)| . (9.102)
A <A xeV

Let us estimate the sums W; and W,. The sum of I} (A) over all A is equal to the

number of all sets of unknowns yy, ..., y¢ in Eq. (9.99), i.e.,
2_
Y ny =1V, wy = vt
A=A
Since

1 2k
L)) = / ‘ Zexp{2nio¢x”}‘ exp{—2miai}da
0

xeV
1 2k
5/ ‘Zexp{Zniax"} da = ,(0),
0 xeV
we obtain the following chain of relations for W5:
2k
Wy < (0 Y. (Zexp{zniamxx"}‘ 9.103)
IA<A xeV
=10) Y Y Ik exp(2miamip)
A=A pl=A
< 1O Y K(w| Y expriampil]
lul<A A=A
<O Y | 3 expemiamuil].
ll=A A=A

Since

. 1 1
‘ Z exp{2m,3)~}‘ = min <2A +1, M)

A=A

for any real number g, relations (9.103) for W, imply

1 1
Wy < I2(0) min (2A+ 1, —) < 12(0) min <2A+ 1, >
k |Z 2llampul| (o 3 2l
HISA [ul<mA
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Applying to this sum the well-known inequality, we obtain
’ 2mA 41
Wy <6I;(0)| ———— +1)2A+1+gqglogg) (9.104)
q
2. ™ 2
< 36i; (O);(A +gq)°logg.

Observing that I (0) = I, where [ is defined and estimated in Lemma 9.10, we deduce
from (9.100)—(9.104) that

2 2_ m
|W ()% < 36| V|3 4"12;(A+q>2logq, IW()| < IVII*A,  (9.105)

2
36m 1/(4k%) 2 B
A= <7<A+q)21ogq> 1VC =1k,

We obtain the desired estimate for A by combining the upper bounds for A and I with
the lower bound for ||V ||:

A < kVE = kN"A=UDE gk ny N

k k(k—1)/2

n 1 k
vii > ——— 1 N1-a=1/m"
vir= <8klogN> ( + n— 1)

Using Vinogradov’s sign <« and taking into account Remark 9.1, following
Lemma 9.10, we obtain

klog N
]1/(2k2)”V”—1/k < ng N1/k—n/(2k2)+w/(2k2)—1/k+(1/k)(1—l/n)k

< (log N)N—n/(Zkz)—1/(2k2)+((n/(2k2)) (1=1/m =215 4 (1/(2k) = (n+2) /k?) (1—1/n)k’
Al/(2k)q—1/(4k2) < Nn/(2k2)—(n/(2k2)) (l—l/n)kq—l/(4k2)’

2 2 2
A < Aj < (mlogg) /@) (N©1 g=1 @) | N2 g 1/6@R) 10

n 1 k—2n—5 1 1 1 k
“’l=z—k2(l‘;> —m+ﬂ<1‘;)
B u(l B 1)" B L(l B l)"
k2 n 2k2 n
_ L(l _ 1) b, (L _ ﬂ)(l _ 1)"
2k? n 2k? 2k 2k? n)’

_ontl o 1"*2"*54r L_ont2)(, 1y
P2 T T2 " % K2 n)

Combining this with (9.105), we complete the proof of the lemma. O

where
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Remark 9.2. The estimate in Lemma 9.11 is nontrivial only if

2 A2
N4k w] <q <N 4k wz‘

Proof of Theorem 9.7. 1. First we claim that for X > X;(c) > 0 the equation
[log® X] = [log€ x] holds either for all x in [0.5X, X] or for all x in [X, 2X]. Indeed,
let {log® X} > 4log~!*¢ X. Here the symbol { -} stands for the fractional part of a
number. Then

. . log2\° . log2 . .
(log0.5X)  =log" X)|1 — ——= ) =log" X —¢ log" X +---
log X log X
= [log® X] + {log" X} — --- > [log° X].

Hence
[log® X1 < (log0.5X)¢ <logx <log® X < [log® X]+ 1

forall 0.5X <x < X, and
[log€ x] = [log° X]

for all x € [0.5X, X]. If {log® X} < log~!*¢ X, then

log2 \¢
(log 2X)¢ = (log® X) (1 + %) — log¢ X + c(log2) log®™ ! X + - --
og

= [log® X]+ {log® X} + c(log2)log"™ ! X + -+ < [log X]+ 1.
Therefore,
[log® X] < log® X <log‘x < (log2X)“ < [log‘ X]+1

if X <x <2X,and
[log® x] = [log® X]

if x € [X, 2X]. Hence, without loss of generality, we can assume that X satisfies the
condition [log® x] = [log® X] for all x in [0.5X, X].
2. Setting n = [log® X] and k = 10n, we define the number N by the formula

X — N2—2(1—1/n)k

Let V = V(N; n, k) be the set of v-numbers corresponding to the parameters N,
n,and k. For0 <a < b < 1,by K = K(X; a, b) we denote the number of numbers
z = xy, where x and y range independently over the subset of V such that

a < {aexp{[log® z]log z}} < b.

3. Suppose that r = 2[log X], A = N —n/ (kz), the numbers a; and b satisfy the
conditions0 < a; < by < land A < b;—a; < 1—A,and ¥ (x) is Vinogradov’s “cup”
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corresponding to the parameters r, A, aj, and b (see Lemma A.3 in the Appendix).
Let us find the asymptotics of the sum

K| =Ki(X;a1,b) = Zw(a exp{[log‘ z]log z}).

Z

4. First, ¥ (x) can be expanded into the Fourier series

Y0 =bi —ar+ ) g(m)exp(2mimx},
m70

1 1 r
|g(m)| <min (| by —ay, ) : .
w|lm| m|m| \mw|m|A

For |m| > m; = 2r A~!, we use the third estimate for |g(m)]| to obtain

‘ Z (m)ex {2ﬂimx})<% L ' Z L<l r r<X_3
g P “mx\rA m' 1 T x \wAm '

where

lm|>my m>mi
Therefore
Ki=®Bi—adlVIP+ Y gmSm)+0IvIPX—, (9.106)
O<|m|<m
where

S(m) =) exp{2mimf(2)}, f(z) = aexp{[log z]logz}.

5. Since z = xy, x € V,and y € V, we obtain the upper and lower bounds for
the range of z:

2k
05X < (1 _ ﬁ) N272(171/n)k <z< NZ*Z(]*l/n)k — X

Therefore,
[log€z] = [log° X]=n

for all values of z, whence f(z) = az"” = ax"y". Therefore, S(m) is the sum defined
in Lemma 9.11.

6. Since « is a real algebraic number of degree at least 2, « can be represented by
an infinite continued fraction. Let P, and Q, be the numerator and denominator of
the vth convergent of the continued fraction for o, v = 1, 2, .... Itis well known that
(Py, Qy) =1and
1

< —.
Qva-H

P,
o — —

9.107
0, ( )
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By the Thue—Siegel-Roth theorem, for any ¢ > O there is a ¢5 = ¢5(«; €) > 0 such
that

P,
'a SRE - (9.108)
v v
for each rational fraction P,/Q,, (P, Q,) = 1.
Inequalities (9.107) and (9.108) imply that
0, < Qup1 <60 (9.109)

We take ¢ = 0.01, c¢ = c6(e) > 0, and the positive integer v defined by the inequal-
ities )

Q, < N""I-UWT < g4y (9.110)
Denoting Q, by g and P, by a, we obtain

a 0

o=—-—+4+ —

5, (a,g)=110|=1
q9 49

Inequalities (9.109) and (9.110) imply the desired upper and lower estimates for g:
1\*
e NUOO/10Dx — < %, }f:n—n(l——) . 9.111)
n

7. Applying Lemma 9.11 to S(m), we obtain
2 2 2
|S(m)] < (mlog g)/ W (N1 g~ VED - Ne2g VA V2 log N.

Using the definition of m| = 2rA7Y A, wi, wa, k, n, and g and the estimates (9.111),
we obtain the following inequality by a simple calculation:

(m logq)l/(4k2) < (minlog N)l/(4k2) < (A_1 log3 X)l/(4k2)
— (N0 [og3 X)L/ @) o pn/@KY,
Nwlq—l/(4k2) « NOr— (/@) A=1/10D) (n=n(1=1/n)) < p=n/8K*) 9.112)
Nwqu/(4k2) < Nw2+(1/(4k2)) (n—n(1—1/n)¥) < N—n/(8k2)’
Nn/<4k4)N—n/(8k2) < N—n/(9k2)’ 1S(m)| < N—n/(9k2)”V”210g N.
8. Estimating for 0 < |m| < m the coefficients g(m) of the Fourier series for

Y (x) by 1/(mw|m|), we deduce from (9.106) and (9.112) the following asymptotic
formula for K:

_ 2 _
Ki = (b1 —aD|VI* +0ics|VIPN YO log N + 61|V ||* X3
= (b1 — aD)|[V| + | V2N /108
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9. Using Lemma B in [90], p. 16, with r = 2[log X], A = N~"/®) s —
{Ol exp{[log® z] log z}}, ands = 1,2, ..., |V|? and taking into account the asymp-
totic formula for K| = K (X; ay, b1), we deduce from assertion (a) of this lemma
that

K =K(X:a,b)=(b—-a)|V|*+ O(IVIAN~0%) 4 o v|2N—"/*))
= (b—a)|V]*+ O(|V|2N /10K

Hence K > (b —a)||V||? and forany a and b,0 < a < b < 1,
b—a> N~MAK) _ exp{—ci log! ¢ X}.

As mentioned above, the number of solutions of the equationxy =z, x € V,y € V,
does not exceed 2*. Therefore, the number of positive integers z < X such that

a < {aexp{[log® z]logz}} < b

is larger than or equal to

n

1 k(k—1) .
% (1 4 ) N2-20=1/n)
n—1

> X exp{—cio(log' ¢ X + log® X log log X)}.

8klog N\ 2
27 kb —a)|V|? > C92_10”N_”/(10k2) <—og )

In particular, this implies that for any real number £ the number of solutions in positive
integers z of the system of inequalities 7 < X,

IE — f(2)|| <exp{—cylog' ™ X},
is larger than or equal to
X exp{—cio(log! =€ X + log® X loglog X)},

where min;<x [|§ — f(2)|| < exp{—ci log'~¢ X}, which completes the proof of the
theorem. o

Remark 9.3. The assertion of the theorem remains valid if « is an irrational number
with bounded partial quotients or if the partial quotients « increase but not very fast.

Concluding remarks on Chapter 9. 1. Artin’s conjecture on the representation of
zero by an nth degree form in k variables, k > n?, in the field Q p was proved for



9.3 Fractional parts of rapidly growing functions 411

n = 2 by Minkowski and Hasse and for n = 3 by V. B. Dem’yanov [60] and by
D. J. Lewis [111].

2. In 1965, Yu. L. Ershov [62] and, independently, J. Ax and S. Kochen [1] proved
that, for a given n, Artin’s conjecture is true for all p except only finitely many of
them.

3. A special notion concerning the problem of representing zero by forms over
a given field was introduced: a field K has property C, if any nth degree form in k
variables with coefficients from K for k > n“ can nontrivially represent zero over K.
Algebraic closed fields and only these fields have property Co. Any finite field has
property Cq. The field of formal power series F,{t}, which resembles the field Q
very much, has property C,.

4. A conjecture similar to Artin’s conjecture but for a system of forms was rejected
by G. I. Arkhipov [7], [8], [9] who proved that, in this case, kK must grow exponentially,
namely, like 2".

5. The statements presented in Section 9.1 and some of their versions were proved
by G. I. Arkhipov and A. A. Karatsuba in [19], [20], [21].

6. A short presentation of a version of Theorem 9.2 is can be found in the book by
Z. 1. Borevich and I. R. Shafarevich [41], pp. 70-73.

7. A concise history of the Waring, Hilbert—-Kamke, and Artin problems and of
their generalizations is contained in [92].

8. The statements considered in Section 9.2 were proved by A. A. Karatsuba [91].

9. In [91], p. 935, it was pointed out that “...this method allows one to improve
the previous results for small values of n (for each particular n, the parameters in
Lemmas 1 and 2 (Lemmas 9.8 and 9.9 in this chapter) must be chosen in the optimal
way).”

10. If the restriction n > 4000 under which we prove Theorem 9.5 is removed,
i.e., if Theorem 9.5 is proved for n — -+o00, then the number 6 in the estimate
G(n) < 2n(Inn + Inlnn + 6) can be replaced by a smaller number.

11. The method used to prove Theorem 9.5 allowed A. A. Karatsuba [93] to prove
the following assertion (see [93], p. 322).

Suppose that c1, ¢ are absolute constants such that 0 < ¢] < ¢ < I; n > 2;
ncy > 1; P > Py(n) > 0; areal number « has the form o = a/q +9/q2, (a,q) =1,
0] < 1, and P" < g < P©" Then, for a real number A, there exist integers w
and z such that the following relation holds:

min(cy, 1 —¢p) 1

"_w— Al PP, 0 P p= n
loez w | € <z< p 8(In2/(1 — 02))2 n

and the constant in < depends only on 7.
The following example is also given in this paper (see p. 324). Leta = V2, then
for any P > Py(n) and any real number A, there exist integers w and z such that

V22" —w— Al < P~/", 0<z<P, c=1/(16In%4).
12. Theorem 9.7 was proved by A. A. Karatsuba [104].



Chapter 10

Estimates of multiple trigonometric sums with
prime numbers

This chapter is concerned with estimates for multiple trigonometric sums with a general
polynomial in the exponent whose variables of summation take prime values. Our
results generalize Vinogradov’s estimates for sums with prime numbers [159], [165]
to the r-dimensional case. These results are a new application of the theory of multiple
trigonometric sums that was developed in [29], [32], [33] using Karatsuba’s p-adic
method (see the exercises in Chapter XI in [90]). The precision of our estimates
is similar to that of the analogous estimates in [25]. Here we shall make use of
Vinogradov’s smoothing method [11] and the results in [29], [32], [33]. The chapter
is also based on the p-adic method and gives a further development of this method
(see also [52]).

The chapter is organized as follows. In Section 10.1 we state some well-known
lemmas, and in Section 10.2 we prove some lemmas with estimates for multiple
trigonometric sums with prime numbers. In Section 10.3 we state and prove Theo-
rem 10.1, which gives an estimate for multiple trigonometric sums with prime numbers
and is the main theorem of this chapter. In Section 10.4 we prove Theorem 10.2, which
concerns the uniform distribution of the fractional parts of the values of polynomials
in several variables which take prime number values, and we derive an asymptotic
formula for the number of simultaneous representations of a set of natural numbers
bytermsoftheformp? ...pﬁ’,O <t <ny,...,0<t <n,, where py, ..., p, are
prime numbers.

Notation. In what follows, r, ny, ..., n, and Py, ..., P, are natural numbers, m =
ni+10...(np + 1), vmax(ny,...,n,) = 1, Py = min(Py, ..., P), p1y..., Pr
are prime numbers, €2 is the m-dimensional unit cube with coordinates « (1, ..., %)

satisfying the conditions

—(z(n, ...,t,))_1 <a(ty,....ty)) <1— (r(tl,...,tr))_l,

r(tl,...,t,)zP{'...P,”Pl_l/6 O<t; <np,...,0<t <n,),
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and F(xy, ..., x,) is a polynomial with real coefficients a(¢1, ..., ),
ni ny
Fxp,....x) =Y Y alty,....t)x) ...xl. 10.1)
t1=0 t,=0

We let S’ = S’(A) = S;(A) denote a trigonometric sum in which the variables of
summation run through the prime numbers, i.e.,

§'= " Y exp(2mitF(pi..... pr)). (10.2)
p]fpl PrfPr
where the coordinates «(?1, ..., t-) of the point A are the coefficients of the polyno-
mial (10.1).
[a, b, ..., c]is the least common multiple of a, b, . .., c.

Ly=logPs, s=1,...,r; L=1logP, P=max(P,...,P).
Definition 10.1. A point A with coordinates «(t1,...,%),0 <t <np,...,0 <t <
n,, is called a point of the first class 21 if @ = a(t1, ..., t,) can be represented in the
form

a=a/g+p, (aq) =1 0=<a<gq, (10.3)
Bl <m™'P7" . PP
O=<u=zn,...,.05t=<n, 1 +---+1 =21,
and the least common multiple Q of the numbers ¢ = ¢q(t1,...,%), 0 < <
ny,....,0<t <n,,t1+---+1t > 1, does not exceed Plo'l". The other points of

the cube Q2 will be called points of the second class €2;.

Definition 10.2. By a D-approximation of « corresponding to 7, 7 > 1, we mean a
representation of « in the form

a=alg+B, (aq =1 qg=<1, |18l <@ "

10.1 Some well-known lemmas

Lemma 10.1. Let the points A = (a(l), el a(n)) of the unit cube be divided into
two classes according to Definition 10.1. The first class consists of points for which
0 < POV and |B(s)| < vPSTOIY The second class consists of all other points of
the unit cube. For points of the second class we set

Ay =P ", pr=y/Plnn), p=1,
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where y1 is a positive constant, and for points of the first class we set
—0.5 0.5
A =07 w=m, )",

or alternatively,
A] — Q70.5U+880—0.5V’ w= 1’

where §g = max (|,3(1)|P, e, I,B(n)lP”). Then for k < QAI_2
S'A)] = | Y explemik F(p))| < 1R,
p=P
where the constant in < depends only on n and €.

For the proof, see [165], Chapter 7, Theorem 1.

Lemma 10.2. Points A of the first class 1 satisfy the following estimate fork < Q>":

IS(A)| =‘ 3 Y expRmikF(xi, ..., %))

xX1<P Xy <Py

L P ...PQ ", u=(k Q).
Further, if we set

l r
Sty ..., ty) =P ... PIB(t1, ..., 1), So= max |8(11,..., 1)l
t14-tty>1

then for 8o > 1 and k < (080)%
IS(A)| <« Py...P.(Q8) V"=,
The constants in < depend only onny, ...,n, and ¢.

For the proof, see [32], Lemma 15.

Lemma 10.3. Suppose that A is a point of the second class Q2 and g, s =2,...,7,
are natural numbers satisfying the conditions
log P
- g S_IU“SSOa %:n1+/12n2+"'+/irnr,
log P

Ay =P 7, o7 =32maxlog(8mx).

Then for k < A;z,

1S(A)| =‘ Yoo S expl2nikF(xr, ..o x))| < ¥ P PA,.

x1<P Xy <Py

The constant in < depends only onny, ..., n;.
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For the proof, see [32], Theorem 2.

Lemma 10.4. Suppose that F(x1, ..., x;) is a polynomial with integer coefficients,
F(,...,0) =0, and the set of coefficients is prime to q. Then

q q
F(xy,...,x _
1S(g, Fx1, ..., x)| = Z--~Zexp{2m’MH<<qr e
x1=1 =1 q
1 Xy
The constant in K depends onlyonny,...,n,,and ¢.

For the proof, see [29], Chapter II, Section 1.2, Lemma 8 (a).

Lemma 10.5. Suppose that F(x1, ..., x;) is a polynomial with integer real coeffi-
cients, F(0,...,0) =0, and a is the maximum modulus of all coefficients. Then

1 1
/ / exp(2miF(x1,...,xy)}dx1...dx,
0 0

< min (1, 32"a™"(In(x +3))" ).

|Ir|=

For the proof, see [29], Chapter II, Section 1.1, Lemma 2.

Lemma 10.6. Suppose that F(xi,...,x,) is a real differentiable function for
0 <x; < Pj,j=1,...,r, where, within the domain of the variables, the func-
tion F (x1,...,x,)/0xj, j = 1,...,7r, is piecewise monotone and of constant sign
with respect to each x5, s = 1,...,r, for any fixed values of the other variables.

Suppose also that the number of intervals of monotonicity and constant sign does not
exceed | and that

IF(x1,. ..,
‘M <5, j=1,....n

ox;j

for0 < 6§ < 1. Then

Py P,

Z Z exp(2miF(x1, ..., x)}
x1=1 xr=1

Pl Pr
=/ / exp{2mi F(x1,...,xy)}dx1...dx,
0 0

28
+0IP .. P (P P,1)<3 + m) 6] < 1.

For the proof, see [29], Chapter II, Section 3.2, Lemma 16.

Lemma 10.7. Suppose that all coefficients of the polynomial

nj

n
t ‘
Fxt,...,x) = Zn-Za(Il,...,n)xl‘ coox)

t1=0 =0
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can be represented in the form
a=u,...,1)) =a/q+ B,

where B is a real number, a and q are integers,a > 0,q > 1,and (a, q) = 1. Suppose
also that

0= lcm. g, 8=P{'...P1”,3, A= max |§],
t1+-+>1 t1+-+>1

where Py, ..., Pp > 1. Define a polynomial g(x1, ..., x;) by setting

Sty x+y) =g, ..., x),
where yy, ..., yjareintegers suchthat|ys| < Ps,s = 1,...,1. Letag = (1, ..., 17)
denote the coefficients of g(x1,...,x;). Then one can find integers ap and qo,
(ag, qo) = 1, and real numbers By such that for all ty, . .., 1

ap = aop/qo + o,

where Qg = Q, A K Ag K A, and the numbers Qg and Ao are determined in the
same way as Q and A, except with «, a, q, and B replaced by oy, ag, qo, and By,
respectively. The constant in < depends only onny, ..., n;.

For the proof, see [33], Section 6, Lemma 19.

Lemma 10.8. Suppose that f(x) is a polynomial with real coefficients, f(x) = oo+
oa1x + -+ apx", A > 0,and u = (A, f) is the measure of all points x in the
interval [0, 1] for which | f (x)| < A. Then

W < min (1, 4e(Aa_1)1/”),
where o = max(|ag], 1], - .., |an]).

For the proof, see [90], Chapter II, Exercise 1] (this exercise does not present a
proof, but only asks for a proof).

10.2 Lemmas on estimates for multiple trigonometric
sums with prime numbers

In Sections 10.2 and 10.3 we shall use the following notation.

We let E denote the set of integer r-tuples (¢1, ...,%),0 <t <np,...,0<t <
ne,tp + .-+t > 1. We let Eg denote the set of r-tuples in E for which ¢, > 1
and 11 + --- + t,—1 > 1; we let E| denote the set of r-tuples for which #, = 0 and
1+ .-+ t—1 > 1; and, finally, we let E, denote all other r-tuples in E, i.e., the
r-tuples (¢, ..., t,) satisfying the conditions t, > land#j =--- =1,_1 = 0.
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Next, we consider the D-approximation of the numbers « = «(t,...,), 0 <
th<ny,...,0<t <nqt;+---+1t > 1, which correspond to
t=1(t,....t;) =P VOP2 __ phr,

i.e., we consider the relations

a=alg+p, 1<qg<rt, (a,q)=1, IB<@n" (10.4)

We let O, Qp, Q1, and Q> denote the least common multiples of the numbers g =

q(t1, ..., t,) with (1, ..., t,) in the respective sets E, Eo, E1, and E;; we further
let § denote the maximum of the numbers |8(¢q, ..., tr)lPll L P,t’ over all r-tuples
(t,...,t) € E.

/80

Lemma 10.9. Ler Q¢ be an integer, and let Qo > P;" . Then

1S'(A)| < ¥ Py ... PAYY,

where x and A, are as in Lemma 10.3. The constant in < depends onlyonny, ..., n,.

Proof. We have

Pl‘
S@I=Y | Y Y ewlaiFpr. . pr 6l

xr=1 p1<P Pr-1=Pr—1

where

ni nr—1  ny

Attt = e 3 Y altn oo tpl oo pllal

t1=0 t,—1=01=0
ti+ett o121

We take the square of this inequality and use Cauchy’s inequality. We obtain

P
a 2
IS'(A))* < P, Z\ ooy exp{zmmpl,...,p,,l,x,)}\

x=1 p1=P Pr—1=<Pr_y
P,
<P Z Z ‘ZeXp{Zﬂit(Fz(pl,.--,pr—l,xr)
pLPISPt  pr1,pp_ <P %=1

— Bt p )} =
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P,
<P Z Z ‘Zexp{2nit(F2(x1,...,xr)

XX <P XX <Py Xr=1

’

— Fa(x{, ..., xp_, %))}

where
ni nr—1 ny

F(xy,...,x,) = Z Z X:Ot(tl,...,tr)xi1 coxlr

t1=0 tr—1=0 t,=0
t+-+t-1>1

We take the square of this last inequality and again use Cauchy’s inequality. We have
IS <PE... PP Y > > expfomit
XX\ <Py X% <Py X X[ ZPr
X (F2(x1, ..oy Xp—1, %) — Fa(x1, .y X1, X))
— F(x,xi_x) + Pa(xy, o x,x))

From this we obtain

IS/(A)|4§ P12--'Pr2 ZZ ‘ Z...Zexp{Znit(Fz(xl,...,xr,l,x,)

XiSP] X;fPr x1<P; x <P
- Fz(-xla "-’xr—la-x;) - F2()Ci, "-7x,,r_17xr))}"

Suppose that the maximum modulus of the inner sum is attained atxi =a,..., x;_l =
ar—1 and x| = a,. Then
1S"(A)* < PP ... PY W, (10.5)

where
W= Z Z Z exp{2mit®(xy, ..., Xr—1, Xr)},
x1<P Xp—1<Pr—1 X, <Py
DX, s X1, Xp) = F2(X1, o0 Xp—1, Xp)
_FZ(xlm--’xr—l’ar)_FZ(ala---yar—lsxr)

ni nr
t ,
— Z...Zy(rl,...,tr)xll coxlr

t1=0 t,=0
4ty >1
We have y(t1,...,t—1,t,) = a(ty, ..., t—1, t) for (t1, ..., t,—1,t,) € Eg. Conse-
quently, the polynomials ®(xy, ..., x,) and F(x, ..., x,) have the same value Qy,
which is larger than Plv/ 80 We also have
nr—1

ni
y©,....0. ) ==Y -+ Y alt,....t)a} ...a)7} (1=t <n,), (10.6)
0

n=0  t_1=
ittt <1
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ny
(e tpo1,0) = = Y @t b t)ay (10.7)
tr=1
O=n=n,....0<str1=np—, i+ + 11 2 D).

We now estimate the sum W. We let A denote the point in the m-dimensional space
with coordinates

ao(ty, ..., t) it (11, ..., 1) € Ep,
050=050(t1a,tr)= .
0 if (¢1,...,t) € Ep,
and we let B denote the point with coordinates y (t1,...,t), 0 < t; < ny,...,

0<t <n;,t1 +---+1t > 1. There are two possible cases:

(a) Ag is a point of the second class;

(b) Ay is a point of the first class.

We first consider the case (a). We show that in this case B is a point of the second
class. In fact, if B were in the first class, then, by Definition 10.1, we would have
y = y(t1, ..., ) representable in the form

y=b/s+E&  (bs)=1, 0<b<s, |gl<m P " . prp)lv
O<rn<np,...,0<t<n,,t1+--+1 <1);

the least common multiple Q' of the numbers s = s(f1,...,%) (0 <1, < ny,...,
0<t <n,HtH+- -+t > 1) would not exceed Plo'l". But then the coordinates
oo = ag(ty, ..., 1) of Ag could be represented in the form

a =y =b/s +§,

_ (10.8)
(b,s)=1, 0<b<s, |&l<m P/ .. PP}

if (¢1,...,t) € Ep and in the form o9 = O/1 if (¢1,...,%) € Ep. Thus the least
common multiple Q” of the numbers s = s(t1,...,%), (t1,...,t) € Ep, does not
exceed Q’. This implies that Ag is a point of the first class, which contradicts case (a).
Thus B is a point of the second class, and, by Lemma 10.3,

\W| < 3Py ...P.A,,

where » and A, are as in Lemma 10.3.

We now consider case (b). Since Ag is a point of the first class, we have re-
lations (10.3). We show that Q¢ < Plo'l". If this is not the case, we have Qg >
Plo'lv, and then Qg # Q”, since Q" < Plo'l". This implies that there exists an
r-tuple (t1,...,t) € Eg such that s(¢, ..., %) # q(t1, ..., t-). From this and rela-
tions (10.3) and (10.8) we find that

k]

_ _ 0.1v—1/6
<IBl+El < @O+t PV

IA

1
sq
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sl <l ygr 1011; 16, >05},1/6 0.1v

On the other hand, s < Q" < Plo'l". For v~! > 2, these inequalities for s are
contradictory; hence, Q¢ < Plo'l".

We represent the coefficients y (0, ..., 0, t.)and y (t1, ..., t,—1, 0) given by (10.6)
and (10.7) in the form

a ()
y(©,...,0,t) = —=+ Bi1(t,), 1=t <ny;
(r)
ay(t,) N oa t)
1Ur 1s ety
q1(ty) 2:: Z;OQ(tla-nJr)’
4+t 1>1
ny—1

ﬂl(m:—z > Bt tal e,

11=0 tr—1=0
4+t —1>1
az(tl9"'7t}’71)
)/(tl, . 'atr—lao) R — +ﬂ2(t13 "-7t}’—1)
g2t ..., tr—1)

O<ti=np,....0=<t, <n,, i +---+14 2 1);

ar(ty, ..., tr—1) _Za(tl,-. tr) i
@ty ..., t—1) q(tl,-- @

Pa(ty, ... .tr—1) = — Z/S(n,...,tr)a?,.

=1

From this we find that ¢ (t,) | Qo, ¢2(t1,...,%—1)| Qo, and

1Bt < (1 +1) ... (ne—1 + PPN,
1Ba(t1, .. o) < (np+ P P PO

r

O<un=n,....0<zt, 95,12t <n., 1 +---+t>1).

We transform the sum W using the substitution x; = Qqys + z5, where 1 < z; < Qg
and —szal < ys < (P —zs)Qal,s =1,...,r. We obtain

Qo
W= - Zexp{2mtd>1(zl,...,zr)}W1,
1= 1 Zr—l (10.9)

= Z---Zexp{ZnitCDg(Qo)q + 21,05 Qoyr +21)},

1 Yr
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where
nr—1  ny
a(ty, ..., ty) ¢
CDI(ZIM-er)—Z Z Z—lea'--vz?
: tr_1= Ol_lq(tl"'.’tr)
t1+ Ftr—1>1
- ax(ty, ..., tr—1) L (tr) ;

P2 B mhey 3
11=0 tr—1 Oq2 L. r—1 1
f+-tt—1>1

(10.10)
nr—1 Ny
t
Do(xy, ..., %) = Z DO Bt tx] X
=0 tr—1=01t=1
ll+ Ao 12>1
nr—1
t z,

+ Z Y Bt teo)x X+ Zﬂlm)x’r
t11=0 tr—1=0 =1
ti+Ht_1>1

(10.11)
From the estimates for §(¢q, ..., t,), B1(t), B2(t1, ..., t,—1), and Qo we obtain

[(0/0ys)tP2(Qoy1 + 21, ..., Qoyr +27)| <0.5.

Consequently, Lemma 10.6 can be applied to the sum W as follows:

(Pi—z0Qy (Pr—zr)Q,
Wy = / ' / | expi2mir®a(Qoyt + 21, .., Qoyr +27)bdy1 ... dy
—210¢ —2:Qg
+ 0(P2 Q—r—H)
We make a change of the variables of integration yq, ..., y,:
X =(Qoys +z) P, s=1,....rn
We obtain
Wi :Pl...PrQarlr—i—O(Pz . P, Q_r+1),
1 1
I =/ / exp{2mit®3(x1, ..., x)}dxy ... dx,,
0 0
D3(x1, ..., %) = Do (Prx1, ..., Prxp).

Thus the sum W satisfies the estimate

W < Pr... POy |S(Qo. Qo®@i(z1, ... 2)) || + O(P2... POy,
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where

Qo
S(Qo, Qo®@i(z1, .. z)) = ) - E:GXPQﬂl”bKZL~~,ZH}

z1=1 zr=1

and the polynomial ®(zy, ..., z-) is defined by (10.10). Since Q¢ > Pv/80 by
assumption, it follows from Lemma 10.4 that

—12/80+ve/80

15(Q0. Qo®1(z1, ... 2))| < QF "1 < QG P, < Q4A,.

Hence, in case (b) we have
|[W| < P1...P A,

After substituting the estimate for |W| in (10.5), we find
1S'(A)] < ¥ Py PA
The lemma is thereby proved. O

Lemma 10.10. Suppose that Qo and Q> are natural numbers with Qo < P, "/80 nd

0> > va/go. Then
1S'(A)] < 8Py ... PAYY,

where x and A, are as in Lemma 10.3. The constant in < depends onlyonny, ..., n,.

Proof. We obviously have the inequality

S@l= Y Y| D ewmit PG, xer, p)|

x1=<P Xp—1=<Pr_y pSPr

= Z Z ‘Zexp{2nitF1(x1,...,xr_l,p)}‘:Tl,

xX1=P Xr—1=<Pr—1 p=Pr

where

nr—1 Ny

Fl(xly--'a-xr—l’p) Z Z Za(tl,---’tr—l,tr)xil-- ;r ip

t1=0 tr—1=0t=1

ny
= Zfl‘(x19 7-xr—1)pta

ny—1

t ty—
ft(xl,.. ,Xp—1) = Z Z O{(tl,...,tr_l,t)xll ...xrr_i.

t11=0 tr—1=0
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We transform the sum 77 using the substitution

xs = Qoys + Zs»

1 <zy < Qo, _ZsQal <yx§(PS_ZS)Q(;1y s=1,...

and obtain the inequality 77 < T,, where

T S S SR 3

=l z=lo<y <Pigy!  0<y_1=P_10;]

x| 3 expl2mitFi(Qovi + 21, Qovrot + 21, P}

p=P;

We represent the polynomial Fi(Qoy1 + z1, ..., QoYr—1 + Zr—1, p) in the form

Fi1(Qoy1 +z1, ..., Qoyr—1 + 2r—1, p) = ®(Qoy1, .. .,

np—1  ny

_Z DD St b, )(Qoy)Y -

=0 tr—1=01t=1

= Z g:(Qoyi, - -, QOyr—l)pt

=1

where
nr—1
oy, ...t 1,tr)—Z Z o (t, .
S1=11 Sr—1=1r—1

$1 Sr—1 S1—11
X Zl
141 tr—1

QoYr—1, P)

(Qoyr— l)r 1p

s hr—1, 1)

423

(10.12)

By Lemma 10.6, there exist integers a; and ¢, (a1, q1) = 1, and real numbers S
such that forall #,...,4,0<t <ny,...,0<t,_1 <n,_1,1 <t <n, wehave

ar =ai(ty, ..., ) =a1/q1 + B

with Q) = Q and 8y < §, <K 8o, where

Q4 =lecm.qi, Q4 =lecm.g,
tr>1 t>1
Sp=max P'...P"|B1], &y =max P ...

0 =1 1 r /3 =1 1

We let Q’j and Q’(t,) denote the numbers

Pl
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Q)= lem qt1,....t,), Q@)= lcm. gty ..., t).
t+tt_1>1 H+Ft—1>1

We note that
Qo =[0(D),...,0m)], Qy=I[0'(),..., Q' (n)].
Lemma 10.6 applied to the polynomials
fi(Qoyt +z1, ..., Qoyr—1 +2r—1)s  &(Qoy1, ..., Qoyr—1), t=1,....np,

implies that Q(#,) = Q’'(t;). Thus we have Qg = Q. Since Q4 = [Qo, Q5] =

[Qo, O3] > va/go, we have Q’2 > 0y Qal > Plv/40. Consequently, the polynomial
D(Qpy1 ..., Qoyr—1, p) satisfies the relation

ny ny—1 ny
ar(te, ..., tr—1,5)
cb(QO}’l,-..,Qoyr_],p):Z... Z Z( r

fy...,t—1,8
t1=0  t,_1=0s=1 qi1(t1, ..., t—1,8)

Bttt S))(Qoyl)” . (Qoyr—D)" 1 p*
=®1(y1,...» -1, p) (modl),

where

nr—1

ny n

a1(0,...,0,5)

®1(y177yr—17p)=2(—+2 Z ﬁl(tlv"'itr—lis)
= \q100,...,0,9)

t1=0 t,—1=0

x (Qoy)" ---(Qoyr—l)t”)Ps

ny
=ZBSPS7 BS=hS(y17---vyr—1)'

s=1

Using this and (10.12), we obtain

Loyt Y Y| X enlritd(y v )
0=<yi=P1Qy'  0<y_1=Pr1Q;' P=Fr
= Q6_1T3.
We consider the D-approximations of the fractional parts of hs(y1, ..., yr—1), S =
1,...,n,, which correspond to 7(s) = Prs_l/(’:

as()’l,---,yr—l)
qsV1s -y Yr—1)
(asis oo =D g5t o yr=D)) =1, 1 =gy eny Y1) < T(S),

{hs(yl""vyr—l)}: +,3(YI,-~7)’r—1)7
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Bsts - s Yr— DI < (@5t oo yrmD)T(9)

The least common multiple of the numbers g1 (y1, ..., Yr—1) .-, gn, Y1, - - -5 Yr—1)
we denote by Q(y). The largest of the numbers |8s (y1, ..., y—1)IPS, s =1,...,n,,
we denote by §(y). We divide the sum 73 into three parts: 73 = S| + S> + 53, where

Si= > > ISGnyenl j=1.2.3,

0=y1=<P1Qy'  0=y,_1=P,10"
SO Yre1) = Y exp(2mit®(y. ..., yr1. P},
p=Pr
and each sum S, S, S3 has its own range of summation over yi, ..., y,—_1, as follows.
If (By, ..., By,)is apoint of the second class with respect to the parameter P,, then
we put the corresponding (r — 1)-tuple (y1, ..., y»—1) in Sy; if it is a point of the first

classandif Q(y) > H = P13 "P or 8(y) > H, then we put the corresponding (r — 1)-
tuple (y1, ..., yr—1) in S; finally, all of the remaining (r — 1)-tuples (y1, ..., ¥r—1)
appear in S3, i.e., S3 has the (r — 1)-tuple (yy, ..., y»—1) for which Q(y) < H and
8(y) < H.

We estimate the sum S;. If the ( — 1)-tuple (y1, ..., y»—1) occurs in S, then, by
Lemma 10.1,

ISO1, - Y= K PP pp =y /(n} logn,),
where y > 0 is a constant. Consequently,
SI <K Pr... Py PO < Py

We proceed to estimate Sp. Since (Bi, ..., By, ) is a point of the first class, it
follows from Definition 10.1 that its coordinates By can be represented in the form

Bs :bs/ls+ﬂs» (b57ls) =1, |ﬂs| =< (nr+1)71Pr7S+0hlv’

s=1,....n,, I=[l1,....1,]1 <P,
We show that for a point (By, ..., By, ) of the first class we have Q(y) < Pro'l". In
fact, otherwise, we would have Q(y) # [. Consequently, there would exist an s,
1 <s <n,suchthatgs(yy,..., yr—1) # ;. From this we obtain
1 as(Y1s -y Yr—1)
<|= = 2 1By DL B
a1, Yyr=1)ls qs(1s -5 Yr=1) I
< PO g e BT,
1< sty ) BTSTOT g p YO <o p RS

I, <0.5p1/6-01
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The last inequality contradicts the fact that [y < [ < P,O'l". We thus must have
Q) < P*!V. We show that forall s, 1 < s < n,,

as(Y1, .5 Yr=1) N by

qs(Y1, oo Yr—1) B ls '

In fact, otherwise, there would exist an s, 1 < s < n,, such that

as(yi, ..., Yr—1) by

qs(1s -5 Yr=1) ls.

Then, on the one hand, we would have

as(yl’n-,erl) bS

> P*O.Zl)
('Is(yly---»yr—l) ls

T g1, Ye—1) T "

and, on the other hand, we would have

as(yla--',Yr—l) _ b_S

< 1Bs1, - yr—D| + 1Bl
qS(yly--'ayr—l) lS

< P—s+0.1v + Pr—s+1/6 < ZPr—s+1/6 < 2Pr—5/6
—_ r — - .
From this we find that the upper and lower bounds for the number

as(yi, ..., Yr—1) by

QS(yla'--ayr—l) I

are contradictory. Thus foralls =1, ..., n,,

by a1 )

= s Bs =BsO1s s Yr—1)-
ls qs(Y1s -, Yr—1)

From this we obtain

Q) =1>H, 83 =08= max P> H.
1<s<n,

Hence, if the (r — 1)-tuple (y1, ..., y»—1) appears in S, it follows from Lemma 10.1
that

ISG1, - =D K PPH Y < PP, Sl < Py PO

We estimate the sums S3. We have |S3]| < Y P,, where Y is the number of (r — 1)-
tuples (y1, ..., yr—1), 0 < y1 < P1Qy"',...,0 < y,_1 < P,_1Qy ", for which

3(y) <H=P", Q@F) <H,

and (By, ..., By,) is a point of the first class. We let ¢ denote the set of points
(Bi1, ..., By, ) which correspond to (r — 1)-tuples (y1, ..., y-—1) occurring in S3.
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We proceed toestimate Y. Welet Q2 = Q1(b1/hy, ..., by, /hy, ) denote the region
in the n,-dimensional space which is defined as follows. The point (¢, ..., o-—1)
belongs to €21 if

as =bs/hs+2z5, 1=<hg <7t(s), (bs,hs)=1,

5] < (hyt(s)™', ) =PV s =1, n, (10.13)
(hi, ... hy, 1< H.

Let Q) = Q(b}/h}, ..., by, [h;, ) be aregion different from €2 with the condition
A", ...,h;r] < H. Then there is an index s, | < s < n,, such that bs/ hy # b,/ h’.
Consequently,

|bs/hs — b/ hy| > H™2,

Hence the distance between the sth coordinates of the points of these regions is no
less than
H2=2(z(s))” 2 0.5H2

But the difference between a; (0, ..., 0,5)/q1(0, ..., 0,s) and the sth coordinate of
any point of g does not exceed

ni nr—1

Yoo 3Bt PP < PP < P

11=0 t,—1=0

Therefore, the set €2 intersects with at most a single region €.
If Y # 0, then all the points of €2¢ satisfy the relations

aS(yly --'7y}’—1) _ bS

qs(1, ooy Yr=1) B L

b, _
(s, yrD) = | S PUH (5= 1, mp).

N

s

(10.14)

Since Q(y) < Pf’m, Q) > Plv/40, and p < v?/120, we have Q) # 0(y), and thus

for some & we obtain

a1(07~--707u“) b/L
—_—— = —, O, ...,n) #1.
PR N AP "7

From (10.14) we have Y < Y1, where Y] is the number of (r — 1)-tuples for which
lh (31, .oy yr—1) —bu/hyl < PTHH = AL (10.15)

We set

ni nr—1

BOi.....yr—) =Y+ > Biltr, ot ) (Qoy)™ - (Qoyr—1)"

t1=0 tr—1=0
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al(O,...,O,u)_a bu_b
QI(O,,OaH«) q’ h/L h
Then (10.15) takes the form
IBG1, ..., yr—1) —b/h+a/q| < A. (10.16)

We now define a periodic function yx (x) of period one by setting

1 if [x| < D,
x(x)=10Q2A —xDA~!T if A < |x]| <2A, (10.17)
0 if 2A < |x]| < 0.5,

and a function v (x) by setting ¥ (x) = x(x +a/q — b/h). Then from (10.16) we

obtain
vi< Y - Y Y(BOL..y-) =

0<y<PiQ;'  0<y—1<Pr_10;'

We expand v (x) in the Fourier series

+00
Y@ =A+ Y c(s)er

S§=—00
) 1
c(0) =0, |c(s)| = min (A, A_sZ)’ ls| > 1.
Consequently,

Y2 L Pro Pri Q0 T AE YT AT ()]

I<s<M
+ > AT+ PP Pl 0"
M<s<M;
where
T(s)= Y, - Y. expf2misB(n, ...,y D},
0<y1<Pi1Qp" 0<y,—1=Pr—10;"

M=A"' M =MP|.
We estimate the sum 7 (s). The moduli of the first partial derivatives of the polynomial

sB(y1, ..., yr—1) do not exceed

nr—1

<|s|2 Z D Xttt )

tj=1 tr—1=0

a
S_B(y17-~'ayr 1)
0y;
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X Qo(Qoyl)“ - 00(Qoy)" ... Qo(Qoyr—1)"!
Q Y Y o) S il XA

<ISI
<<P105§0.5, j=1,....,r—1.

Consequently, by Lemma 10.6

PIQ() Py IQO
T(s) =/0 /O exp(2misB(y1, ..., yr—1)}dy1...dy,—1

+O(Py... P10 ).

429

We transform the integral in 7'(s) by using the substitution z; = Pj_1 Quyj, J =

1,...,r — 1. We obtain

T(s)=Pi... P10y T 1+ O(P2... POy ),

where
1 1
I,_1 = / / exp{2misA(z1, ..., 2r—1)}dz1...dzr—1,
nr—1
t t_
Az, zrm1) = Z D [ PR D O i
t11=0 tr—1=0
t t_
Sty ..., tr—) =Bt ..., 1, WP ... P
Let
6= max [6(t1, ..., t—1)]|.
RS |

Then we have the following lower bound for 4:

nr—1

ny+1 _
5> - Z Yo 1Bi, e, IR P

t1=0 tr—1=0

ti4Ht_1>1
n +1 nr—1
> — Z D Bt -t I Qoy)" - (Qoyr—1)"!
=0 tr—1=0
t|+ o121
ny+1
> (——— [B1(0,...,0, )|
m q
nr—1

- = + > Bt Qo)™ - (Qoyr—1)"!

tr—1=0

)=
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an—i—l(l 1 ) n,+1

e > .
Hg ¢qt(0,...,0,n) “ 4mHT(O,...,0, 1)

By Lemma 10.5, we hence obtain the following relations for 7'(s):
IT($)| < Py ... P10y " min (1, s~V H Y (20, .., 0, M))””) .

Consequently,

Ya< Pr... P10 A

F PP QA Y m T H Y (0, 0, )
1<s<M

PP QAT YT g (e, L0, )
M<s<M;

1- - 1- -
+ P pPz...Pr_lQOH_1 < P pPz...Pr_lQor-H.
From this we conclude that

S3<YP, < P...P.Qy P77,
Ty=Si+S+8<P...P0oy P’
IS'(A)] < 0y '3« ... PP".

The lemma is proved. O

Lemma 10.11. Suppose that the numbers Q and § satisfy the conditions
0 < P10‘4” and § > m_lPlo'4”. Then

1S (A)| < Pr...PP ",

where
p:)//(nzlogn), n:max(r”?"-anr)a

and y > 0 is a constant. The constant in < depends only onny, ..., n,.

Proof. Letd = |6(t1,..., %), t; > 1. Then

IS@I< Y Y (10.18)

xX1<P Xs—1=<Ps_1

Z ‘ Z exp{2mit F1 (X1, ..., Xs—1, Pss Xs41s -« Xr)}s

X <Pr ps=<PFs
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where
Fl(-xla cees Xs—15 Py Xs+1, ---’xr)
Ng—1 Ny Ns4l
—Z Z Z Z Za(tl,...,tr)xil...pt“...xﬁ’.
ts—1=01t;=11t;41=0 t,=0
We let g denote the least common multiple of the numbers ¢ (¢, ..., ;) with the
conditions ty > 0,...,t,_1 > 0,t, > 1,441 >0,...,t, > 0. Theng < Q. We

represent the variables x; in the form

xi=qy+zu, =<z =<q,
g <y <(Pi—z)qg, I=1,...,s—1,s+1,...,r
We define the polynomial
q)l(yla---,YS—l,pa)’s—Ha--~7)’r)
=Fi(gyi+21, ., qYs—1+ 2Z6—1, P> QYst1 + Zs415 - -+ qQYr + 2r)

Ng—1 ng Ns41

DI 35 3 DD BTN

t1=0 ts—1=01t;=11t41=0 ty=
x (@yD)" ... (gys—1)"' ph (qym)’s+1 gyt

Then, by Lemma 10.7, there exist rational approximations to the numbers oy =
o1 (t1, ..., 1) such that

o . ’r ’r 1 1,
Ol]—_+,8], (alaql)_ly q _l'c'm'qla 8 _maX|ﬂI|Pl Pr
q1 ts>1 ts>1

and also ¢ = ¢’ and § < 8’ « 8. Consequently,

DLy ey Ys—15 Py Ystloooes Vr)
ng—1 ng  Ng41
Y Y Y Y z( +ﬂ1)(qy1)” 5 g
11=0 ts—1=01ts=11t,41=0 t =
=01, ...y Ys—1, P, Ys+1s---» Yr)  (modl),

where

D =D(y1,..., Y5—1: D Vs+1> -5 Yr)

ng—1 I Ngt1

Ty Y- Zﬂlm,---’

t1=0 ts—1=01ts=11t;41=0 t=

n.Y
X (gyD" . (qys—1)" ' PP (gyss )" gy =) Bip.
=1
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We let y denote the (r — 1)-tuple (yi,..., Ys—1, Vs+1,---, ¥r). We represent the
coefficients B; of the polynomial ® in the form

Bi=aM/aM+BG). (@().a()=1. 1=<q@) <),
B < (@, =) =1, t@)y=P""° 1=1,...n,

‘We further introduce the notation
0 =[q1(), -, g, (M1, 8() = max |B(¥)|PL.
1<i<ng

If in (10.18) we replace the variables of summation x; by the variables gy; + z;,
I=1,...,s—1,s+1,...,r, we find that

Swi<g Y Y >

0<y1<Pig™! 0=y, 1=Pi_1q" 0=y 1<Psyiq~!
Z ‘ Z exp{2mit®(¥1, ...\ Vs—1, Py Vst1y -« Yr)}
0<y,<P.q~! p=<PFs
— C]rilTl-

We divide the sum 77 into three parts 71 = S1 4+ S2 + 53, where

)
Si= > D Y > SOl
O<yi<Pig=!  0<ys—1<Pi—1g7! 0<ys11<Pyy1g7'  0<y,<Prg~!
j=1,2,3,

SO = Y exp2it® (1. ..., Yoot Py Yot -0 V),
PP

and each of the sums Sj, S>, and S3 has its own range of summation of the (r — 1)-
tuplesy = (¥1, ..., Ys—1, Ys+1. - - ., yr), as follows. If (By, ..., B,,) is a point of the
second class with respect to the parameter Ps, then the corresponding y appears in Si;
if it is a point of the first class, and if either Q(y) > H = Pl3 "Pors (y) > H, then the
corresponding y appears in Sp; and all of the remaining y appear in S3.

In the case when y appears in either S; or Sy, we use Lemma 10.1 to estimate
S(7). We obtain |S(¥)| < Py °. Hence

1S11+ 182 < PP Py... Pg ™"t
We estimate S3. We obviously have |S3| < Y Py, where Y is the number of (r —
1)_tuples y = (y17 I A ys-ﬁ-l» ceey yr)s 0 S i S qu_l, ey 0 S Ys—1 S
Pi_1g7 ', 0 < yei1 < Pip1g~ Y, ..., 0 <y, < P.g~ !, for which

S) <H=P"", 0@F) <H, (10.19)
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and (Bq, ..., By,) is a point of the first class. The set of such (Bj, ..., B,,) in the
first class and satisfying (10.19) will be denoted by €2¢. Just as in Lemma 10.10, one
proves that if ¥ # 0, then the entire set €2 is in a single region €21 defined by (10.13).
Hence,

a(y) _ b ‘ bi <P'H, 1=l<n,.

a® W’ h

Let

8 =1Bi(tr, ... ts—1, L tgqrs oo )| P PP PLPEA P (10.20)

for some [ > 1. Then Y is bounded from above by the number Y| of (r — 1)-tuples y
for which
1Bi(3) — bi/ il < P7'H = A, (10.21)

where B;(y) = B;.
We now define a periodic function y1 (x) by setting ¥r1(x) = x (x —b;/ h;), where
x (x) is as in (10.17). From (10.21) and the definition of 1| (x) we have

ns Y ) Y > B =T
0<y1<Pig=! 0<ys_1<Ps_197! 0<ys41<Ps119~! 0=y, <Prq~!

From this, if we expand v (x) in the Fourier series

+00
Vi) =A+ Y cr(ner™,

f=—00

c1(0) =0, c1(t) <min(A, 1/A1%) for|t| > 1,

we obtain
Yo K Py...P_1Psii...Prg T IA + Z AT ()] (10.22)
1<t<M
+ Y ATUATOI+ Py PPy P P,
M <t<M;
where

T= Y ... > S o) explemitBI(M},

0<y1<Pig=! 0=<ys_1<Ps_197" 0<ys41<Psr19~! 0<y,<Pq~!
M=A"", M =MP}.

We find an upper bound for the moduli of the first partial derivatives of the polynomial
tB(y) for [t| < M;:

ny ng ny
<Y ) Y Bt 1) X

t1=0 =1 t,=0

a _
t—Bi(y)
Yk
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x qlgy)" .. (qyk)’k*1 NCADK

<L |tlg Py Pk 1 <05 k=1,....,s —1,s+1,...,r.

By Lemma 6, this implies the relations

1

/qu
0 0

Ps_1q Psi19 ) _
T < / f exp{2mitB;(y)}dy1 ...dys—1dys+1...dy;
0

+O(Pr.. . Py Py P TN P o PP 4+ PT)
L P ... P_1Pgyy...Pg !
x (L=l + Py +- -+ PP+ 4 PTY),

1 1
1,_1=/ / exp(2mit A()} dy1 . .. dys_1dysii . .. dyy, (10.23)

Ng—1  Ng41

AQ) = Z > Zy(rl,...,zs_l,zm,...,zr)

t5— 1—Ots+1 =0 =0
t1+ +ls 1Hs1++1>1

Is—1 _ Is+1

n tr
Xyl cee Yo lys+1 Ve
y(tlﬁ--'at‘s‘—lat‘Y-‘,—l?---’t}’)Zﬂl(lj?"-’lts lal t&‘-i-l»"-’l}’)

131 Is—1 pls+1 t
X Pl PO PS P

There are two possible cases in relation (10.20) which defines §':

@n+--+t 1+t +--+ 521,

O)t1 ==ty =tys1 = =1, =0.

Let y be the maximum of the numbers |y (¢, ..., t;—1, ts+1, - - - , ;)| subject to
the condition that t{ + - - -+t 1+ ts41+ -+ >1,0<ty <ny,...,0<t;_1 <
ng—1,0 <ts41 < ns41,...,0 <t <n,. Then in case (a) we have

J/ — S/Ps_l >> (SPS_I >> PS_I Plt)lv
We derive case (b) (see (10.21)) into two subcases: (1) iy > 1, 2) iy = 1. In
subcase (1) we have

Ng—1  Ng41

ZnS-HZ Z Z Zh’(tla---ats—17ts+1a---str)|

t5—1=01;41=0 =
ll+ g1 Hsp1 21

ng + 1 Tl Tedl
== Z Z Z Zlﬂl(tl,...,ts_l,l,ts+1,...,z,)|

t1=0 ts—1=01t;41=0 t=
4 A1 Hsp1 o F1->1

1 Is—1 pls+1 7
XPl Ps 1P5+1 Prr
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Rs—1 Rs41

"SHZ ZZ Zlﬁl(n,...,ts_l,l,rs+1,...,tr)|

ty—1= 0t\+1 =0 1=
11+ Fg—1 41+t =1

X (@yD)" .. (qys—1)" (gys+1)5H ... (qyr)”

v

ng +1 Ng—1  Ng41
> -
S ( BO,....0,1,0,.., ey Y
11=0 1= 0[§+1—0
ny
t Zﬁl(tl7 ""t57lslsts+17 "',tr)(qyl)tl "‘(qyr)tr )
1=l
zn‘y+1<i_Pv—1P1/6 >>>H > Pl Olv
m hy ’

(all of these inequalities are written out under the assumption that the (r — 1)-tuple

(V1 -++s Ys—15 Ys+1, - - - » Yr) Occurs in Sz, and so (10.19) holds). We now consider
subcase (2). From inequalities analogous to those in subcase (1) we obtain (h; = 1
and b; = 0)

ns—i—l

y = (Iﬂ(O ,0,1,0,...,0)

Ng—1  Ng+1

-"7tS—17l7tS+1a-"7tr)

)

Thus the number y satisfies y > PS_Z Plo'l". Consequently, by Lemma 10.5

Iy—1= 0l‘s+1 0 =

X (@yD" .. (gys—1) T (qys+1) L (qy)T

| V

n +1 _ _

- — — — . 2
[I_1| < |t 0.511,}/ 0.5v < |t O.SVPS O.Svlp1 0.5v ’

where v max(ny, ..., n;) = 1. Substituting this bound for /,_; into (10.23), and then
substituting the resulting inequality for |7 (¢)| into (10.22), we find

Yao<< Pi...P_1Peyy...Pog " HIA

— _ _ 2

+P... PS—IPS—H o Prq r+lA Z t O'SVP;)'SVIPI 0.05v
1<t<M

_ _ Ay _ 2

_|_ Pl . P57]Ps+] . Prq r—HA 1 Z t 2 OSUPSQSUIPI 0.05v
M<t<M;

+ Py PPy Pg PP



436 10 Estimates of multiple trigonometric sums with prime numbers

Since A = P,'H = P! P13 P it follows that Y, satisfies
i< Pr...P_1Pyq... Prq_r+1P1_p~

Consequently,
1S31 < PY < PY, K P PPy... Pt

‘We hence obtain
1S'(A)] < ¢" 7 US1] + 1S2] + 1S3]) < Pll_pPZ--~Pr-

The lemma is proved. O

Suppose that A is a point of the first class. Then its coordinates o = «(?q, ..., t)
satisfy (10.3). Let E; be the sets defined at the beginning of the section. We let Q;
denote the least common multiple of the denominators ¢(¢, ..., #,) of the rational
approximations to the numbers a(f1, ..., ;) in (10.3), over all r-tuples (¢1, ..., #) in
the set £;. We shall make use of this notation in Lemmas 10.12 and 10.13.

Lemma 10.12. Suppose that A is a point of the first class, and Q¢ > 092, Then
|S/(A)| L Pr... PrQ_O'OSVJ"S(l”’ Q)O'ZSV,

The constant in < depends only onny, ...,n, and ¢.

Proof. As in the proof of Lemma 10.9, if we take the fourth power of the sum |.S’(A)|

and apply Cauchy’s inequality twice for certain fixed natural numbers ay, ..., ar,
1<ay<P,...,1<a, < P,,weobtain
IS (A)* < PP ... PPW], (10.24)
W= > ) exp2mit®(x1..... X1, %)},
X1=<P Xr<Pr
q)(XI’ "‘7xr711xr) = FZ(xl’ "‘7xr711xr) - Fz(x11 ~--»xr711ar)
ny ny
—Far,...,ar-1, %) = Z---Zy(tl,-..,tr)X§‘ Xy
t1=0 t,=0
> 1

nr—1 ny

n
t fr—1 _t,
Fz(xl,...,x,_l,xr)zz--- Z Za(tl,...,t,_l,t,)xll...xrr_lxr’.

t1=0 tr71=0 tr=0
ti+t o >1

From the definition of the polynomial ®(x, ..., x,) we find that its coefficients
satisfy the following relations:

J/(tls"‘vtr—lytr):a(t17"'7tr—latr)
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fort;y+---+t_1>1landt > 1,ie., foran r-tuple 7 € Eo;

nr—1

t ly—
y(,...,0,1,) = Z Y at .. tptal g

11=0 tr—1=0

H+tt o1 >1
fort, > 1,1.e.,fort € Ey;
nr
1,
y(tla "-7tr—1’0) = _Za(tla "'?tr—l’tr)srr
tr=

fort; +---+1t_1 > 1,1e., fort € E{. Hence, if we use relations (10.3), which
define the points in the first class 2|, we obtain

y(0) =a1()/q1(1) + i (1),

where
a1(t)/q1(t) =a®)/q@), Pp1@t) =p{) for 1€ Ey, (10.25)
ay (7) Nalty, .. t) _ N
a8t =— E;, (1026
0@~ a0 BI@) ;ﬂ(na feE.  (1026)
a® — altn . t) g g
@ Z Zoq(rl,.. S
- (10.27)

Bi(D) = — Z Zﬁ(zl,...,t,)ail...aj’;{, e E;s.

t=1 tr—1=0
4+t —1>1

Consequently, g1 (t1,...,%)| Qo fort, ..., > 1,and

ny +1 Plfn

1 1
10, .. 0,5y < LD Ot B D) ey oy
m

|ﬁ1(t17"'7tl’—170)|§ '-P tr IPOIV’ tl"'-7tr—1217

We now transform the sum W using the substitution

xs = Qoys +2z5, 1=<2z5 < Qo,
2,05 <y < (P —z9)05', s=1,....r.
We obtain

Qo
w=>y"- Zexp{antCDl(Zl,...,Zr)}Wl,
= = (10.28)

= Z---Zexp{ZnitCDg(Qoy1 + 21,05 Qoyr +20)},

Y1 Yr
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where the summation with respect to the variables y, is taken over all integers in the
interval —szal < ys < (Py — zs)Q(;l, s=1,...,r,

nyr—1 ny

Di(z1, - Zr)—Z > Zam—?;z?zi
r

..,
n=0 1 1—0;—161(1

HA 1 >1
ny nr—1 ny
al(tla" tr 1, O) [I Ir—1 al(ov"‘707t}’) 1y
DD Ot a4 3o G0ty
= R AIGEERRN AN ) — q1(0,...,0,%)
1 tr—1 t=1
t1+"'+tr71>1
Rr—1 ny
t .
Do(xy, ..., %) = Z DD Bt (10.29)
t1=0 tr—1=0 t,=1
t4t 1 >1
nr—1
t tr—
+Z Zﬂl(tl"-'atr—l70)xll'-- 1+Zﬁl(0 "9Oatr)x;€r'
n=0  -1=0 tr=1
4t >1

We estimate the first partial derivatives with respect to y, of the polynomial t @, (Qoy1+
, Qoyr +z,) fort < Q02V:

0
tWCDz(Qom +21,..., Qoyr +2¢)

nr—1  np

<|t|Z Z DD 50QolB, 1)

ts=1  t_1=0t,=1

x (Qoy1 +zD)" ... (Qoys +25)" 1 ... (Qoyr + 2,)"

nyr—1

+|t|Z Z > 00181, - -1, 0)]

1=0 ts=1 t—1=0
x (Qoy1 + 20" ... (Qoys + 29" ' .. (Qoyr + 2"
< t|QoP; ' PP < P77 <05

fors=1,...,r —1;and

1£(3/9y,) P2(Qoy1 + 21, .- Qoyr + 2| L [t|Qo P PPV < 0.5,
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Consequently, by Lemma 10.6 we have

(P1—21)Qp"
Wy = /

—1
ZIQ()

(Pr—21)Qy"
. / exp(2mit®2(Qoy1 + 21, ..., Qoyr +27)}dy1 ... dy,

—1
ZrQ()

+O(P,... POy Mh.

We now make the change of variables of integration

Xy = Ps_l(Qoys +2z5), s=1,...,r.
We obtain the equality

Wi=P...PQy I, + O(P... P,Q;"h,

where

1 1

I, :/0 ./0 exp{(2mit®3(xy, ..., xr)}dxy ... dx,,

O3(xp, ..., x) = Dy(Pix1, ..., Prxy).

Substituting Wy in (10.28) and passing to inequalities, we find that

(W < Pr... POy 1S(Qo, Qo121 ... 2| 1| + O(Py ... P,OG" ),

where
Qo Qo
S(Qo, Qo®1(z1, .. z)) = Y - Y expl2mit®i(zrs ..., 7))
lel Zr:1

and the polynomial ®{(z1, ..., zr) isasin (10.29). The coefficients of ®(zy, ..., z;)
are rational numbers whose denominators have least common multiple Q¢. Hence it
follows from Lemma 10.4 that

1S(Qo, Qo®@i(z1, - 2D < Q5" (Itl, Qo)
where & > 0 is arbitrary small. Consequently,
W < Pr... POy (e, Q0"
Substituting this in (10.24), we obtain

The lemma is proved. O
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Lemma 10.13. Suppose that A is a point of the first class Q, and Qo < Q%2 and
0> > Q% Then

IS'(A)] < Pi...PAC, %, A= 0%.
The constant in < depends only onny, ..., n, and ¢.
Proof. We have
IS'@I =T (10.30)
where

-y ¥ ‘Zexp{znitFl(xl,...,xr_l,p)},

x1<P Xr—1=<Pr—1 p=Pr

nr—1 ny

t r
Fir(xi, ..., x—1, xr)—z Z Za(ll,...,tr_l,tr)xll...xﬁ.

=0 tr—1=01t=1

We represent the variables x5, s = 1,...,r — 1, in the form

X = Qoys+ 25, 1<zy<Q0 —2z0p" <ys<(P—z)0;". (10.31)
‘We then obtain

F1(Qoy1 +z1, ..., Qoyr—1 +2r—1, p) = ®(p) + ®1(z1,...,2,) (modl),

where

nr—1

¢<p)=§Asp‘Y:Zrl<H Z Y Bt s)

t1=0 tr—1=0

X (Qoy1 +zD)" ... (Qoyr-1 +Zr—1)”“>ps

ny a
= Z (_‘ + Bs)Ps,
—, \4s
nr—1  ny

S ot T 1A

t1=0 tr—1=01¢=0

For the number B, 1 < s < n,, we have the bound

nr—1

|Bs| = ‘ Z D Bt 1, 9)(Qoyt 7)™ L QoY1 + 2 )

t1=0 tr—1=0
< +1) ... (g + DSP™S = (m/(n, + 1))8P°.
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Since the point A is in the first class, we have |§] < m ™! Plo'l". Consequently,

1
5/= |BS|PS S PlO]U S —Prol/nr
ny +1 ny+1
From this we find that (A, ..., A,,) is a point in the first class with respect to the

parameter P.. Thus, from Lemma 10.1 we obtain

. —0.5/n,
T = ) Z exp(2mit®(p)}| < P A(Jt], 02)°, A = 0; e,
PPy

Ar(tl, 0% < 059 (1t 0)° = AL
We substitute this estimate into (10.30) and obtain
IS'A) < Pi... P, K Pr...P(Jt], 0%, A, =0 " « P ...PA,

The lemma is thereby proved. O

10.3 The main theorem
Theorem 10.1. Let A be a point of the second class Q2. Then for 1 <t < P12 P
IS'(A)| K Pi... A, A=eSP0

where x = ny + puons + -« - - + wyny, and (y, . . ., iy are natural numbers satisfying
the conditions

—1l<InP/InP; —usy <0, s=2,...,r, ,0_1 = 128mx log(8mix).
Suppose that A is a point in the first class Q1. Then for 1 <t < Q%"
IS (A) < P PAGL 00, A= 00t
Finally, suppose that A is a point in the first class Q1 and

§= max |BIP{'...P] > 1.
ittt =1

Thenfor1 <t < Plo'z"
IS'(A)| < P[TE. PA, A =8TVTE

The constants in < depend only onny, ..., n, and on a fixed arbitrary small number
e > 0.
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Proof.  The theorem is proved by induction on the number of variables r. The
theorem is true for r = 1 (Lemma 10.1). By the induction assumption, the estimate
in the theorem holds for S’(A) in the case of r — 1 variables and any point A. We now
prove the theorem for r variables.

Suppose that A is a point in the second class €2;. There are four possible cases
(concerning the numbers Q, Qo, Q1, and Q», see the notation at the beginning of
Section 10.2):

(1) Qo > P,
) Qo < P/"* and 05 > P}"/%;

3) Qo < P”/80 0> < PV and @ > P01,
@) Qo > Pl0 Vand § < m’lPlo'l".

We obtained the estimate for S’(A) in case (1) in Lemma 10.9, in case (2) in
Lemma 10.10, and in case (4) in Lemma 10.11. It remains to consider case (3).
We obviously have the inequality

/80,

P,
SWI=Ti=Y | Y 0 Y eplRaitFi(pr . pxl,
x=1 pi=Pir  pr—1=P—
nr—1  ny

F1=F1(p1’---apr 1, xr)—z Z Za(tlﬁ'-'atr—latr)ptll' p,{r ixtr

t1=0 tr—1=01¢t=1

f4t o1 >1
nr—1
}: tr—1
- Z ft1 ..... tr— |(xr)prr 1°
=0 tr—1=0
t|+ o121

We divide the variable x, into arithmetic progressions with difference Qg:

X =00y +2zr, 1<z <00 -0y <y <P —-2z)0,". (10.32)

We have T} < T,, where

Qo
T, = ZZ‘ Z Z exp{2nit Fi(p1, ..., pr—1, Qoyr +zr)}|,

=1 yr p1=<P Pr—1=<Pr_

and the variable y, runs through the values in (10.32). We represent the polynomial
F in the form

Fi(pt, ..., pr=1, Qoyr +z;) = ®(p1, ..., pr—1, Qoyr)
nr—1  ny

= Z Z Za(tly---,tr—latr)ptll . pir i(QOyr)tr

11=0 t—1=01t,=
4+t —1>1
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nr—1

b
= Z > Gty (Qoy Pl . Py

11=0 t,—1=0
tit+ett o121

By Lemma 10.7,

ap =ai(tl, ..., -1, ) =ai/q + Bi, Q4= 04, 8o K8 K, (10.33)

where
/
Oy= lem. g, Q4= lem. g,
HA4- A+t >1 ti+tt o1 >1
8= max P/'...P"|pil, 8= max P{'...P"|B|
ittt —1>1 ti+tt o1 >1

We let Q’j and Q'(11, ..., t,_1) denote the numbers

Q’j = lem. g¢q;, j=0,1,2,
ti+t1, €E;

Q'(t1,....tr—1) =lem.qi(tr, ... . tr—1, 1),
t>1
o, ..., tr—1) = l.c.m.q(tl, ee b1, 1)
t>1
O<n=<n,....0zt,1<n_1,1+---+t,_1 =2 1).

Then

Qo= lem. Q(t.....t1), Qp= lem. Qt,....0r-1).

H+tt>1 H+tt>1

We again consider relations (10.33) for the coefficients «; and apply Lemma 10.6 to
the polynomials f7, . ,(Qoyr +z,) and g,....;._, (Qoyr). We obtain

o1, ... tr—)=Q'(t1, ... tr—1), 14+t = 1.
Consequently, Qg = Q, and

3v/80 1 > P1U/40-

04 =[Qo, 011 = Q) =[Q0, 011> P Q1 = 040y

We transform the polynomial ®(py, ..., p,—1, QoY) starting from relations (10.33)
foro)p = alty, ..., tr—1,t):

<I>(p1,-.-,pr—1,Qoyr)=Z Zi(dl(“"' ;+ﬂ(t1+ +tr)>

t, ..
20 o Z0no q1(t1,
ftt o1 >1

x pilo . pr Qv =
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E®(pl7"'7pr—l) (m0d1)7

&R (a1, 0)
CI>(P1,...,pr—1,Y):Z...Z 0
< br—1,

20 no2o q1(t, ..
H4-Ft—1>1

ny

+ > Bt -+ rr)(QoyYf)p? P
=0
ni nr—1

=D D Bt +n-Dp . p
t1=0 t—1=0
f4tt—1>1

Consequently,

T1 < Qo Z ’Z Z exp2mit Fi(p1, ..., pr—1, Y)}| = QoT5.

OSyYSP,QJI P1<P Pr—1<Pr—1

The estimates for 73 is similar to that for the corresponding sum in 73 in Lemma 10.10.

The polynomials By are replaced by B(tq, ..., #—1), the numbers 7(s) = Prs_l/ 6

are replaced by t(t1,...,6_1) = P P PTY0 0@) = Q.. yel1) s
replaced by Q(y,), §(¥) is replaced by §(y;), the (r — 1)-tuples y = (y1, ..., t—1)
are replaced by the variable y,, and instead of the estimate for a simple trigonometric
sum (Lemma 10.1), in the corresponding places, one must apply the estimate for an
(r — 1)-dimensional sum, which holds by the induction assumption.

We have obtained the estimate for S’(a) for points A in the second class €2;.

Now suppose that A is a point in the first class €. One has the following possible
cases (the numbers Q, Qo, Q1, and Q> were defined right before Lemma 10.12):

(1) Qo > Q°%;

(2) Qo < Q%% and Q3 > Q%%

(3) Qo = 0°% and Q7 =< Q%%

@ Q=<P)andl <8 <m- P}

In case (1) the estimate for S’(A) was obtained in Lemma 10.12, and in case (2)
it was obtained in Lemma 10.13. The derivation of the estimate for S’(A) in case (3)
is similar to the derivation in case (2). Namely, in the statement and proof of
Lemma 10.13, one must replace Q> by Q1, replace the (r — 1)-tuple of unknowns
(x1,...,x,—1) by the variable x,, replace the variable p by the (r — 1)-tuple
(p1,.--, pr—1), replace B by B(t1, ..., t—1), and instead of Lemma 10.1, in the
corresponding places, one must use the estimate for an (r — 1)-dimensional sum over
prime numbers, which holds by the induction assumption.

It remains to consider case (4). Since A is a point in the first class, its coordinates
satisfy the relations

oa=a(ty,....ty) =a/g+p, (a,q) =1,
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§= max |BIP'...P" <m™'P*Y, Q0= lem. ¢ < POV
1 ro= 1 =1
4t >1 A+t >1

In the case under study we have § > 1. We set

445

§=1B(t1, ..., t)|PM .. P i > 1 (10.34)

Then for |S’(A)| we have (for g # )

IS' (Al < Y Inl,

xXg <Py

P1=P Pg—1=Py—1 pg+1=Py+1

: Z eXp{ZT[ltFl(pl, ---7pq—17xq, Pq-i—l, ---7p")}’
pr<Pr

ng  n ng—1  nNg+1

PTG S o SN DI SR IS R

t;=01=0 tg—1=01441=0 t,=0
ti+ g1 +Hg41 =1

We now represent the variable x, in the form
Xg=0y+z, 1=<z=<0, —z207 ' <y < (Py —207 L.
Then

Fixt,...,0y+2z,...,x) = ®(x1,...,Xg-1, Xg+1, .-, X)) (mod1),

qj(xl,...,x(!_],x(j_l,_],...,xr)

Ng—1  Ng+1

—Z Z Z ZA(tl,...,tq_l,tqH,...,t,)xi‘...x;f,

tg—1=01441=0 t,=0
t1—|— Hg_1+tg41++r =1

A(l‘],...,l‘q_l Ig+1, .- )

_ a(tl,.. ) tq+Z,B(t1,...,tr)(QY+Z)tq

0 q(tl LR q—O
We fix z. Then we need to show that a point A with coordinates

A(l‘l, ,tqfl, tq+1, ,Z‘r)

belongs to the first class. In fact, the denominator of the irreducible fraction

a _ Z aty,..., tr)th
(l‘],..
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divides the least common multiple Q of all the numbers g (t1, ..., ¢ ), t1+-- -+t > 1.
Hence the least common multiple of the numbers & does not exceed PlO IV The number

ng
B=B(t1.....lg- 1. tgp1.- 1) = Y Bt ... 1:)(Qy +2)"

14=0

satisfies the inequality

Bl < (ng + DSP" P P P
ng+1 —lg—1 p—lg+1 —1, 0.1
=——h Y R N S S
We thus have
8= max |B|PI' ... Pl pll  ptr < ngt1 1P‘“"
te gt g1+t =1 1 q—1"q+1 = h
The point A; thus belongs to the first class. Let (7, ..., #,) be an r-tuple for which

(10.34) holds. We let ¢ and g denote the polynomials

(p(QY+Z) = B(tl’ "‘7tq—latq+l’ "*7tr)7 g(v) = (/)(qu)

Then the maximum modulus of the coefficients of g(x) is equal to

—n —lg—1 p—lg+1 —t,
3P, ...Pq_1 Pq+1 . P

Let K(G) be the number of integers y for which
G <lp(Qy+2)| = 2G. (10.35)
Then, by the induction assumption,

IS'(A)| < BPy...P;_1Pyyy... P,

[log Py1+1
+ Y K@D)Pi...Py 1Py P27 (log P72, (10.36)
j=0
—t —lg—1 p—lg+1 —tr
D=p"..P PP

where B is the number of integers y that satisfy |@(Qy +.z)| < D. By Lemma 10.8,
the measure u of the set of points x for which |g(x)| < 2/ D does not exceed

< min (1, (2/871)1/m). (10.37)

Since this set consists of at most n intervals, it follows from the definition of g(x) and
@(Qy + z) and inequality (10.37) that

KQ2/'D) < P,07 125 HVm 11« P07 257 41 if 278 <1,
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KQ'D)< P07 ' +1 if 278> 1.

. We substitute these estimates into (10.36). If we replace 2/ by § in (10.36) for
278~1 > 1, we obtain

IS'(A)| < Py... P8 (log P)" L,

This completes the proof of the theorem. O

10.4 Applications

We prove Theorem 10.2, which concerns the distribution of the fractional parts of
the values of a polynomial in several variables each of which runs through the se-
quence of prime numbers. This theorem generalizes a theorem of Vinogradov ([165],
Chapter 10.8) to the multidimensional case.

Theorem 10.2. Let py, ..., p, be prime numbers, F(xy, ..., x,) be the polynomial
defined in (10.1), and D(o) be the number of r-tuples (p1,...,pr), I < p1 <
Py,...,1 < p, < Py, satisfying the condition {F (p1, ..., pr)} < o. Suppose that

D(o) can be represented in the form
D(o)=n(P)...n(P)o + 1P, ..., Pr,o0),
where 7 (x) is the number of primes not exceeding x. Then
A(P1, ..., Proo)| € PITE L PAY,
where A1 is defined as follows: for polynomials F(x1, ..., x,) in the second class,
Al = eS”Pl_p, o~ = 130mx log 8mox,
for polynomials F(x1, ..., x;) in the first class,
A = Q00

and, finally, if also § > 1, then
A] — 8—U+£

where ¢ > 0 is an arbitrary small constant.

Proof. Without loss of generality, we may assume that A| < 0.1 and 2A| < o <
1 — A1/2. We consider the function v/ (x) in [165], Chapter II, Lemma 2, withr = 1,
A=A, =0.5A1,and 8 = 0. We obtain

D(o)=N(o, A1)+ O(Pr1... PLAy),
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where

N A)= > > Y(F(pi.....pr),

p1<P; pr<P

We set
Pl ifAe,
AP =10%" ifAeq,
PXlV ifAeQ, §> 1.

Then, after expanding ¥ (x) in Fourier series, we have
N(o,Ay) =a(Py)...n(P)o+H+ O(P... P AYy),

where

|57 (A)| |57 (A)] |57 (A)]
H -
NPk D Ui w2 ED Dl w::
0<r<A;! AT <r<AG? 1=A5?

=2t

To estimate ) ; and ) , we make use of the estimate for S;(A) in Theorem 10.1,
and we use the trivial estimate of Py ... P, for ) ;. We obtain H < P;... P Ay.
Consequently,

D(o)=na(Py)...t(P)o+ O(Py...PAy),
as was to be proved. O

There is one other important application of our estimates for multidimensional
trigonometric sums with prime numbers, in the problem of simultaneously represent-
ing a set of natural numbers by terms of the form ptl1 .. pﬁ’, 0<t <np...,0<
t, < n,. In what follows, we shall derive an asymptotic formula for the number of
such representations. As in the case of the corresponding problem for one-dimensional
trigonometric sums with prime numbers (see [117] and [67]), the asymptotic formula
turns out to be nontrivial for large k and only if certain arithmetic conditions and order
conditions are fulfilled. They are similar to the conditions in [12]; the only differ-
ence is that the variables of summation take values in a reduced system of residues
modulo a certain number. The derivation of these results was stimulated by the work
of Arkhipov [8] on the Hilbert—-Kamke problem and the joint work by Arkhipov and
Chubarikov [12] on generalizing this problem to the case of multidimensional sums
in which the summation is over solid intervals of integers (not just the primes).

Let J (M) denote the number of representations of the set

M=(MQO,....,1), ..., M(ny,...,n))



10.4 Applications 449

in the form
k
1 ty
Zpl’j...pr’j =M(t,...,t;)
O<t<ny,....,.0=5t, <np, 1+ +1, 21,
where the unknowns p; ; are prime numbers with 2 < Ps,j < Pg,s =1,...,r,
Jj =1,..., k. The letters 8 and o denote, respectively, the singular integral and the

singular series of the problem under study,

400 —+o0 .
6 = / WK(A)e 2B 4 A,
—0o0 —o0

1 1
W(A):/(; ‘/(; exp{2miFp(xy, ..., xr)}dxy...dx,,

ni ny
Fa(xt,...,x) = Z---Za(n,...,zr)x?...x;r, «(0,...,0) =0,

B = Z Za(tl,...,tr)M(tl,...,tr)Pl_” L PTT,

t11=0 t=
+o0 +00 q(0,...,1)=1
o= Z Z Z Z U(a, g)e P,
q(0,....,D=1 g(ny,...,n;)=1 a(0,...,1)=1 a(ng,...n;)=1
(a(0,...,1),9(0,....,1))=1 (a(ny,....,n;),q(n1,...,n,))=1
0 0
Ula,q) =p(@)" Y -+ > expl2mi®ag(xr, ..., %)},

x1=1

xr=1
(=1 (xr, Q)=1

a(ti, ..., 1) 4
Dy q(xt, ... xr)_Z Z 5 xil.xl
r

11_0 q(tl’ .
a(ty, ..
D= M(ty, ..., t);
Z Z PO f
and Q denotes the least common multiple of the numbers g(#1,...,%), 0 < ;1 <

ny,...,0 <t <ng,t;+---+t > 1. Finally, suppose that the conditions L‘YLI*1 <
1,s =2,...,r,are fulfilled, and let »x denote the number defined in Theorem 10.1.

Theorem 10.3. For k > 16mux log 16mx + 3 one has the asymptotic formula

JM)=00(Py...PLT ... L7OEP! . P2
+O((Pr... PLT . LY P P 2L og L),
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Proof. We represent each coordinate « = «(ty,...,4),0 <t <ny,...,0<t <
ni, of the m-dimensional unit cube 2 in the form

a=al/g+p, (aq=1,0<a<gq, B=86P "...P", (10.38)

we let O denote the least common multiple of the numbers g, and we let 6y denote the
maximum of the numbers |§| withO <# <ny,...,0<t <n,andt;+---+1¢ > 1.
Then we let the first class Q/l consist of the points A for which O < LA, So < LB,
H = 60rv~!, and B = 3rv~!. The remaining points A of the cube 2 are put in the
second class ). We obviously have

J(M) — /_._/Sk(A)e—ZT[i(AXM) dA,
Q

where

S(A)y= Y - Y expl2miFalpi, ..., P},

P1<P; Pr<Py

ni ny
Falptl,...,pr) = Z-uZa(tl,...,tr)p;l copr, o @(0,...,0)=0,
11=0 t,=0

ni ny
AxM=)" > altn,....t)M(t1.....1).

t1=0 =0

Corresponding to the partition of Q into the two classes Q) and ), we split the
integral J (M) into two parts: J(M) = J; + J,. If A is any point in the second class
), Theorem 10.1 implies

IS(A)| < Py ... P (L7 00 vHFeH o | —vB+eBy o p P L7, (10.39)

We set kg = [8mx log 16mx ]+ 1, where the number x is defined in Theorem 10.1.
Then, by Theorem 3 of [32],

/- : -/|S(A)|k° dA K (Py... P)R(p ... prry=m/2 (10.40)
Q

since
InP/InPL k1, s=1,...,r, x K1

(the constants in < depend only on n and r). Consequently, if we use (10.39) and
(10.40) and take into account that k > 2kg + 1, we obtain

J» < max |S(A)|k—k0/---/|S(A)|k0 dA (10.41)
Ae2n
Q
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L (P P LT LThYR L Py 2L

We now derive an asymptotic formula for J;. We let w(a, g) denote the region
corresponding to fixed ¢ and ¢ in (10.38), and we let 8 < LB. If a,q and @', ¢’
are distinct pairs, the regions w(a, ¢) and w(a’, q’) are disjoint. Hence

h= Y Y Y g (10.42)

o<LH lcm.(9)=0 a mod ¢

where (a(t,...,t),qt1, ..., ) =1,0<a(t,....t,) <qg(t,...,t),0<t <
niy,...,0<t <n,, and
Jag = /~-~/Sk(A)e_2”i(AXM) dA. (10.43)
©(@.q)

For the sum S(A) with A € w(a, g) we obtain the asymptotic expression

Sh= Y Y expniFalpi.....p)}+ 0P P
VPi<p1<Pi VP <pr<P
0-1 0-1
= > o > explmiFag(h. . T ) (10.44)

11=0 1,=0
(1,0)=1 I, 0)=1
12
+ 0P "Py... P),
where
T, ....lr) = Z Z exp{2mi Fg(p1, - - -, pr)}-

pi=li(mod Q)  p,=I- (mod Q)
VPi<pi=P NPr<pr=P

We rewrite T (11, ..., [;) in the form

Tdy,....l) = Z Z (w(n, Q. 1) —7(n1 — 1,0, 1)) ...
VPi<m=P1  Pr<n <P

X (n(nr, o, l,)—nmn—1,0, l,)) exp{2niFg(ny, ..., ny)},

and we make an Abel transformation with respect to each variables in succession. We
obtain

T, ....l[)=) (=D Y 3 3

s=1 I<ji<-<js<r /Pj1<Qj1§Pj1—1 «/Pj5<Qj5§Pjs_l
X Z Z (n(nl,Q,ll)—ﬂ(nl—l, Q,ll))

N Pi<ni<P| VPr<n.<P]
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x (w(r, Q. 1) = m(ny — 1, Q. 1)) Ay .j, exp2mi Fg(P{, ..., P}))
+exp2miFp(Pr, ... PYY > > (1, Q.1
VPi<ni<Pi P <n.<P;
_77:(”1_laQ’ll))-“(n(nr’ler)_ﬂ(nr_l’ler))’
c_ o iti=i s
! Pl # i, ..., s

Since Q < L#, it follows from Siegel’s theorem that 77 (x, Q, ) satisfies the asymp-
totic formula

inx *dt
n(x, Q,1) = lix + O(xe~ V") lix= [ —.
®(Q) 2 Int
We substitute this formula in the last expression for 7'({q, ..., ;). Then
Ty, .. ) =9(Q)" Z Z exp{2miFg(ny, ..., n,)}

VPi<m=P  J/Pr<n <P,

/"l dty f d,
X —_— ...

ni—1Int n—1 10ty

+oqpPmtt . prHLT LYy oy PLT . LT e YE

L Proexp2miFa(t1, ..., 1))
=<0(Q)’/2 /2 plzmiFy(n dny . di,

Int;...In¢,

+O0(P...PLT L7
=p(Q)"P... PrLl_l LT /01 . -'/01 exp{2mi Fs(ty, ..., t,)}dty .. .dt,
+0P...PLT . L7 L Mog L).
From this and (10.44) we obtain
S(A) =U(a,9)W©B) + O(Py ... L' ...L;' L™ log L).

If we substitute this into (10.43), extend the integration onto the entire m-dimensional
space, and then substitute the resulting expression into (10.44) and take the summation
there over all Q > 1, we find that
J=00(P...PLT . LyORRM L P2
+O((Pr... PLT . L7HR P L Py T2 L g L).

The last formula together with (10.41) gives the desired asymptotic formula for J (M).
O
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10.5 On Vinogradov’s problems in the theory
of prime numbers

In this section we consider several number theory problems related to Vinogradov’s
method of trigonometric sums. By a trigonometric sum we mean a sum of the form

g — Zesz(x)’

xeQ

where f(x) is a real function of one or several variables defined on a discrete set €2.
Such sums have proved to be a very useful instrument in the study of the distribution
of values of functions of several variables defined on a discrete set.

Developing the method of trigonometric sums, Vinogradov arrived at the contem-
porary understanding of the essence of this class of problems. His outlook is presented
in [153], [158], [160], [150], [151], [154], [155], [156], [157], [165], [162] and [159].
Vinogradov has shown, in essence, how wide a class of arithmetic problems can be
formulated in the language of trigonometric sums. Such a reformulation has proved
to be useful, since it allows the introduction of elements of infinitesimal analysis in
their solution. Thus along with arithmetic problems there have arisen problems dual
to them, connected with integration of trigonometric sums. In view of this duality,
Vinogradov looked at the latter problems as equally important as the initial direct prob-
lems. We note that advance in the solution of the direct problem brings something to
the dual problem and conversely, but these problems are not identical.

The first problem in the theory of trigonometric sums is that of obtaining an upper
bound for the modulus of the sum (see [158], Introduction, Section 1). Closely related
with this bound are the problems of the distribution of values of the fractional part
of a real function F(x) = F(xy, ..., x,) on a discrete set 2 (see [158], Introduction,
Section 2) and the distribution of values of a function f(x) = f(x1, ..., x,) taking
integer values on Q2 (see [158], Introduction, Section 3).

It should be noted that, in general, these problems, formulated by Vinogradov, are
of interest only in the case where F(X), f(X), and €2 have some arithmetic properties.
Choosing the functions F (x) and f (x) and the domain €2 appropriately, we arrive at the
problems of Goldbach, Warning, Goldbach—Warning, Hilbert—-Kamke, the problem of
estimating Weyl’s sums, etc.

Problems related to multiple trigonometric sums over prime numbers belong to

this class of problems. More precisely, if we take for €2 the set of points (p1, ..., p;)
with coordinates ps, 1 < s < r, running independently over the set of consecutive
primes, and for F(xy, ..., x,) a polynomial with arbitrary real coefficients, we arrive

at the problem of obtaining an upper bound for the modulus of a multiple trigonometric
sum with prime numbers, i.e., of a sum of the form

S=S(A) = Z Z exp{2niF(p1, ..., pr)}s

plSPl prSPr
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where A is a point with real coordinates « (¢, ..., t,) in the m-dimensional space,
m=m+1...n,+1),P,..., P >1,

ni ny
F@) =Fxi.....x) =Y > et ....t)x) .. .xk.

t1=0 t,=0

For r = 1, S becomes a simple trigonometric sum with prime numbers. We note
that getting estimates for such sums even in the case of a linear polynomial F (p) = ap
is fraught with great difficulties. For the first time such estimates were obtained by
Vinogradov in 1937 in [154]; this allowed him to solve the Goldbach problem. The
problem of finding bounds for sums with an arbitrary polynomial F'(p) of higher
degree is substantially more complicated. Its complete solution is due to Vinogradov
[165]. We outline Vinogradov’s scheme [18] for estimating the sums S. By means of
the sieve method he reduced it to estimating a small number of double sums W of the
form

W =Y "£(d) Y nim)exp2mif (md)},
d m

where £(d) and n(m) are certain complex-valued functions.
The estimate of the sum W is obtained similarly to that found by Vinogradov in
his earlier paper [153] for a sum S} of the form

S| = ZZ€2m’f(x,y),
x oy

where the unknowns x and y run over certain sequences of natural numbers within
the limits, respectively, from M + 1to M + X and from N +1to N + Y.

Obviously,
M+X

NEED SR DI

u=M+1 y
where u runs through all the integers from M + 1 to M + X (the smoothing method).
Further, applying the Cauchy inequality, we get

N+Y N+Y

ISIP<x Y. > T,

v=N+1 vj=N+1

where

M+X

T=Twu)= Y ™ ow) = fu,v)— fu,v).

u=M+1

If for any fixed values of v, v; satisfactory estimates of the sums 7" are known,
then it is possible to obtain a nontrivial estimate of the sum S by such a method.
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A combination of Vinogradov’s method for estimating trigonometric sums with
prime numbers and the theory of multiple trigonometric sums, created in [35], has
made it possible to obtain estimates of multiple trigonometric sums with prime num-
bers [53] (see Section 10.3).

Here we find estimates of multiple trigonometric sums in which the summation
is over arbitrary sequences of integers. For a nontrivial estimate of such sums it
suffices that the sequences be “dense,” have “small” multiplicity of repetition of their
terms, and, in addition, that the corresponding simple trigonometric sums be estimated
nontrivially. It should be stressed that in the derivation of estimates the key moment
in the reasoning is the use of results of the theory of multiple trigonometric sums [35].

Lett,r,ny,...,n,, P1,..., P. be natural numbers, P; = min(Py, ..., P),n =
max(niy,...,n;), vn = 2, let
ny ny
t
F(x1,...,x;) = Z"-Za(tl,...,tr)xll coxlr
t1=0 t,=0
be a polynomial with real coefficients «(zy, ..., t-), and let aj(xy), ..., ar(x;) be

complex-valued functions of a natural argument.
Our problem is to estimate the multiple trigonometric sum

T=T.(A)= Y - > ar@).....a-(x)exp{2mit F(xy, ..., x)}

x1=P Xr<Pr
for any point A in the m-dimensional space, i.e., for a polynomial F(x1, ..., x,) of
general form. We note that if a;(x) = 1 for x prime, and as(x) = O otherwise, for
s =1, ..., r, then we obtain the sum S(A).
Later we shall need the following notation and definition:
Q is an (m — 1)-dimensional cube with coordinates « (¢, . .., ) satisfying

—(xtr, o t)) <) < L= (1)
T(tl,,[r):P{IP:fol/6
O<ti<ni,....,.0<t, <n,,t1i+---+t,>1), «0,...,0)=0.

Definition 10.3. A point A with coordinates « (¢, ...,%),0 <t <np,...,0 <t <
np,tp+--+6>1,a(0,...,0), will be called a point of the first class €2 if

oa=ao(t,..., 1)
can be represented in the form

a=a/g+pB, (a,q)=1, 0=<a<gq,
I I S e
O<ty<ni,...,.0<t, <np,t1+--- 4+t >1),
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and the least common multiple Q of the numbers ¢ (¢, ...,t),0 <t <ny,...,0<
tr <ny,t; +---+1t > 1, does not exceed Plo'l". The remaining points of the cube
2 will be called points of the second class £2;.

Now we formulate a hypothesis concerning estimates of a simple trigonometric
sum.

Hypothesis 10.1. Let the point A = (a(1), ..., a(n)) of the unit n-dimensional cube
be divided into two classes according to the above definition. Also, let

Ry= Y las(x,)P,

x1<P

and let y > 0, ¢ > 0 be absolute constants. Then for 1 <t < Al_z the following
estimate holds:

IT1(A)| = } Z as(x) exp{2m’tF(x)}‘ < (RyP)'? Ay,

x<P;
where
Ps_pl’ rP1 = V(nz logn)fl if A €,
A =107"@mQ)”” ifAeQ,
(Q80)~ ifA e Qandsy > 1.

In the next lemma we define parameters needed to formulate the theorems in this
section.

Lemma 10.14. Let a point A belong to the second class Q2 and let pg,s =2,...,r,
be natural numbers satisfying the conditions

—1 <log Ps/log Py — s <0, »x =ny+ puona+---+ prny,
Ar =P, p7t = 32mx log(8mx).

The for 1 §t§Ar_2

‘ S Y expl2mit Flxi, o2} < E2Py L P,

X1<P; Xr <Py
The constant in K depends only onny, ..., n;.

For the proof see [35] p. 198, Theorem 2.

Theorem 10.4. Let a point A belong to the second class Q2. If Hypothesis 10.1 holds
forl <t < Ar_z, then

IT.(A)| < (Ry ... Ry Py ... PYY2A, A= Al*,

The constant in < depends only onny, ..., n;.
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Proof. Denote by E the set of all r-tuples of integers (¢, ..., t,) with the condition
0<t<ny,....0<t <n,t1+---+1t > 1. We define a subset Eg of E
by the condition t, > 1, ¢ + --- + ¢ > 1, a subset E; by the condition ¢, = 0,
t1 +--- 4+t > 1, and finally a subset E; by the conditiont, > 1,¢; =--- =1t = 0.

Now consider the numbers o« = «(t1, ..., %), (t1,...,t) € E. By the Dirichlet
theorem they can be represented in the form

O{:CZ/CI‘{‘,& (a,q)zl’ 05615‘[, |ﬁ|§(qr)—l’
T=1(t1,....t,) = P "'Prtrpl_l/6-

Further, denote by Q, Qo, Q1, Q> the least common multiples of the numbers g =
q(t, ..., t,) withr-tuples (¢1, ..., t) in E, Eg, E1, E>, respectively; denote by § the
maximum of the quantities

B(t1,....t)|P'... P}

overall (t1,...,%) € E.

We partition the points A of the second class Q; into four subclasses Q»1, Q22,
023, 024 according to the values of the quantities Q, Qg, Q1, O2, and §. We put in

the subclass €21 those points for which Qg > Plv / 80, in the subclass €277 the points

for which Qg < Plv /80 and 0, > P13 v/ 80, in the subclass €23 the points for which

Qo = Plv/go’ Q> < P{%/go, and Q > P17, and finally, in the subclass Q4 the points
for which Q > PX1” and 8 < m~!pP)1v.

Let A € Q271. Then, by the Cauchy inequality, we obtain

TP = Y la@P Y [ Y > @t e

X <Py <P x1=ZP Xr—1=Pr)

X exp{Zm'tF(f)}‘2

<R Y laG)l el D e Gro)] - lar 1 ()]
xX1,x <P Xr 1, X <Py
X Z exp {27it (F1(x1, ..., X1, %) — Fi(x], ..., x._, x))}],
X <Py
ni ny—1 ny

t tr—1 _t,
Fl(xl,...,xrfl,xr)zzn- Z Za(tl,...,tr,l,tr)xll...xr’_llx,’.

11=0 tr—1=01¢=0
4+t 1>1
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We use the Cauchy inequality one more time:

ITWIP<RF...RF Y o Y exp{2mit(Fi(xr..... %1, %)

x.x\<Pr %X =P

_Fl(-xla"'7-xr—17-x;)_Fl(-xia"'7-x;717-xr)+F1(-xiv"'7-x;7la'x;))}'

/

+ = a, we shall have

From this, for some fixed values x| = ay, ..., x

IT(A)* < RY...R2Py... P |W|,
W= Z Z exp{2mit®(x1, ..., x)},

x1=Ph Xp<Pr
Q(xl""’xr)=Fl('xl""’xr717xr)
- Fl(-xla -~-,xr—1aar) - Fl(al’-“»ar—laxr)-

We obtained earlier in Section 10.2, Lemma 10.9, the following estimate of W:
(Wl < P A,
where x» and A, are defined in Lemma 10.1. Consequently,
IT(A)| < (Ry...RPy ... PPN, A=eb* Al

Thus the assertion of the theorem is proved for the points A € 221.
Now let A € Q9. By the Cauchy inequality, we have

TP <Ri...R—1 Y ...

x1<P
. 2
‘ Z ar(x;) exp{2mit Fp(x1, ..., xr)}| ,
xrflSPrfl erPr
where
nyp—1  ny

t r—1 _t,
Fr(xt, ..., Xr—1,Xr) = Z Z Za(tl,...,tr_l,tr)xll...xrrflx/

=0 tr—1=01t,=1

"
=Zfz(x1,-.-,xr_1)xﬁ-
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After the change of variables x; = Qoys + 25, 1 < zo < Qo, —ZSQEI <y <
(Py —2)0p" (s =1,...,r — 1), we obtain

Qo Qo

TAP<R...Ry Y .. Y ‘ 3 ar ()

a=l o=l o<y <Pioy! Osy_1=Poi1Qp! ¥=Pr
2
X exp{2it Fi (Qovi + 21, Qo1 + 21,5}
Hence for some fixed zy, ..., z,—1, we shall have

IT(A)P <Ri...R1047'Th,

. 2
I = Z Z ‘Zar(xr)exP{th%(yl,.-.,yrfl,xr)},

0<y1<P1Q;" O<y,_1<P_1Qy" *r=Pr

¢1(y1’ "'syr—l’xr) = Fl(QOyl + 21,00, Qoyr—l +Zr—laxr) (mOdl)

Then, reasoning as in the proof of Lemma 10.10 in Section 10.2 and using Hypothe-
sis 10.1 instead of Lemma 10.1 at appropriate places, we obtain

ITil < Pr... P Qg 'R, PAT.

Consequently,
IT(A)|> << Ri...RPy...P.A%

from which the estimate
IT(A) < (Ri...R.P...P)Y? < (Ri...R.P...P)'/?A

follows. For the points A from the subclass €23, the assertion of Theorem 10.4 is
proved.
Let A € Q4. In this case the conditions Q < Plo'l”, § > m_lPlo'l" are fulfilled.

As in the proof of Lemma 10.11 in Section 10.2, |5(t1, ..., )| = 8, t; > 1, and let
q denote the least common multiple of the numbers ¢ (1, . .., #,) under the condition
that the indices 1, . . ., t, satisfy the inequalities

tl 20,---,1“9—1 207 ts Z la tS+1 207-"7tr 20

Representing the variables x; in the form

1 1

xi=qu+zu 1<zu=<q, —-uq <y<@E—-z)q
I=1,....,s=1,s+1,...,r)
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and applying the Cauchy inequality, we obtain
IT(A)* <Ri...R_1Ret1...Rq" ' Do,

- Y Y ¥

0<y1<Pig=!  0<y,_1<Ps_1qg7 ' 0<ys41<Pst1q~"!
’ Z as(x) exp{2mitPo(V1, - ooy Vs—1s X, Vs1s---5 V) »

0<y,<P,q~! x=Ps

where

q)z(yla-"’yS—19x’yS+1"--7yr)
= F3(gy1 + 215 -+ qYs—1 + Zs—1, X, qYVs+1 + Zs+1, - - -, qYr +27)  (modl),

Ng—1 ng Ngtl

F3(xq, ... xr)—z Z Z Z Z(x(tl,...,tr)xi'...xﬁ’.

t©1=0 ts—1=01t;=1t;41=0 t=

The estimation of the sum 7> is carried out similarly to that of 77 in Lemma 10.11 in
Section 10.2, with the replacement of Lemma 10.1 by Hypothesis 10.1 at appropriate
places. We have

Ty K Pr...Py_1Po1... Prg ' PyRyAT.

Consequently, in the case A € 274 we obtain
IT(A)| € (R1...RP1... P)'PA; < (Ry...RPy... P)' A,

Finally, we consider the case A € €2,3. Inthis case we use induction. Theorem 10.1
holds for r = 1 (Hypothesis 10.1). Assume that the hypothesis holds for a polynomial
F(x1,...,x,—1) provided that the point A whose coordinates are the coefficients of
the polynomial belongs to the second class. We prove the theorem for the case of r
variables.

After an application of the Cauchy inequality and a change of the variables x, of
the form

erQ()yr'i‘Zry 1 <z < Qo, _ZrQal <yr§(Pr_Zr)Q(;l’
for some fixed z, we obtain
IT(A)* < Ry QoT:,

where

153 = Z |Z Z ar(xy) ...ar—1(xr—1)

0<y<P,Qy' "M=Pt Xr—1=P—

x exp{2rwitP3(xq, ...,
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D3(x1, ..., x21,y) = Falxy, ..., %21, Qoy +zr) (modl),
ni Ny—1  np
t f
Falxt, ..., Xr_1, Xp) = Z Z Za(tl, con )X
t1=0 tr—1=01¢=0
Htett =1

Further, acting similarly as in the case A € 23, (see Section 10.3, proof of Theo-
rem 10.1), we find that

TP <™ Ri...RPy... PAY
IT(A)| < (Ry...RsPy...P)'2A,

since, obviously,
S TA_ < SN = A.

Theorem 10.4 is completely proved. O

Theorem 10.5. Let a point A belong to the first class Q1. For 1 <t < QO‘Z",

IT(A)| < (Ry...RPy...P)'2A,

where
Lo |ee o raean
o |svte fAeQ, §>1.
The constants in < depend only onny, ..., n;, & and the number ¢ > 0 is arbitrarily

small, but fixed.

Proof. We partition the points A € 2; into three subclasses 21, 212, and 213,
according to the conditions:

(1) Qo = 0°%;

(2) Qo < 0** and Q» > Q%%

(3) Qo < 0% and Q5 < Q%%

The case A € 21; is considered as in Lemma 10.12 in Section 10.2 and the
case A € Qp2 as in Lemma 10.13 with the replacement, at appropriate places in the
proof, of Lemma 10.1 by Hypothesis 10.1, and finally the case A € €213 is proved by

induction on the number of variables of the polynomial F(xy, ..., x,), similarly to
the case A € Q3. Theorem 10.5 is proved. O

Now we turn to applications of our estimates for multiple trigonometric sums
T (A). A similar way of applying trigonometric sums, nowadays called “Vinogradov’s
method of goblets or cups,” has been used by him to solve problems on distribution of
the fractional parts of a real function and on the number of lattice points in domains
(see [158], [160], [150], [159]).
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Let r sequences of natural numbers x;;,i = 1,...,r, j = 1,2,..., be given.
We introduce functions a; (x) defining the multiplicity of repetition of terms of the
sequence Xx;j, i.e., a;;(x) is equal to the number of the x;; such that x;; = x, j =
1,2,.... Denote by D(0) the number of r-tuples (xij,,...,%r;), 1 < x15; =<

Py, ..., 1 < xj, < Py, satisfying the condition
{F(x1j,...,x5)} <o.

We represent D (o) in the form

Do)=0 Y ailx))--- ) a(x,)+ 1@ P;0).

x1<P X, <P,
Theorem 10.6. The following estimate holds:
A@; P;0)| < (Ri...R-P1...P)?Alog(A™! + 1),
where A is defined in Theorems 10.4 and 10.5.

We omit the proof of Theorem 10.6, since it is similar to that of Theorem 10.2 in
Section 10.4.
We formulate a theorem on joint distributions of the values of fractional parts of s

polynomials Fi(xy,...,x,),k =1,...,s inr variables with real coefficients,
ni ny
t
Fre(x1,...,x) = Z~--Za(l1,...,tr)x1' cooxlr
11=0 t,=0
where the variables x1, ..., x, run through the sequences xyj,, ..., x,,, respectively,
considered in the preceding theorem.
Letdy, ..., d; be integers subject to the conditions

ldel < A7% k=1,...,s.
We define real numbers B by the equalities
B = B(Zlv ey trvdl, . --,ds) == dlal(tl, ey tr) + e +ds01s(l‘1, ey [r)

It follows from Dirichlet’s theorem that an integer @ and a natural g can be found
satisfying the conditions

a
B:c—1+z, (a,q)=1, 1<qg<rt, |z1<@0)7},

T=1(tl,....t,) = P! ._.Prtrplfl/G‘

For fixed dy, ..., d; we denote by Q = Q(dy, ..., d;) the least common multiple of
the numbers ¢ (¢, . . ., t,) with the conditions

n+--+4=>1 0=<n=<ny,...,0=6 <n,.
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Put

QO = min Q(d17'--ads)’ 80: min S(dla-"7ds)$
dl,...,dlyiA_z dl ----- dsz_z

where
t
8y, ..., dy) = llma>§ Pl1 .. Pf’lz(tl, o)

(tl+"'+tr2l’oftlfnl,---’oftrfnr)'

Further, we partition the collections of polynomials (F1, ..., Fy) into two classes E
and E;. We put in the first class E; collections (F1, ..., F) for which

0.1 -1 p0.1
QOSP] U? SOSm P] U.

The remaining collections (F1, ..., Fy) are put in the second class E».
Denote by D(o1, ..., o5) the number of r-tuples

X1jyseeenXrj)s 1 <x15 < P, 1 < xpj, < P,
satisfying the condition
{Fl(xljl, ...,x,.,-r)} <01, ..., {Fs(xljl, . ..,xr.,-r)} < Oy.

We represent D(o1, ..., o) in the form

D(oy,...,04) =01...0% Z ay(xy)--- Z ar(xr)—I-)»(E;F;E).

x1<Pj X <P,
Theorem 10.7. The estimate
A@; P;o)| < (Ri...R-P1...P)'?Alog* (A" + 1)
holds; A is defined in Theorems 10.4 and 10.5.

The proof is analogous to that of Theorem 10.2 in Section 10.4, with the estimates
of the trigonometric sums replaced by the estimate of the sum 7 (A) at the appropriate
places.

In Section 10.4 we obtained an asymptotic formula for the number of representa-

tions of a collection of natural numbers N (71, ..., t,) by additive terms of the form
p? ph0<t <ni,...,0<t <n,f+- -+t > 1,ie., an asymptotic

formula for the number J (N) of solutions of the system of equations

Pl-p PP =N, .. )
O=un=n,....0586<n,t1+---+4>1),
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where p1, ..., pr, P11, -- -, Prk are primes. Let N(O, ..., 1,...,0) with 1 at the sth
place be denoted by Ps. Then for k > 16mx log(16mx) 4+ 3 we have the asymptotic
formula

J(N)=06(P... LT .. LY (P . prry=m/2
+O0((Pr...PLT . L7 H P Py P og L),
where Ly = log Ps, L = max(Ly, ..., L), x is defined in Lemma 10.15 and ¢ and
0 stand for a singular series and a singular integral.

The singular series o was studied in [55]. Here we find a condition for the singular
integral 0 to be positive, depending on solvability in real numbers of the system

k

inlj...xi;zﬂ(tl,...,t,) O<t;<np,....,0<t,<n, i+ 4+t >1),
j=1
where B(t1, ..., t,) are defined by the equalities

Bti,....ty) = N(tr,...,.t)P " ... P,

r

and the unknowns x;, ; (1 <s <r, 1 < j < k) satisfy the conditions 0 < x;,; < I.
Denote by @ = w(h) the domain of the points x5 j, 1 < s <r,1 < j <k,
satisfying the inequalities
MO=<x5,;<Ls=1,...,r,j=1,...,k

Q) |Z’;:1xi‘j...xﬁfj — B, ... )| <hh>00<t <np,....,0<t <
e, i+ -+ 1 > 1).
We denote the volume of the domain w by p(w), i.e., we put

w(h) :/---/dxn coodXxp.

Lemma 10.15. For k > nm

0 — 0(3) — hl_i)fg_’_ 27m+1h7m+lu(h).

Proof. Since for k > nm the integral converges absolutely, it is a function continuous
jointly in the variables B(z1, ..., t,),

Oftlfnlw-woftrfnr, t1+"'+tr21.

Put
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From this we have

m—1 @
6(F) = 38—2(’3) = tim 2t [ f0p) da

h—0+

Let us show that F(B) can be represented in the form
F(B) :/"'/dxll---dxrk:
w1(B)
where w1 (B) is the domain of the points satisfying the conditions

0<x,; <1, 1=s=<r, 1)<k,

1, t 1,
O<x11 xrr1+”'+xllk ryk<13(t1"' i)
O=<t=<n,....0<t <n, 1 +---+4=1).

Indeed, according to the definition of the functions F (B) and 6 (@)

/ /exp:2nlz Z u(t, ...t

t11=0 ty=

—oz(tl,...,tr))z(tl,...,tr)}da

where the u(#q, ..., t,) are defined by the equalities
t 1, t 1,
uty, ..., ) =xy...x+ - +xj ... x;
O<n=<n,....0=t, <n,, 1 +---+16=1.

465

(10.45)

From this, changing the order of integration and integrating with respect to o, we

obtain

)}

F(B) /+°° /+°°<"‘ D1 —exp{—2miz(t1, ..., ) B, . ..

- [_0 2miz(ty, ..., 1)

t|+---+zrzl

1 1
x/ / exp{Zniu(tl,...,t,)z(tl,...,t,)}dxll...dxrk> dz
0 0
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+0o0 —+00 ”l Ny 1
o A A Gy B 1 B (E=rs
2wiz(ty, ..., 1)

tl+ +tr>l
x exp{2miu(ty, ..., t)z(ty, ..., 1)}

—exp{2mi(u(tr,....tn) — B(t1, ..., 1n)z(11, ..., t,)}) dZ)

J— sin 2w z(H)u(t)
- H/ /dxl_[ H(/ ( 2(0)

11=0 ty=
4ty >1
sin 2wz (H)(u () — B(t _
- (1 'B()))dz(t))
z(1)
By the equality
/+°° sin oex T
dx = —sgna,
0 X 2
we have
— 1 m
F(B) =2""" / / I ﬂ sgnz(7) — sgn(z(?) — B(D)) dx11 . .. dxyk
t1=0 1=
1t1-+- +tr>1
// dxll...dxrk=/---/d)_c.
u(@®)=<p() w1(B)
0<X11,ee0,Xpk>1

Thus, the required equality for the function F(B) is proved. Using the last equality
and formula (10.45), we obtain

9(3) — hgr{)l-i_ 2_m+1h_m+lﬂ(h).
The lemma is proved. O

Definition 10.4. Consider the system of equations

,,,,, , (X) = Zx Xy =B, ) (10.46)
O=n Snl,---,oftr <n, i+ > 1),
where X is the aggregate (x11, ..., Xs1, .-, X1k, - - - , Xrk) Of real numbers. The Jaco-

bian matrix of the solution X of this system is the matrix
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the rows of which are indexed by (¢1,...,%),0 < 4 < ny,...,0 <t < n,,
t1 +---+1t > 1, ordered in some fashion, and the columns are indexed as follows:
s+r(j—D,1<s<r,1<j<k.

Theorem 10.8. Suppose that for some solution X of system (10.46) for k > m its
Jacobi matrix has maximal rank, equal to m — 1, and the modulus of the minor of
order m — 1 is equal to €. Then

or a Su, czenty sma > ,l e volume [ of the domain w satisfies the
(1) jentl Il h > 0, the vol (h) of the domai ' h
estimate

w(h) > cr(e)2™ 't

where c1(¢g) is some positive constant,

(2) for k = mn, the singular integral theta satisfies the estimate

0 >ci(e) > 0.

Proof. Denote by yi, ..., ym—1 the variables for which the determinant of the
Jacobian matrix of the functions Fy, . ; (¥) is larger than ¢ > 0. Let y,, ..., Y be
the remainder variables. Take any real numbers z,,, . . ., zi, that satisfy the inequalities

lzg — y:| <81, s=m,... kr.
By the implicit function theorem there is 6; = §;(g) > 0 such that the function

21 =21@my -5 Zhr),s

Zm—1=Zm—1Cm>» - -+ Zhr),

is a solution of the system of equations

Ftl ..... Ir(Z17'~-aZrk):ﬂ(tlv"'atr)
O=un=n,....0=58=<n,t1+---+4=1).
Take h > O sufficiently small and any uy, ..., u,;, satisfying the conditions
-1, —-1_—1 _ _
lus —zg| <hr-'m~m " =68, s=1,....,m—1.
Then
[ T I A IS hm~!,
and (u1, ..., Um—1,Zm, - - -, Zrk) belongs to the domain w.

Consequently, we obtain

u(h) > /-~-/du1...dum_ldzm...dzkr

o1
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— allcr—m—i-l(zgz)mfl — C](S)zmilhmil,

where
ci(e) = 8" rmn) ™"+ > 0.

By the preceding lemma, from this inequality we have
0 =6(B) = ci(e) > 0.

Theorem 10.8 is proved. O

We note that if for any solution of system (10.46) the rank of the Jacobian matrix
is less than m — 1, then from Lemma 10.15 and dimensional considerations for the
domain w it follows that & = 0.

Concluding remarks on Chapter 10. The results considered in this chapter were
obtained in [52], [53], [54], [55].



Chapter 11

Some applications of trigonometric sums
and integrals

Let r be a natural number. Let E denote the r-dimensional space of vectors o =
(a1, ..., a,) with real coordinates «j, and let £, denote the class of algebraic poly-
nomials of degree r with real coefficients,

)
P = {P(x) P =Pl =Y o), a=(an....ar) € E', x € El}.
j=1

For a fixed polynomial P € #,, we consider the series

o2 P(n)
h(P) = Z 1.1
n#0
(the sum is taken over all integers n 7# 0) and the symmetric partial sums
2i P(n)
e
vPY= Y, —— N=12..,
I<|n|<N
of this series. Obviously,
1
lhn(P) < > — ~2logN — 0o (N — 00). (11.2)
1<|n|<N |n|

This is a trivial estimate of sy . At the same time, iy (P) is, by its structure, the
Hilbert transform of the sequence {¢Z**¥("}, and the algebraically regular character
of this sequence allows one to obtain a substantially better result. For example, for
r=1and P(x) = ax,a,x € E I the following relations are well known in the theory
of trigonometric series (see, e.g., [170], Chapter II, Section 9):

o .
sin 2w on 1
(P) E i E . 2711(2 {a}),
n#0 n=1

2wian
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where {«} is the fractional part of the number o # 0, £1, ..., and
N sin2wan
hy(P) = 2iZ—, sup  sup |hn(P)| < oo. (11.3)
— n PeP N=1,2,...

By using Vinogradov’s method of trigonometric sums [165] (in a number of cases,
it will be convenient for us to use the results of this method in the exposition of [8]),
in this chapter we prove the following fact, which demonstrates that the uniform
boundedness of the symmetric partial sums hy(P) for N =1,2,... and P € P, is
also true for r > 2.

Theorem 11.1. Letr > 2. Then

sup sup |hy(P)| = g < 00. (11.4)
N=1,2,... PeP,

Further, for each polynomial P € P, the sequence {hy(P)} converges as N — oo,
and so the sum of the series (11.1), regarded as the limit of its symmetric partial sums
hy (P), is defined and bounded everywhere on P, .

We treat hy(P) and h(P) as functions of the coefficients (a1, ..., ;) = o of
the polynomial P(«, x) € &, and note that Theorem 11.1 shows the properties of the
special trigonometric series

elni(am-ﬁ-----ﬁ-a,n’) eZniP(a,n)
H =H = - = -
(@ =H@.....0) =Y - > —
n#0 n#0
all whose partial sums
leriP(a,n)
Hy(a) = S
1<|n|<N
are uniformly bounded with respecttoa € E", N = 1,2, ..., and converge to H (x)

as N — oo at each pointa € E”.

First we deduce some corollaries of Theorem 11.1 and then the assertion itself.

The first corollary relates to the subject of spectra of uniform convergence, i.e., a
class of problems the general setting of which is due to Ul’yanov [147].

We give the corresponding definitions. Let K = {k,}7° be a sequence of distinct
integers. By C(JX) we denote the subspace of those continuous 1-periodic functions
f(©) of a single variable & with Chebyshev norm || f|| = maxg | f(0)| the spectrum
of which is contained in X, i.e.,

1
C(X) = {f(e) L O+ =FfO)eC, fi =/O F@)e 2R gg — 0, k £ JC}
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In other words, C(K) consists of those and only those continuous 1-periodic
functions whose Fourier series have the form

£O0)~ > fi, e (11.5)
n=0

For a given natural number N, by Sy (f) = Sy (f, 6) we denote the Nth partial
sum of the series (11.5), and by L 5 (K') the Nth Lebesgue constant of the spectrum X,
1.€.,

N

7 i ISn(OHI

Sn(f.0) = kanezn knl Ly (K) = sup —f
=0 recx), r20 IS

A sequence X is called the spectrum of uniform convergence if for each function f
from C(K), the sequence Sy (f, #) converges to f(6) uniformly with respect to 8 as
N — oo. We denote the class of all spectra of uniform convergence by UC.

It follows from the Banach—Steinhaus theorem that a criterion for the sequence K
to belong to the class UC is the boundedness of the corresponding Lebesgue constants:

Ly(K)=0() (N — 00). (11.6)

However, it is impossible to consider this criterion as effective, since the principal
difficulty lies precisely in obtaining estimates for L y (K), in explicit terms of the given
sequence K. For along time, it remained unknown whether or not power sequences X
(i.e., sequence of the form {n?}, {n>},...) are spectra of uniform convergence. A
solution of this spectral version of Ul’yanov’s problem was obtained in [129] (there
one can also find a survey of results on spectra of uniform convergence). It turned
out that the class UC contains not a single power sequence, and more generally, not a
single polynomial sequence, i.e., a sequence of the form

K=XK(P)=1{ky: ky = P(n),n=0,1,...}, PeUJ),.

r>1

An estimate from below for the Lebesgue constants of polynomial spectra s established
in [129] in the form

Ly(X(P)) = ar(logN)* (P e P, & =271 N=1,2,..), 1L7)

where the factor g, is positive and depends only on the degree r of the polynomial P
defining the spectrum.
In turn, this estimate was deduced from the following one:

hy(P)| < (logN)'™ (N =2,3,...; &=27"F Pep) (118
r

(here and below, relations of the form A <, B and A <, B between positive
quantities A and B mean that A < ¢, B and A <, B, respectively, where the positive
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factors ¢, and ¢, depend only on the parameters indicated; if A < ¢B, where cis a
positive absolute constant, then the notation A < B is used).

As compared to the trivial estimate (11.2), the estimate (11.8) contains the reducing
factor (log N)~%r. The method used in [129] to prove (11.8) consists in the following.
Squaring |hx (P)| gives rise to the double sum

e2ni(P(n)—P(m))

PP = Y ) —

L<|n|,|m|<N

After the summation variable v = n — m is introduced, and elementary estimates are
performed, a relation of the form

hy(Py
v (PP < Y N BIL (11.9)

i< 1V

is obtained, where P, (x) = P(x+v)— P(x) (v = £1,£2,...). If P € &#,, then for
each fixed v, P, (x) is a polynomial of reduced degree with respect to the variable x,
namely, P, € $._1. Hence (11.8) easily follows from (11.9) by induction on r.

The idea in this method of squaring, and subsequently lowering the degree of
the polynomial in the exponent, and also the character of the reducing factor, can be
regarded as going back to the investigation of Gauss and Weyl (see [165], Russian
pp- 6 and 8; English pp. 183-185).

The following final result strengthening (11.7) follows from Theorem 11.1.

Theorem 11.2. Let r = 2,3,..., and let P be a polynomial of degree r having
natural numbers for its coefficients. Then the Lebesgue constants corresponding to
the spectrum K (P) satisfy the estimate

logN K LNy(K(P)) (N=2,3,...). (11.10)

On the other hand, since k,, = O(n") (n — 00), we obviously have
Ly(K(P)) = O(ogN) (N — 00)

(see, e.g., [170], Chapter II, Section 12).
Hence it follows from Theorem 11.2 that the Lebesgue constants of any polynomial
spectrum have precisely logarithmic growth:

Ly(K(P))~logN (N — 00), (11.11)

the same as the Lebesgue constants of the entire trigonometric system.

Theorem 11.2 is deduced from Theorem 11.1 by using the following simple lemma,
which may be used to obtain estimates from below for the Lebesgue constants of an
arbitrary (nonpolynomial) spectrum.
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Lemma 11.1. Let N and M be natural numbers, M < N, and let

exp{2mik, N 0}
Ty (K0 = Y TR e () = max [y (K, 6)].

I<in|l=M

Then
log M
Ly(K)>» max{—— : M €[1, N]y, (11.12)
%y 41 (KO
and, in particular,
log N
Ly(K)>» ——————. (11.13)
oy ()

To verify this assertion, it is sufficient to note that Ty.m € C(X), ||7:N, ull =
%y 3 (K), and that

M
1
ISN Ty p) Il = [Sh (Ty 4y O] = Z;,

n=1

Now if X = K (P ), where P(x) € P,, then for all fixed real numbers 6 and N, we
have O P(x + N) € &, and consequently, in view of (11.4), we also have x v <Kr 1.
Inequality (11.10) follows from this and (11.13).

In the case where k,, = n, the polynomials Ty.M coincide with the so-called Fejér
polynomials

M sin 2 nf
. 2wiN®
‘EN’M(Q):ZIE E _

n
n=1

(see, e.g., [170], Chapter VIII). These polynomials have been used by many authors to
construct examples of continuous functions with a “bad” sequence of Fourier sums.

Moreover, obviously (see (11.2)), for each sequence K we have xy. u(K) =
O (log N). Hence it follows from Lemma 11.1 that for a sequence X to be a spectrum
of uniform convergence, it is necessary that the quantities » N. 1 (K) have precisely
logarithmic growth as N — oo:

sy g (K) X logN (N — 0). (11.14)

It would be interesting to find out how slowly the sequences K satisfying con-
dition (11.4) can grow. As demonstrated in [128], the solution of this problem can
turn out to be useful in connection with determining the precise order of growth of
the partial sums of one-dimensional trigonometric Fourier series of class L! (without
spectral restrictions) on a set of full measure. On the whole, here it is necessary to
establish estimates for quantities of the form

exp{ananym}
G = max max — ‘ ,
N.M = xEQMyGQMMZ Z m—n-+0.5
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where M and N are natural numbers, M < N, x = {x1,...,xm},y = {¥1,---, Ym}»
and 2,y is the unit cube

Qu={x={x1.,....,an}, 0<xu <L,m=1,..., M}

in EM . Namely, it is necessary to obtain estimates as precise as possible for the lower
bounds N = N (M) of those numbers N for which the quantities G y y have precisely
logarithmic growth as M — oc:

NM) =min{N : Gy, m > alog M}

(o 1s a small fixed positive number).
Now we turn to other corollaries of Theorem 11.1, which apparently are themselves
independent results in the theory of trigonometric series.

Corollary 11.1. Let P*(x) and P~ (x) be algebraic polynomials with real coeffi-
cients, in which
PT(—x)=PF(x), P (x)=—-P (—x),

i.e., PT is even and P~ is odd. Then the series

(e}
H =

n=1

XPT ) §in 27 P~ (n)

n

converges, and its partial sums

N
HN:Z

n=1

2T PT M) gin 27 P~ (n)

n

are bounded above in magnitude by a quantity depending only on the degrees of the
polynomials P* and P~, but not on their coefficients. In particular, each series of
the form

i sin 2rn2/t1g

Fj110) = , j=0,1,2,..., (11.15)

has uniformly bounded partial sums and converges for all real 9.

As already noted, for j = 0 (see (11.3)) the last assertion is a well-known fact in
the theory of trigonometric series.

It is curious to note that the oddness of the exponent in the powers of n in (11.15)
is an essential condition and no series of the form

00 . 2
sin 2rn</ 0 .
Rj@)=) ————. j=L2....

n=1
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has the properties of boundedness that hold in the case of the series F>;. Indeed,
if 9 = 1/3, then, taking into account that n% =0 (mod 3) forn =0 (mod 3) and
n% =1 (mod 3) forn =+1 (mod 3), we see that

1 2 1

S| 25, = — sin Z - ~371210gN (N - 0).
3 3 n
n=3m=xl<N

Hardy and Littlewood [64] especially investigated the properties of the series
F>(6), and also of the corresponding cosine series

F0) =

]

i cos 2n’6
n=1 n

and established, in particular, that both these series diverge also at certain irrational
points 6. The properties of convergence and divergence of series of the more general

form
o0 o0

Z ¢, SIn 27m29, Z ¢, COS 27?6
n=1 n=1
were also investigated.

Coupled with simple considerations, Theorem 11.1 allows one to go from the
special trigonometric series (11.1) with coefficients 1/n to a wider class of trigono-
metric series. The corresponding assertion can be conveniently formulated in terms
of multipliers of Fourier series (see [170], Chapter IV, Section 11).

Let us recall the definition. Let 91; and 91, be any two sets of (summable)
1-periodic functions, and let A = {A(n)}fg be a sequence of complex numbers.
This sequence is said to be a multiplier of the class (01, 91,) (we use the notation
A € My, My)) if the Fourier series of each function of the class 9; after the
introduction of the multipliers A(n) becomes the Fourier series of some function of
the class My, i.e., if

f©O) ~ an€2ﬂin9 €M = fa(B) ~ Z)L(n)fne%riné c My

We consider the following three sets of 1-periodic (complex-valued) functions:
(1) the set V of functions f(6) having bounded total variation in the period

1 1 1
V:{f:\/f:\/Ref+\/Imf<oo};
0 0 0

(2) the set U™ of functions f (6) having uniformly bounded sequence of symmetric
partial sums of trigonometric Fourier series

{f: FO~ ™ N fllus = sup sgp‘ D7 faem
~ N=0,1,...

[n|<N

<o,
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(3) the set L of essentially bounded functions f(#) with the usual norm

[ flloo = ess sup Lf(©)].

Corollary 11.2. Let P(x) be an algebraic polynomial with real coefficients. Then the
sequence e*™i P = {esz(”)},J{:OiOO is a multiplier of the class (V, U*), and all the

more of the class (V, L):
TP (v, U, PP e (v, UY). (11.16)

This follows at once from (11.4) if one notes that

e A o T
D N T e / iy (Po—y) df (),
=N 2mi 0

where Pg(x) = P(x) +§&x.

Proof of Theorem 11.1. As we have already mentioned above, the proof of Theo-
rem 11.1 is based on Vinogradov’s estimates [165] for the trigonometric sums
Sp(@) = (1/n) Y 1_; 2™ PX) of Weyl, where P(x) = P(a,x) € P, (the factors
1/n are introduced for convenience of the further exposition). Here, without loss of
generality, we assume that r > 3. By I,,(«) we denote the trigonometric integral
corresponding to the polynomial P («, x)

1,
In(oz):;/o 2P @) g, (11.17)

First, we sum over positive n in the sums Ay (P) = Hy(«). Then for a given
vector o« = (aq, ..., q,) € E”, setting

r

o =(af,....af), of =(=Daj, @) =S, —S @) (1118)

and taking into account that P(«, —x) = P(a*, x), by an Abel transformation we

obtain
N—1

Tn
Hy@) =)~ i“l) + Ty (@)

n=1

We shall prove that, for each ¢ € E”,

n+1 r

n=1

Since, obviously, |7, («)| < 2, Theorem 11.1 is a consequence of (11.19).
Moreover, concerning the convergence of the series in (11.19), we prove the fol-
lowing strengthened assertion.
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Lemma 11.2. Let ¢ > 0. Then

0
T £
@l (11.20)
acE" el n + 1 r,e

By R” we denote the set of rational points in E’, i.e., the set of vectors 8 € E”
having the form

B=(ai/q1,...,ar/q),

where a; and ¢ are relatively prime integers, i.e., (a5, gs) = 1 and g; > 0. More-
over, for 8 € R", by Q(B) we denote the least common multiple [g1, ..., g,] of the
denominators of the coordinates of this vector.

In accordance with Vinogradov’s method, for a given natural number n, we split
the entire space E” into two classes, relative to the approximation of its points « by
the rational points . To the first class, which we denote by (I),;, we allot those points
a € E" admitting the representation

a=B+y, BeER, (11.21)
where the number Q(8) and the vector of errors y = (y1, ..., y;) satisfy
o) <n™, 8, <n" 8, = max |yn'l. (11.22)
<s<r

We allot the remaining points @ € E” to the second class (II),, i.e. (II), =
E"\ (),. If n is sufficiently large, say,

n>ng=2"=1024 (11.23)

and @ € (I),, then the representation of « in the form (11.21) with conditions (11.22)
is unique. Indeed, assume that contrary. Then in R” there are two vectors 8! and 2,
Bl # B2, such that for the corresponding numbers Q; = Q(8') and 0, = 0B
and vectors of errors y ! = (yll, ce y,l) and y? = (ylz, e yrz), we have

max(Q1, 02) <n®3,  max(jyl|, [y2) <n® (=1,...,r). (11.24)

Since 1 # B2, taking into account the fact that q‘g < Q@ and qs2 < 0 (s =

1,...,r), we see that there exists an s, 1 < s < r, such that
1 1 al a?
< <|= =3 = pd =92 <2603, (11.25)
010> ~ qlq? T lq! 42 S

But s > 1; so it follows from (11.25) that Q; Q> > 0.5n0'7, but this, under
condition (11.23), contradicts the first of conditions (11.24), which implies Q1 Q> <
0.6
n’°.
In what follows, we assume that the natural numbers n, m, and N are larger than
ng = 2'9; for smaller values, it is sufficient to use the trivial estimate |7, (o)| < 2.
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For a given vector « € E”, we set
Ni(@)={n:n>ng, a e D,}, N(x)={n:n>ng, ae(dl),}

If N1 () # @, then by B(a) = {8, B2, ...} we denote the collection of distinct posi-
tions in E” of the rational point § in representation (11.21), (11.22) taken successively
as the natural number n increases on the set N (). We note that if « € R”, then this
collection is finite, and in the contrary case it is an infinite sequence.

We further set

Q; =0, v/ =a-p,
and let w; () be that segment of the series of natural numbers n > ng on which the

vector B € R” defined by (11.21) and (11.22) remains constant and coincides with J.
Obviously, we have

Ni@) = Joj@, oj@ No@ =0,
j (11.26)

Bl #BE, v AV G £,

The following lemma shows that the numbers Q ; are also distinct, and grow very fast.
In addition, estimates of certain sums are given that are needed for the proof.

Lemma 11.3. The estimates
Qj+1 =050 (11.27)

hold. Further, let ¢ > 0 and ¢, = (min((Sn_l/r, 8,,))8 (see (11.22). Then

@
sup > ﬁ <1, (11.28)
“J new;(a) ’
and so ) o
—&/r n
supy 05" YT <l (11.29)
j new;(a) ’

Proof. Le; n glnd m be natqral numbers, n € wj(a) and m € wjy1(a). Since (see
(11.26)) B/, pit1 e R", B/ # B/*1, as in (11.25), we see that there exists an s,
1 <s < r,such that

1

j +1
— <y =T (11.30)
Q;0j+1 ’ *

But, in view of (11.22),

0.3 0.3
Q;j<n”, Qjy1<n"7,

j 0.3—s —-0.7 j+1 0.7
|Vs]| =n Y<n > |Vs]

s

| < m0.3—s <m~
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so that, taking into account that m > n, we obtain from (11.30)
0;0j+1 2 0.5n%7 20507,

whence (11.27) follows. We now prove (11.28). We note that for a change of n in
the segment w;(«), the vector y = (y1,...,¥-) = y/, like the vector B, remains
constant, and, as is easily seen (see (11.22)),

,
on < Z(pn,s, where @, s = (min(Jy,n*| 7", |yn®))”. (11.31)

s=1

But for each s > 0 and a real number y;, we have

00
Zn‘pisl < |)/s|_8/r Z n—l—ss/r+|ys|s Z n—H—ss < 1.
n=1

£,8,r
n>|}’x|_l/s nfl}’sl_l/s

Inequality (11.28) follows from this and (11.31), while (11.29) is a consequence of
(11.27) and (11.28). The lemma is proved. O

Now we present, in the form of lemmas, the estimates of trigonometric sums and
integrals which are used for the proof.

Lemma 11.4 (Vinogradov [165]). Ifn € Na(«), i.e., if for the n under consideration
the point a belongs to the first class (I),, then

1S2(a)] < n™?,  p=(8-%(logr +1.5loglogr +4.2)) . (11.32)
For the proof, see [8], Lemma 7.

Lemma 11.5 (Vinogradov [165]). Suppose that n € Ni(«), i.e., for the n under con-
sideration the point o belongs to the first class (I),. Suppose also that B and y
are defined by (11.21) and (11.22). Let Q = Q(B). Then the estimate (asymptotic
formula)

Sn(e) = Su(B+y) =SB (y) + A (11.33)

holds, where
Al <9rQn~! «n™07, (11.34)

For the proof, see [8], Lemma 7.

Lemma 11.6 (Hua Loo-Keng). Let 8 € R", and let Q = Q(B). Then the complete
rational sum Sg(B) satisfies the estimate

ISo(B)l < ol (11.35)
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For the proof, see [45] or [144].

Lemma 11.7 (Vinogradov [165], Chapter 2, Lemma 4). Suppose that

y=Wi,...,¥) € E" and
8 = max |ysn’|.
1<s<r

Then the trigonometric integral I,(y) satisfies

11,(¥)| < min(1, 328, /"

). (11.36)
Now from Lemmas 11.4—11.7 we deduce the estimates for 7}, ().
Lemma 11.8. Ifn € N> () and p has the same meaning as in Lemma 11.4, then
| Th ()] < n". (11.37)
This estimate follows at once from (11.32) if we note that (see (11.18))

Ni(@) = Ni(@®), Na(e) = Na(a®). (11.38)

Lemma 11.9. Letn € Ni(a), let the points § and y be defined by (11.21) and (11.22),
and let Q = Q(B). Then

1Th(e)] < Q" min(s, /", 8,) +n~07. (11.39)

Proof. If B € R" and Q = Q(B), then
So(B*) = So(B). (11.40)
In fact, for each s = 1,2, ... and integer x, the congruence (—x)* = (Q — x)°

(mod Q) is satisfied, and since Q = 0 (mod gs), where ¢ is the denominator of the
sth coordinate of the vector 8, we have (—x)’ = (Q — x)* (mod ¢;),1 < s <r.
Hence

P(B*,x)=PB,—x)=PB,Q0—x) (mod 1), x=0,%1,...,

for which (11.40) follows.
Moreover, from (11.40) and (11.33) it follows that

Sp(a*) = Sp(B* +v*) = So(B) L, (y*) + A*,  |A*| < n™ ]
so that, in view of (11.35), we have

ITa(@)] = [Su(@) = Sy < O~V L(y) = Ly +n"7, (11.41)
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Splitting the polynomial P into the even and odd parts

* —
P+(oz,x)=P<a_;a ,x), P_(a,x)=P<a 2a ,x),

we obtain
* 2 " 27i P (y,x) o -
Liy)—L,y")=— e VY sin 2w P~ (y, x) dx. (11.42)
n Jo

Now using (11.36) and the inequality |sinu| < || (Imu = 0), we obtain
() = ()] < min (8, Zwsn ) < min@; 7.5, (1143)

Inequality (11.39) follows from this and (11.41). The lemma is proved. ]

In view of (11.39) and the definitions of the numbers Q; and of the segments
wj(a) of natural numbers, we have

ITa(@)] < 07/ min(s, " 8,) + 1707 (n € wj(@)). (11.44)

The second relation in (11.19) follows from (11.37) and (11.44) (it is necessary to

observe that if « € R", then min(3,, 1/ " 8,) = 0 for all sufficiently large n (see also
(11.27))). Moreover, from (11.37), (11.44), and (11.29) it follows that

00 1024
T, & 1 T & T, &
Yl ary e ¥ Bty > B
n=1 n+ n=1n+ neNj(a) n+ neNy(a) nt
IT (Ot)lg | T ()|
1
<14y Y sy B
Jj newj(@) neNz ()
—&/r —1-0.7¢ —1-Be¢
SIED NP ML IR O
J newj(a) n=1
<1,
r,e
which completes the proof of Lemma 11.2 and hence that of Theorem 11.1. O

Concluding remarks on Chapter 11. The results of this chapter were obtained
by G. I. Arkhipov and K. I. Oskolkov in [36]. Some applications of estimates for
trigonometric sums and trigonometric integrals to the Schrodinger equation are given
in [131]. Some other applications can be found in [128], [129], [130].



Chapter 12

Short Kloosterman sums

In this chapter we study the distribution of reciprocal values modulo a given number.
The quantities themselves take values that are relatively small (in contrast to the
modulus). Our study is based on estimates for short Kloosterman sums.

Let m > 1, where m is an integer. For an integer x that is coprime to m, by
the symbol x* we denote a natural number that does not exceed m and satisfies the
conditionx*x = 1 (mod m). Thus for a given m, the variable x* is an integral-valued
function of x, i.e., x* = y(x), 1 < y(x) < m. Now suppose that x takes integer values
that range from 1 to X < m and are coprime to m. The problem is to study the behavior
of y = y(x). In particular, if a and b are fixed numbers, 1 < a < b < m, then we
have the question as to whether and how many times y(x) hits the interval [a, b).
Another problem is to find how close the function approaches a given number a for
1 < x < X. These problems are equivalent to the classical problems concerning the
distribution of fractional parts of the function y(x)/m. The first of them is equivalent
to the problem on the number of hits of the fractions {y(x)/m} in the interval [«, 8),
0 < a < B < 1. The second is equivalent to the problem of approximating a given
fraction §,0 < & < 1, by {y(x)/m}.

The complexity of the study of the behavior of the function y(x) significantly
depends on the value of X. For example, if X = m — 1, then forx = 1,2,..., X,
(x, m) = 1, y(x) takes all the values from the reduced systems of residues modulo m.
Next, if X > m%t¢, 0 < ¢ < 1/2, m > m(e), then sufficiently exact answers
to the above questions about the behavior of y(x) were obtained by estimating the
Kloosterman sums by the Hasse—Weil method. However, for X < m%3, no approaches
to these problems were found until 1993. The sole exception is provided by special
moduli of the form m = p%, where p is a fixed prime number and @« — +o00
(or by similar moduli). Some problems for such moduli were posed and solved by
A. G. Postnikov [138]. Namely, if m = p“, then the behavior of the fractional parts
of y(x)/m can be studied by Weyl’s or by Vinogradov’s methods, since

A+p0)*=1—px+p*x>— 4+ (=p)* % (mod m)

(see also [76]).
Here we consider the solution of the above problems for any moduli m under the
condition that X > m?, where ¢ > 0 is an arbitrary fixed number and m > m(e),
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and even for somewhat lesser X, namely, for

2/3 m},

X > exp{clog

where ¢ > 0 is an absolute constant and m > 1.

The method used to solve these problems allowed one to proceed in solving some
other problems related to the function y(x) in one way or another (e.g., see [63]).

This chapter is organized as follows. In Section 12.1, we prove original theorems
on the number of solutions to congruences of a special form. The results obtained are
close to the final results. The numbers of solutions to these congruences themselves
are the mean values of some power of the modulus of the corresponding trigonometric
sums similar to short Kloosterman sums. So the theorems in this section are similar
to Vinogradov’s mean value theorem. In Section 12.2, we prove theorems on the
estimates for trigonometric sums of a special form that are similar to incomplete
(short) Kloosterman sums. In this case, we essentially use the theorems proved in
Section 12.1. The fact that so short trigonometric sums of such a form admit nontrivial
estimates is studied in the second original part of this chapter. In Section 12.3, we
use the estimates for trigonometric sums obtained in Section 12.1 to solve problems
on the distribution of fractional parts of functions of the form (ay(x) + b)/n. In
Section 12.4, we study the mean value of the function « (1), which is essentially used
in the proof of Lemma 12.1. Section 12.5 is devoted to the double Kloosterman sums
with weights. Finally, in Section 12.6, we estimate a short Kloosterman sum and show
how this estimate can be used.

12.1 Mean value theorems

In this section, we consider two versions of the method proposed later. The results
obtained by the second version of this method are less precise, but this version is used
more frequently than the first one. For natural numbers x1, . . ., xi, we denote the least
common multiple of xp, ..., x; by the symbol [x, ..., xx].

Theorem 12.1. Suppose thatm > 1, m is an integer, k is a natural number, and X, X
are real numbers such that

k<X <X <2X, k-2%1x2%=1
Consider the congruence
pi+--+pi=pig+-+ py (mod m), (12.1)

where p1, ..., pak are prime numbers that do not divide m and lie in the interval
(X, X1]. Then the number I of solutions to this congruence satisfies the estimate

I <k(mx)), (12.2)
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where
(X)) =7(X)) —7(X) — Z 1.

plm, X<p=<X;

Proof. Itsuffices to prove thatif (12.1) holds, then p; is equal to one of the numbers p;,
k < j < 2k. Letus assume the contrary, i.e., assume that p; # p;, j = k+1,..., 2k,
and thus obtain a contradiction. For this, we collect together all the terms with the
same p; in the left-hand side of (12.1). Renaming the variables if necessary, we obtain
the congruence

alPT+"'+azP7EPZ+1+"'+P§1¢ (mod m). (12.3)
In this congruence we have t > 1,a;1 > 1,...,a; > 1,a1 +---+a; =k,
X<pi<Xi, (pjmy=1 j=1,...,t,k+1,...,2k, (12.4)

and moreover, p1 # p;, j > 2.
We define the integers A and A ; by the relations

A=Dp1...DtPk+1--- DP2%> AjpjzA, j=1...,t,k+1,...,2k.
Multiplying both sides of the congruence (12.3) by A and using that
p;?pj =1 (mod m),

we obtain
alAr+ -+ @Ay = A1+ -+ Ayr (mod m). (12.5)

From inequalities (12.4) for p;, we readily find
0<A; <@X)* 1 j=1,...,6,k+1,...,2k,
and hence we have
0 <ajAi+--+a A <kQ@X)* < m,
0<App1 4+ Ay <k2X)* ! < m.
Therefore, the congruence (12.5) is an equation of the form
ajAr+- -+ aAy = Ak + -+ Aok (12.6)

It follows from the definition of the numbers A that, for j > 2, each A; is divisible
by p1 and, moreover, A1 = p3... P;Pk+1 - - - P2k is not divisible by p;. Finally, we
have the inequality 1 < a; < k < X < p; for the number a;. So from (12.6) we
obtain the contradictory relation

a1A1 =0 (mod pl).

The proof of the theorem is complete. O
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Remark 12.1. 1. The quantity / has the obvious lower bound
k
(M) <1,

i.e., the estimate in Theorem 12.1 is sharp in order as X — oo for a constant k.
2. Obviously, we have

1 m—1 , ap* 2k
I =— ]
- Z Z exp {27” - } ,
a=0 'X<p<X;

where the prime on the sum over p mean the summation over prime p such that
(p, m) = 1. Thus the quantity [ is the mean value of the 2kth power of the modulus

of the sum S(a),
’ .ap*
S(a) = E .
(a) exp{Zm - }
X<p<Xj

In turn, S(a) is an analog of the short (incomplete) Kloosterman sum.
To prove Theorem 12.2, we need the following auxiliary lemma.

Lemma 12.1. Let Ji be the number of solutions of the congruence

X1...xt =0 (mod [xll,...,x,f]), (12.7)
O<x;<Xj, X;=3, j=1L...k

Then Jy satisfies the estimate
Je < @ VX (log X)X, (12.8)
where X = X1... Xy.

Proof. We introduce a new function a (n). By definition, for any natural number 7,
the function o (n) is equal to the number of solutions of the system

n=xi...xx, n=0 (mod[x},...,x7]. (12.9)

Then, obviously, the inequality

Je <Y ar(n) (12.10)

n<X
holds. By the definition of ok (n), we have

0 < ax(n) < e (n). (12.11)
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First, we prove that the function o () is multiplicative, i.e.,
ar(n,m) = ar(m)ag(m) for (n,m)=1.

Indeed, suppose that (n, m) = 1 and (12.9) holds, and moreover,

m=yy ...y, m=0 (mod [y}, ...,y]. (12.12)
To each pair of the sets X = (x1,...,x¢) and y = (y1, ..., yx) that satisfy sys-
tems (12.9) and (12.12), respectively, there corresponds a set 7 = (z1,...,2k),
zj =xjtj, j =1,...,k,such that

mn=zy...2t, mn=0 (mod[z},...,27]), (12.13)
since we have [x%ylz, .. .,x,%y,?] = [xlz, .. .,x,?] [ylz, e, y,%] due to the fact that

(xX1...%k, y1...yx) = 1. Different pairs (x,y) and (x’,y’) are assigned different 7
and 7'. Indeed, otherwise, we would have

xjyjzx}y}, j=1,... k.
Since (yj,xl’,.) = (xj, y}) =1, we have
xj =0 (mod x}), x} =0 (mod x;),
ie, x; = x;., yj = y},j =1,...,k and hence (x,5) = (x’,3’). On the other
hand, if 7 = (z1, ..., zx) satisfies (12.13), then determining xj,yj by the relations
xj = (n,z;)and y; = (m, z;), we obtain
Xjyj =2<j-

Hence 7 is assigned the pair x = (x1,...,x¢), y = (V1, ..., yr) that satisfies (12.9)
and (12.12), respectively. Thus we have oy (nm) = oy (n)ar(m). Therefore, if n =

pf b pf * is the canonical decomposition of # into prime factors, then

o (n) = o (P} .. o (pl).

From the definition of a (n), it is easy to see that ox (p) = 0, where p is a prime, i.e.,
only the terms for which n has the form

n=p. . pl Bi=2... B >2

remain in the sum (12.10). Dividing the factors into two groups (with even and with
odd B;) and renaming the factors, we obtain

n:plﬂ1 ...p?’pfj’ll ...pfs,
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where §; are even numbers for j < and 8; are odd numbers for j > ¢. Hence

Bi B Br+1—3 Bs—3

2.3
n=py ...p Piyr  ---Ps

Pyt Py =mir,
Thus from (12.10) and (12.11) we arrive at the inequality
< Y amr) < Y wmPrd).
m2r3<X m2r3<X
Since 1 (ab) < 1 (a)tr(b), we have
< Y gy > tim).
rsg/y m<+Xr—3

To estimate the last double sum, we use Mardzhanishvili’s inequality

N
S ) < APNog N + k8 — DN AL = gy~ -D/G-D,

n=1
We have
3 m) < k) DV Xr B log VX 4 k2 - DF !
m<+Xr—3

< kaZﬁ(log X)kzr_3/2,
Z t,?(r)r_3/2 <3k*+ Z rk3(r)r_3/2
rig/y 3<r§«3/f

2, 3 VX —5/2 3 —3/2
= 3k% + 3 / Cu)u™"?du + C(VX)x 32,
3

where

Cu) = Z t,?(r) < u(logu + K- 1)]‘3_1 < k3k3u(log u)kB_l,
3<r<u
3

\/Y 3 o0 3
/ u3 2 logu)* ~du < / u 2 logu)* ' dlogu
1 1
o 3 3 [ 3 3
=/ e V2l gy < 2k / e 1t dr = 2K (1)1,
0 0

Thus for J; we obtain
2
Je < k3* VX (log X)X

The proof of the lemma is complete. O
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Remark 12.2. In Section 12.4, by the complex integration method, for the summatory
value Ay (X) of the function oy (1),

Ar(X) =) ax(n),

n<X

we shall obtain an asymptotic formula similar to the formula for 7; (X) in [85],

To(X) =) w(n).

n<X

Theorem 12.2. Suppose thatm > 1, m is an integer, k is a natural number, and X, X
satisfy the conditions

3<X, k<X<X; <2X, k2?k1x=1 o
Consider the congruence
xX{ 4o xf =x 4+ x5 (mod m), (12.14)

where X <xj < Xy, (x;,m)=1,j=1,...,2%k.
Then the number I = I;(X) of solutions of this congruence satisfies the estimate

I < (2k)8%F Xk (log X)%*

Proof. We consider the case k > 2, since the assertion of the theorem is trivial for
k = 1. We assume that the set (xq, ..., xo) satisfies (12.14). Multiplying both sides
of (12.14) by the product x| ... x; and using the fact that xjx;f =1 (mod m), we
obtain

yi+-oo+ Yk = Y1+ + v (mod m), (12.15)

where y;x; =x1...x,j =1,...,2k. It follows from the conditions on x; that
0 < yj < X%kfl < 22k_1X2k_1,
i.e., the left- and right-hand sides of Eq. (12.15) are positive and do not exceed
A G
Hence the congruence (12.15) is an equality, i.e.,
Vit Ve = Y1 o+ Yk (12.16)

It follows from the definition of the variables y; thateach y,, v # j, is divisible by x;.
Therefore, according to (12.16), y; is also divisible by x}, i.e.,

yi =0 (modx;), j=1,...,2k (12.17)
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Multiplying both sides of the congruence (12.17) and its modulus by x ;, we obtain
x1...x =0 (mod x3), j=1,...,2k

1.€.,
X1...x =0 (mod [x7,...,x5]). (12.18)

Thus each set (x7 ... xpx) satisfying (12.14) also satisfies (12.18), i.e.,
I < Jy,

where Jy; is the number of solutions of the congruence (12.17) in the lemma with
obvious replacements of the corresponding parameters. Using the estimate in the
lemma, we obtain the statement of the theorem:

3
I < (220%)* 2 x* (log 2X)% < 208 X* (log X)*.
O

Remark 12.3. 1. The estimate in Theorem 12.2 is close to the final estimate, since
I> (Xl —X - 3 1).
(n,m)=1, X<n<Xi

2. The quantity I = I;(X) is the mean value of the 2kth power of the modulus of
the short (incomplete) Kloosterman sum.

12.2 Analogs of incomplete Kloosterman sums and their
estimates

In this section in Theorems 12.3 and 12.4, we derive and estimate trigonometric sums
similar to incomplete Kloosterman sums. Namely, we consider sums S of the form

/ an* + bn
S =  —————
Z exp {Zm - },
n<N

where N < m, the prime means that the summation is performed over numbers n
from some set A of natural numbers, (n, m) = 1, and the number of elements in A is
equal to ||A|| < 4/m. In some cases, the estimate of |S| is sufficiently sharp.

Theorem 12.3. Suppose that m > 1, m is an integer, k, s are natural numbers, and
real numbers X, X1, Y, Y| satisfy the inequalities

k<X <X <2X, k¥1x2k=1 4

s<Y <Y <2Y, §225—ly2s=1
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the parameter ny runs through Ny values of natural numbers such that
(n1,m) = 1, a and b are integers such that (a,m) = d, p and q take values of
successive prime numbers, and (p, m) = (q, m) = 1. Denote the set of numbers of
the formn =nipq, X < p < X1,Y < q <Y, by the letter A and the number of
elements in A by the symbol || A||. Then the trigonometric sum S,

an® + bn
S = j———— .
Zexp {27'” - }, (12.19)
neA
satisfies the estimate
IS| < lAllA, (12.20)
where
A = (S!k!)1/(2Sk)(n,l(X))—l/(ZS)(T[l (Y))—l/(Zk)(Sde)l/(ZSk)‘ (1221)

Proof. First, we note that
Al = Ny (X)) (Y).

Moreover, it suffices to prove the corresponding estimate for | S|,

Z Z exp{2m ar’q —i—bpq}

X<p<X)1Y<q<Ih

Passing to estimates and applying Holder’s inequality, we obtain

k% b N
ISP < @eoyr™ Y | Y exp{ZTriw} (12.22)
X<p<X) ' Y<q<In mn
m
, Ap*+b
=@y Y Y Y Jsu,mexp{zmwﬂ,
X<p<X; ' r=lsY<u<sY; m

where the symbol J; (A, ©) denotes the number of solutions of a system of congruences
of the form

Fbetgl =0
{QI qs (modm),

gt tgs=u,
Y<gi<h, (g ,m=1j=1,...5s.

Let 8 = 0(p) be the argument in the sum over A, i in (12.22), i.e., let

0=0(p)=argy  »_ m,mexp{zni

airp® +bup }
. .
r=1sY<pu<sYi
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Then we have the relation

Y. > JsGiwexp

A=1sY<u<sYp

= e—i@(p) i Z JS ()\'a /-’L) exXp

A=1sY<u<sY]

{ _arp* +bupH
i —— 7
m

{ .akp*+lmp}
27'['1— .
m

Therefore, from (12.22) we obtain the inequality

m
NINERCNC o) S S AN (12.23)
A=1sY<pu<sY;
—i6(p) .aip® +bup
X Z e exp {2711 I
X<p=Xi

Raising both sides of (12.23) to the power k and again applying Holder’s inequality
and then Cauchy’s inequality, we successively obtain

1% < G e (N e w)

A=1
k

" _ arp* +bu
S| T e [ P

(12.24)

A=l u X<p=<X;
ks—1) " k=1, 5 1/2
= @OV sm) (Y420 w)
r=1 un A=1 n
m 2%k 172
. wp* + b
x(Z Z Z e—19<l’)exp{2m—“p + Mp} ) .
r=1sY<u<sY; ' X<p<X; n
Next, we have
m m
NS heew =@y YOS 20w =1ims),  (12.25)
A=1 W

=1 u
where the symbol I (Y; m; s) denotes the number of solutions of the system of equa-

tions

*k ES * *
+.--4q, = + -+ g,

q1 qs 9511 2 (mod m),

q1+ -+ qgs = qs+1 + -+ qos,

Y<q;j <YV, (@.m=1 j=1,...,2s.
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Clearly, we have
I(Y;m;s) < I;(Y), (12.26)

where I (Y) is the number of solutions of the congruence (12.1) under the assumption
that k = s, X = Y and X = Y;. Finally, the sum over A, i under the second radical
sign in (12.24), which we denote by o, can be estimated as

= _~ arp* +bup | |*
a:Z Z Z e ’e(l’)exp{ZmT}

r=1sY<u<sY; ' X<p<X

= Y 3 Y exp{—i(0p) — - —i0(p2)))

sY<u<sY1 X<p1<Xi X<pu=Xi

b e n ar(p* +
X exp {2711' Hpi +m P2k } Zexp {Zni (P
r=1

- P;k) }

m

<sY Z Z iexp{Zniak(pT+r‘n"_p§k)}

X<p|<X1 X<p2k<X1 r=1
= sYZI(v)Zexp {2711—}

where I (v) is the number of solutions of the congruence

pi+-—p5 =v (mod m),
Y<pish, (pjm)=1, j=1,...,2k

Obviously, we have
I(v) <1(0)=1=[(X).

Hence we find the final estimate foro ((a, m) =d,a = a1d,m = md, (a1, my) = 1):

o< syzzzexp{zyn_} — 1YY e fomi 22

v=11=1 v=121=1

} (12.27)

m mj

aiAlv

_sYIdZZexp{Zm A1y }_sYIdmld_sdeIk(X)
v=11,=1 1

From (12.24)—(12.27) we obtain
1511 < Gr X)) ™D @) D (sdmY) (U (V) 1 (5) 2.
Finally, applying the estimates in Theorem 12.1 to I;(Y) and I (X), we obtain

L(Y) < sWm(Y)', L(X) < k(m X)),
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Hence

1S11°% < (%D (X7 (V)™ (X)) 2 (e (¥) 2 (sdmY) 2,
[S1] = mi(X)mi(Y)A,
where
A = (st 0 Gy (X)) (g (1) TV PO (sdmy) VPO,
as required. The proof of the theorem is complete. O
Remark 12.4. In the special case of sums S, namely, in the case b = 0, the esti-

mate (12.20) becomes somewhat sharper. However, this refinement is not important
for the applications considered below.

Theorem 12.4. Suppose that m > 1, m is an integer, k, s are natural numbers, and
real numbers X, X1, Y, Y1 satisfy the inequalities

3<X, k<X<X;<2X, k*Ix* gy

3<Y, s <Y <Y <2V, §225ly2s=1 4y
a and b are integers such that (a, m) = d > 1. Denote the set of natural numbers n of

the formn = xy, where X <x < X1,Y <y <7Yi,and (xy,m) = 1, by the letter A.
Then the trigonometric sum S,

an® + bn
S = E ——————
exp {2711 - }
neA

satisfies the estimate
|S| < XY A, (12.28)

where
A= (2S)40s2/k(2k)40k2/s (sdmy)l/(Zsk) (log Y)Zs/k(log X)Zk/sxfl/(Zs)Yfl/Qk).

The proof of Theorem 12.4 repeats the proof of Theorem 12.3 where the estimates
from Theorem 12.1 are replaced by the corresponding estimates from Theorem 12.2.

12.3 Fractional parts of functions related to reciprocal
values modulo a given number

The estimates in Theorem 12.3 and 12.4 can be used successfully in different problems
related to analogs of incomplete Kloosterman sums. We consider only one of them,
namely, the problem on distributions of the fractional parts of functions of the form
(an* +bn)/m,n < N.
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Theorem 12.5. Suppose that m > my, (a,m) = 1, b is an integer, 1 < N < m*7,

and 0 < a < B < 1. Denote the number of solutions of the system of inequalities
an* + bn
a<{—t <fB, n<N, (12.29)
m

by the symbol K = K(N; m; «, B). Then K has the lower bound

L ((ﬂ ) { log’ ¥ )} (12.30)
_— —a)—expy — ——— | ¢, .
~ (log N)35 P 3201log> m
where ¢ > 0 is an absolute constant.
Proof. The estimate (12.30) is meaningful if
5 { log> N }
—a>expy — ——
P17 3201022 m
and, moreover,
N > exp{a; logz/3 m}.
Therefore, in what follows, we assume that
exp{ar log?3m) < N <m*/7, (12.31)

where a; > 7 and a is a constant. Let us find the integer k from the inequalities

mV/Ck=D+/@Gk=1) — N 1/ Qh=3)+1/(4k=s) (12.32)

Inequalities (12.1) imply k > 2. Moreover, it follows from (12.31) and (12.32) that
k < aylog'* m, (12.33)
and, by increasing a, we can obtain an arbitrarily small constant a;. We choose

4X = ml/@k=D 4y = mV/@k=D X, = 2X,
Yy =2y, Ny = Nm~1/@k=D=1/@k=1)

By the letter A we denote the set of natural numbers n of the form n = rpq, where r
takes either the value 1 or the values of prime numbers that do not exceed Ny and do
not divide m, while p and ¢ take the values of prime numbers that do not divide m
and lie in the intervals X < p < Xjand Y < g < Y;. By the symbol ||A] we denote
the number of numbers in the set A. Obviously, n € A satisfies the inequality n < N.
It is easy to show that

Al = 1 (N GO (F) > o
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We consider two integers o1 = [am] and 81 = [Bm]. Let K1 be equal to the number
of solutions of the congruence
an® +bn ={£ (mod m) (12.34)
under the assumption thatn € A and oy < £ < By. If (12.34) is satisfied, then
an® + bn } 14

m m

an® +bn =ms + ¢, {
From the inequality o1 + 1 < £ < B for £, we find
am <l < fBm, a<ft/m<§p.
This implies that K > K. Finally, we set4L = 1 — « and consider the congruence

an®+bn=oa; +41+ 40+ €3+ €4 (mod m), (12.35)

where n € A and 0 < {1, ¢, 43,¢4 < L. It follows from the conditions imposed
on £; that £ = ay + £1 + £2 + £3 + €4 satisfies the inequalities

0 <o <E§ﬂ1 <m.
Moreover, the equation
C=a1+0+ 0+ l3+ 4,

in the numbers £ ; for a fixed £ has at most L3 solutions. Therefore, if K5 is the number
of solutions of the congruence (12.35) in the numbers n, £1, €2, £3, £4, then

K > L73K>. (12.36)

Using the known discontinuous factor, we write the quantity K» as the trigonometric
sum

Z Z Z exp { t(an® + bn —nfl —{44) } (12.37)

t=0 neA0<{q,..., L4<L

=_Z<ZCXP{ t(an* —I—bn)})

neA
TAN t
X( Z exp{ —27”'—}) exp{ —27'”&}.
0<l<L n mn

We represent the right-hand side of (12.37) as the sum of two terms the first of which
is obtained for = 0 and the second is the remaining part of the sum. We have

1 4
Ky = —|lAIL" + R,
n



496 12 Short Kloosterman sums

1A t(an* + bn)
R=— > (Zexp :ZMT}) (12.38)
72N tay
x( Z exp{—2mg}> exp{—ZmW}.

0<¢<L

We shall transform R. Letd = (m,t),1 <t < m. Thenm = mid, t = tid,

(my,t1) = 1,1 <t; < m. Hence foreachd, d |m, 1 < d < m, any t can be

represented as t = t1d, 1 < t; < m, (t1,m1) = 1, where m; = md~1, and this

representation is unique. Indeed, if #;d = t{d’, where (md=', 1) = (md' 1, 1) =1,
then the relation mt;d = mt{d’ implies

m m

—t

—1 =

7 y) I, n=0 (modr), t =0 (modr),

i, t; =1 and d = d’. Hence we have

1 mol _t(an™ + bn)
RZZ Z Z (Zexp{ZmT})

d|m t=1 neA
1<d<m (t,m)=d

e\ tay
x( Z exp{—ZmZ}) exp{—Zm;}.
0<l<L

Finally, we represent R as the sum of two terms R; and R>: R = Ry + R,. The term
R contains summands with “small” d, namely, with 1 <d < m'/G20)  The term R,
contains summands with d > m /320,

Letus estimate | R | from above. To estimate the sum over n, we use Theorem 11.3,
setting s = 2k in it and replacing a by at. We have

k22k71X2k71 — k22k71472k+1m <m,

2k24k_1Y4k_1 — 2k24k—14—4k+1m <m,

ko x = Loy L aken
7 : 2 .

Hence
IR | ||A||AL21n§ > 2itt IAAL? (12.39)
= — €X — = .
1 - p mm ,
t=0 ' 0<{<L
where

A = (@O (71, (0) V0 (7 (7)) TV @R (kg 1/ G20) /)
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Let us estimate |Ry| from above. The sum over n can be trivially estimated by the
number ||A||. Since

t t
Z:ga (t17m1):17 1<m1_

mo_ -1 /(326)
d ~

the two sums over £ have the upper bound m!~1/G%%) We obtain
|Ra| < [|Allm*~V/AOL. (12.40)
Thus it follows from (12.39) and (12.40) that
IR| < |AI(AL? + m>~ /180 1y, (12.41)

Therefore, from (12.36), (12.38), and (12.41), we obtain the inequality
KzL_3||A||<lL4 _ AL _m2—1/(16k)L> ||A||< L—A—(m 1—1/(32k)L—1)2>‘
m

It remains to transform the last estimate to the form stated in the theorem. By assump-
tion, we have
pr—ar  (B—a)m—1
4 - 4 ’
We can assume that § —a > m 1/ ©%) gince, otherwise, the statement of the theorem
becomes trivial. This follows from the fact that the inequality

3
VO < ey { _ IOg—N}’
- 320 log? m

L=

e, k< log3 m)/ log3 N, must hold. But, it follows from (12.32) that

N < m¥ @3
i.e.,
3
k—§< logm’ k<§+logm - Slog m
2 7 logN 2 logN ~ log®N

Therefore, we have

L> l(,B —am > lml VO 1-1/G2R) =1 < 5y, = 1/(64K)

Lo L6 5 (516402

2m 10

|

which, obviously, holds, since k < aj logl/ 3m, m > m,. We obtain

1 - 1
K> ||A||<—L A) > ”A”<ﬂ1—0 - A) ZE”A”('B —a —10A). (1242)
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It remains to prove the inequality

1002 K /4D gy (X)) =1 4 7y (1)) =1/ (12.43)
3
x (2kym!T1/GU)/E exp{ - log—N}
a 320 log® m

Let us estimate the left-hand side of the last inequality. First, we have

X Y
log X <logY =< logN, X) x ——, Y) < ——,
og og og 1 (X) log N 71 (Y) logN

i.e., the left-hand side of (12.43) is of order

XAy =1/@0) (1o YL/ @RI/ @R),y, (/@) 141/ G241/ (4R k=),

We recall the definition of X and Y and readily see that the exponent m in the last
relation is equal to §:

1 1 1 1 1
§=— - — (1 =)+ ——
4kk — 1) 2k(4k —1) + 4k2< + 32k> + 4k2(4k — 1)
1 1 1 1 1
- — + < — + < - .
4k(4k — 1)(2k — 1) 128k3 =  32k3  128k3 —  64k3

Finally, we have
c1(log NYY/ @R < !/ 12889,

which follows from the inequalities
N<m, k< a210g1/3m.

Thus the left-hand side of (12.43) does not exceed

; lo
1/ (128K%) exp{ _logm }

128k3

From (12.32) we again obtain

N < m2@=d 3 logm - 2logm

< —7 _—7
2  logN log N

logm - log®> N
expq{ — expy — ————— ¢,
P17 1283 =P 7 3201082 m

which proves inequality (12.43).
From (12.42) and (12.43) we obtain the statement of the theorem:

K> IIAII(ﬂ { log’ ¥ )}
C — o — €X _—_—
= P17 3201082 m

1.€.,
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coN log> N
Z o NS\ Bma—expy = o)
(log N)* 3201log”m

Now we formulate several obvious corollaries of this theorem.

Corollary 12.1. Suppose thatm > m, N <m, (a,m) = 1,bis an integer,0 < a <
B < 1,and

{ log> N

expy — ———
P17 32010g2m
Then the interval o, B] contains a number of the form

*+b
[0l
m

}<,3—a<e_1.

Corollary 12.2. If& is a real number, then for 1 < N < m,

< { log® N ) }
expy — —— | ¢.
P17 3201022 m
Prior to formulating the next theorem, we introduced some notions.
Suppose that m > m| > 1, (a, m) = 1, b is an integer, a; > 10, and

. an™® + bn
min |[§ — ———
n<N

2/3 4/7

exp{aj log mlogl/4 logm} < N <m™".
A natural number £ is determined by the inequalities

m/C=DH/ =) o N 1/ @h=3)+1/(4k=5)

The conditions imposed on N imply that kK > 2. We choose

4X = ml/(Zk—l)’ 4y = ml/(4k—1)’
X, =2X, Y, =2V, Z=Nm VE=DH-l/@k=1)
and consider the set A of natural numbers of the form n = xyz, where
X<x<X,Y<y<Yy,z<Z,and (xyz,m) = 1.

We denote the number of elements in the set A by the symbol ||A]. Obviously,
|A|l < N and the inequality n < N holds for n € A.

Theorem 12.6. Let 0 < o < 8 < 1, and let K = K(A; «, B) be the number of
solutions of the system of inequalities

an® + bn
a<j—¢t <fB, neaA.
m
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Then K satisfies the asymptotic formula
K = (B —o)lAl+O(R)

where
R = (4k)180kN1_1/(320k2).

Proof. We choose r = 2[log N] and assume that
1
A =m~ /G0 o MMi=p-a<l-2Ap

For given r, o, B and A}, we define the Vinogradov “cup” (or “goblet”) v (x) as
follows (see, e.g., Lemma A.3)

M y&x+1)=ykx),

2) y(x)=landa+ A <x < 8- Ay,

B o0<vx)<l,a—Ai<x<a+Aj,andB— A1 <x < B+ Ay,
@ Yvx)=0and B+ A <x=<1+a-—Ajy,

G) Yy =p—a+ Y (e,

|f1=>0

. 1 1 r '
g(/)] < c(f) = min (ﬁ T m<m|f|> )

By U(«a, B) we denote the sum

*+b
U(a,ﬁ>=2w($>.

neA

where

Then the number K satisfies the inequalities
Ay Ay Ay Ay
Ua+3:ﬂ~? <K<Ula——,8+—).

From the definition of U («, 8), we obtain

Aq A
U<a R 7) = ((B—a) — A1)l + O(R),

A1 Aq
U(a -2 7) = ((B— ) + A)IAl + O(RY),

where
o0

Ry =Y c(f)

f=1

. f(an™ + bn)
Zexp {ZmTH.

neA
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We divide the sum in the last relation into two sums:

Ri = R, + R3,
where
Ro= Y . K= )
F<ml/320) Foml/G2%)

Since for f < m1/ B2k e have
d = (af,m) < f <m"/CH

we can apply the estimate in Theorem 12.4, where we set s = 2k, to the sum over n
and thus obtain

Zexp{ M}‘fXYZA,

where
A= (4k)16Ok(2k)20k(2kle+1/(32k))l/(4k2)(log Y)(log X)X~ V@0 y—1/Ch).
Hence we have

Ry < Z lNA < (4k)180kNm71/(64k3) < (4k)180kN171/(320k2).

0< f<m1/G20)
The sum Rj3 can be estimated trivially as follows:

Ry< Y. %(A:f)N<N_1.

f>m1/(320)

Thus for K we obtain the asymptotic formula
—(B-)lAl+O0(R), 281 =p—-a<1-2Ay. (12.44)
Butif 0 < 8 — o < 2A1, then we have
K=KA;a,8)=K(A;a,a+1—-2A1)—K(A; B,a+1—=2A1);

if1—2A, <B—a <1, then
1 1
K:K(A;oz,,B):K(A;oz,oz+§)+K<A;a+§,ﬂ).

Therefore, the last formulas and (12.44) imply relation (12.44) already for any 0 <
o < B < 1. The proof of the theorem is complete. O

The following assertion can be proved on the basis of Theorem 12.6.



502 12 Short Kloosterman sums

Theorem 12.7. Under the assumptions of Theorem 12.6, the asymptotic formula

Z{M} = Ljal+ o),
m 2

neA

holds for R = (4k)'80k N1-1/(320k%)

12.4 The function aj(n) and its mean value

In the proof of Lemma 12.1, we introduced a function o (n) and proved that this
function is multiplicative. In this section we study the function o (n) in more detail.
In particular, we prove the mean value theorem for o (1) similarly to the mean value
theorem for 7 (n).

Lemmas 12.2 and 12.3 present assertions concerning oy (n) and Ay (n), which we
have already proved in Lemma 12.1.

Lemma 12.2. The function ay(n) is multiplicative, i.e.,
ar(n,m) = ag(n)og(m) for (n,m) = 1.

Lemma 12.3. For A (X), X > 3,and A (X) = anx ay(n), the following estimate
holds: s ,
Ar(X) < 2k5HF - VX log X)F .

Lemma 12.4. For a prime number p and a natural number m, the relation

kk+1...(k+m—1)
- m!

ar(p™) (1= Ak, m))

holds, where

Alk.m) = k mm—1)...(m —mq) m1:|:mi|

k+m—mi—1...k+tm—1) 2

Proof. By definition, o (p™) is equal to the number of solutions of the system

m __
{p A (12.45)

p" =0 (mod [x,...,x7]).

It follows from the first relation in (12.45), namely, from the equation, that each x is
a nonnegative power of p, i.e., x; = pﬁf, 0 < Bj < m, and hence

pr+---+pr=m.
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The second relation in (12.45), namely, the congruence, implies that 8; < m,

since this congruence does not hold for 8; > m;. Butif 8; <my, j =1,...,k, then
X, xf 1 =[p*P, . pPP = pP, B <m,
i.e., the set (xq,...,x;) = (pﬂl, el pﬂk) is a solution of (12.45). Thus we see that

ar(p™) is equal to the number of solutions of the equation

Bi+--+Br=m, 0=<pB,...,8k <my,

in nonnegative integers g1, .. ., Bx.
We define a function f(x) by the relation

ra=(3e) - (55

B=0
Then we have
1 dm
my _
a(p") = m'dx’"f( )\
amn—i _
- —Zcf —(1 ’"l“)k—dxm_j(l —x)7k N
1 dn‘l
- (dxm( —x)_
+1 mi+1 + m—mi+1 ‘
m m —
+C," dxml+l(1—kx1 )—dxm—m1+1(1_x) x:0>

kA Dt m =) O DY b m =y =)
m! " m!
_k(k+1)...(k+m—l)<1_k mm—1)...(m —mq) )

k+m—-m -1 ...(k+m—1)

m!
as required. The proof of Lemma 12.4 is complete. O
We note that A(k, m) satisfies the inequality
0<A(k,m) <1.
Lemma 12.4 implies (1) ax(p) = 0; (2) ozk(pz) = k(k — 1)/2, and (3)

ak(p™) = w(p™)(1 — Ak, m)).
For Res > 1, we define the Dirichlet series Fy(s) corresponding to o (n):

Fi(s) = Z Olk(").

ns
n=1
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Since 0 < ag(n) < 1 (n), the series Fy(s) converges absolutely and uniformly in the
half-plane Res > 1+ ¢, where ¢ > 0 is arbitrary. We have the following more precise
assertion about the behavior of Fj(s).

Theorem 12.8. For Res = o > 1/3, the relation
Fi(s) = (£ 2s)F D2 (s)

holds, where ®(s) is a function regular in the half-plane under consideration, and
| D (s)| satisfies the estimate
1\ —k?
@@ = @ (o -2) T
Proof. Using the inequalities 0 < ax(n) < t¢(n) and the fact that o (n) is multi-
plicative, for Res > 1, we obtain

Fk(s):]_[(1+“—22§+“—33s+--->, (12.46)
P> p
where K+ 1) 4 3
an = ax(p") = - (1 = Atk m)).
Let
Bi(S) =[] <1+%+%+~->,
e p¥ p
—1
B$) =[] (1+(a—§s+%+---)<1+a—i) )
\ p¥ p P
p>k
Then (12.46) implies
a
Fe(s) = Bi($)Ba(s) [ | (1 n p_22s> (12.47)

p>k3

Further, we have

oy = 1L+ 55) T (14 5)
= 1+ — 14+ —, 12.48
£ (4s) ll ﬁSll p¥ (24
£2s)\ 1\*® a (@) 1
(o) =T (+5m) T(+55+(5)m )
1 \* a
= l_[ <1+7> 1_[ (1+F>BS(S)’

p<k3 p>k3
p=k? P p>k
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where
1 \*“ ap -1
Bi(s) = [] (1 + 7) (1 + 7) : (12.49)
3 P~ P
p>k?
From (12.47) and (12.48) we obtain

_ ;(25‘) an 1 —ap "
Fk<s>=Bl(s>Bz<s)B31(s><§(4s)> ,,1:1!3 (HF) = (£(25)2 D (s),

where ar
®(s) = Bi(s)Ba(s) By Hs)e ™% (4s) l_[ <1+ ) .
p=k?

For Res > 1/3, the function ®(s) is regular, since each of the factors contained in
the definition of ®(s) is a regular function for Res > 1/3. Let 0 > 1/3. We shall
estimate |® (o + it)| from above. First, we have

kk+1)...(k+m—1)
m!

oa(p™) = am < = 5.(p™) < mF,

since m > 2 and k > 2. Hence

o0

P e
Jpr =

a as
l+ﬁ+ﬁ+

Bio +inl < [] 6% < 6.
p=k3

Let us estimate | By (o +it)|. Since ay = k(k—1)/2 < k?/2,foro > 1/3and p > k°,
we have

a ap a 1
1+ —|>1- >1——= > =
’ p2s - 2/3 - k2 — 2
) 3 2a4
B0 +in] < ] (1+W+W+---)
5 p p
p>k
o(p?) | T (p*) — k()
<l_[ I+ 30 + p4a o EZ no
P>k3 n=1
and the prime on the last sum means the following: if p |, then p3 | n; in other words,
ifn = p‘3 b ’3 " is the canonical decomposition of  into prime factors, then 8; > 3,
j=1,...,r. It is easy to show that such n can be represented as

n =3y,
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where x, y, z are natural numbers. Therefore, for N > 3, we have

, N
5 ok (n) =0/ u " 'Cu)du + N"°C(N),
3

nO'
3<n<N
where
!/
Caw) < Y = Y )5 ()
n=<u x3y45<N
= Y W@ Y. ).
yiS<u x<(uy=4z=5)13

Using Mardzhanishvili’s inequality (see Section 12.1), we obtain

3_ _4 _ 3_
Y ) < @)y ™) P loguy

x<(uy—4z-5)1/3

Cw) < Jullogu)® 19,
where

D = @) (Y o) (Y B R).
y=1 z=1

Using the formula of partial summation and Mardzhanishvili’s inequality, we can
easily estimate D as follows:

4 - 4 5
2 = k(75 0" ay )kt
1

* -5/3 (2k)3 34 (2k)3
X / y (logz) dz | (2k>)
1
< (2k4)2(2k)4(2k5)2(2k)5 (2k3)(2k)3 < (2k5)5(2k)5 — Dy

Hence for 1/3 < § < 2 we have

N
3 ) o:ok/ =B logu) @ 1 du + N~OC(N).
3<n<N n 3

Passing to the limit as N — +o00 in the last inequality, we obtain

T o0
Z’ 2k((rn) < oDy / u—0—2/3(10g Z)<2k)3_1 du
n 1

3<n
1\~ poo
= oDy (0 — —) / == gy
3 0
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ek — Ky
< 0Dy (2k3) 0 (cr _ %) < (2K3)6CK° <o— _ %) .

Finally, we obtain the following estimate for 1/3 < o < 2:
S 1\ ~@°
|Ba(o +it)| < (2k)°30 (a — 5) .

Let us estimate | B3(o +i7)|~! from above. From the definition (12.49) of the function
B3(s), for Res > 1/3, we have

1

>k3
( l)m 1
- Z Z 2vm (az—ag’).
p>k3m 2

The last double series converges absolutely for Res > 1/4. Hence for Res > 1/3 we
have

|logB3(S)|<ZZa2_a ZZ( 2/3) 2y 4/3<_

p>k3m=2 p>k3m=2 >k3

since ay = k(k — 1)/2 < k?/2. Thus, studying the principal branch of the logarithm,
we obtain

| log B3(s)| = |log |B3(s)| + i¢| >
i.€.,
|log|B3(o +it)|| < %k3 < 2k3,
log |Bs(o +it) > —2k3, |Bs(o +in)| ! < 2
The other factors can simply be estimated for Res > 1/3 as

—ay
‘ 1_[ (1+ ZS) <exp{4a22p_2/3}<e4k3,

<k3 p§k3

o0
CEIT <Y n T <4 s <2V
Collecting these estimates together, for Res = o > 1/3, we obtain

‘ 1\~ @’
|B(s)| = |B(o + i) < (2k5)°C° (o — 5) .

The proof of the theorem is complete. O
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Theorem 12.9. The following asymptotic formula holds:
Ar(X) = VX P, (log X) + R(X),
where Py, (u) is an mth-degree polynomial inu, m < K = k(k — 1)/2,

IROX)| < k% (VX)) =K (log x)K
¢ > 0and c; > 0 are absolute constants, and X > 3.

The proof of this theorem is similar to that of the theorem in [85]. The only
difference is that, whenever necessary, we must use the results of Lemma 12.3 and
Theorem 12.8.

A generalization of the function o (n) is the function ax_, (1) that, by definition,
is equal to the number of solution of the system

n=Xxy...xXx,
n=0 (mod [x{",...,x].

In particular, we have o, 1 (n) = 14 (n) and o 2(n) = o (n). Assertions similar to the
corresponding assertions for a4 (n) also hold for the function o, (1).

12.5 Double Kloosterman sums

In this section £(x) and 7 (y) are arbitrary complex-valued functions of arguments x
and y; 0 < X < X1 <2X,0 <Y < Y| <2Y; the positive numbers &, 1, &, 19, &1
are determined by the relations:

§ = max IE(X)I n= max In(I;
<y<Y

X<x<X
fo= Y E@E nmo= Y 0l &= Y E®P
X<x<Xi Y<y<Y; X<x<X;

We consider the multiple trigonometric sum W = W (a, b),
ax*y* 4+ bxy
= > > EmG exp{zm }
X<x<X1Y<y<lh

It is natural to call the sum W a multiple (double) Kloosterman sum with weights. If
the product (X1 — X)(¥Y1 — Y) is less than m, then W is called a short or incomplete
sum.

Theorem 12.10. Suppose that k and s are positive integers, the numbers X, X1, Y,
and Y1 satisfy the inequalities

3<X, k<X <X <2X, k2¥*-lx2=1
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3<Y, s<Y<Yyy<2y, s257ly»logy,
and a and b are integers; moreover, (a, m) = d > 1. Then |W| satisfies the estimate
W[ < SomoA,
where

x (nal VY)YV E(sdmY )% (log X) %75 (log Y) >/ F.

Proof. We shall follow the arguments of Theorem 12.3. Passing to the inequalities,
we obtain

Wi< D> EW

X<x<Xi

* 4,k b
)3 n(y)exp{zmw”
m

Y<y<Y

Let us raise both parts of this inequality to the sth power and use Holder’s inequality;
we obtain

N

WE <A Y jEW)]

X<x<Xi

El

*4,% b
Y e {zniw}
Y<y<Y m

where

A= ) @I

X<x<Xi

Using the definition of the numbers &y and &, we obtain the inequality
(WIS < &~ ew, (12.50)

where S
Wi = Z .

X<x<Xi

ko, k b
Y noexp {zmw}
Y<y<t m

Let us raise the sum over y to the sth power. To do this, we define the function Js (A, )
by the relation

JGowy =3 1) (),

where the prime on the sum indicates that summation is carried out over the sets
Y1, - .., Ys satisfying the system of congruences

YAy =
yl++)’s£ﬂ (mOdm)7 Y<YI,’)’sSY1
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We obtain

( Z n(y) exp :zmax*y*—+bxy})
m

Y<y<Y;
m
= Z Z Js(\, i) exp {2ni(ax*k + bxu)}.
A=1 W
Note that the parameter u in the last relation ranges over the interval

sY <u <sY; <2sY < s ly2s=1 0y

Now suppose that 6 (x) is the argument of the sum in question, i.e.,

m *
A+Db
0(x) = argzz Js (A, ) exp {ZniW}.

=1

Then we obtain

N

k% b
)3 n(y)exp{z,,,-w}

n
Y<y<Y;

m
. Ax*+b
= 0 ZZ Jo(A, w) exp :2niw};
m

=1 i
m
, arx™® + bux
W= Y S| ¥ e fam Y
A=l u X<x<X "

Let us raise this inequality to the kth power and again use Holder’s inequality; we
obtain

m k—1
Wi < (ZDW,MN)

A=1 pn

X2

=1 u

k
[Js (A, )]

Z e 1) exp {ZJTi—a)\x* +bux }
X<x<Xi m

Finally, we apply Cauchy’s inequality to the last sum and obtain
wk < BH=1J/CD, (12.51)
where the following notation was used:

B=Y Y 150wl C=) > 150,

A=l u A=l u
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Z e 0™ exp{Zm—akx +b,ux}
X<x<Xi m

m
=1 p
Since the parameters A and  in the sum B take arbitrary values, we have

B Y ool mool=( Y mol) = 252

Y <y1,..., 95 <Y1 Y<y<Y;

Similarly, for C we obtain the estimate

c <Y o0l InGal.

where the primes on the last sum indicate summation over the sets yp, ..., yzs satis-
fying the system of congruences

Nty =yt e
Vit Vs =Vsp1+ -+ Yy (modm), Y <yp, ...,y <Yy

Obviously,
C < n*I(Y), (12.53)

where I;(Y) is the number of solutions of the congruence from Theorem 12.2 (in this
theorem, we must set k = s and X = Y). The sum D can be estimated as follows:

P 2k
D < SYZ Z exp {Znia ol }exp{i@l(x)}
X<x<Xi
=sY Z exp 91()61) +-- =01 (x2k))}
ar(xi 4+ — x5
xZexp{Zm’ (i Zk)}
A=1 n
ar(xf +---—x3,)
<sY
v Y 3 exp {Zm .
X1,. X2k A=1
A
=sY Z I(uw) Zexp :Zniﬂ},
n=1 r=1 m
where 7 (u) is the number of solutions of the congruence
x4+ —xp=pn (modm), X <xi,...,xx <X].

Obviously,
I(n) < 1(0) < I (X).
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Therefore, recalling that (a, m) = d, i.e., a = ajd, m = md, (a;,m;) = 1, for D
we obtain the final estimate

m m
Y
D<sYL(X)Y Y exp {2mu} — sdmY I (X). (12.54)
m
n=1xr=1

From (12.50)—(12.54), we successively obtain

wE < 3 2 () sdmY T, (X); (12.55)
IWIRs < k5 & ey sk = n* I, (V) VsdmY I (X). (12.56)

Finally, using the estimate for I;(X) and I;(Y) in Theorem 12.2, from (12.56) we
obtain the assertion of the theorem. O

Theorem 12.11. Suppose that the assumptions of Theorem 12.10 are satisfied, and
moreover, s > 2. Then for |W| the following estimate holds:

W] < &omoAi,
where
Ay = & 28XV (g VY VR (sdmY ) V2R (log X))
x (log ¥)2/k2kyH/s (25y4s?/k

Proof. Passing to the inequalities and using Holder’s and Cauchy’s inequalities, we
successively obtain

s/2—1
|W|S/25( > |s<x>|)

X<x<Xi

x Y [EW)

X<x<Xy

<& [ 3 jEwr

X<x<Xj

< |2

X<x<Xi

s/2—1.1/2
=&/ el 2w,

s/2

kL, b
) ,,(y)exp{z,,,-w}

m
Y<y<Y;

s

k4% b
) n(y)exp{zm-w}

m
Y<y<I

where s
wi= > .

X<x<Xi

* 4,k b
S nexp {zmw}
Y<y<t n
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Using estimate (12.55) and Theorem 12.11, we successively obtain

|W|ks S%.(l)cs—Zk%.{cW{c 5S(I;S_Zkéfng(k_l)ns\/IS(Y)\/I]{(X)\/CSde
_ _ 3 3 2 2
< (£0n0)* (&5 2 (g 'm)* 25)* 2K)* Y2 (log Y) ¥ X* % (log X) %,
|W| < EnoAr.

The theorem is proved. O

If we set b = 0 in the sum W (a, b), then we obtain more refined estimates.
Let us only cite the statements of the corresponding results, since their proofs repeat
word-for-word those of Theorems 12.10 and 12.11.

Theorem 12.12. Assume the conditions and the notation of Theorem 12.10. Then the
following estimate holds:

|W(a, 0)| < &onoA(sY)~ /),

Theorem 12.13. Assume the conditions and the notation of Theorem 12.11. Then the
following estimate holds:

|W(a, 0)| < EonoA(sY)~1/ k),

12.6 Short Kloosterman sums and their applications

First, we present some auxiliary lemmas, which we need to prove the main Lemma 12.A
and the theorems.

Lemma 12.5. For x > 2, the following relation holds:

1 0
Z — =loglogx 4+ c + loox’
et ogx

where ¢ = 0.26. .. is an absolute constant and |60| < 10.

Lemma 12.6. Suppose thata > 2, b —a > 1, r > 0 is an integer, and J is a set
of prime numbers in the interval (a, b]. Suppose also that w runs through the values
that are products of the form w = p1pa...py, where p; € J,i = 1,2,...,r, and
p1 < p2 < --- < pp. Then the following inequality holds:

=X,

pel p
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Proof. Letqy, ..., g be all the prime numbers inthe set J. If s < r, then the statement

of the lemma is obvious, since in this case the sum in the left-hand side of the inequality

is zero. Letr < s. Each of the numbers w can be written as w = q?l .. qf“" , where «;

is equal eithertoOorto 1,i = 1,2,...,s,and o] + --- + o5 = r. Calculating the

expression in the right-hand side, we obtain terms of the form
r! 1

— (@Y. g% =rlw .
arl. ..oyl 4 s

Let x > y > 2. By N(x, y) we denote the number of numbers in the series
1,2, ..., [x]all whose prime divisors do not exceed y. We define the quantity ® (x, y)
as the number of numbers in the same series all whose prime divisors are larger than y.
Lemmas 12.6 and 12.7 provide upper bounds for N and ®, which we need in the
following.

Lemma 12.7. Suppose that y = y(x) < x and y(x) — +00 as x — +00. Then the
following estimate

loglogl log |
N(x,y) < xexp _logxw—i—loglogy—kO oglogy
logy logloglogy
holds and all constants in the O-symbol are absolute constants.

This lemma is proved, e.g., in [139].

Lemma 12.8. Let x > y > y; > 1. Then the following inequality holds:

3x logx

P = gy

Proof. We divide ®(x, y) into two classes. The first class contains all square-free

numbers. The second class contains all the other numbers. Let ®; be the number of

numbers in the first class, and let ®; be the number of numbers in the second class.
We choose an integer ¢ > 0. By @ (¢) we denote the number of » that belong to the

firstclass and can berepresentedasn = py ... psy1,wherey < p; < -+ < pry1 < X.
Then
X
si= ¥ 1= % > o= ¥ oa(s2)
1...
Pr-Pre1=x  propi<xy~! y<prp=x(pr.p)”' prepi=xy”! '

For sufficiently large 4, we have the inequality 7 (h) < 2h(logh)~!. Using this
inequality and the assertions of Lemmas 12.5 and 12.6, we obtain

-1
X X
Prl) =2 Z Plu-Ptn(logpl-uPt)

propr<xy~!




12.6 Short Kloosterman sums and their applications 515

x 1 x 1 1\
=2 2 52logyﬁ( 2 _)

logy propexy-t Lo P yep=x P
1 20 '
<2 —| loglogx —loglogy + ——
logy ¢! logy

1
< 2L —(loglogx —loglogy + 0.1)".
logy t!

So for @, we obtain the estimate

= x X x logx
b =) &;(1) <2—— Y —(loglogx —loglogy +0.1)" = 2¢"! .
; log y ; ! (log y)*
It is easy to see that @, does not exceed
Z X 2.x
—_— < —
5 .
>y ! Y
Thus we have
xlogx 2x  3xlogx
D(x,y) =D+ Dy 5260'1 +— < —.
(logy)? vy (logy)?
The proof of the lemma is complete. O

Lemma 12.9. Suppose that m > 1 is an integer, k and s are natural numbers, real
numbers X, X1, Y, Y1 satisfy the inequalities

k<X <Xy, kX3 <m,

s<Y <Y, sle‘Y_l <m,
and a parameter n takes N values of natural numbers such that (n,m) = 1; a and b
are integers such that (a, m) = d; and p and q take successive values of primes such
that (p, m) = (q, m) = 1. The set of numbers of the form npq, where X < p < X3

andY < q < Y| isdenoted by the letter A, and the number of elements in A is denoted
by the symbol || A||. Then the trigonometric sum

*+b
S = Zexp {Zniw}
m

neA

satisfies the estimate
IS| = [IAllA,

where

A = (s!k!)l/(Zsk) (nl(X))—l/(ZS)(nl (Y))_l/(Zk)(sde)l/(st)’
T (X) = (X)) —7(X) — Z 1.

X<p=<Xy, plm
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This lemma is a version of Theorem 12.3.

Lemma 12.10. Suppose that p is a natural number, a and B are real numbers, 0 <
8 < 1/16,and 26 < B —a < 1 —28. Then there exists a periodic function yr (x) with
period 1 that has the following properties:

(D) y@) =1lfora+s<x<p—35
Q) 0<vx)<lforoa—5<x<a+dandB—65<x < B+
B) v(x)=0forp+6<x<14a—34;

(4) ¥ (x) can be expanded in the Fourier series

Y@)=B—a+ Y g(r)expl2mirx},

|r|>0
where
. 1 1 o\
lg(r)| <min | B — «a; ; = c(r). (12.57)
w|r| m|r| \x|r|s
This lemma is a version of Lemma A.3.
Lemma 12.11. Suppose that A1, A2, ..., Ag are real numbers such that 0 < Ay < 1,

s =1,2,..., Q. Suppose also that p > 1 is an integer, 0 < § < 1/16, a, B, R are
real numbers, 26 < f —a < 1 — 28, ¥(x) is the function in the preceding lemma
and this functions corresponds to some given p, 8§, a and . Suppose that for any
admissible values of o and B, the sum

0
Ule, B) =Y ¥ (k)
s=1

satisfies the relation

Ula,p) = (B —a)Q + O(R).

Then:
(1) forany o,0 < o < 1, the number Ay of values of As such thatQ < Ay < o
is given by the formula

As =00+ Rs, Ry = O(R)+ 0(Q9);

@ Y2, =10+ 0(R) +0(09).

This lemma is a version of Lemma 3 in [162], p. 18.
Prior to stating the main Lemma 12.A, we introduce the necessary notation.
Suppose that m > m; > 1 is a natural number, x is a real number satisfying the
inequalities
exp{(log m)4/5(10g log m)5} <x < m4/7, (12.58)
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and C > 1 is an absolute constant whose value will be chosen later. We also set

1 1/(2k—1)’ Vi = ml/(2k—l)—l/(4k2—l)’

Uk = Zm
Sloglogx — 4loglogm — logloglogm — log C log x
)/ = 5 &= ’
24 loglog x logm

1 1 1 1

Q1= exp {Ze(logx)“‘oy}, Q02 = exp {ZS(logX)l‘SV},
1 _ 1 _

Q3 = 7 exp{(log ) =), 03 = 7 exp{(logx)'~*).

It is easy to see that

logloglogm 5 (loglogm)? 4
— <y <=, ——<g=<-.
2loglogm 96 (logm)1/5 7

The integers k1, k2, s1, and so determined by the conditions

Uk, = Q4 < Uky—1, Uy+2 < Q3 < Upy+1,
Usl < Q2 < Usl—la US2+1 < Ql < Uszs
satisfy the inequalities
1

1 1 3
—(logx)? + = <k < —(logx)?” + =,
5o (log )7 + 5 < ki < S-(log )™ + 3

W

1 1 1
2—(logx>4V —Z <k < 2_(10gx)4y -,
€ € (12.59)

2 2 3
= (ogx)® + = <51 < = (log)® + =
& &€

NN = DN

10y _

o] w S

g(logx)lo” ——<s$m< 3(log)c)
g2 2~ g2

Lemma 12.A. All natural numbers n that do not exceed x and are coprime to m,

except at most
60x loglog x

(log x)¥
numbers, can be represented as
n=1°pgh, (12.60)

where | and h are integers, p and q are prime numbers, and
(1) n(pgh) #0;
2) 1<l <logx;
) for some k and s such that ky < k < ky and s1 < s < s, the following

inequalities hold.
Vi< p<Uy, Ust1 <q=Us.
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Proof. First, we outline the subsequent considerations. From the series
1,2,3,...,n,...,[x], (m,m)=1, (12.61)

we delete the numbers that cannot be represented in the form (12.60). This procedure
involves several steps. At the first step (item 1°), we delete the numbers divisible by
squared “large” integers from the series (12.61). At the second step (item 2°), we
choose O = Q(x) in a special way and delete the numbers all whose prime divisors
are larger than Q, as well as the numbers all whose prime divisors do not exceed Q.
Thus in the series (12.61), all the numbers remaining after the first two steps can be
represented as n = [>n1, where 1| is a square-free number and [ is a small integer. In
this case, the number n has at least one prime divisor that does not exceed Q and at
least one prime divisor that is larger than Q.

The last third stage (item 3°) is the central part of the proof. Here the elimination
is performed as follows. First, we delete the numbers # none of whose prime divisors
belongs to the interval (Us,+1; Us,]. Then each of the remaining n has at least one
prime divisor ¢ that satisfies one of the inequalities Us| < g < U, s = 51,851 +
1,...,s2. Finally, from the resulting set we delete those n none of whose prime
divisors belongs to the union of the intervals (Vi; Uxl, k = k1, k1+1, ..., kp. Itiseasy
to verify that all the numbers remaining in the series (12.61) admit the representation
given in the statement of the lemma.

It should be noted that most of the numbers were deleted at the last stage. Now
we prove the lemma following this plan.

1°. In the series (12.61), the number of numbers n that can be divided by a squared
“large” integer [ > log x, i.e., that can be represented as n = [°ny, [ > log x, does not

exceed the number
X 2x
Z 2= logx”
[>log x

2°. We set Q = exp{logx/loglogx}. According to Lemmas 12.7 and 12.8, in
the series (12.61), the number of numbers n all whose prime divisors either do not
exceed Q or are larger than Q is bounded above by the quantity

2
N(x, Q)+ ®(x, Q) < M.
log x

Thus throwing out

2x 4x(loglog)®>  5x(loglog x)?
< <
log x log x log x
numbers, we can restrict our consideration to the numbers n < x satisfying the con-

ditions n = lznl, 1 <1 <logx, u(ny) # 0, and the condition that n can be divided
by a prime number that does not exceed Q.
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3°. For convenience of exposition, we introduce the following notation for inter-
vals:

‘I = (17 U52+1]1 J/ = (U32+17 US]]! J// = (USI; Q]s JO = (19 sz]s
Ji = (Uky—it+15 Vip—il, i=1,2,...,v, v=ky —ki, Jyy1 = (Uy:; QO]
In what follows, i.e., in items 4° and 5°, our argument is based on the fact that each
of these intervals, as well as each of the intervals (Vi; U], k = ky, ..., ko, contains

sufficiently many prime numbers that do not divide m. We show that this is the case.
Let (u, v] be any of the above intervals. First, we show that

< exp{—(logm)'/3}.

SENIRN

If (u; v] is either J or Jo, thenu =1,
1 u
v > Ugyy = -m"/@2FD and 5= - 1/@stD)

If (u; v] is either J” or J,41, then v = Q and u < Uy, < Q4 sothatu/v < Q4/0Q.
Finally, it follows from the inequalities

Uit < %ml/(2s1+1) _ USIm—z/(ztslz—l) < Uﬂm—l/(4s12—1)’

1
Ui+ < ZVkm_l/(4k2_1)Vkm_z/(4k%_1) < Vkm_l/(4slz_1), k=ki,...,kp—1,
Vi = 4Ukm_1/(4k2_1) < 4Ukm_1/(4k%_1) < 4Ukm_1/(4S12_1), k=ki,..., ko,
that the inequality

U~ g1/t
v

holds for each of the remaining intervals. Thus it suffices to prove that
max (m~ /427D 0,071 4m_1/(4512_1)) < exp{—(logm)'/3}.

Using the definition of y and ¢, as well as inequalities (12.58) and (12.59), we obtain

4
257+ 1 < — (logx)'"” = 4C ™/ (logm)'/ (log x)'/* (log log m) ~>/1?
€

< 4C_5/12(10g m)1/4(10g log m)—5/12,
Cc5/12

m /@2t exp{ -7 (logm)3/4(log log m)s/lz} < exp{—(logm)l/s};

(logx)?" = C~"2(loglogm)? > 2loglog x;

1 log x loglog x
0407 = -—expy — 1 — . <
4 loglog x (log x)=Y
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log x 1/5}_

< %exp { } < exp{—(log m)

B 2loglog x
and finally, we have
2 3
1 8y 4 =,
51 < 52( ogx)™" + 5

48
45t — 1 < — (logx)'% = 48C~*/(logm)*° (log log m) ~*,
&

] C2/3
4m~V/ési=D - 4exp{ — g (log m)1/5(1oglogm)4} < exp{—(logm)!/3}.

Next, for each of the intervals under study, we have the inequality

1 1 5/12
v>Ugpyl = Zml/(2s2+1) > Zexp{ 1 (10gm)3/4(10g10gm)5/12}

> exp{(log m)3/4(10g log m)l/S}.

Since |
S <a(h)<2-
2 logh logh
for large h, for m > m, we have
2 1
) —ww) > —— — V(4208
2logv  logu  2logv vlogu
U
> (1 - 4(—(logm)" %) logm) > —— > 2]
2logv 4logv ~ 4logUs,y4+1

exp{(logm)3/*(loglog m)'/3}

3/4
4(log m)3/4(loglogm)!/3 > 2exp{(logm)>'"}.

In the interval (u; v], the number of primes that divide m does not exceed the number
of all prime divisors of m, which, in turn, does not exceed 2 logm. Therefore, for
the number of primes in the interval (u; v] that are coprimes to m, we have the lower
bound

) —mw@) — Y 1>2exp{(logm)’’*} —2logm > exp{(logm)*'*}.

u<p<v, plm

4°. Let N; be the number of numbers n = [%n; remaining in the series (12.61)
after the first two steps that do not have prime divisors in the interval J'. Let Ny (I) be
the number of such numbers n corresponding to a given value of / < log x. For each
of these n, the number n; can be written in the form n; = wv, where all the prime
divisors of w do not exceed Q and all the prime divisors of v are larger than Q. Since
the canonical decomposition of n does not contain prime numbers from the interval J',



12.6 Short Kloosterman sums and their applications 521

we see that all the prime divisors of w can be divided into two groups. The first group
contains all divisors of w that belong to the interval J. The second group contains all
divisors of w that belong to the interval J”. Hence the number w can be written in
the form

W=Ppi...Ppq1---9r,> (12.62)
where rg > 0,71 >0, p; € J,i =1,2,...,r0,andg; € J”, j =1,2,...,r;. Since
nj is a square-free number, all primes py, ..., py, g1, - . ., gr, are distinct.

By Ni(; rg, r1) we denote the number of numbers n that correspond to different
values of ro and r;. For an integer r > 0, we set

Nilir) =Y Niliro. 1),

where the summation is over all sets of 7y and r1 such that ro+r; = 1. We choose an ar-
bitrary number w of the form (12.62). Recalling the definition of the quantity ® (x, y),
we see that to this w there correspond

X
@(m Q) (12.63)

numbers v such that n = I2wv < x. We fix rp and ry. Summing (12.63) over all w
corresponding to these 7o and r1 and using the estimate in Lemma 12.8, we obtain

by 3x log x
Ni(l;ro, 1) = Zd’(% Q) (U Tog 0)2 Z -

w

To estimate the last sum over w, we use the inequality in Lemma 12.6:

Th= (DY

p eJ’ q

Now we study each of the sums separately. Applying Lemma 12.5, we obtain

1 1 10
p P IOg Usz-i—l
pEJ 2=p=Us,+1 2=p=Usy+1
(p.m)=1
1 1 20
Z—: > —=< ) = <loglogQ —loglogUy, + .
" q q 1Og US]
qgel U.vl <¢=<Q Usl<q§Q
(g.m)=1

Applying inequalities (12.59), we easily obtain

1 1
Us,+1 < exp {ge(logx)l_loy}, Us, < exp {ge(logx)l_gy}
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as soon as m > m|. Therefore, we have

10 1
loglog U +c+ ——— <loglogU, + =
0glog Usy+1 T € logUs+1 — 0g10g Usy +1 )

1
< (1 —10y)loglogx + loge — log3 + 5 = @,

20 1
loglog Q — loglog Uy, + <loglog Q —loglog Uy, + =
log U 2

51

1
< 8y loglogx — logloglog x 4+ loge + log5 + 5 =L

Collecting together all the estimates, we successively obtain

1 0 gt 3] ro 7
U W Nl(z;ro,r1)<Lgxz-“—0-“—1,
—~w ro! ! (l-log Q)2 ro! ri!
Nilir) < 08 o I grgn o _STORX (g + )"
rolry! (I -log Q) r!

(-log 0)2 7!

ro+ri=r

400 oo
3xlogx (oo + )"
M) =Y Nillir) < T2 3
r=0 r=0 .

(I -log 0)?
3x log x
T
Since
ap+o; = (1 —2y)loglogx — loglogx + log(5e/3),
we have

3xlogx  (logx)!™2” Se  Sexloglogx

(l-log0)? loglogx 3  [2(logx)?

Ni() <

The relation
Ni= Y N0

I<logx

implies the upper bound for Ny:

Ny <5

x loglog x Z 1 5m%e xloglogx

“log & - 76 (logn)¥

[<logx

We exclude these N1 numbers from the set under study. Then for each of the remaining
numbers 7, it is possible to find at least one prime divisor g such that (g, m) = 1 and
g € J'. Since we have the relation

b

J' = Usy11: Uyl = | Wsy1: U1,

S=51
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for this ¢ we can uniquely determine a number s such that
U1 <q =Us, s1=5=s9. (12.64)

5°. Let N, be the number of numbers n = [2n (in the set obtained in item 4°) that
do not have prime divisors in the union of the intervals (Vi; Uxl, k = ki, k1 +1, ..., ko.
Let N, be the number of numbers # that correspond to a given value of / < log x. To
estimate N> (/) and N;, we follow the argument in item 4°.

For each of the numbers n, we write the square-free factor n; in the form n; =
wv, where all prime divisors of w (if any) belong to the union of the intervals
Jo, J1, ..., Ly+1 and all prime divisors of v are larger than Q. For each i, i =
0,1,...,v + 1, we define anumber r; > 0 as the number of prime divisors of w that lie
in the interval J;. By Na(l; ro, 11, - . ., Fy4+1) we denote the number of numbers n that
belong to the set under study and correspond to the given values of [, ro, r1, ..., Fy41.
Finally, for an integer r > 0, we set

Nz(l;r):ZNZ(l;rO’rl7”',rU+l)’

where the sum is taken over all the sets of rg, 1, ..., r,41 suchthatrg +ry +--- +

vyl =7r.
Following the argument in item 4°, we obtain the inequality

X 3x logx
No(l; 70,71, ooy Fy1) = CI)(—,Q) —
v Xw: 2w (0 -log 0)2 Z

where the sum is taken over all numbers w corresponding to rg, rq, ..., F'yt+1.
Applying Lemma 12.6, we estimate the last sum over w as follows:

v+1 ri 1

Z—< o, = — i=0,1,...,v+1.

peJi P

Now let us consider o;. First, from inequalities (12.59) for k2, we derive the upper
bound for Vi, :
Vi, < expf{2(log x)=4y,

Applying Lemma 12.4, we obtain

1
oo = Z — <loglog Vi, + ¢+
peJo

< (1 —4y)loglogx +1og2+0.3 < (1 —4y)loglogx + 1 = .

loglog Vi, + 0.3
log Vi, < loglog Vi, +

Letuschooseani, 1 <i <v. Wesetk =k, —i. Then

1 20
o; = — < loglog Vy —loglog Uy + ———— =log |1 + + p(k),
g log glog log Ur 1 g

oyt 2k —1
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where 20 2k — 1)log4
pk) = ——— —log 1_ﬂ.
log Ug+1 logm

It follows from (12.59) that

k <k < —(1ogm)1/3

Hence the absolute value of p (k) does not exceed

2k + 1) 1

25 - < .
log m 42k — 1)2

So we obtain

1 1 1 1
i <1 1 _
%= Og( +2k—1>+4(2k—1)2 S 2k—1 4(2k—1)2+4(2k—1)2
o 1
S 2%k—1 2kp—i)—1

= ;.

Finally, taking into account the inequality Uy, > exp{(log x)! =27 /2}, we find

ov+1 < loglog Q — loglog Uy, + < loglog Q — loglog Uy, +0.3

log Uy,
< 2y loglogx —logloglogx + 1 = ot,41.
Collecting together all the estimates, we obtain the inequalities

V+1 r,- l)+1 ri

Z 1_[— No(l; ro, 7 ronp) < SXlogx i
9 PAVERA (PR A RPN AR | (llOgQ)Zl_O ri!’

o "' Tv+1

NM(l;r) < dwlogx Z % - %p _ 3xlogx ol
’ (I -log Q)2 o =r rolr!. .. ryg1! (I-logQ)?* r!’
where « = o9 + 01 + -+ - + @41, and
= 3x log x
Ni() = ZNz(li r) < mexp{a},

n?  xlogx
Z Na(D) < 7 : @exp{a}.

[<logx

Since
ko
a=(1—-4y)loglogx + 1+ 2y loglogx — logloglogx + 1 + Z
k=kq

2k —1
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< (1 —y)loglogx — logloglogx + 2,
we have
(re)’x log x (logx)l_” . (me)’x log log x
2(log Q)2 loglogx ~ 2(logx)”

Now we also exclude these N> numbers. Thus we have excluded at most

2 <

5x(loglogx)> Sm?exloglogx  (we)’xloglogx  60xloglogx
<
log x 6(log x)2¥ 2(log x)Y (log x)Y

numbers from the series (12.61). For each of the remaining numbers, we can find
at least one prime divisor p that belongs to the union of the intervals (V, Ug], k =
ki, ..., k. Together with (12,64), this means that all the remaining numbers can be
represented as (12.60). The proof of Lemma 12.A is complete. O

Now we estimate the short Kloosterman sum.
Suppose that the parameters m, x, C, ki, ka2, s1, s2, ¥ and ¢ satisfy conditions
(12.59), a and b are integers, (a, m) =d > 1, and

*+b
5= Y exp {2_+}
m
n<x
Theorem 12.14. The sum S satisfies the estimate
IS| = x(A1+ A2),
where

Ay =d" D (Gogm)™, Ay = 4(logx) " (logm)'/® (log log m)>/?.

Proof. We divide the sum S into two parts: § = S; + S». The sum S; contains
the terms corresponding to n having the form n = [?n;, [ < logx, u(ny) # 0. The
sum S contains all the other terms. It is easy to see that the number of terms in $;
does not exceed the quantity

X 2x
Z =< .
12 logx
logx<I</x

Estimating S, trivially, we obtain
2x
IS < [S1]+ —.
log x
By A we denote the set of all prime numbers that do not divide m and are contained

in the union of the intervals (Vi; Ukl, k = ki, ..., ky. By B we denote the set of all
prime numbers that do not divide m and are contained in the interval (U, +1; Uy, |.
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We divide the sum §; into sums S, ,. A sum §,, , contains all the terms corre-
sponding to numbers 7 that can be represented as n = [>hu = ru, where p(hu) # 0
and / < logx. Here u is the product of u prime factor from A and v prime factors
from B: u = p1...puqi1...qy and r does not have prime divisors from the sets A
and B.

By w0 and vg we denote the maximal possible values of u and v. Since the
inequalities

1
p> Vi, > exp{(logx)' ™}, ¢ > Us,+1 > exp {gs(logx)lloy}
hold for any p € A and ¢ € B, we have the following estimates for o and vo:
8
1o < (logx)*, vy < —(logx)'%. (12.65)
€
We can trivially estimate the sums S, , in which at least one of the indices pu, v
is nonzero. The terms in such sums correspond to different numbers n < x for
which it is impossible to find a pair of prime divisors p, g such that p € A and

q € B. By Lemma 12.A, the total number of such n does not exceed x A, where
A = 60loglog x/(logx)?. Hence we have

40 vo
150,01+ D 1Su0l + D 10| < xA.
n=1 v=1

We consider the sum

W=Z Z exp{ZniMT+M}, n=rw.

rooyw<xr-l

Here r runs through an increasing sequence of numbers r = [2h defined above. The
quantity w takes values that are products u + v of prime factors each of which,
independently of the others, runs through its own increasing sequence of numbers:
W = pl...Puq1...qv. Namely, p; ... p, run through the set A independently of
one another and g . . . g, run through the set B independently of one another.

The term corresponding to the value n = rw, where u(w) # 0 (i.e., to the value w

for which the numbers p1, ..., py, q1, ..., g, are distinct) enters the sum W exactly
u!v! times.

Now we consider the term corresponding to the value n = rw, where u(w) = 0.
We assume that the set of numbers py, ..., p, contains exactly g different numbers

and, moreover, the first number occurs «; times, the second number occurs «p times,
..., and the gth number occurs o, times. We also assume that the set of numbers
q1, - - -, qy contains exactly ¢ different numbers and, moreover, the first number occurs
B1 times, the second number occurs 8, times, . . ., and the th number occurs j; times.
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Then we have ay +op + -+ +ag = pand 1 + B2+ - -+ B; = v. Since u(w) =0,
at least one of the numbers oy, a2, ..., ag, B1, B2, ..., Bg is strictly larger than 1.
Hence the corresponding term occurs in the sum W

(1 4+ o)l (B + -+ B! _
ar!.ag!Brl B!

uiv!

times. We note that all such numbers n = rw have the form n = lznl, wuny) # 0,
[ > log x. Therefore, the number of such n < x does not exceed the quantity

X 2x
O
12 " logx
logx<I<./x

So we obtain

2x
logx”

X
() 'w =5, + 29@, 0] <1, |Sul < (wv)™'W +

Now we estimate the sum W. We write u =rp2...puq2...qv, p = P1,9 = q1,
and n = upq. We rewrite W as

*+b
=YY Zexp{zmw}.
u peAqeB m

pg<xu~!

We divide the sets A and B of p and ¢ into intervals as follows. We divide each of the
segments (Vi; Uil, k = ki, ..., kp, into the intervals

(X; X111 = (max(Vi; 27 VU 2770], ©=0,1,..., 1.

If we have X| < 2X for the interval corresponding to the value T = 710, then we
combine this interval with (2~ Uy; 2~ @=D{]. As a result, we obtain the interval
(X'; X1 for which 2X’ < X/ < 4X’. Thus for the interval (X; X] thus obtained, we
have the inequalities

2X < X; <4X.

Similarly, we divide each of the intervals (Us41; U], s = 51, . . ., $2, into the intervals
(Y; Y1], where 2Y < Y; < 4Y. The number of pairs X, Y obtained by this division
does not exceed

kas2 log, (U, ) logy (Uy,) < (logm)>.
According to this, we divide the sum W into < (log m)3 sums:

’ ’ .an®™ + bn
W(X,Y) = Z Z Z exp{ZmT},

u<x(XyY)~1X<p=<X1Y<q=<V\;
XY<pqg<Z
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where Z = [min(X Yy, xu=)]. By W we denote the inner sum over p and g. We
define the function §(z) as follows:

L, Z:PCI’(va):LX<P§X1,Y<CI§Y1,

S =
@ 0  otherwise.

Then Wj can be rewritten as

’

Wy = Z S(Z)exp{Zm

a1z + bz }
m
XY<z<Z

where a; = au® and by = bu. In this case, (a;,m) = (a,m) = d. Now we
transform W so that the interval of variation of z be independent of u:

m—1 Z
wi= Y 5(1)( ZZexp{2nz ”})5(1)
XY <z<X1Y) f=0y=1

X exp {2711

V4 b
2 e {zmw}
m

XY <z<X1Y|

a1z + bz
m

1 23 exp{—2mi f(Z + 1)/m} — exp{27if/m)
o Z exp{—2rwif/m} —1

X Z S(Z)exp{Zn @z + b +f)z}

m
XY<z<X11h

Let T be the largest possible value of the modulus of the sum

b b
Z(?(Z)exp{ZJT ZZ——FZZ} Z Z exp {Zmazp q"+ ZPQ}’

XY<z<X1Y; X<p<X1Y<g<l

where a; and b; are integers, (ap, m) = d. Then, as is easy to see,

z 174 -1 z 17 -1
|W1|§(—+—Z(sinﬂ) )T§<—+—Z<i) )T<2T10gm.
m m m m m m
f=1 f=1
For given X, X1, Y, Y1, we determine k and s so that the following inequalities hold:

Vi = i/ Ck=D=1/(@2=1) _ 5 _ X, < Up = iml/(Zkfl)’ (12.66)

1 1
Usy) = Zml/@”” <Y<Y <U= Zml/es—l), (12.67)
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ki <k <ky, s1=<5=s2.
Then we have the conditions
kX%k_1 <m, sles_l <m, X>k>3  Y>s>3.
This allows us to apply Lemma 12.9. So we obtain
T < XYA,
where
A= (ks Gy (X)) VB0 (g (1)) T O (smd ) VR,

and

m(X) =7(X)) —7(X) — Z 1.

X<p=Xi, plm

Using the well-known inequality

n! < es/n(n/e)",

and the fact that s > k > 3, we obtain

k s\ 1/(2ks)
(ks V/@k) _ 1/2ks) (ez /—ks<’§> (f) ) S1/2ks)
e

e
_ ef(l/(Zk)Jrl/(Zs)fl/(ks)) . (ks)l/(4ks) L g1/@ks) [ p1/Q2s) | (1/(2k)

< (3.3)/E3 31/@33) 31/@) (/@) _ 31/351/Ck)

It follows from inequalities (12.59) that

log(2e 2 (log x) '
s1/C0 < szl/akl) < exp Og(f (ngz) )
e~ 1(log x)%r
10y loglogx — 2loge + log2
< exp
(log x)%¥
%—gloglogx — %loglogm —2loglogx + 2loglogm
< 2exp
B C~ /12 (loglog m)?

1 1

loglog x + z loglogm 1 _

=2 12 3 <21 -CcY"2(loglog)~'} <3
P { C—1/12(loglog m)? B K (loglog) =

for m > m;. Thus
(k!s!)l/(ZkS)sl/(st) < 343

Further, since X| > 2X, we have the following lower bound for 771 (X):

T1(X) > 7(2X) — 7 (X) —2logm.
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Since

2X) = 2X 0( X ) x) = X 0( X )
d )_logX+ (log X)2 )’ d _logX+ (log X)2 )’

for sufficiently large X (which is achieved for m > m), we have

X = 402 21 X) > =
T —2logm, m > )
= log X (log X)2 & ! 2log X

Similarly, for m > m

Y)> .
) = 2logY

Therefore,

(n.l(X))—l/(ZS)(jTl(Y))—l/(Zk) < 2(1/(2k)+1/(2s0) (10g X)l/(Zs)
x (log )1/ G0 x=1/Co)y—1/C0)

Since k > ki > 3 and s > 51 > 3, we have
21/ QR+1/(28) < 91/6+1/6 _ 1/3
log X)) < e —_—
(log X) =P 2y e~ 2(log x)8
logl
og 0g2m _ exp{cl/lz
(log x)2"
loglogm < ex loglogm
2k - e~ (logx)%r

loglogm { loglogm }
—— ¢ < eX

< exp (loglogm)~1} < 2,

(log Y)l/Ch < exp

log1
< ex oglogm

=P { <logx>2V} =2

and hence
(m(X))—l/(zs)(m(Y))—l/(zk) < 2B x-1/C)y=1/@k)
Thus we have
N < 27/334/3 41/ Q2ks) x—1/(25) y—1/(2k) 1/ (2ks)
Taking inequalities (12.66) and (12.67) into account, we have
m 1/ @ks) x—1/(25) y—1/(2k)+1/(2ks)

< ml/(ka)(ml/(2k—1)—1/(4k2—1))*1/(25)(lml/(2k+1)

—1/(2k)+1/(2ks)
)

< 41/@0)=1/Qks) =5
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where
5 s — 6k*
- 2ks(2s + D(@k2 = 1)

We return to (12.59) and find the lower bound for §:

& _ Cloglogm

8> =
~ 16(logx)**r 16 logm

Collecting together all the estimates, we obtain the upper bound for A’:
A < 2733473416 g1/ @) (166 ) =C/16 < 2841/ kS (g yy)—C/16.
Finally, taking into account that ks > kjs;, we obtain
T <28xyd"/"1%) (logm)~¢/10

so that
|Wi| < 56XYd"/ k150D (1og m)!—C/16,

Further, it follows from the definition of u that each value of u enters the sum
W(X,Y)atmost (u — D!(v — 1)! = (uv) "' u!v! times. Hence

/
WX D0 (o) W],
u<x(XY)-!

where the prime on the sum means that this sum does not contain repeating terms.
Using the above estimate for Wy, we obtain the successive inequalities
IW(X,Y)| < (uv) ' uvlx(XY) 1 56XYd"Y/ K150 (Jog m) ! —€/16
= 56! (uv) " xd "/ ki) (1og m) 1 =C/16,
()W < ()" dogm)? (uv)~156pvixd !/ K150 (log m) ! =€ /16
— 56(u‘))—1xd1/(2k|.¥|)(10gm)4—C/16’

1Sl < (uiv) W]+

log x
< 56(uv)~Lxd /@15 (1og my+C/16 4 X
- log x
Ho Vo 2uovox
DD 1Sl < 2log po log vg - 56xd "/ P15V (log m)* /10 4 Tors
ogx
u=1v=1

Taking (12.65) into account, we obtain

1121og o logvg < logm,
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2L0V0X 16x

1 1 14y
log x = (log x)?2 ogm(logx)

= 16C~""x(logm)~*3log x)""/? (loglogm)~71? < x(logm)~"/?,
and finally,

1o Vo
DD 1Sl < xd" 50 (logm) MO + x (logm) T,
u=1v=1

If now we choose C = 160, then for S; we obtain the estimate

1o Vo
111 < Y ISul < xA + xd "5 (logm) ™ + x(logm)~!/?
n=1v=1

< 2xA 4 xd" 5D Jlogm) ™ = x QA + Ay).

Estimating S, we obtain
2x 2
IS < [S1l+ —— < x<2A + A+ —> < x(3A + Ay).
log x log x

From the relations

3A = 3CY**(logx)7>/** (log m)'/6(log log m)'/** log log x
< 4(10gx)75/24(10gm)1/6(10g 10gm)25/24 = As,

we obtain
IS| < x(A1 + A).

The proof of Theorem 12.14 is complete.

O

Precisely as above, we assume that m > m is a sufficiently large natural number,

x is an arbitrary number such that

exp{(log m)4/5(10g log m)73/5} <x<m*,

a and b are integers, and (a, m) = 1. By the letter N we denote the number of numbers

that do not exceed x and are coprime to m.

Theorem 12.15. Suppose that o and B are real numbers such that 0 < o < 8 < 1

and K («, B) is the number of solutions of the system of inequalities

an® + bn
a<]{—t <B, 1<n<x, (mm=1).
m
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Then the asymptotic formula
K(a,p) =B —a)N+ O(xA)

holds, where
A = (logx)™/**(log m) /% (log log m)**/?*

and the constant in the O-symbol is an absolute constant.

Theorem 12.16. The asymptotic formula

/[ an* + bn 1
) Ll SLPVHPYON
m 2

n<x

holds, where
A = (log x)~**(logm)"/® (log log m)**/**

and the constant in the O-symbol is an absolute constant.

Prior to proving these assertions, we point out two facts. First, if we choose
some 0 < § < 1/16 and an integer p > 1, then it suffices to prove the statement of
Theorem 12.15 inthe case 26 < B —a < 1 — 24§, since for0 < 8 —a < 2§, we have

K(,8)=K(a,a+1—-28) — K(B,a+1—26),
andfor 1 — 26 < 8 —« < 1, we have
K(o,B)=K(a,a+1/2) — K(a + 1/2, B).

Second, it follows from Lemma 12.11 that both theorems (the first in the case 25 <
B —a < 1 —2§) will be proved if the corresponding asymptotic formula is obtained

for the sum ‘b
Ule. ) = Zw("”m—”),

n<x

where 1/ (x) is Vinogradov’s “cup” constructed for given 8, p, o, and S (see Lemma
12.10). Therefore, we combine the proofs of these two assertions.

Proof.  We choose rg = (log m)36, 8 = r(;l/z, and p = [r3/4] and assume that
25 < B —a < 1 —24. Using Lemma 12.10, we construct Vinogradov’s “cup” ¥ (x)
corresponding to the chosen 8, p, «, and 8 and consider the sum U (¢, 8). Expand-
ing v into the Fourier series, we obtain

Ula, ) = (B —a)N + R,

where

’ .an®™ + bn
R = Zg(r)Ss, S, = Z exp {ZmT}.

r#0 n=<x
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Let us estimate R. First, we note that

+00
R <Y cIS],

r=1

where the quantities c¢(r) were defined in (12.12). Next, we divide the sum over r into
two sums so that

R« (Z + Z)c(r)w = Ri + Ra,
r<ro r>ro

and estimate each of these sums in its own way. If r < rg,thend = (ar,m) <r < ry.
Estimating S, by Theorem 12.14, we obtain

ISk < x(A1+ Az)
and, moreover,
Ay = ry/ P (ogm) = < g/ (logm) = = (logm) 3,
As = 4(log x) 7/ (log m)'/® (log log m)®/?4.

Since A1 < Aj, we have |S,| < xAj. Therefore,

1
R K Z c(r)xAy K xAp Z - K xAjlogrg < xAzloglogm < xA,

r=<ro r<ro

where A = (log x)—5/24(10g m) 1/6(10g log m)49/24'
We estimate the sum R; trivially:

1 P x rox
R —(Z) r< T L) « Zr? <aa
wr \ré ro \ rod ro
r=ro
Thus we have R < xA and
U(e, ) = (B —a)N + O(xA).
Using Lemma 12.11 and taking into account that
NS < x(logm)™ 8 « xA,

we arrive at the statements of Theorem 12.15 and 12.16. O

In conclusion, we find out in which case the asymptotic formulas for K («, §) and
S = Z’ n< 1(an* + bn)/m} are nontrivial, i.e., the remainder is less than the leading
term. To this end, it is necessary to estimate N. We have

N=Y'1=3 wa= Y u<d>[2]=2“(")[3]

n=x n=xd|(n,m) dlm,d=<x d|m
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_ R s [x] g
_deW: 3 dm{d}_ - x+0-1(m),

where |0| < 1. Next, it is known that

@p(m)

ciloglogm)™! < —— < 1,
m

where c¢; > 0 is an absolute constant. Therefore, we have

c1x
> —— —1(m).
loglogm

Let m satisfy the condition that t(m) is small, i.e., T(m) satisfies the inequality

c1x
T(m) < ———
2loglogm

(this holds, e.g., for m = p, where p is a prime number). Then

c1x
N> ——F—.
~ 2loglogm

The asymptotic formula for S is nontrivial if
xA K x(loglog m)~ !,
i.e., if we have the inequality
logx > (logm)*>(loglogm)”/>.

Under this condition, the asymptotic formula for K («, §) is also nontrivial if only «
and B are fixed numbers. In the general case, in view of the relation

g logm

1
lim sup log r (m) ° = log?2,
ogm

m—0oQ 1
the asymptotic formulas for S and K (o, §) are, in general, nontrivial only if

logm I

X > exp {cz—
loglog m

where ¢y > log 2.

Concluding remarks on Chapter 12. 1. In number theory, the Kloosterman sums
are defined to be trigonometric sums of the form

- .an®™ + bn
S:Zexp 2mi ——— ¢,
m

n=1
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where m is a natural number and a, b are integers. Here the prime on the sum means
that the sum is taken over the numbers n coprime to m and the symbol n* denotes a
natural number that does not exceed m and satisfies the condition n*n =1 (mod m).
Along with S, the sums S,

*+ bn
S = ex {2711'&},

where x < m, are also considered; the sums Sj are called incomplete (or short)
Kloosterman sums.

2. Nontrivial estimates from above for |S| and | S| are used in a great variety of
problems in number theory.

3. The first nontrivial estimates for | S| and |S;| were obtained by H. Kloosterman
in 1926 in the paper [106]:

where d = (a, m), D = max(d; (b, m)), and the constants in < depend on ¢ > 0.
4. In 1931, H. Salie [141] proved that

S| < 3p*/2,

where m = p%, p > 2, p is a prime number, & > 2, and (a, p) = (b, p) = 1, which
implies that, in the general case, the following inequality holds:

S| < T(p*)p®/2d"/2.
5. In 1948, A. Weil [167] proved that
S| < 2p'/2,

where m = p, p > 2, p is a prime number, and (a, p) = (b, p) = 1.
6. In 1957, L. Carlitz and S. Uchiyama [43] obtained the estimates

1S1] < Temym'2d" P logm < m'/*+ed' /2.

7. Theorems 12.1-12.9 were proved by A. A. Karatsuba in [94], [95], [96],
[97]. A survey of the results is also contained in [95]. Lemma 12.1 was proved
by G. I. Arkhipov (see [100]).

8. The function o (n) defined in Section 12.1 was introduced by G. I. Arkhipov.
In [100], this function was called Arkhipov’s function (see also [97]). A generalization
of Arkhipov’s function, namely, the function oy ,, (1), was introduced in [100].

9. Theorems 12.10-12.13 were proved by A. A. Karatsuba in [103].

10. Theorems 12.14—-12.16 were proved by M. A. Korolev in [108].

11. In [107], M. A. Korolev proved analogs of Theorems 12.8 and 12.9 for the
function o, (n).

12. J. Friedlander and H. Iwaniec [63] used estimates for short Kloosterman sums
in the Brun-Titchmarsh theorem.



Appendix

Here we state several assertions which we used in this book. All these assertions are
called lemmas.

Lemma A.1 (Holder’s inequality). Suppose that u,, > 0, v, > 0,a > 0, 8 > 0, and

o+ B =1.Then
P P w, P 5
S = (S ()
v=1 v=1 v=1

P

Corollary A.1. (1) (Cauchy’s inequality) ( Z uvvv>2§( ZP: u%)( Z vf)

v=1 v=1 v=1

v=1 v=1

P . P
3 (X w) st—‘Zuﬁ.

v=1 v=1

(4) (The inequality between the geometric and arithmetic means of nonnegative
numbers)
kuyp ... ug §u]1‘+---—|-u1,§.

Proof. For the proof of the lemma, see, e.g., [90], p. 85. O

Lemma A.2 (van der Korput’s lemma). Suppose that f(x) is a real differentiable
function on the interval a < x < b and in the interior of this interval its deriva-
tive f'(x) is monotone and of constant sign and satisfies the inequality | f'(x)| < 8
for a constant § such that 0 < § < 1. Then we have

b
Z exp{2mif(x)} = / exp{2mif (x)}dx +6(3+28/(1—9)).
a<x<b a

Proof. For the proof of the lemma, see, e.g., [165], p. 25. O

Lemma A.3 (I. M. Vinogradov’s lemma on “cups™). Suppose that r is a positive in-
teger, o and B are real,0 < A < 0.25,and A < —a <1—A.
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Then there exists a periodic function ¥ (x) with period 1 satisfying the conditions:
(1) ¥(x) = 1intheinterval a +0.5A < x < B —0.5A;

2) 0 < ¥(x) < 1intheintervalsa —0.5A <x <a+0.5Aand B —0.5A <
x < B4+0.5A;

3) v(x) =0intheinterval B +0.5A <x <1+ a—0.5A;

(4) Y (x) can be expanded into the Fourier series

vx)=B—a+ Z (gm exp{2wimx} + hy, exp{—2nimx}),

m=1

where
. 1 1 r r
|gm| <min| —,8 —a, — ,
Tm am \TmA
) 1 1 r r
[hm] <min{ —, B —a, — :
Tm am \TmA
Proof. For the proof of the lemma, see, e.g., [165], p. 23. O

Lemma A.4 (I. M. Vinogradov’s lemma). Suppose that m is a positive integer, X is
real, and

A
P(y)=m———, (a,q)=1, q>0;

moreover, y runs through at most Y successive integers.
Then for V > 0, under the condition that

eIl = V/q,

the number of values of y does not exceed

AYm—+m+2V if Y<q, 20Ym+m+2V)Y/q if Y >gq.

Proof. For the proof of the lemma, see, e.g., [165], p. 62. O
Lemma A.5. Suppose that f(x) = ay,x" + --- + a1x, ay,...,a, are integers,
@@ ...,an,p)=1and
P
S = Zexp {27'ri ) }
x=1 p

Then the following estimate holds:
S| < ny/p.

Proof. For the proof of the lemma, see, e.g., [167]. |
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